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PRESERVATION OF EXPONENTIAL STABILITY FOR EQUATIONS
WITH SEVERAL DELAYS
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Abstract. We consider preservation of exponential stability for the scalar nonoscillatory
linear equation with several delays

H1) + D ax(Oa(hi() =0, ag(t) >0
k=1

under the addition of new terms and a delay perturbation. We assume that the original
equation has a positive fundamental function; our method is based on Bohl-Perron type
theorems. Explicit stability conditions are obtained.
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1. INTRODUCTION

In this paper we consider the scalar differential equation with several variable
delays

1) HO+ 3 b Dalgn(®) =0, ¢ to,
k=1

as a perturbation of the equation

m

(1.2) 2(t) + Y ax(t)z(hi(t) =0, t>to.

k=1

Equation (1.1) is considered for ¢t > tg > 0 with the initial conditions
(13) {E(t) = go(t), t < to, {E(to) = Zo, to = 0
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under the following assumptions:
(al) ax(t) are Lebesgue measurable essentially bounded on [0, c0) functions;
(a2) hi(t) are Lebesgue measurable functions,

hi(t) <t, suplt — hi(t)] < oo;
20

(a3) ¢: (—o0,tp) — R is a Borel measurable bounded function.
We assume that conditions (al)—(a3) hold for all equations throughout the paper.

Definition 1. A function z: R — R is called a solution of the problem (1.1),
(1.3) if it is locally absolutely continuous on [tg, 00), satisfies equation (1.1) for almost
all ¢ € [tg, 00) and the equalities (1.3) for ¢ < to.

Definition 2. A solution X(¢,s) of the problem &(t) + Zak =0,
t>s20,2(t)=0,t <s, x(s) =1, is called the fundamental functzon of (1.1).

In several publications perturbations of delays have been studied. For example, in
[1] the equation with variable delays

(1.4) B(t) = apa(t — i — vi(t))
k=1
was treated as a perturbation of the autonomous delay equation
m
(1.5) g(t) = ary(t — 7).
k=1

Lemma 1.1 [1]. Assume that equation (1.5) is asymptotically stable and

1

(1.6) Z|ak|hmsup|yk()| —
k=1 = Z ak|fo |d5

where v(t) is the fundamental solution (v(t) =0, t < 0, v(0) = 1) of equation (1.5).
Then equation (1.4) is asymptotically stable.
If aj, < 0 and the fundamental solution v(t) is positive, then ) |ak| I~ lo(s)| ds =

1 and thus Lemma 1.1 gives an explicit stability condition for the perturbed equation.
Our main method is based on the Bohl-Perron theorem. Previously it was applied
to perturbation problems for impulsive delay differential equations in [2].
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Below we present a solution representation formula for nonhomogeneous equation
(1.1) with Lebesgue measurable right-hand side f(t):

m

(1.7) B(t) + Y ar(t)z(hi(t) = f(2).

k=1

Lemma 1.2 [3], [4]. Suppose conditions (al)—(a3) hold. Then the solution of
(1.7), (1.3) has the form

t m t

(1.8)  x(t) = X(t, to)xo — X(t,s)Zak(s)ga(hk(s)) ds+ [ X(t,s)f(s)ds,

to k=1 to

where p(t) =0, t > to.

Definition 3. Equation (1.1) is (uniformly) exzponentially stable, if there exist
K >0, A > 0, such that the fundamental function X (¢, s) of (1.1) has the estimate
|X(t,s) < Ke M%) for t > s > 0.

For linear equations this definition is equivalent to the uniform asymptotic stability
[3]. Under our assumptions the exponential stability does not depend on the values
of the parameters of the equation on any finite interval. Thus all our conditions
should only be satisfied for sufficiently large ¢.

Denote by Luo[to, 00) the space of all measurable essentially bounded on [tg, 00)
functions with the sup-norm.

The following result is a Bohl-Perron-like Theorem.

Lemma 1.3 [5], [6]. Suppose for any f € Ls[tg,00) the solution of the problem

(1.9) () + Y br(B)a(ge(t) = f(8), ¢ > to,

is bounded on [ty,o0). Then equation (1.1) is exponentially stable.

We will need the following auxiliary results concerned with nonoscillatory equa-

tions.
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Lemma 1.4 [7]. Assume that a(t) > 0, E ax(t) = ap > 0 and the fundamental

function X (t,s) of equation (1.2) is pos1t1ve Then equation (1.2) is exponentially
stable. Moreover, there exists ty > 0 such that

t m
0< X(t,s)Zak(s)dsgl.
to k=1

The fundamental function is positive if and only if there exists an eventually positive
solution of equation (1.2).

