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1. INTRODUCTION

A linear and continuous operator between Banach spaces is said to be absolutely
summing if it maps unconditionally convergent series into absolutely convergent se-
ries. Moreover, it improves properties of stochastic processes. Indeed, N. Ghoussoub
in [7] proved that an operator is absolutely summing if and only if it maps amarts
(asymptotic martingales) into uniform amarts. In this paper we go a bit further
studying the composition of stochastic processes consisting of weakly measurable
functions with absolutely summing operators. In particular, we consider stochastic
processes of McShane and Pettis integrable functions. Both these processes gener-
alize the more familiar notion of Bochner stochastic processes. For functions taking
values in an infinite dimensional Banach space the Bochner integral and the Pettis
integral are the most known generalizations of the Lebesgue integral. The family
of all McShane integrable functions is strictly contained between the family of all
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Bochner integrable functions and the family of all Pettis integrable functions. Even
if the Bochner integral is the natural candidate to generalize the Lebesgue integral
in Banach spaces, elementary classical examples show that it is highly restrictive. In
fact it integrates few functions, for example the function

f100,1] — £o0[0,1]
defined as

) = X005

is not strongly measurable. Even for strongly measurable functions the Bochner
integral does not necessarily exist. Indeed, if E is an infinite dimensional Banach
space, by the Dvoretzky-Rogers Theorem there exists an unconditionally convergent

series Z Zn that is not absolutely convergent. If (A4,), is a countable measurable

partltlon of a probability space (€2, P) such that P(A,) > 0 for each n € N, the

function
n=1 P(An)

is strongly measurable but not Bochner integrable.

Actually little is known about adapted sequences of Pettis integrable functions (see
for example [5], [9], [12] and [17]) or about adapted sequences of McShane integrable
functions (see [11]). Indeed, the conditional expectation of Pettis integrable functions
does not necessarily exist. Moreover, the class of all Pettis integrable functions,
endowed with the Pettis norm, is complete if and only if the Banach space is of finite
dimension.

In Proposition 1 we extend to amarts of McShane integrable functions a charac-
terization known in the case of Bochner integrable stochastic processes. We use this
result and a recent characterization of absolutely summing operators (see [10] and
[14]) to characterize absolutely summing operators by means of amarts of McShane
integrable functions (Theorem 1). In Examples 1 and 2 we give applications of this

result.

2. DEFINITIONS AND A PRELIMINARY RESULT

Let E and F be two Banach spaces with a norm || - ||g and || - || respectively; E*
and B(E™*) denote respectively the dual of F and its unit ball.

Throughout, (2, F, P) is a probability space and (F,)nen is a family of sub-o-
algebras of F such that F,,, C F, if m < n. A stopping time isamap 7:  — NU{oo}
such that, for each n € N, {r < n} :={w € Q: 7(w) < n} € F,. We denote by T
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the collection of all simple stopping times (i.e. taking finitely many values and not
taking the value co). Then T is a directed set filtering to the right.

Let Fo be a sub-c-algebra of F, then a function X: Q — FE is called weakly Fy
-measurable if the function fX is Fp-measurable for every f € E*. A weakly F-
measurable function is called weakly measurable. A function X:  — FE is said to be
Pettis integrable if fX is Lebesgue integrable on € for each f € E* and there exists
a set function v: F — E such that

futa) = [ rx
A
for all f € E* and A € F. In this case we write v(A) = (P) [, X and we call v(Q)
the Pettis integral of X over Q and v is the indefinite Pettis integral of X.

The space of all Pettis integrable functions X : Q — E is denoted by P(FE). The
Pettis norm of a Pettis integrable functions is

Xl =suw{ [[1£x1: £ e 5@},

ol f o] 4e7)

defines an equivalent norm in P(E).

It is well known that

It should be noted that, in general, if X is only Pettis integrable and not bounded
enough, then even in the space E = ¢5(N), there is no Pettis conditional expectation
of X with respect to a sub-c-algebra of F (see [16], Example 6-4-1).

