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Eigenvalue problem @

Find uj € V, uj # 0, and \; € R such that

a(uj,v) = \ib(uj,v) YveV.

Setting
» V ... Hilbert space
» a ... V-elliptic, symmetric bilinear form on V
» b ... symmetric positive (semi)definite bilinear form on V
> Let |- |, be compact with respect to || - ||,. (Any sequence
bounded in || - || contains a Cauchy subsequence in | - |5.)
Facts
» 0 < A1 < Ay <--- countable sequence of eigenvalues

> b(u,-,uj) :5,'j Vl',j: 1,2,...
> vz =Y |b(v, u)|? for all v € V
> |lv]|2 = D22, Ailb(v, u;)|? for all v € V (if b positive definite)



Example: Laplace eigenvalue problem @

—AU,’ = )\,-u,' in Q
u=0 on 0R2



Example: Laplace eigenvalue problem

—AU,’ = )\,-u,' in Q
u=0 on 0R2

Weak formulation
Ai>0,u€V: (Vu,Vv)=A(u,v) YveV

Notation:
V =H}Q), a(u,v)=(Vu,Vv), b(u,v)=/(u,v)



Example: Laplace eigenvalue problem @

—AU,’ = )\,-u,' in Q
u=0 on 0R2

Weak formulation
Ai>0,u;eV: (Vu,Vv)=X(u,v) VveV

Finite element method
/\h,i > 0, Upj € Vh : (Vuhy,',VVh) = /\h,i(uh,ia Vh) Vvh S Vh

Notation:
V=H}Q), a(u,v)=(Vu,Vv), b(u,v)=/(u,v)
vV, = {Vh ceV: Vh|K € PP(K) VK € 777}



Rayleigh—Ritz method

Theorem
Let

> U, ip,...,0y € V ... linearly independent
> Ao,jj = a(li, )
> Ay = b(ii, i)
> A < Ay <--- < Ay be eigenvalues of
Aoxn = NpA1X,
Then
A <A, Yn=1,2,...,N.



Lower bounds — history

Standard (conforming) approach:
Temple (1928), Weinstein (1937), Kato (1949),
Lehmann (1949), Goerisch (1985), ...

Nonconforming FEM:
Carstensen (2013), Gedicke (2014), Gallistl (2013),
Xuefeng LIU (2015), ...

Many results: M.G. Armentano, G. Barrenechea, H. Behnke,
R.G. Duran, L. Grubigi¢, Jun Hu, J.R. Kuttler, Y.A. Kuznetsov,
Fubiao Lin, Qun Lin, Xuefeng Liu, M. Plum, S.I. Repin,

V.G. Sigillito, M. Vohralik, Hehu Xie, Yidu Yang, Zhimin Zhang,
... many others



Lehmann method @

Theorem
Let Ay <p < Any1
> 0, ip,..., 0y € V be linearly independent

> Ao,ij = a(fl,', flj)
> ALU = b(fl,', le)

» wi €V a(wj,v)=b(lj,v) YveV
A2,ij - a(Wia VVJ)

> <pp < <pnc (Ao— pA)x = (Ao — 2pA1 + p* Az)x

Then
P

- <X, n=12...,N
1= piNny1-—n

p



Lehmann method @

Observation

Theorem y
Let Ay < p < Ant1 a(w;, v) = b(l""’(‘ﬂ) )
. . . L ~ +—al(l;, v
> i, 0n,..., 0y € V belin. indep. Ani ”v iy
v
> Ao,ij = a(li, T;) = WA G
h,i

> ALU = b(fl,', le)

» wi e Vi a(wj,v)=b(lj,v) YveV
A2,ij - a(Wia VVJ)

> < < <pnc (Ao— pAr)x = (Ao — 2pA1 + p? Az)x

Then
P

- <X, n=1,2...,N
1= piNny1-—n

p



Lehmann—Goerisch method @

Theorem
Let Ay <p < Any1
> 0, ip,..., 0y € V be linearly independent

> AO,ij = a(fl,', flj)
> Al,ij = b(lfl,', le)
» X ... vector space
B ... positive semidefinite symmetric bilinear form on X
T:V — X ... linear operator: B(Tu, Tv) = a(u,v) VYu,veV
w; e X: B(w;, Tv) = b(bj,v) YveV
Ag jj = B(W;, W;)

> <2< < fin: (Ao—pAL)k = fi(Ag — 2pA1 + p?Ag)R
Then



How to find good w;?

