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Introduction - - Modelling I

Navier-Stokes-Fourier system for the compressible, viscous and heat
conducting flow.

ρt +∇ · (ρu) = 0. (1a)

(ρu)t + div(ρu ⊗ u) = −∇p + divS(∇u). (1b)

cv
(

(ρθ)t +div(ρθu)
)

+divq(θ,∇θ) = S(∇u) : ∇u−θ
∂p(ρ, θ)

∂θ
divu. (1c)

ρ, p, u, θ are the fluid density, pressure, velocity and temperature.
cv > 0 is the specific heat per volume.

∂t(
1

2
ρu2 + ρe) + div

(

u(
1

2
ρu2 + ρe + p)

)

= · · ·

Boundary condition

u|∂Ω = 0, n · ∇θ|∂Ω = 0. (1d)

Initial values are

ρ(x, 0) = ρ0 > 0, u(x, 0) = u0, θ(x, 0) = θ0 > 0. (1e)
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Introduction - - Modelling II

S = µ(∇u +∇uT −
2

3
divuI) + ηdivuI = 2µD(u) + νdivuI,

divS(∇u) = 2µdivD(u) + ν∇divu, D(u) =
∇u+∇uT

2
,

S(∇u) : ∇u = 2µ|D(u)|2 + ν|divu|2, µ > 0, ν = η −
2

3
µ > 0.

The heat flux q follows Fourier’s law

q = −κ(θ)∇θ = −∇K(θ), divq = −∆K, K(θ) =

∫ θ

0

κ(z)dz .

p = pe + pt , pe = aργ + bρ, pt = ρθ, a, b > 0.

∂p

∂θ
=

∂pt

∂θ
= ρ.
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Introduction - - Motivation I

Convergence to weak solution.

E. Feireisl. Dynamics of viscous compressible fluids. Oxford University
Press, Oxford, 2004.
E. Feireisl, T. Karper, A. Novotny. A convergent numerical method for
the NavierStokesFourier system. Preprint.

divS(∇u) = µ∆u+ λ∇divu, S(∇u) : ∇u = µ|∇u|2 + λ|divu|2

divS(∇u) = 2µdivD(u) + ν∇divu, S(∇u) : ∇u = 2µ|D(u)|2 + ν|divu|2

Numerical implementation

Stability d
dt
E ≤ 0.
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Introduction - - Motivation II

E = Ke + cvE + H .

Ke =
1

2
ρu2, E = ρθ = pt , H = ρ

ρ
∫

1

pe(z)

z2

H ′′ ≥ 0.

(
H

ρ
)′ = −

H

ρ2
+

H ′

ρ

pe = ρH ′ − H .
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Introduction - - Notations I

Functional spaces

Piecewise linear Crouzeix-Raviart element for velocity.

V0,h ≡ {vh ∈ L2(Ωh); vh|K ∈ P1(K ), ∀K ∈ Ωh;
∫

Γ

JvhK = 0, ∀Γ ∈ E int ;

∫

Γ

vh = 0, ∀Γ ∈ Eext}.

Piecewise constant element for density, pressure and temperature

Qh ≡ {φh ∈ L2(Ωh);φh|K ∈ P0(K ),K ∈ Ωh}.

E edges

Eext = E ∩ ∂Ω exterior edges

E int = E \ Eext interior edges

K , L element

Γ = K ∩ L

nΓ,K be the outer normal, pointing from K to L
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Introduction - - Notations II

Upwind flux

Fup(f , u)|Γ =

{

fK if sΓ,K ≥ 0,
fL else,

where snΓ,K = un|Γ · nΓ,K = s
n,+
Γ,K + s

n,−
Γ,K ,

s
n,+
Γ,K = max{0, snΓ,K} ≥ 0, s

n,−
Γ,K = min{0, snΓ,K} ≤ 0.

s
n,−
Γ,L = −s

n,+
Γ,K , s

n,−
Γ,K = −s

n,+
Γ,L , snΓ,L = −snΓ,K .

Jump

Jf KΓ = fL − fK .

Average on K

f̂K =
1

|K |

∫

K

fdx .

Average on edge

{f }Γ =
1

2
(fK + fL).
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Numerical Scheme I

Implicit nonlinear FV-FE Scheme

Find {(ρn+1
h , un+1

h , θn+1
h )}

nT−1

n=0 ⊂ (Qh × V0,h × Qh) such that

∑

K∈Ωh

∫

K

ρn+1
h − ρnh
∆t

φh −
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup(ρn+1
h , un+1

h )JφhK

+ hα
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn+1
h KJφhK = 0, (2a)

for any φh ∈ Qh.