We say that (X,,, Fpn)n is a stochastic process of Pettis integrable functions if, for
each n € N, X,,: 2 — F is Pettis integrable and weakly F,-measurable.

Let (22, A, F, P) be a probability space which is Radon and outer regular, where A
denotes the topology in Q. A McShane partition of Q is a set {(S;,w;),i =1,2...}

where (.5;); is a disjoint family of measurable sets of finite measure, P(Q\ U Si) =0
i=1
and w; € Q for each i = 1,2,.... A gauge on € is a function A: Q — A such that

w € A(w) for each w € 2. A McShane partition {(S;,w;),i =1,2,...} is subordinate
to a gauge A if S; C A(w;) for i =1,2,.. ..

A function f: Q — F is said to be McShane integrable on G, when G is a sub-
o-algebra of F (see [6] Definition 1A) (briefly McS-integrable on G), with McShane
integral z € E, if for each £ > 0 there exists a gauge A: 2 — A such that

n

D P(S)f(wi) -z

i=1

lim sup <e

n
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for each McShane partition {(S;,w;): ¢ =1,2,...} subordinate to A with S; € G. In
case § = F we simply say that X is McS-integrable.

It is known that if f: @ — E is McS-integrable, then its indefinite Pettis integral is
totally bounded (see [6], Corollary 3E), hence it is norm relatively compact. Denote
by McS(E) the set of all McS-integrable functions X: Q@ — E endowed with the

norm

|X|Mcssup{/g|fX|: fGB(E*)}.

We know that it is equivalent to the norm ([15])

sup { |ones) [ xfs ae 7},

If G is a sub-o-algebra of F, if X is McS-integrable and if Y is McS-integrable on G,
then Y is called the McShane conditional expectation of X with respect to G if for

every A € G,
(M) / Y = (McS) / X.
A A

We observe that the conditional expectation of a McS-integrable function does not
always exist. Indeed, the same is true for strongly measurable Pettis integrable
functions and then for McShane integrable functions (see [8], Theorem 17).

We say that (X,,,F,)n is a stochastic process of McS-integrable functions, if for
each n € N, X, is McS-integrable and weakly measurable with respect to F,. We
recall that (X,,F,), is a stochastic process if, for each n € N, X, is Bochner
integrable and F,-measurable. For 7 € T, let

Fr={AcF: An{r =n} € F,, for each n € N}

and
max T

X; = Z XnX{T:n}'

n=min 7
Definition 1. A stochastic process (X,,Fn)n of McS-integrable functions is
called an amart if the net ((McS) [, X;)rer converges in E, that is there is y € E
such that for each ¢ > 0 there is 0¢ € T such that if 7 € T and 7 > gg then

<e.
E

Joves) [ x, -

It is worth recalling at this point that the previous definition extends to stochastic
processes of McS-integrable functions the more familiar notion of amart (see [1])
known for stochastic processes.
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In the sequel we shall make use of the following facts and proposition.

For each T € T define i (A) = (McS) [, X, for A € F.

The following proposition extends to amarts of McShane integrable functions a
result known for Bochner integrable functions.

Proposition 1. Let (X,,, F,), be an amart. Then the family (u.(A)); converges

to a limit poo(A) for each A € Foo = |J Fr = |J Fn, and the convergence is
TeT neN
uniform on F, in the sense that for each € > 0 there is o¢(¢) € T such that if T € T

and T > oy then

lper(A) — poo(A)||p < forall A€ F,.

