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SOME ESTIMATES FOR THE MINIMAL EIGENVALUE OF THE
STURM-LIOUVILLE PROBLEM WITH THIRD-TYPE
BOUNDARY CONDITIONS
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Abstract. We consider the Sturm-Liouville problem with symmetric boundary conditions
and an integral condition. We estimate the first eigenvalue A; of this problem for different
values of the parameters.
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1. INTRODUCTION

Consider the Sturm-Liouville problem

(1.1) y'(z) — q(z)y(z) + Ay(z) =0,
{ y'(0) — k?y(0) =0,

(1.2) ) )
y' (1) +#y(1) =0,
where ¢(z) is a non-negative bounded summable function on [0, 1] such that

(1.3) /0 ¢(z)de =1, v#0.

By A, we denote the set of all such functions.
A function y(z) is called a solution of problem (1.1)—(1.2) if it is defined on [0, 1],
satisfies conditions (1.2), its derivative y'(x) is absolutely continuous, and equation

(1.1) holds almost everywhere on (0, 1).
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We estimate the first eigenvalue A\;(g) of this problem for different values of v
and k.

According to the variation principle A = inf R(q,y), where
& princlple 1(0) = et iy T Y)

1 ,2
(14)  Rigy) = 0¥ @ ) dz + Jj af f v (@) dz + K (47(0) +y2(1)
0

Put m, = inf X = sup M(q).
Y a(2)EA, 1() v d()eA, 1()

Remark. The problem for the equation y” + Ag(z)y = 0, ¢(z) € A,, with
conditions y(0) = y(1) = 0 was considered in [1]. The problem for equation (1.1),
q(z) € A,, with conditions y(0) = y(1) =0 was considered in [2], [3]. In [4] the
problem for the equation y” + Ag(z)y = 0, ¢(z) € A,, with conditions (1.2) was
considered.

2. RESULTS

Theorem 2.1.

1) If y € (—00,0) U (0,1), then M., = +o0.

2) Ify > 1, then M., < 1 + 2;

3) ify>1and k=0, then M, = 1.

4) If y =1 and k # 0, then My = &, where &, is the solution to the equation

(
(
(
(

k2 -1
arctan — =

3 2\/_
M € (1;37% + 1+ nv/r® 4+ 4) for all k # 0.

Theorem 2.2.

(1) If k=0, v > 1, then my =0;

(2) if k=0, v <1, thenm, > 1/4.

(3) If0 < k? < (=14 +/3)/2, then m., > k?/(2k? + 2) for all v # 0;
(4) ifk? € [(—=1++/3)/2;7/2), then m., > k* for all v # 0;
(5) if k? = n/2, then m~ > n?/4 for all v # 0;
(6) if k* > n/2, then m., > n%/4 for all y # 0.
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3. PROOFS

Proposition. Ify > 1, then M, < 1+ 2k%.

Proof. Put yi(z) =e¢, then for any g € A, we have

M (q) = inf < R(q,
1(q) y(x)e;R07l)\{0}R(q,y) R(q,y1)

Syt da + [ q(@)y? dz + K2 (y2(0) + 43 (1))
1
fo yidz

2 [ q(z)da + 2k%* !
_° fo ¢(z) do ° :/ q(z) dz + 2k>.
0

2

If vy =1, then fol g(z)dz = 1. For v > 1, using the Holder inequality, we obtain

1 1 1/ 1 -1/~
/ g(z)dz < (/ q" () da:) (/ 17/(7_1)dx) =1
0 0 0

Hence \(q) < 1+ 2k?, and it follows that

M, = sup M\(q) < sup (1+2k%) =1+2k
q(x)eA, () €A,

Proposition. If y > 1 and k = 0, then M, = 1.

Proof. If g(x) =1, then problem (1.1)—(1.2) has the form

(3.1) y' —y+ Ay =0,
(3.2) y'(0) =4'(1) = 0.