0 < α < 1.
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Numerical Scheme II

∑

K∈Ωh

∫

K

qn+1
h − qn

h

∆t
vh −

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup
(

qn+1
h , un+1

h

)

Jv̂hK

−
∑

K∈Ωh

∫

K

pn+1
h divhvh+2µ

∑

K∈Ωh

∫

K

D(un+1
h )D(vh)+ν

∑

K∈Ωh

∫

K

divhu
n+1
h divhvh

+hα
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn+1
h K{ûn+1

h }Jv̂hK+2µ
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

h
Jun+1

h KJvhK = 0,

(2b)

for any vh ∈ V0,h.
qh is the momentum, piecewise constant for all K ∈ Ωh

qK = ρK ûK , ûK =
1

|K |

∫

K

uh
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Numerical Scheme III

cv
∑

K∈Ωh

∫

K

En+1
h − En

h

∆t
φh − cv

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup
(

En+1
h , un+1

h

)

JφhK

+
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

dΓ
JK(θn+1

h )KJφhK =
∑

K∈Ωh

∫

K

(

2µ|D(un+1
h )|2+ν|divun+1

h |2
)

φh

+ 2µ
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

h
Jun+1

h K2 −
∑

K∈Ωh

∫

K

En+1
h divhu

n+1
h φh, (2c)

for any φh ∈ Qh.
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Numerical Scheme IV

Iterative solver, linear or nonlinear ?
Picard
Let w = (ρ, u, θ). Given the solution wn,ℓ(wn,0 = wn), and solve a
linear system to get wn,ℓ+1 for ℓ = 1, 2, · · · , until
‖wn,ℓ+1‖ − ‖wn,ℓ‖ < tol. wn+1 = wn,ℓ+1.

∑

K∈Ωh

∫

K

ρ
n,ℓ+1
h − ρnh

∆t
φh + hα

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn,ℓ+1
h KJφhK

=
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup(ρn,ℓh , u
n,ℓ
h )JφhK.

inexact-Newton
Jacobian Free Newton Krylov(JFNK)
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Stability

Positivity preserving

Lemma 1

Suppose that ρn+1
h ∈ Qh(Ωh) satisfies (2a), where ρnh > 0 in Ωh and

un+1
h

∈ V0,h(Ωh). Then
ρn+1
h > 0, in Ωh. (3)

Stability of total energy

Theorem 2

Let (un+1
h , ρn+1

h , θn+1
h ) be the solution of the Scheme (2) and the density

is initially positive. Then the total energy is dissipative in time

E n+1
Ωh

≤ E n
Ωh
. (4)
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Stability - - Step 1. density scheme I

∑

K∈Ωh

∫

K

ρn+1
h − ρnh
∆t

φh −
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup(ρn+1
h , un+1

h )JφhK

+ hα
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn+1
h KJφhK = 0,

φh = −
1

2
|ûn+1

h |2 −→ T11 + T12 + T13 = 0.

T11 := −
1

2∆t

∑

K∈Ωh

|K |(ρn+1
K − ρnK )|û

n+1
K |2,

T12 := −
1

2

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup(ρn+1
h , un

h)|û
n+1
K |2,

T13 := −
1

2
hα

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn+1
h KJ|ûn+1

h |2K.
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Stability - - Step 1. density scheme II

φh = H ′(ρn+1
h ) −→ T14 + T15 ≥ 0.

T14 :=
1

∆t

∑

K∈Ωh

|K |(ρn+1
K − ρnK )H

′(ρn+1
K )

≥
1

∆t

∑

K∈Ωh

|K |

(

H(ρn+1
K )− H(ρnK )

)

=
1

∆t
(Hn+1

Ωh
− Hn

Ωh
),

T15 :=
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup(ρn+1
h , un

h)H
′(ρn+1

h ).