Proof. Let (X,,F,), be an amart. Since the net ((McS) [ XT)TET converges,
for any fixed € > 0 there is o¢(¢) € T such that if 7 > 0 > o¢(g) € T then

1) H(MCS)/XT(MCS)/XU

<€
g 2

Fix now 7 > 0 > o¢(¢). Let A € F,. Choose a natural number n € N such that
n > 7 > o and define

T on A, oon A,
T = [
non Q\ A, non )\ A.
Then 7 and o are stopping times and 7 > 01 > 0¢. Moreover,

pr(A) — py(A) = (MCS)/AXT - (MCS)/AXG = (MCS)/XT1 — (McS) /Xgl,
hence by (1) we get

(2) 1 (A) = 1o (D] < 5

forall A € F,. Let A € F, then A € F,,, for some m € N. Now p,(A) is defined for
all 7 > mand (pr(A))r>m is Cauchy in E. Indeed, if ¢ > go(e)vVm and 7 > o¢(e)Vm
by (2) we obtain

17 (A) = o (A5 < llpr(A) = bog@vm (A E + |1 (A) = boy(e)vm (A2 <e.

Hence the limit poo(A) exists in F for all A € Fo,. Thus we can take the limit in
(2) as required. O
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We recall that a stochastic process (X,, Fyn)n is a uniform amart (see [1]) if for
each € > 0 there is ng € N such that if c € T" and ¢ > ng then

Var(po — proo|Fo) < €,

where the symbol Var(u) denotes the variation of the measure p, that is

Var(u) = supz (D],

where the supremum is taken over the finite partitions {E1, ..., E,} of Q.

3. COMPOSITION OF ABSOLUTELY SUMMING OPERATORS WITH WEAKLY
MEASURABLE FUNCTIONS

In this section we consider the composition of operators with weakly measurable
functions. As usual, bounded linear maps between Banach spaces are referred to as
operators. The symbol L(E, F) denotes the space of operators from E to F. Let
u € L(E,F). Define U from McS(E) to McS(F') (or respectively from B(E) to B(F),
where the symbols B(E) and B(F') denote respectively the family of all Bochner
integrable functions taking values in F or F') by

UX)(w) = u(X(w)).

Then u “lifts” to an operator U € L(McS(E),McS(F)) (or to an operator U €
L(B(E),B(F))) (see [6] (or resp. [3])).

If u: Q@ — FE is an FE-valued additive set function defined on an algebra G of
a subset of 2, then Up defined as Uu(A) = U(u(A)) is an F-valued additive set
function defined on the algebra G. Recall that the semivariation of u is defined as

lu| = sup {Var f(u): f € B(E")}.

It is well known that
lu| < 4sup{[[u(A)||: Ae€g}.

An operator u € L(E, F) is said to be absolutely summing if there is a constant ¢ > 0
such that, for every choice of an integer n and vectors {z;}?_; in E, we have

3 i < flas)|
(3) ZZ;HU(Z’ e <c f:gl(%*);| ()]

The least ¢ for which inequality (3) always holds is denoted by 7(u).
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Proposition 2. Let u: E — F be an absolutely summing operator. Then there
is a constant C such that for every McShane integrable function X : ) — E it follows
that

/ U] < CIX ages.

Proof. By [14] Theorem 3.13 the function UX: Q — F' is Bochner integrable.
We want to prove that the operator U from McS(E) to B(F) is continuous. Let

$= Y x;xa, be a simple function, then
i=1

@) WUslsee = /|| Ws)( ||Ff/ lu(s@))llr
(Sewo)| =

Applying the disjointness of A;’s and the linearity of the integral we get
Z 1'1 XA

o =2 e
=3 uta P4 Znu Do)l

n

S ula)xa, @)

i=1

F

n

) sup { Z |f(P L fe B(E*)} (w)]s|mes(B)

where the last inequality follows from the definition of the McS-norm. Thus by (4)
and (5), we get

(6) 1Usllsry < m(u)]s|mes(z)

for every simple function. If X € McS(E), then its indefinite Pettis integral is
relatively compact (see [6] Corollary 3E). Therefore simple functions are dense in
McS(E) ([13] Theorem 9.1) with the McS(E)-norm. Let (¢,,) be a sequence of simple
functions converging to X in the McS(F)-norm. Then it is Cauchy in the McS(E)-
norm, moreover, there is a subsequence (s,) of (¢,) such that for each f € E*

lim f(sn(w)) = f(X(w))

n—oo

for all w ¢ Ny, P(Ny) = 0. By (6) and the linearity of U we get

1Usn — Usmllry < m(u)sn — Smlmes(x)-
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Therefore the sequence (Us,,) is Cauchy in B(F'). Since B(F') is complete there is
a function Y € B(F) such that (Usy) converges to Y in B(F). Without loss of
generality we can assume that the convergence is also a.e. So there is a set N with
P(N) = 0 such that for each g € F* and w ¢ N

