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Abstract. The initial boundary-transmission problems for electromagnetic fields in homo-
geneous and anisotropic media for canonical semi-infinite domains, like halfspaces, wedges
and the exterior of half- and quarter-plane obstacles are formulated with the use of com-
plex quaternions. The time-harmonic case was studied by A.Passow in his Darmstadt
thesis 1998 in which he treated also the case of an homogeneous and isotropic layer in free
space and above an ideally conducting plane. For thin layers and free space on the top
a series of generalized vectorial Leontovich boundary value conditions were deduced and
systems of Wiener-Hopf pseudo-differential equations for the tangential components of the
electric and magnetic field vectors and their jumps across the screens were formulated as
equivalent unknowns in certain anisotropic boundary Sobolev spaces. Now these results
may be formulated with alternating differential forms in Lorentz spaces or with complex
quaternions.

Keywords: electromagnetic fields by complex quaternions, initial boundary transmission
problems for semi-infinite domains, reduction to Wiener-Hopf pseudo-differential systems,
anisotropic Leontovitch boundary conditions

MSC 2000: 35Q60, 78A45, 35J20

1. INTRODUCTION

Since more than one hundred years ago, Maxwell’s theory of electromagnetic wave
propagation has attracted a growing interest of scientists and engineers. The main
results of existence and uniqueness of solutions to boundary and transmission value
problems for piecewise smooth scattering objects have been understood and effi-
cient numerical schemes have been developed. Lipschitz continuous boundaries for
Maxwell’s equations could be of different types: a wedge, a cone, the exterior of
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a half-plane, etc. The semi-infinite domains, so-called canonical obstacles, and the
corresponding scattering problems for acoustic, electromagnetic, and elastodynamic
wave fields have been treated by many authors mainly under the assumptions of ho-
mogeneous and isotropic media which allow to make use of integral transformations
and the Wiener-Hopf technique or the Maliuzhinets method [9]. Bounded domains
and their unbounded complements were considered in [7], etc. A vast list of references
on this subject is given in [15].

At the same time in many areas of electronic microwave technique (antennas,
printed chips) there exists a demand for a handy theory for materials consisting of
dielectrics with very thin conductors on the top (like strips, or screens, or “needles”).
High frequency approximations, e.g.the geometric optics’ method, have been devel-
oped basing on Leontovich boundary conditions [8]. The time-harmonic cases for
acoustic, elastodynamic and electrodynamic wave fields for Sommerfeld-halfplanes
and wedges have been treated in particular by members of the Darmstadt research
group [4], [10], [12], [16]. A.Passow [15] got interesting results for time-harmonic elec-
trodynamic waves for the canonical case of a Sommerfeld-halfplane with anisotropic
Leontovich boundary conditions on both sides of this semi-infinite obstacle. He trans-
formed the boundary-transmission problem into equivalent systems of Wiener-Hopf
equations for the jumps of the vector fields. A general scheme for hyperbolic sys-
tems was developed by K.Rottbrand [16]. He solved aperiodic problems with very
general time-profiles of the incident waves leading to boundary value problems on
thin screens, strips, wedges generalizing the explicitly solved canonical ones [13].

The great success in electro- and magnetostatics on the background of poten-
tial theory, and particularly on complex function theory, initiated the studies in a
quaternion approach already at the beginning of the last century [18]. Now the
fast development of Clifford analysis leads to a geometric algebra view of electrody-
namics ([1], [6], [11] and others). We use this approach to some open problems for
canonical semi-infinite domains concerning the asymptotic behaviour of the scattered
waves near singularities of the obstacles, for short and long times, and when a time-
harmonic plane wave, which hits the obstacle, has a small wave-length compared
with the diameter of the domain.