H(ρn) = H(ρn+1) + H ′(ρn+1)(ρn − ρn+1) +
H ′′(η0)

2
(ρn − ρn+1)2

η0 ∈ co{ρn, ρn+1}, co{a, b} = [min(a, b),max(a, b)] .
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Stability - - Step 2. momentum scheme

∑

K∈Ωh

∫

K

qn+1
h

− qnh

∆t
vh −

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup(
q
n+1
h , u

n+1
h

)

Jv̂hK

−
∑

K∈Ωh

∫

K

p
n+1
h divhvh + 2µ

∑

K∈Ωh

∫

K

D(un+1
h )D(vh) + ν

∑

K∈Ωh

∫

K

divhu
n+1
h divhvh

+ h
α

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn+1
h K{ûn+1

h }Jv̂hK + 2µ
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

h
Jun+1

h KJvhK = 0,

vh = un+1
h

−→ T21 + T22 + T23 + T24 + T25 + T26 = 0.

T21 :=
1

∆t

∑

K∈Ωh

|K |
(

ρn+1
K |ûn+1

K |2 − ρnK û
n
K û

n+1
K

)

,

T22 :=
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup
(

qh, uh

)n+1
ûn+1
K , T23 := −

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

(pe)n+1
K sn+1

Γ

T24 :=
∑

K∈Ωh

∫

K

2µ|D(un+1
h )|2 + ν|divun+1

h |2 + 2µ
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

h
Jun+1

h K2,

T25 := hα
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn+1
h K{ûn+1

h }Jûn+1
h K, T26 := −

∑

K∈Ωh

∫

K

(pt)n+1
h divun+1

h
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Stability - - Time derivative

Term T11 + T21

T11 + T21

= −
1

2∆t

∑

K∈Ωh

|K |(ρn+1
K − ρnK )|û

n+1
K |2 +

1

∆t

∑

K∈Ωh

|K |
(

ρn+1
K |ûn+1

K |2 − ρnK û
n
K û

n+1
K

)

=
1

∆t

∑

K∈Ωh

|K |

(

1

2
ρn+1
K |ûn+1

K |2 −
1

2
ρnK |û

n
K |

2 +
1

2
ρnK (û

n+1
K − ûn

K )
2

)

≥
1

∆t
(Ken+1

Ωh
− KenΩh

).
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Stability - - Upwind flux I

Term T12 + T22

T12 := −
1

2

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup(ρn+1
h , un

h)|û
n+1
K |2

Contribution of T12 at an arbitrary edge Γ = K ∩ L

−
1

2
ρn+1
K s

n,+
Γ,K |û

n+1
K |2−

1

2
ρn+1
L s

n,−
Γ,K |ûn+1

K |2−
1

2
ρn+1
L s

n,+
Γ,L |û

n+1
L |2−

1

2
ρn+1
K s

n,−
Γ,L |ûn+1

L |2

= −
1

2
ρn+1
K s

n,+
Γ,K (|û

n+1
K |2 − |ûn+1

L |2)−
1

2
ρn+1
L s

n,+
Γ,L (|û

n+1
L |2 − |ûn+1

K |2).

Contribution of T22 at an arbitrary edge Γ = K ∩ L

(ρK ûK )
n+1s

n,+
Γ,K (û

n+1
K − ûn+1

L ) + (ρLûL)
n+1s

n,+
Γ,L (û

n+1
L − ûn+1

K ).
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Stability - - Upwind flux II

Term T12 + T22

T12 + T22 =
∑

Γ∈E int

∫

Γ

s
n,+
Γ,K ρ

n+1
K (

1

2
|ûn+1

L |2 +
1

2
|ûn+1

K |2 − ûn+1
L ûn+1

K )

+
∑

Γ∈E int

∫

Γ

s
n,+
Γ,L ρ

n+1
L (

1

2
|ûn+1

L |2 +
1

2
|ûn+1

K |2 − ûn+1
L ûn+1

K )

=
1

2

∑

Γ∈E int

∫

Γ

|un
Γ · n|ρ

n+1,up(ûn+1
K − ûn+1

L )2

≥ 0.
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Stability - - Artificial diffusion

Term T13 + T25

T13 + T25

= −
1

2
hα

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn+1
h KJ|ûn+1

h |2K + hα
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Jρn+1
h K{ûn+1

h }Jûn+1
h K

= 0,

as for all Γ = K ∩ L

{ûn+1
h }ΓJû

n+1
h KΓ =

ûn+1
L + ûn+1

K

2
(ûn+1

L − ûn+1
K ) =

|ûn+1
L |2 − |ûn+1

K |2

2

=
1

2
J|ûn+1

h |2KΓ.
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Stability - - Pressure