(7) lim g((Usn)(w)) = g(Y (w)).

n—oo

Let u*: F* — E* be the adjoint operator of u. Since it is weak*-continuous we
obtain

(8) lim ((Usn)(w),g) = lm (u(sn)(w),9)

n—oo n—oo

I
e
—~

~
—
€
~—
~—
s
I

a.e.on . From (7) and (8) we get that g(Y(w)) = g((UX)(w)) a.e.on Q. Since the
functions UX and Y are strongly measurable, Y (w) = (UX)(w) a.e. So the sequence
(Usy) converges to (UX) a.e.and in B(F). Furthermore, we have

HUXHB(F) = nhjgo ||U5nHB(F) < (u) nhjgo |5n|Mcs(E) = 7r(U)|X|Mcs(E)-
Therefore U is continuous and there is a constant C' such that

10001 < Clx s

as required. O

4. MAIN RESULT

Our main result is

Theorem 1. Let uw € L(E, F). Then u is absolutely summing if and only if U
maps every E-valued amart of McShane integrable functions to an F-valued uniform
amart.

Proof. Let X: Q — E be a McShane integrable function, then

u(a) = (ves) [ x
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is an E-valued additive set function. If w is absolutely summing then UX is Bochner
integrable by Proposition 2 and there is a constant C' such that

(9) Var(U (1)) = / IU(X)]| < CIX |ytes = Clul-

Let (X,, Fn)n be an E-valued amart of McShane integrable functions and ¢ > 0.
According to Proposition 1 there is my € N such that

€
10 o — oo | Fol < =
(10) o — Hool T ol <
forallc € T, o 2 mo. By (9) and (10) we get
Var(U(pe — poolFo)) < Clpto — poo| Fo| <.

Therefore (UX,,), is a uniform amart as required.
To prove the converse assume that the operator U is not absolutely summing.

o]
Then there is a series Y x, in E which is unconditionally summable, but such that
n=1

o0
S ||Uzy|| = co. We can find an increasing sequence of integers (ny )y such that

n=1

Mk+1

3 Uz > 1.

n=nr+1

Multiplying some x,,’s by coefficients smaller than 1, we can assume, without loss of
generality, that

Mk+1

> Uzl =1.

n=nr+1

For every k € N, divide the interval [0, 1] into (ng41 —ns) subintervals Ay, , of length
|[Uzy]||. Let (2, F, P) be the interval [0, 1] with the Lebesgue measure. We define a
sequence of functions Xi: Q — F as

MNk+1

Tp
(11) X (w) = Z 72 ”XAk’n.

n=ng+1

As, for each k, X} is a countably valued function, it is strongly measurable. Since

MNk+1 Nk+41

In
Z WP(Ak,n): Z Tn

n=ng+1 n=ng+1
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is unconditionally convergent, each X}, is McShane integrable (see [8], Theorem 15).
For every k € N, Fj will be the o-algebra o(X;, Xo,...,X%). Then the sequence
(Xk)k is adapted to the the family (Fy)r. To prove that (X )y is an amart, let N € N
and let ¢ > N be a stopping time. For each k > N, let By, = A, N{o = k}. Then
it follows that

MNk+1
(12) (MCS)/XU = Z(MCS)/ X, = Z Z P(Bkyn)z—".
k>N {o=k} k>N n=nj+1 HU.’L‘nH

o0

Since Bgn C Ak, P(Bin)/||Uzn|| = akn < 1. Therefore, since > x, is uncondi-
i=1

tionally summable, by (12) we get that

Nk+1

(MCS)/XU = Z Z Ok nTn

k>N n=np+1

converges to zero. Since each X, is strongly measurable, hence (UX,,), is an F-
valued strongly measurable amart which is not a uniform amart. Indeed, one should
have lim [ ||[UX,| = 0. By the real-valued amart convergence theorem (see [4]
Theore(;n 1.2.5), (|JTUXk||)x must converge to zero, but for each k¥ > N and for each
w € Q we have ||[UXy(w)||r = 1. Therefore the assertion holds true. O

The previous theorem extends to amarts of McShane integrable functions a result
due to Ghoussoub (see [7] Theorem 1) in the case of Bochner integrable amarts.

