130 (2005) MATHEMATICA BOHEMICA No. 2, 177–184

REMARKS ON STATISTICAL AND I-CONVERGENCE OF SERIES

J. Červeňanský, Trnava, T. Šalát, V. Toma, Bratislava

(Received June 24, 2004)

Abstract. In this paper we investigate the relationship between the statistical (or generally I-convergence) of a series and the usual convergence of its subseries. We also give a counterexample which shows that Theorem 1 of the paper by B. C. Tripathy “On statistically convergent series”, Punjab. Univ. J. Math. 32 (1999), 1–8, is not correct.

Keywords: statistical convergence, I-convergence, I-convergent series

MSC 2000 : 40A05, 54A20

1. Introduction

The concept of the statistical convergence was introduced in [5], [12] and has been developed in several directions in [2], [3], [4], [7], [8], [10], [13] and by many other authors. We will deal mainly with the generalization of the statistical convergence introduced in the [8].

Let A ⊆ N. Put A(n) := card({1, 2, . . . , n} ∩ A). Then the numbers

d(A) := lim inf_{n→∞}

A(n) n , d(A) := lim sup_{n→∞}

A(n) n are called respectively the lower and upper asymptotic density of the set A. If d(A) = d(A) =: d(A) then A is said to have the asymptotic density d(A).

Similarly one can define the logarithmic density δ(A) of a set A if we take 1 ln n n∑ k=1 χ_A(k) k (n = 2, 3, . . .)

instead of A(n)/n, χ_A being the characteristic function of A (cf. [6, XIX]).

A sequence x = (x_n)^∞_{n=1} of real numbers is said to be statistically convergent to L ∈ R if for every ε > 0 we have d(A_ε) = 0, where A_ε := {n; |x_n − L| � ε}. In this case we write stat-lim x_n = L.

A class I ⊆ 2^N is said to be an ideal on N if I is additive (A, B ∈ I =⇒ A ∪ B ∈ I) and hereditary (A ⊆ B ∈ I =⇒ A ∈ I). An ideal I is proper if I ≠ 2^N . It is admissible provided it is proper and I ⊇ I_f , I_f being the ideal of all finite subsets of N.

A sequence x = (x_n)^∞_{n=1} is said to be I-convergent to L (we will also say that x I-converges to L) if for each ε > 0 we have A_ε ∈ I. In this case we write I-lim x_n = L.

Obviously the I-convergence coincides with the usual convergence if I = I_f and with the statistical convergence if I = I_d = {A ⊆ N ; d(A) = 0}. The I-convergence can be regarded as a generalization of the statistical convergence.

Further particular cases of the I-convergence can be obtained by choosing

I = I_δ := {A ⊆ N ; δ(A) = 0} or I = I_c := { A ⊆ N ; ∑ a∈A a^{−1} < +∞ } .

Obviously I_δ and I_c are admissible ideals on N.

If A ∈ I_c then d(A) = 0 (cf. [9], [11, p. 100]), hence I_c ⊆ I_d and so

I_c- lim x_n = L =⇒ I_d- lim x_n = L.

Note that I_d-lim x_n = stat-lim x_n.

In what follows we will use also the concept of the uniform density of a set (cf. [1]). Let A ⊆ N, let t, s be integers, t � 0, s � 1. Denote by A(t + 1, t + s) the cardinality of the set A ∩ [t + 1, t + s]. Put

α_s = lim inf_{t→∞} A(t + 1, t + s), α^s = lim sup_{t→∞} A(t + 1, t + s).

Then α_s � α^s and there exist

u(A) = lim_{s→∞} α_s s , u(A) = lim_{s→∞} α^s s . If u(A) = u(A) =: u(A) then the common value u(A) is called the uniform density of the set A. Obviously

(1) u(A) � d(A) � d(A) � u(A).

The uniform density of sets yields the I_u-convergence, where I_u := {A ⊆ N ; u(A) = 0}.