Term T23 + T15

T23 + T15 =
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

−(pe)n+1
K sn+1

Γ + Fup(ρn+1
h , un

h)H
′(ρn+1

h )

=
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

sn+1
Γ

(

H(ρn+1
K )− ρn+1

K H ′(ρn+1
K ) + ρn+1,upH ′(ρn+1

K )

)

=
∑

Γ∈E int

∫

Γ=K∩L

s
n+1,+
Γ,K

(

H(ρn+1
K )− H(ρn+1

L ) + H ′(ρn+1
L )(ρn+1

L − ρn+1
K )

)

+
∑

Γ∈E int

∫

Γ=K∩L

s
n+1,+
Γ,L

(

H(ρn+1
L

)− H(ρn+1
K

) + H ′(ρn+1
K

)(ρn+1
K

− ρn+1
L

)

)

=
∑

Γ∈E int

∫

Γ=K∩L

(

s
n+1,+
Γ,K

H ′′(η1)

2
+ s

n+1,+
Γ,L

H ′′(η2)

2

)

(ρn+1
K − ρn+1

L )2 ≥ 0

η1, η2 ∈ co{ρn+1
K , ρn+1

L }
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Stability - - Kinetic and elastic energy

0 =

3
∑

i=1

T1i +

6
∑

i=1

T2i ≥ T24 + T26 +
1

∆t
(Ken+1

Ωh
− KenΩh

+ Hn+1
Ωh

− Hn
Ωh
)

T24 :=
∑

K∈Ωh

∫

K

2µ|D(un+1
h )|2 + ν|divun+1

h |2 + 2µ
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

h
Jun+1

h K2,

T26 := −
∑

K∈Ωh

∫

K

En+1
h divun+1

h

Eh = Keh + Hh + cvEh

T24 + T26 +
cv

∆t

∑

K∈Ωh

∫

K

(En+1
h − En

h ) = ?
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Stability - - Step 3. φh = 1 for temperature scheme

cv
∑

K∈Ωh

∫

K

En+1
h

− En
h

∆t
φh − cv

∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

Fup
(

En+1
h , un+1

h

)

JφhK

+
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

dΓ
JK(θn+1

h )KJφhK =
∑

K∈Ωh

∫

K

(

2µ|D(un+1
h )|2+ν|divun+1

h |2
)

φh

+ 2µ
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

h
Jun+1

h K2 −
∑

K∈Ωh

∫

K

En+1
h divhu

n+1
h φh,

T31 + T32 + T33 = 0.

T31 :=
cv

∆t

∑

K∈Ωh

∫

K

(En+1
h − En

h ) =
cv

∆t
(En+1

Ωh
− En

Ωh
),

T32 := −
∑

K∈Ωh

∫

K

(

2µ|D(un+1
h )|2 + ν|divun+1

h |2
)

− 2µ
∑

K∈Ωh

∑

Γ∈∂K

∫

Γ

1

h
Jun+1

h K2,

T33 :=
∑

K∈Ωh

∫

K

En+1
h divhu

n+1
h .
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µ = ν = 1.0, a = 1.0, b = 1.0, γ = 3.0, cv = 1.4, α = 0.83.

Time step is

∆t = CFL
min(hK )

max(|U |) + c
, c =

√

∂p

∂ρ
=

√

aγργ−1 + b + θ,CFL = 0.6.

Boundary conditions is set as periodic.

density temperature velocity
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Table : Convergence results of Poiseulle flow

h ‖ρ‖l∞(Lγ ) EOC ‖ρ‖
l1(L1) EOC ‖u‖

l2(L2) EOC ‖u‖
l2(H1) EOC ‖θ‖

l2(L2) EOC

1/8 1.87e-02 – 1.00e-02 – 1.18e-01 – 9.70e-01 – 1.36e-02 –
1/16 8.07e-03 1.21 3.74e-03 1.42 3.33e-02 1.83 4.58e-01 1.08 4.79e-03 1.51
1/32 3.89e-03 1.05 1.70e-03 1.14 1.05e-02 1.67 2.25e-01 1.03 2.16e-03 1.15
1/64 2.03e-03 0.94 9.47e-04 0.84 3.84e-03 1.45 1.12e-01 1.01 1.06e-03 1.03
1/128 1.07e-03 0.92 5.60e-04 0.76 1.58e-03 1.28 5.61e-02 1.00 5.24e-04 1.02
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