Lemma 1.5 [8]. The fundamental function X (t,s) of equation (1.2) is positive
fort > tg if ax(t) > 0 and

t
1
/ D ai(s)ds < =, t>to.
mkinhk(t) i—1 €

2. EXPLICIT STABILITY CONDITIONS

m

Theorem 2.1. Assume that a(t) > Z k(t) = ap > 0 and the fundamental

function X (t, s) of equation (1.2) is positive. _Assume in addition that r > m and

3 b0

k=m+1

hi(t) T
limsup [Zm e |+Z|bk >|‘/ S Ihi(s)] ds| +
Z Clk( gk(t) =1

k=1

is less than one. Then equation (1.1) is exponentially stable.

Proof. Without loss of generality we can assume that for ¢ > ¢ty and some
w € (0,1) we have

3 |bk<t>|} <

k=m+1

{Zm —bk(t)|+i|bk(t)|‘/ Z|b )l ds| +
2 .

M3

=
Il
—

Let us demonstrate that the solution of the non-homogeneous equation with the zero
initial conditions is bounded on [tg, 00) for any f € Ls[to, 00).
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After transformations equation (1.9) has the form

i(t) + 2 ar(®2(hi(®) — S (ax(t) — by(t))r(he (1))

i)+ 3 ar(®aln () — 3 (an(t) — br(t)x(hi (1))
k=1

k=1
m hi (t) r T
F3b [ Y b)) ds 3 b)) = g(0),
k=1 gr() =1 k=m-+1

where g(t) :== f(t) Z br(t fgk ) f(s)ds. Evidently g € Log[to, 00).

hi(t)
Hence a solution of equatlon (1. 9) is also a solution of the equation z + Hx = r,
where

0= [ Xs) [ - ka(s) ~ b (s))e(hu(s)
to k=1
3 b ) dr + bi( ()| ds,

1= 1 k=m+1
¢
r(t) = | X(t, 8)g(s)ds € Loolto, 0).

to

By Lemma 1.4 we have
(D)W < [ X(t.s) [Z(m ~bu(s)|

to k=
+Z|bk / Z|b ) dr| +
9k i=1

T

> (o) )] dslele

k=m+1

m
< sup X t,s) Y ar(s)udsl|z] oofio00) < M L ftor00)-
t>to to k=1

Thus the norm of H in Lu[to,00) does not exceed u < 1, so the inverse (I + H)™?
is a bounded operator and the function z = (I + H)~!r is bounded. By Lemma 1.3
equation (1.1) is exponentially stable. O
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Corollary 1. Assume that ax(t) > 0, E ar(t) = ap > 0 and the fundamental
function X (t, s) of equation (1.2) is pos11;1ve If

hi(t) ™
/ Z a;(s)ds
gr(t)

=1

(2.1) hmsupz n?k

<1,

then the equation

(2.2) B(t)+ D ax(t)x(gr(t) =0
k=1

is exponentially stable.

Corollary 2. Assume that a(t) >0, > ar(t) = ap > 0. If (2.1) holds, where
k=1

NOEY O pa——
esup 3 a(t)

t>to i=1

3

then equation (2.2) is exponentially stable.

Proof. Fort >ty we have

k() t>to

/h Zaz ds < sup Zai(t) sup (t — hg(t))

1
< supZai(t)ﬁ =-.

t>to 53 esup Y ai(t)  ©
t>2to i=1

By Lemma 1.5 the fundamental function X (¢,s) of equation (1.2) is positive for
t > tg. Corollary 1 implies this corollary. O

Remark 1. If ax(t) = ar > 0 then equality (2.1) has the form

1
1 (t— <1l+-.
Tliljpzak gr(t)) <1+ 2

k=1

This stability condition was obtained in [1] for piecewise continuous delays.
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Corollary 3. Assume that ai(t) > 0, Z ax(t) = ap > 0 and the fundamental

function X (t, s) of equation (1.2) is positive. Iflim sup E lak(t) — bi(t)] / E a;(t
t—oo k=
m

1, then the equation &(t) + > bi(t)z(hi(t)) = 0 is exponentially stable.
k=1

Corollary 4. Suppose that there exists a set of indices I C {1,...,m} such that
ap(t) 20,k eI, Z ax(t) = ag > 0, and the equation &(t)+ > ar(t)x(hi(t)) = 0 has
kel
a positive fundamenta] function. If limsup Z lax(t)] / 3 ax(t) < 1, then equation
t—o00 kel
(1.2) is exponentially stable.