In the present paper we use quaternions for the impedance type initial boundary
value problems. A short introduction into quaternion algebra and calculus is given.
Then we consider Maxwell’s equations for inhomogeneous and anisotropic materi-
als by generalized Dirac operators. Introducing the four-potential for divergence-free
fields we get the field equations as generalized d’Alembert’s wave equations. Applica-
tion of Fourier-Laplace transformation reduces the problem to parameter dependent
ordinary differential equations.
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2. REVIEW OF QUATERNION ALGEBRA AND CALCULUS

Real quaternions. We start with a short review of quaternions’ properties basing
on [2], [5], [14], [17]. Let H denote the set of real quaternions

(1) A =apl + a1i + asj + ask,

where ag, a1, as, ag are real numbers (or functions) and 1, 4, j, k are the basis elements
of H with the multiplication rules

(2) 12=1, ¥?=j3"=kK=-1,
(3) ij=—ji=k, jk=-kj=1i, ki=—ik=j.

Using (1) we can consider a quaternion A as a 4D real column-vector vy with
components ag, a1, az, as, i.e. H = R*, or as a symbolic sum of a real number ay and
a 3D real column-vector a = (ay,az,a3)T, that is A = ag + a. As usual, “T” means
transposition. Sc(A) = ag is the scalar part of A and the sum of all other terms is
the vector part Vec(A).! If Sc(A) = 0 the quaternion A is called pure. The set of
pure quaternions is isomorphic to the set of real 3D vectors. Starting from now we
will not make difference between 3D vectors and the corresponding pure quaternions.
More about relations between quaternions and vectors see in [14].

According to (2)—(3), the multiplication of real quaternions A and B gives

(4) AB = agby — (a,b) + apb + bpa +a x b

where (a,b) is the scalar and a x b is the vector product of vectors. In the case of
pure quaternions we have AB = —(a, b) + a x b. Clearly, 2(a x b) = AB — BA and
2(a,b) = —(AB + BA).

The quaternion A* = ag — a is called the conjugate quaternion. Multiplication of
A and A* leads to the norm of A squared

(5) AA* = A*A=ad +ai +a3+ai = ||A|?

if the corresponding R* is endowed with the usual Euclidean metric.
Quaternions may be isomorphically represented by real (4 x 4) matrices of a special

structure
apy —aip —az —ag
T
ai ag —as as ag —-a
6 A2 G(A) = =
( ) 1( ) as as ag —a1 ( a aglsz+ K(a))

az —az2 ai ao

1Sc(A) and Vec(A) are also called the real (Re A) and imaginary (Im A) parts of A. We
will not use this notation to avoid ambiguity in the case of complex quaternions.
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where I3 is the (3 x 3) unit matrix and K (a) is the skew-symmetric matrix

0 —as a9
(7) K(a) = as 0 —ax
—as9 a1 0

Clearly, K(a)b=a x b and K(a)a =0, KT(a) = —K(a), K(a)b = —K(b)a.
The product of real quaternions A and B can be written in the matrix form

(8) AB X vy = Gl(A)’UB

where v4p,vp € R*. The matrix G1(A) can be split additively: G1(A) = aoly +
|a|?S 4 with the (4 x 4) unit matrix I, and a skew symmetric orthogonal matrix S4.
The linear transformation y = G1(A)z, y,x € R* describes a similarity transforma-
tion in R?*, i.e.a rotation in R* followed by an isotropic stretching by || A|?.

For A # 0 there exists a uniquely defined, both-sided inverse A= = A* /|| A||?.

Complex quaternions. Let M be the complex extension of real quaternions
M={M = A+iB; A,B € H, i = /—1}. We emphasize that i is different from
the basis element ¢ of H and assume that i commutes with the basis elements of H.

Evidently, M = H®iH=H? with addition and multiplication obeying the common
rules of complexified real vector spaces. The multiplication rules for the coefficients
are taken from (2)—(3). It is possible to prove that M is an algebra (sometimes it is
called Pauli algebra).

For complex quaternions M = A + iB we consider the Clifford involution M* =
A* +iB* and the complex involution M = A — iB. In the cases of real quaternions
and complex numbers these coincide with the usual definitions. It is clear that
(M*) = (M)" and for complex quaternions M and N one has (MN)* = N*M* and
MN = MN.