An infinite series^∞ ∑ n=1 a_n is said to be I-convergent to s ∈ R provided the sequence (s_n)^∞_{n=1} of its partial sums I-converges to s, where s_n = a_1 + . . . + a_n (n = 1, 2, . . .) (cf. [4], [13]).

We recall the concept of the dual filter of an ideal. If I ⊆ 2^N is a proper ideal on N then the class F (I) := {B ⊆ N ; N \ B ∈ I}

is called the dual filter of the ideal I.

2. Main results

Theorem 1 of the paper [13], p. 4 claims that “If a series^∞ ∑ k=1 a_k is statistically convergent then there exists a set M ⊆ N, M = {m_1 < m_2 < . . .} with d(M) = 1 such that the series^∞ ∑ k=1 a_{mk} is convergent in the usual sense.” Our following considerations show that this result is not correct. Nevertheless, it motivated us to introduce the following definition.

Definition 1. An admissible ideal I ⊆ 2^N is said to have the property (T) if the following assertion holds: If^∞ ∑ k=1 a_k is an arbitrary I-convergent series then there exists a set M ⊆ N, M = {m_1 < m_2 < . . .} belonging to the filter F (I) (i.e., M = N \ A for an A ∈ I) and^∞ ∑ k=1 a_{mk} converges in the usual sense.

Let us remark that the ideal I_f has the property (T) (for the set M we can take M = N). On the other hand, we will show in what follows that no other ideal among the ideals mentioned in this paper has the property (T). We begin to prove this fact with the ideal I_c = { A ⊆ N ; ∑ a∈A a^{−1} < +∞ } .

Theorem 1. The ideal I_c does not have the property (T).

Proof. Put

(a_k)^∞_{k=1} = ( 1 2^2 , 1 2^2 , ( − 1 − 1 2 ) , 1, 1 3^2 , 1 3^2 , 1 3^2 , ( − 1 − 1 3 ) , 1, . . . , 1 n^2 , 1 n^2

, . . . , 1 n^2 n terms , ( − 1 − 1 n ) , 1, . . . ) .

Denote by (s_n)^∞_{n=1} the sequence of the partial sums of the series^∞ ∑ k=1 a_k. Then we have (s_n)^∞_{n=1} = ( 1 2^2 , 1 2 , −1 l_2-term

, 0, 1 3^2 , 2 3^2 , 1 3 , −1 l_3-term

, 0, . . . , 1 n^2 , 2 n^2

, . . . , 1 n , −1 l_n-term

, 0, . . . ) .

We prove that this sequence (s_n)^∞_{n=1} is I_c-convergent to zero. Recall that if I is an admissible ideal then a sequence x = (x_n) is said to be I^∗-convergent to L provided there is a set M = {m_1 < m_2 < . . .} ∈ F (I) such that lim_{k→∞} x_{mk} = L. It is well-known that if x = (x_n) is I^∗-convergent to L then it is also I-convergent to L (cf. [8]).

Hence to prove that^∞ ∑ k=1 a_k is I-convergent to 0 it suffices to show that (s_n)^∞_{n=1} is I^∗-convergent to 0.

If we omit from the sequence (s_n)^∞_{n=1} the terms with indices l_n (n = 2, 3, . . .) then we obviously obtain a sequence which is convergent (in the usual sense) to 0 and hence it is I^∗_c convergent to 0 and so also I_c-convergent to 0). Hence if we show that ∞∑ n=2 l^{−1}_n < +∞ then it will be proved that the series^∞ ∑ k=1 a_k is I_c-convergent to 0.

We are going to prove that (2) ∞∑ n=2 l^{−1}_n < +∞.

We have

l_2 = 3, l_3 = l_2 + 5, l_4 = l_3 + 6, . . l_n = l_{n−1} + (n + 2).

By summing these equalities we get

l_n = 1 + 2 + 3 + 4 + 5 + . . . + (n + 2) − 1 − 2 − 4 =

(n + 2)(n + 3) 2 − 7 = 1 2 (n^2 + 5n − 8).