Note that A = 1 is an eigenvalue of this problem. For A < 1 the solution to
equation (3.1) is y = Cy cosh (m x) + Oy sinh (m a:) Under condition (3.2)
we have Cy =0, and C1 = 0 or A = 1. This means that problem (3.1)—(3.2) has no
eigenvalues A < 1. So A\; = 1 is the minimal eigenvalue of problem (1.1)—(1.2) with
g(x) =1and k=0.

It now follows that M, = sup Ai(¢) > 1. For v > 1 we already got that
q(z)€A,

M., < 1+ 2k?, which means M, < 1 for k = 0. Combining these, we have the

accurate estimate M, = 1. O
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Proposition. Ify =1 and k # 0, then My = £, where &, is the solution to the

equation arctan(k?/\/€) = (¢ — 1)/(2V9€).

Proof. 1. Consider the continuous function

ﬁcos\/grv-i-sin\/gfﬂa Oz <,

12
ye(z) = gcos\/@'—i—sin\/fﬂ T<r<l—r,
gcos\/z(l—x)—l—sin\/z(l—x), 1-7<z<1.

If 7 = /¢ Tarctan(k?/\/€), then y¢(x) is continuous too, and ye () can be a solution
to problem (1.1)—(1.2).
2. Now consider

Jo v dot max y(z) + k2 (52(0) + (1)

3.3 Liy) =
3:3) o R
Since
1 1
| a@nP@ e < max (@) [ alo)de = max y?(a),
0 z€([0,1] 0 z€(0,1]
we have
A = inf R(q,y) < inf L(y).
D= bl o BV S il FW)

By &, denote the solution to the equation
L(ye) = ¢.

Substituting ye(z) into (3.3), we obtain

(1) ye(0) = ye(1) = VE/K?, ye(x) = JE+ K k2 for T < <1 -4

(2) since ye(z) is increasing for x € [0, 7] and decreasing for « € [1 — 7, 1], we have

2 — k4 k?4'
xrg[%ﬁ]yg(x) (€ +KkY)/kY

(3) 1
| ez
—/()T<—%sin\/§_”x+\/gcos\/gx)2dx

+/1i7 (%sin\/g(l—x) — \/Ecos\/g(l—x))zda:
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_ 2/07 (ﬁ 1 — cos(2y/€x) e 1 + cos(2v/€x) 5\/_ sin(2/E2) )

=17

& (Jj s1n(2\/_x))

k4 2 2

N §( s1n(22\>/__x)>

I<;2 cos( 2\/_$

2E

2 2 2 _ 74
=l J.—M)+f(f+gik4)+%(§+’é4—l)
E

= % arctanﬁ (52 + f)

1
J,
0

(x)dx

/T (gcos\/gx—l—sin\/gx)de_g_/l_T§+k4 da
0 T

k4

+/117 (g cos /E(1 — z) + sin \/£(1 —x))zdx

_ ]f_4($+ sin(%/fz))

- - (x s1n(2\/_x))

2V¢

Ve VENE!

Finally, we have that &, is a solution to the equation arctan(k?//€) =
Put t = /€ > 0 and consider the equation arctan(k?®/t) =

(0, +00).

0——Cos2\/_x

+ (k;i +1)(1 27):—L3L1"Ctank—2(g +1)

1
+5+5+1L

3(E-1/VE

1)/t for t €

The function arctan(k?/t) is decreasing for ¢ > 0, tends to ©/2 as t — 0 + 0, to 0
as t — +oo (see Fig. 1). The function (2 — 1)/t is increasing for ¢ > 0, tends to
—o0 ast — 040, to +00 as t — 400, is equal to 0 for ¢ = 1. It follows that this

equation has a unique positive solution t,, and ¢, > 1.