Quaternion-valued functions. Dirac operator. To represent Maxwell’s field
equations we need complex quaternion-valued functions W (X) of real quaternion
variables X = 291 + 714 + 225 + 3k. The variables = (71,72, 73)T are identified
with the three space variables while xg corresponds to time.

Let W(X) be a complex quaternion-valued function with the variable X in a time
cylinder domain Q7 = (0,T) x Q, with Q C R3:

(9) W(X) = U)()(Jf(), SC)]_ + w1 (xo,ac)i + wg(l‘o,m)j + w3(]}0,$)k

The Dirac operator D acting on the complex quaternion-valued functions W (X)
is determined as follows. Using the “quaternion” notation

(10) D =101 +jam2 + k0,3
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we can write the left Dirac operator as the “product” of D and W
(11) DW = —divw + grad wg + rotw

and the right Dirac operator

(12) WD = —divw + grad wy — rot w

where, as usual, grad wy = (9y1wo, Oyowo, Opzwo)’, divaw = dy1w1 + Dyows + Dyzws,
and rotw = (89:17 Oz, 3x3)T X w.

It follows from (11) and (12) that for pure quaternion-valued functions W one gets

DW + WD DW — WD
(13) diviw = -2V e = 22
2 2
Using the matrix representation (6) we can rewrite (11) in the quaternion matriz
differential operator form

(14) DW%Gl(D)W:< 0 _div) (“’0).

grad rot w

Differentiable quaternion-valued functions W (X) in a 4D-domain are called left
(or right) monogenic, if they belong to the kernel of the left (or right) operator D.
Hence, for left monogenic complex quaternion-valued functions we have

(15) —0p1w1 — Opowa — Ogzwz = 0;  Op1wo — Ozzwa + Orows = 0;
Opa2Wo + Ozzwy — Oprws = 0;  Opzwo — Orawy + Oprwe = 0.

This is a generalization of the well-known Cauchy-Riemann system for complex-
valued holomorphic functions.

Basing on (10) it is easy to get DD* = D*D = ||D||? = A3, where A3 is the
Laplacian operator Az = 02 + 92, + 02;.

We also consider the Dirac-type operator D[t] = (1/ic)0; + D, where c¢ is the
speed of light in vacuum. If D*[t] = (1/ic)d, — D is the Clifford involution, then
D[t]D*[t] = D*[t]D[t] = Az — (1/c¢?)d is d’Alembert’s wave operator.
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3. MAXWELL’S EQUATIONS IN QUATERNIONS

General form of Maxwell’s equations. Electromagnetic wave-propagation is
governed by Maxwell’s equations holding in a time cylinder domain Qp with 0 <
T < 0o. The general form of Maxwell’s equations for inhomogeneous and anisotropic
media is

(16) rot E+o,B =J,
(17) rot H — 0,D = J,
(18) div B = ¢,
(19) divD = p

with the electric vector field E, the magnetic vector field H, the bivectors? of mag-
netic induction B, and dielectric displacement D. The right-hand sides of (16)—(19)
are the given current density bivector field J, the space-charge density o, the mag-
netic density bivector field J’, and the magnetic density ¢’. The last two are usually
assumed to vanish.

For inhomogeneous and anisotropic media we have

(20) B=upH; D=¢E

where the Hermitean (3 x 3) matrices correspond to the permitivity (¢) and to the
permeability (u).

In order to solve the system (16)—(19) one has to add initial conditions at t = 0 and
boundary conditions on 9Qr = [0,T) x 0, or transmission conditions on interfaces

N
I' = | T of subdomains ©; C Q with boundaries 9€2;. The most common boundary
j=1
conditions for ideally conducting surfaces 0S) are

(21) n X Etot =0 on (O,T) x 082
and additionally
(22) (n,Diot) =7, on (0,7) x 00

where FEior and Dyo are the corresponding total fields, n is the outer normal to 052,
and 7, is a prescribed surface charge density.