This immediately implies (2).

Hence the series^∞ ∑ k=1 a_k is I_c-convergent. However, we will show that there is no

set M = {m_1 < m_2 < . . .} ∈ F (I_c) such that^∞ ∑ k=1 a_{mk} converges in the usual sense.

We proceed indirectly. Write ∞∑ v=1 a_v = 1 2^2 + 1 2^2 + ( − 1 − 1 2 ) + 1 + 1 3^2 + 1 3^2 + 1 3^2 + ( − 1 − 1 3 ) + 1 + . . . .

Suppose that there is a set M ∈ F (I_c), M = {m_1 < m_2 < . . .}, such that the series^∞ ∑ k=1 a_{mk} converges in the usual sense.

The convergence of^∞ ∑ k=1 a_{mk} implies that this series contains only a finite number of terms of the form 1, −1 − 1/n (n � 2). Hence there is a v_0 ∈ N such that for every v > v_0 we have a_v ≠ 1, a_v ≠ −1 − 1/n (n � 2).

However, then the series ∑ v_0<v∈M

a_v converges in the usual sense and none of its

terms equals 1 or −1 − 1/n (n � 2).

Obviously the set M ∩ (v_0, +∞) belongs again to F (I_c) and the series (3) ∑ v_0 <v∈M

a_v

is a subseries of a series of the form (4) 1 m^2

+ . . . + 1 m^2 m-terms + 1 (m + 1)^2

+ . . . + 1 (m + 1)^2 (m + 1)-terms

+ . . . .

A term 1/(m + k)^2 occurs in (3) exactly when it occurs in^∞ ∑ v=1 a_v with an index v belonging to M, v > v_0.

Put H = M ∩ (v_0, +∞). Then H ∈ F (I_c). Hence H = N \ A, ∑ a∈A a^{−1} < +∞.

Then d(A) = 0, d(H) = 1 (cf. [9], [11, p. 100]).

So we obtain a contradiction if we prove the following statement:

If d(H) > 0 then the subseries of (4) corresponding (w) to the subscripts from H diverges.

We prove (w). By the assumption of (w) there exists a δ > 0 such that for infinitely many k’s (say for k ∈ V , V is an infinite set) we have (5) H(k) k > δ > 0,

H(k) = card({1, 2, . . . , k} ∩ H).

The divergence of the subseries ∑ v∈H a_v of the series (4) will be established by showing that it fails to satisfy the Cauchy condition of convergence. This condition says:

For every ε > 0 there is an n_ε ∈ N such that for each n > n_ε we have ∑ n_ε <v⩽n,v∈H

a_v < ε.

Hence it suffices to prove that there is an ε_0 > 0 such that for every n_0 ∈ N there exists an n > n_0 with ∑ n_0<v⩽n,v∈H

a_v � ε_0. We show that one can take ε_0 =^1_6 δ.

Let n_0 be an arbitrary positive integer. Then a_{n0} occurs in a block (say in the l-th block consisting of terms of the form 1/l^2). Choose k ∈ V ,

k = m + (m + 1) + . . . + (m + r + 1) = m(r + 2) +

(r + 1)(r + 2) 2 . By the definition of the set V there are infinitely many such v’s that the corresponding k’s belong to V .

We will estimate the sum ∑

n_0<v⩽k,v∈H

a_v

from below. We get ∑ n_0 <v⩽k,v∈H

a_v �

H(k) − H(n_0) (m + r + 1)^2 = H(k) (m + r + 1)^2 − H(n_0) (m + r + 1)^2 .

The first summand on the right hand side is by (5) greater than δ [ m(r + 2) +

(r + 1)(r + 2) 2 ] . Choosing r sufficiently large the second summand can be made less than δ/6. Hence for r chosen in such a way we get ∑ n_0<v⩽k,v∈H

a_v � δ m(r + 2) +^1_2 (r + 1)(r + 2)

(m + r + 1)^2 − δ 6 .