Need
= Ag ~ A
= B(W,‘,Wj) IS a(W,', WJ) = B( TW,', TWJ)

= W~ Tw; ~ Aii Tu;  (using Observation w; ~ ﬁ&;)

Natural idea
vo— L T2
make |W; vy T ii;|z small



Example: Laplace eigenvalue problem @

(Vui, Vv) 4+ ~y(ui, v) = (N +9)(ui, v) Vv € H3(Q)

Setting

» V =H}Q), a(u,v) = (Vu, Vv) +7(u, v), b(u,v) = (u,v)

- X = [12(Q)]?

> B(0,9) = (1, 1) + (D2, %2) + (@3, U3)

_ (Vu
Tu = ( U >

Facts
(a) B(Tu, Tv) = a(u, v)



Example: Laplace eigenvalue problem @

(Vui, Vv) 4+ ~y(ui, v) = (N +9)(ui, v) Vv € H3(Q)

Setting
» V =H}Q), a(u,v) = (Vu, Vv) +7(u, v), b(u,v) = (u,v)
> X = [13(Q)]°
> B(6,9) = (81, 1) + (D2, %2) + (@3, 03)
> Tu= <Vu
u
Facts

(b) B(W;, Tv) = b(&;, v) < W; = (A ' > oi € H(div, Q)

(0, Vv)+~v(W3,v) = (Tj,v) YveV
—(divej, v) + (W3, v) = (U, v) YveV

1 .
W,'73 = *(LNI,' + div O',')

-2



Example: Laplace eigenvalue problem @

(Vui, Vv) 4+ ~y(ui, v) = (N +9)(ui, v) Vv € H3(Q)

Setting

» V =H}Q), a(u,v) = (Vu, Vv) +7(u, v), b(u,v) = (u,v)

- X = [12(Q)]?

> B(0,9) = (1, 1) + (D2, %2) + (@3, U3)

_ (Vu
Tu = ( U >

Facts
(a) B(Tu, Tv) = a(u, v)

(b) B(VA\I,', TV) = b([’/i7 V) =W = <( o;

1 E-—i—diva-)) o € H(div,Q)
¥ 1 1



Example: Laplace eigenvalue problem @

(Vui, Vv) 4+ ~y(ui, v) = (N +9)(ui, v) Vv € H3(Q)

Setting
» V= H}(Q), 3a(u, v) =(Vu,Vv)+~v(u,v), b(u,v) = (u,v)

» X = [L1%(Q)]
B(0,9) = (@, ) + (&, 02) + (i3, ¥3)
» Tu= <Vu
Facts

(b) B(W;, Tv) = b(j, v) < Wj = <1(u_ féiva_)> o; € H(div, Q)
¥ 1 1

(C) ”AZU = B(W;,Wj) = AZU = (0',',0'J') + %(D,- + div o}, ﬁj + diVO’j)



Example: Laplace eigenvalue problem @

Theorem (Lehmann—Goerisch)
Let Ay < p < Ant1, 7> 0
> iy, lp,..., Uy € V be linearly independent
> Aoij = (VI;, Vi) + (T, )
> Avy = (@i, )
» 01,02,...,0y € H(div, Q) be arbitrary
Ayjj = (oi,07) + %(EI,‘ +dive, U + divo))



Choice of o

2 2
inimi PR | 702 — . Vi 1lldiv o o+ il
minimize |W; A Tz = HO’, As ‘o + 5 HleO’, Ral v .
(i) Constraint minimization:  [Behnke, Mertins, Plum, Wieners 2000]