2 The difference between vectors and bivectors see [1].
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At interfaces I'jy, = 08; N 0O, # 0, 7 # k, being parts of joint boundaries
the integral forms of Maxwell’s equations and the corresponding linear constitutive
equations lead to a system of equations corresponding to the case of approaching
boundary points from the interior parts of €;. Sophisticated investigations have
been done [11] for electromagnetic fields in the time-harmonic case for Lipschitz
domains §2; and LP-integrable traces on 9Q;, 1 < p < oo.

The general Maxwell’s equations can be written in the complex form

(23) div(eE+ipH)=0+i(¢,
1
(24) T %(eE+i,uH)+rot(E+iH) —J +id.

Homogeneous isotropic media. In the special case of a homogeneous isotropic
medium & and p simplify to I3 and pls, with the unit (3 x 3) matrix I3 and
scalar constants € and p. In the case of vacuum we denote these by £q, o and have
c? = (gopo) ! as the velocity of light propagation.

Introducing field vectors /€9 E and /g H and a complex Faraday bivector F =
VEoE +iy/noH, after pulling out /g/io the system (24) becomes

/

. 0 Y
25 divF = —+1 .
( ) \/5 VMo
19 _
(26) o aF—i—rotF =eo J +iyuo J.

In quaternions this yields
(27) D[t]F =R

where F', R are complex quaternions corresponding to the unknown vector F' and to
the given right-hand side of (25)—(26), respectively.
If F is twice differentiable (may be only in the weak sense) and R is once differ-
entiable, we get after applying D*[t]
1 02

(28) DHDIF = 55 F + B9F = D'HR.

This result is well-known from electrodynamics [3].

Inhomogeneous anisotropic media. In the case of inhomogeneous and aniso-
tropic media we cannot pull € and p out of the space equation (24).

Matrices € and p are Hermitean conjugate with positive eigenvalues (in general
depending on the points z € €2) and one is able to define uniquely functions e 1, |/,
etc.
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Let us introduce operators acting on quaternion-valued functions W = wg + w as
follows: the weighted time operator 7,

(29) W= (0 o) ()= (o)

with a (3 x 3) non-degenerate matrix o, and the generalized Dirac operator Dy

B 0 —dive wo\ —div(ow)
(30) DW= (grad rot ) ( w ) B (gradwo + rot(w)) ’

Then we can rewrite Maxwell’s equations (16)—(19) in quaternions with respect to
unknown pure quaternions F and H corresponding to the vectors E and H:

D.E+T,H =Ry,

(31)
D,H—T.E =R,

where quaternions Ry = 9+ J’ and Ry = ¢’ + J are given.
If we apply the time operator 7¢ to the first equation in (31) and 7,, to the second
equation, we get

,TsTuH = _/TspeE + 7-5R1a

(32)
T,T.E = T,D,H + T, R;.

Applying the operator D, to the first equation in (31) and D. to the second
equation, we get

D,D.E = —D,T,,H +D,Ry,

(33)
DDy H = D.T.E + D.R>.

Since 75, and D, are commuting for arbitrary non-degenerate matrices o; and o
not depending on time, we finally have

(T, Tz + DuD:)E = DRy + T, Ry,

34
34) (TeT,, + DeDp)H = TRy + DeRs.

We call this system generalized inhomogeneous anisotropic wave equations.
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4. INITIAL BOUNDARY VALUE PROBLEMS FOR MAXWELL’S EQUATIONS
Formulation of Maxwell’s equations by quaternion-valued potentials.
Under the condition of a source-free magnetic density field, i.e. o’ = 0 in Qr, we
may introduce a vector potential A, uniquely defined in simply connected domains

Q C R? up to a smooth gradient field ¢» by
(35) B = pH = rot A = rot(A’ + grad )
and obtain from the first Maxwell’s equation (16)

(36) E =—-0,A —gradV

with a scalar potential V': Qp — R. It is well-known that by an appropriate choice
of A’ and v the dynamical Lorenz condition holds in Qr:

(37) div A + 9,V = 0.