Corollary 1. Let u € L(E,F). Then u is absolutely summing if and only if U
maps every E-valued amart of strongly measurable Pettis integrable functions to an
F-valued uniform amart.

Proof. By [6, Corollary 4C], the class of strongly mesurable Pettis integrable
functions is included in that of McShane integrable ones. Therefore the assertion
follows from Theorem 1. O

The following examples are applications of Theorem 1.

o0

Example 1. Let F = ¢, and let z, = (z},2%,...) be such that > z, is a
n=1

series in /1 converging unconditionally but not absolutely. We can find an increasing

sequence of integers (ny ) such that

MNk+4+1

> llzall > 1.

n=ng+1
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Multiplying some x,,’s by coefficients smaller than 1, we can assume, without loss of
generality, that

MNk+4+1

Yzl =1.

n=ng+1

For every k € N, divide the interval [0, 1] into (ng4+1 —nyk) subintervals Ay, ,, of length
|zn||- Let (Q,F, P) be the interval [0, 1] with the Lebesgue measure. We define a
sequence of functions X:  — {1 as

Nk+1 r
(13) @)= 3

n=nr+1

As, for each k, Xj is a countably valued function, it is strongly measurable. Since

MNk+1 Nkg+1
Z || || P(Apn) = Z Tn
n=ng+1 Tn n=ng+1

is unconditionally convergent, each X}, is McShane integrable (see [8], Theorem 15).
For every k € N, let Fj, be the o-algebra (X1, X3, ..., X%). Then the sequence (Xy)x
is adapted to the the family (F%)i. To prove that (Xj)x is an amart, let N € N and
let ¢ > N be a stopping time. For each k > N, let By, = Agn N{o = k}. Then it
follows that

MNk+1

(14) (McS) /XU = McS)/ Xp=> > Bkn :
k=N {o=k} n”

k>N n=njp+1

o0
Since By, C Agn, we have P(By )/ ||zn| = ak,n < 1. Therefore, since Y z, is
n=1

unconditionally summable, by (14) we get that

Nk+1

MCS /X Z Qp nTn

k>N n=np+1

o0
converges to zero. Since . x, is not absolutely convergent, f is not Bochner in-

tegrable (see [2] Theoremn_Q). If i: ¢ — {5 is the canonical immersion then i is
an absolutely summing operator. Therefore applying Theorem 1 we get that the
composition

10Xg: [0,1] — £y

is a uniform amart.
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Example 2. Let E = ¢; and let (e,)nen be the canonical basis in ¢;. Let
(Y.)nen be a sequence of independent real integrable functions such that ¥;,(Q2) =
{~1,41} with P(Y;, = —1) = P(Y;, = 1) = 1. Define

1 n
X, = E;Yiei.

For each f € E*, by the strong law of large numbers, we get that lim f(X,) =0
a.e.and thus also lim f(X;) = 0 a.e. Moreover, | X,(w)| =1 fg;g;ch n €N,
therefore lim [, f(XTT) = 0. Thus for every f € E*, (f(X,))nen is a real valued
amart. By Tche Schur Theorem we get that lim fQ X, exists in 41, therefore (X,,)nen
is an /1-amart. As in the previous example 1Tf i: £1 — {5 is the canonical immersion
then ¢ is an absolutely summing operator. Thus applying once again Theorem 1 we

get that the composition
ioXp: [0,1] — 4o

is a uniform amart.
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