2
,OVerai € W,, € H(div,Q)

minimize HO’,‘ — %
1

T . Al
under the constraint: dive; + Aty = 0
=

Find Ohi € W,, ghn,i € Qn i=12,...,N

Vi;

i + ivd. =
(oh,isWh) + (gn,i, divwy) (/\,-—i-’y

N 0;
divoy;, = ——F, > Yop €
(divon,i, on) < At ©h € Qn

W, = {O’h S H(diV,Q) : U'h|K € RTP(K) VK € 77,}
Qn = {qn € L2(Q) : gnlk € Po(K) VK € Tp}



Choice of o

Vi
Nit+y

2 1y A ||2
‘0+5Hdlva"+/\;+v .

minimize |W; — A,—fﬂTﬁ;% = Ho-,- —
1

(ii) Unconstraint minimization:
Find Ohi € W, i=12...,N

1 Vi 1/ N .
i —(di iy i = 5 - ’d
(o, ,wh)+7(d|v ohi,divwy) (Ai 5 wh> 5 (/\i 5 |vwh>

\V/Wh S Wh

W, = {O’h € H(diV,Q) : U'h|K € RTP(K) VK € 77,}



Choice of o

Vi
Nit+y

2 1y A ||2
‘0—'_5“dlvo-"+/\;+v .

minimize |W; — A,—fﬂTﬁ;% = Ho-,- —
1

(iii) Local constraint minimization:
[Braess, Schoberl 2000], [Ern, Vohralik 2013]
Ohi= Z Oz,

ZENh
where o, ; € W, minimizes Haz,,- — wZAV-_:_If
iTY 0,w;
T ) N Vb Vi .
under the constraint: dive,; + ,\I_Jr’v’ + Ay L =01in w,
z
Partition of unity: Z Y, =1inQ
zeN, E
z

W, = {0, € H(div,w,) : 0,|x € RTp(K) VK € T, and 6, - n, =0 on ey
Q, = {q, € L%(w,) : g2k € Po(K) VK € T,}



Choice of o

Vi
Nit+y

2
1 || d; . Al
‘0 +5 Hdlvo', + A4S

nimi N1 .02 — A
minimize |W; A;+’YTUI|B Ho-, .

(iii) Local constraint minimization:
[Braess, Schoberl 2000], [Ern, Vohralik 2013]
Ohi= Z Oz,

ZENh
Findo,;i € W,, g5 € Qr, i=1,2,..., N

(o'z,hwh)wz + (qz,iadiv Wh)w, = (wz/\ivii’yawh> . Ywy € W,

. Y NiTj > (Vl/Jz - Vi >
dNUzia w, — | — y 7
( Jis$Ph) ( Ao P . Ao P )

z

Vsﬁh S Qz

W, = {0, € H(div,w,) : 0,|x € RTp(K) VK € T, and 6, - n, =0 on ey
Q, = {q, € L%(w,) : g2k € Po(K) VK € T,}



Choice of o

2 2

i I | 02— . Vi 1 ldivea: A; G
minimize |W; A Tz = HO’, As ‘o + 5 HleO’, Ral v .
(iv) Local unconstraint minimization:
Findo,; e W, i=1,2,...,N

Vi 1 e ||

A= . uj 1 H z i

minimizing HUZ" 1/)1,\,,+,Y ’07% + 3 HleO’z it Ay -

1 . .
(02, Wh)w, + 5 (dive,,,divwy),,

1 N
= (,(/)z Vi h) — ; (Kz#:,dIVWh) Ywy, € Wz

W, = {0, € H(div,w,) : o,|x € RT,(K) VK € T, and o, -n, =0 on T}



Remark 1. Weinstein and Kato bounds

Set ni = ||Vuh7,-— (Ah,i+7)ah,f‘|o | = 1,2,...,N

Y

op,i computed by (i) or (iii)

. 1 ’
Weinstein bound: E,W =2 (—77; + 77,-2 + 4/\h,i>

N
Kato bound: ¢£ = Ap; | 1+ V/\h,iz

j=i

5 —1
"j

A (v = Anj)

where Ah,N <v

Theorem 1.