Using the grad of this equation one gets

(38) graddiv A + 0, grad V = 0.

The second Maxwell’s equation (17) can be written as

(39) rot(ptrot A) + 0y (e(0 A + grad V)) = J.

Multiplying (39) by p, assuming the symmetric matrices p, € to be time-independent,
and using (38) one gets

(40) prot(pt rot A) + ued? A — pegraddiv A = puJ.

The equation (40) is a generalized anisotropic and inhomogeneous vectorial d’Alem-
bert’s wave equation. This equation is a vector-potential variant of (31).
Introducing E from (36) into the charge density equation leads to

(41) —div(e(0: A+ gradV)) = o.
Applying div to (39) gives
(42) —0i0 = div(e(9} A + 0, grad V)) = div J.
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It follows from (38) that

(43) div(ed; grad V) = — div(e grad div A).
Introducing it into (42) one gets the relationship

(44) div(e(0? A — grad div A)) = div J.
This gives a second equation depending only on A.

Formulation of boundary conditions by quaternion-valued potentials.
Now we are going to formulate some initial boundary problems for electromagnetic
wave-fields in half-spaces R3 and a slab R} := {(z1,22,23) € R*;2’ := (21,22) €
R?;0 < 23 < h}. We assume the total fields to be split according to the incoming
and scattered parts FEioy = Eine + Fse, Hiot = Hine + Hyc.

Introducing the vector and scalar potentials from (36) the boundary conditions
(21)—(22) become

(45) n x (0tA + gradV) = n x Eiy,
(46) (n, €(0,A+gradV)) = (n, Dinc) + 27,.

We can assume without any loss of generality that the outer normal n has coordinates
(0,0,1) and the corresponding quaternion is denoted by N. Clearly, N> = —1. Then,
(45) and (46) in quaternions give

(47) _(NESC - ESCN) = NEinc - EincN»
(48) _(NDsc+DscN) = NDinc+DincN+Tn~

We may now add up (47) and (48) multiplied by N from the right:

NEy — ExN + (NDye + DyoN)N

49
( ) = _(NEinc - EincN) - (NDinc + DincN)N + TnN

with a given right-hand side.
Correspondingly, for the magnetic field we have

(50) nxp lrotA=—-nxp B,
(51) (n, rot A) = —(n, Biy) + 7,



or in quaternions

(52) _(NHSC - HSCN) — NHinc - HincN7
(53) —(NBge + BseN) = NBiye + BineN + 27,

More general boundary conditions of the anisotropic Leontovich type for the time-
harmonic case (~ e“!) were studied in [15] and partly published in [12]. These
conditions are

(54) —n X Ege —E(n X (n x Hy)) = Tiang

with a given tangential field Tiang on the plane boundary 8Ri arising from the
incoming wave-fields. The (3 x 3) matrix

B0
(55) 5 0
01

[1]
Il
o =2 R

is called the impedance matriz. It is assumed to be constant (or piecewise constant)
on ORY.

In potentials (54) becomes
(56) nx (A +gradV) + E(n x (n x p~'rot A)) = —Tiang
or in quaternions
(57) —(NEsc — EscN) + E(Hsc + NHycN) = 2Tjang

where Tiang is the quaternion corresponding to the vector Tians. We see that (57) is
similar to (49). The condition in the n-direction is obtained from (41) by multiplying
it by the quaternion N from the right:

(68)  €31(0¢A1L + 021 V)N + €32(01 Az + 022V )N + €33(0; Az + 0,3V)N = —oN.

The right-hand sides in (57) and (58) are known, and the left-hand sides contain
first order partial differential operators acting on four dimensional fields arising in a
linear way from the four-potential (V, A) as real quaternion-valued functions.