A

/2

Y

Figure 1.
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Besides, though the solution depends on k2, it is possible to indicate the interval
which ¢, belongs to, where the bounds do not depend on k2, and to estimate ¢, on
these bounds. According to the behaviour of arctan(k?/t), we get:

(1) if k2 — 0, then t, — 1+ 0;
(2) if k2 — +o0, then arctan(k?/t) — n/2, and ¢, tends to the positive solution of
the equation 2(t> — 1)/t = /2, which means t, — (1 + vn% +4)/2;
(3) t. € (1, (n+ V2 +4)/2) for all k # 0.
For &, = tf we obtain:
(1) if k2 — 0, then & — 14 0;
(2) if k* = 400, then & — 1n? + 1+ Iny/n? + 4
(3) & e (L, 3m® + 1+ 3nv/n2 +4) for all k # 0.
3. Consider y,(z) = ye, (x). This function is a solution to the problems

v '+ =0, y(0)—k*y(0)=0 forO<z<T,
y' —&y+Ady=0, for 7<r<1l—T,
v +xy=0, y(1)+Eky1)=0 forl—7<z<1
where A = &,. It follows that y.(z) is a solution to problem (1.1)—(1.2), where

0, 0<
g) =q(x) =4 &, T<ax<l—rT,
0, 1—-7<z<1

T <T,

(note that g.(x) satisfies condition (1.3)). Since y.(x) > 0 on (0,1), it is the first
eigenfunction of problem (1.1)—(1.2), and &, is the first eigenvalue of this problem.
Finally, the following conditions hold:

» = A(gs) < M = su inf
S=Ale) < M ser, yeH (0.0)\(0)

R(q,y) <

< inf
y€H1(0,1)\{0}

L(y) < L(y*) =&,
Therefore My = &,. O

Proposition. If k =0, v > 1, then m, = 0.

Proof. Substituting k¥ = 0 in (1.2), we have 3’(0) = y/(1) = 0; similarly, from
(1.4) we get

Rig.y) = 0¥ @ drt [ d@py’(@)do
i - 1 .
Jo v*(z)dz
Put
eV 0<zx<e,
Y1 = ]-a QE(x) =
0, e<x<l.
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Then, since v > 1, we have

- i < =gt/ .
my = qglj (yeng{fl)\{o}R(q,yD < R(ge,y1) =€ —0 ase—0

Thus we conclude that m. = 0. O

Proposition. If k =0, v < 1, then m, > 1/4.

Proof. Put A={y(z): y(z) € H(0,1)\ {0}, f z)dx = 1,y(x) > 0}.
Note that \; = inf R = inf R .
ote that A yengl)\{o} (¢,y) = inf R(q,y)
Put o = fo x)dz, 8= n%m]y = y(&), where £ € [0,1].
efo
Using y(z) = y(§) + fg s)ds and the Holder inequality, we obtain

T 2 -
Y (z) <26+ 2</ y'(s) ds> <283% + 2/ y'2(s) ds < 267 + 2a.
¢ 3

For y(z) € A we get 23% + 2a > 1. If follows that one of the following cases takes
place: (a) 2a > 1/2; (b) 26% > 1/2.
(a) Suppose o > 1/4. Hence for y(z) € A and ¢(z) € A, we get

a+f0 ydx>

R

(b) Suppose 8 > 1/2. Since y(z) > § for all y(z) € [0,1], for y(x) € A and
q(z) € Ay we get

Fy%(x) de + y2de [t 1
R(g,y) = 222 1f° >/ q(x)y2dx21/ q(z) d.
0 0

Using the Holder inequality, we have

1 1 v/(v=1) 1 1/(1=v)
1 :/ g/ (=D g/ (=) g < (/ q(a:)da:) (/ q”dx)
0 0 0

1 v/(v—1)
= (/ q(x) da:) for v < 0,
0

/01 ¢ () dz < (/01%:) df”)V(/O1 v dx)m ooeeh

whence fol q(xz)dz > 1.

and
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Hence, R(q,y) > 1/4 in both cases, and

=~ =

R(q7y)) = inf (inf R(q,y)) >

my = inf
gEA, \yeA

( inf
g€ A, \yeH,(0,1)\{0}
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