If /A1 < /\h,i < \/)\,')\,'4_1 then Z}N < A\
Theorem 2.

If v < Any1 then EF <X foralli=1,2 ..., N.

[Vejchodsky, Sebestova 2017]



Remark 2. Adaptive mesh refinement @

Residual
oic€V: (Voi,Vv)=(Vuni, Vv) — Ay i(upi,v) YveV
Theorem
[Voillo < mi, where n; = [|[Vup; — (Ani +7)an,ill, -
Local error indicators for mesh refinement
nik = |Vuni — (Ani +7)onillok VK € Th

op,i computed by (i) or (iii)



Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q

u=20 on 0N

/\1 /\,‘»

Il | | |
T 1 1 1

2 3 4 5 6 7



Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniformly refined meshes:

)\1 )\1
—>— global mixed —>— global mixed
e 1071t —F—global pos. def. 8 10 —F— global pos. def.
3 )+ local mixed B @ -+ local mixed
g 102! -~ @ |ocal pos. def. g 102 ©"@ -+~ |ocal pos. def.
@ 7] .
o o ®
2 1073 2 1073 ‘®
) o) -
o o ®.
2 10 ® £ 107 ®.
s © ® ®
S 10 T 107
1078 1072 107! 100 102 10 10* 10° 10°® 107 10®
mesh size degrees of freedom

> (Ani— i)/
» v =107°, a priori lower bound p by Weinstein's method



Example: Dumbbell shaped domain
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Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1
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» v = 107°, a priori lower bound p by Weinstein's method
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Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1

.......... Weinstein
10712 H= = =Kato
Lehmann-Goerisch

relative enclosure size
)
@

10" 102 10%® 10* 10%° 108
degrees of freedom

> relative enclosure size: (Ap; — £;)/4;

» v = 107°, a priori lower bound p by Weinstein's method
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Example: Dumbbell shaped domain
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Uniform, dumbbell, lambda1
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Example: Dumbbell shaped domain

relative enclosure size
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Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1 Adaptive, dumbbell, lambda1
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Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N
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Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1

102 102
8 10 & 10
S 10 P SRR 2
2 o 2 "
°o 8| P= o gt P
% 10 p=4 % 10 0
ERIRY p=5 ERIRY p
E .......... Weinstein E .......... Weinstein
® 10712 }|= = =Kato ® 10712 f|= = =Kato

Lehmann-Goerisch Leh-Goe 1
10714 : : : : : 1071 : : : : :
10" 102 10%® 10* 10%° 108 10" 102 10® 10* 10% 108
degrees of freedom degrees of freedom

> relative enclosure size: (Ap; — £;)/4;

» v = 107°, a priori lower bound p by Weinstein's method



Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda5

Adaptive, dumbbell, lambda5

102 102
(0] (0]
N -4 -4
= 10 (’%‘) 10
e ,6 e 5 p=1
§ 10 § 10°F p:;
© 8 5 8 p=
q:) 10 q:) 10 p:g
21010 2 qo10 P
T e Weinstein K { EETET Weinstein
® 10712 }|= = =Kato ® 10712 f|= = =Kato

Lehmann-Goerisch Leh-Goe
10714 : : : : : 10714 : : 1 :
10" 102 10%® 10* 10%° 108 10" 102 10® 10* 10% 108
degrees of freedom degrees of freedom

> relative enclosure size: (Ap; — £;)/4;

» v = 107°, a priori lower bound p by Weinstein's method



Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0f2

Tight pairs of eigenvalues:

4.9968370972489 < A5 < 4.9968370972490
4.9968509041015 < Ag < 4.9968509041016

7.9869672921028 < A7 < 7.9869672921038
7.9870343068216 < A\g < 7.9870343068227



Conclusions w

» Flux reconstructions for source problems
= good for eigenvalue problems

» Savings in memory requirements

» Parallelization

Flexibility:
» General symmetric elliptic operators
» Higher-order approximations

> Adaptivity