Application of Fourier and Laplace transformations. To solve the equa-
tions for the above mentioned canonical domains, like the two half-spaces Ri or the
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exterior to a Sommerfeld half-plane or a right-angle wedge, it is efficient to use a 2D
Fourier transformation F with respect to 2’ = (z1,22) — & = (£1,&2):

(59) Flu(z,t)] = (&', w3, t / / i@ )ux , &3, t)dzrdas,
[RQ

and a unilateral Laplace transformation £, denoted by

(60) Cli(€an 0] = [ e e ta(e s, 1)t

The representation of the tangential and normal components of the electrical and
magnetic complex vector fields is described in detail in [12], [15]. Here we have to
replace iw by —s and 9,1 by —i&1, 0.2 by —ifs, leaving the derivative d,3.

Let us introduce for shortness the vector ¢ = (—i&;, —i2, 0,3)7. Applying the
2D Fourier and unilateral Laplace transformations to (36) and (37) yields

(61)  LIE(E,23,t)] = —sLIA(E, z5,1)] — CLIV (€, 23, 8)] + A(E, a3, +0),
(62)  CTLIA(E w3, t)] + LIV (E x5, t)] — V(€ a3,+0) = 0.

The equations (40) and (41) after applying the 2D Fourier and unilateral Laplace
transformations become (with the matrix K from (7))

{BE(C)p™ K (C) + pes® + pe(CCT)ILIAE 23, 1)]

(63)
= HE[SA(S , L3, +0) + atA(§ , I3, +0)} + H‘C[ (f x3, )}7

(64) 6{8,(:[ (f 3, )] + CT‘C[‘?(f/v z3, t)]} = ’C[/Q\(glv T3, t)} - CTGA\(glv z3, +O)

These equations form a 4 x 4 system of ordinary differential equations in the
half-spaces 3 < 0 or 3 > 0. If &, pu are symmetric and piecewise constant for
0 < 3 < h and x3 > h and independent of ¢ the usual methods for constant
coefficients-here parameter dependent (£1, &2, s)-ODE systems can be applied. These
lead to a complex eigenvalue problem which is quite complicated in the general
anisotropic case. An explicit solution (four parameter dependent eigenvalues and the
corresponding eigenvectors) results from the time-harmonic case (with —s instead of
iw) which was treated thoroughly in [15].

The normal components may be calculated from Maxwell’s equations and the
boundary conditions on R? or on the Sommerfeld half-plane are given as Leontovich
boundary conditions. The authors could show the equivalence of the boundary-
transmission problem for > U i/ = R? (where Y is a closed screen and i/ is a
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complementary closed screen) for Ri with a system of Wiener-Hopf equations acting
on anisotropic Sobolev spaces with ;espect to 2’. Existence and uniqueness has been
proved in smoother Sobolev spaces than the usual trace spaces [H_q/51/2(R?) X
Hy /s _1/2(R?)]? for the tangential components uelec(’, £0), and Umagn(2’, £0). In
[15] a detailed investigation of the invertibility of the Wiener-Hopf operators and the
explicit representation of the scattered fields are displayed in Chapter 3 including
Neumann-series under additional conditions for the impedance matrix Z. The ape-
riodic initial boundary condition problem can be treated analogously by including
inhomogeneous initial values for the fields. Details still have to be worked out, in
particular the formulation of a Riemann boundary value problem in complex Fourier
transformed quaternions.

5. CONCLUSIONS

It was shown that general linear initial boundary problems for electrodynamical
fields can be reformulated as such for quaternion-valued functions and reduced by
Fourier and Laplace transformations to equivalent Wiener-Hopf systems of the un-
known traces of the potentials and their jumps across the boundaries of the screen.
The crucial Fourier symbol’s factorization of the boundary data for the Wiener-
Hopf equation can be performed in some partially anisotropic cases. Problems in
elasto-, thermoelasto-, and viscoelastodynamics lead to new parameter dependent
Wiener-Hopf equations where the equations have to be investigated in time-weighted
(anisotropic) Sobolev spaces parallel to the plane boundaries. The authors hope to
publish an extended version of the paper in near future.
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