Consider now two autonomous equations

m
(2.3) B(t) + > ara(t — 0) =0,
k=1
T
(2.4) B(t) + > brw(t —ox) =0
Corollary 5. Suppose that a, > 0, k =1,...,m, r > m, and the characteristic

equation of (2.3)

(2.5) A= Zake)“s’“
k=1

has a positive root. If in addition
m m T
>t tul+ (o=l () + 3l <Y
k=1 k=1 k=1 k=m+1

then equation (2.4) is exponentially stable.

Proof. Suppose \g > 0 is a positive root of equation (2.5). Then equation

— Aot

(2.3) has a positive solution x(t) = e and the fundamental function of equation

(2.3) is positive. Theorem 2.1 implies this corollary. O

Corollary 6. Suppose that a; > 0, k = 1,...,m and the characteristic equation
m

(2.5) has a positive root. If > a|d — o] < 1, then the equation
k=1

(2.6) )+ agelt — o) =0
k=1

is exponentially stable.
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m m -1
Corollary 7. Suppose thatap, >0, k=1,...,m. If ) ak‘ok - (e > ai) ‘ <1,
i=1

then equation (2.6) is exponentially stable. -
Corollary 8. Suppose that ak > 0 and the characteristic equat1on (2.5) has a
positive root. If Z lak — bg| < Z ay, then the equation &(t) + Z bra(t — k) =0

is exponentially stab]e

Theorem 2.2. Assume that a(t) > 0, Z ax(t) = ao > 0 and the fundamental

function X (t,s) of equation (1.2) is pos11:1ve. Assume in addition that r < m and

r r hu(t) m
s [ 3 fan () -0+ Y- (0] [ S bu(s) ds|+ 3 0]
o0 S ap(t) be=1 k=1 ge®) =1 k=r+1

k=1
is less than one. Then equation (1.1) is exponentially stable.

Proof. The proof is similar to the proof of Theorem 2.1 after we rewrite (1.9)

1)+ > an@®e(he®) — 3 (an(t) - be(®)a(h (1))
k=1 k=1
r hy (t) m
—Zbka)/ W) ds— 3 ar(®)a(ha(t) = £(2)
k=1 gk (t) k=r+1

3. DISCUSSION AND OPEN PROBLEMS

Unlike most papers on this topic, all results of the present paper are obtained
under the assumption that coefficients and delays are measurable and solutions are
absolutely continuous functions.

Let us 5 compare Corollary 1 and Lemma 1.1 from [1] for constant coefficients sat-

isfying Z ar = —1,a;r <0, k=0,...,m. If the comparison autonomous equation
k=1
(1.5) has a positive fundamental function, then we obtain sufficient stability condi-

tions for (1.4)

(3.1) hmsupz lax||vk(t)] < 1 and Z|ak|hmsup|yk( )| <1,
t—

t—=oo 3 k=1
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respectively. Evidently the first condition is better than the second inequality. We
treat equations with variable coefficients and measurable parameters as perturbations
of equations with positive coefficients and positive fundamental functions, while in
[1] vector equations are considered as perturbations of arbitrary stable autonomous
delay equations.

Overall, all stability preservation results of the present paper assume that the
non-perturbed equation has a positive fundamental function. In other words, they
answer the following question: how much can we perturb a nonoscillatory equation
with positive coefficients so that its stability property be preserved? The signs of
the perturbed coefficients can be arbitrary.

Finally, let us list some relevant open problems.

(A) Extend the results to the case when the coefficients of the non-perturbed equa-
tion (1.2) may be positive and negative, and also oscillating.

(B) Cousider perturbations of the exponentially stable system of delay equations
with variable coefficients

m

(3.2) B(t) + Y Ar(t)a(hi(t) = 0.

k=1

Is it possible to obtain explicit stability conditions for the perturbed equation
(in terms of delays and coefficients, not the fundamental function of (3.2))?

(C) Counsider more general delays, for example, study the equation with a distributed
delay

(3.3) )+ Y belt)olon(t) + [ K945 =0

as a perturbation of either (1.1) or z(t) + fgt(t) M(t,s)z(s)ds = 0 and obtain
explicit conditions under which stability is preserved.
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