The first term on the right hand side converges for r → ∞ to δ/2. Hence by a new suitably enlarged r we get ∑ n_0 <v⩽k,v∈H

a_v � δ 3 − δ 6 = δ 6 . □

Minor modifications of the proof of Theorem 1 enable us to show that none of the ideals I_d, I_δ , I_u has the property (T).

Theorem 2. The ideal I_d does not have the property (T). Corollary. The statement in Theorem 1 of [13] does not hold. Proof of Theorem 2. Let^∞ ∑ k=1 a_k have the same meaning as in Theorem 1.

This series is I_c-convergent to 0. Since I_c ⊆ I_d, it is also I_d-convergent (statistically convergent) to 0. Further, if M ⊆ N and d(M) = 1 (i.e. M ∈ F (I_d)) then by statement (w) (see the proof of Theorem 1) we see that ∑ v∈M a_v diverges. Theorem 2 follows. □ Theorem 3. The ideal I_δ does not have the property (T). Proof. Modify the proof of Theorem 1. Note that (cf. [6] p. 241) (6) d(A) � δ(A) � δ̄(A) � d(A).

The series^∞ ∑ k=1 a_k constructed in the proof of Theorem 1 is I_d-convergent to 0 since it is I_c-convergent to 0 and I_c ⊆ I_d. But then it is also I_δ -convergent to 0 by (6).

Further, if M ⊆ N, δ(M) = 1 (i.e. M ∈ F (I_δ )) then by (6) we get d(M) = 1 and applying the statement (w) (see the proof of Theorem 1) we see that ∑ v∈M a_v diverges. □ Theorem 4. The ideal I_u of the sets of uniform density zero does not have property (T).

Proof. We show that the set A = {l_2 < l_3 < . . .} in the proof of Theorem 1 has the uniform density zero. Let s be fixed, s ∈ N. A simple calculation shows that

l_{n+1} − l_n = 1 2 [((n + 1)^2 + 5(n + 1) − 8) − (n^2 + 5n − 8)] = n + 3 → ∞(n → ∞).

Therefore there is an t_0(s) such that each interval [t + 1, t + s](t > t_0) contains at most one element from the set A. So we get

α^s = lim sup t→∞ A(t + 1, t + s) � 1, u(A) = lim_{s→∞} α^s s = 0, u(A) = 0.

If M ∈ F (I_u), i.e. if M = N \ K, u(K) = 0, then by (1) we have d(K) = 0 and so M ∈ F (I_d). But then by the proof of Theorem 1 (see (w)) we see that the series ∑ v∈M a_v diverges. □

The results we have just obtained about the property (T) suggest to formulate the following

Conjecture. The ideal I_f is the only admissible ideal having the property (T).

References

[1] T. C. Brown, A. R. Freedman: The uniform density of sets of integers and Fermat’s Last Theorem. C. R. Math. Acad. Sci., R. Can. 12 (1990), 1–6.

[2] J. S. Connor: The statistical and strong p-Cesáro convergence of sequences. Analysis 8 (1988), 47–63.

[3] J. S. Connor: Two valued measures and summability. Analysis 10 (1990), 373–385. [4] M. Dindoš, T. Šalát, V. Toma: Statistical convergence of infinite series. Czechoslovak Math. J. (2003).

[5] H. Fast: Sur la convergence statistique. Coll. Math. 2 (1951), 242–244. [6] H. Halberstam, F. Roth: Sequences I. Oxford, Clarendon Press, 1966. [7] P. Kostyrko, M. Mačaj, T. Šalát, O. Strauch: On statistical limit points. Proc. Amer.

Math. Soc. 129 (2001), 2647–2654.

[8] P. Kostyrko, T. Šalát, W. Wilczyński: I-convergence. Real. Anal. Exchange 26 (2000- –2001), 669–686.

[9] B. J. Powell, T. Šalát: Convergence of subseries of the harmonic series and asymptotic densities of sets of positive integers. Publ. Inst. Math. (Beograd) 50 (1991), 60–70.

[10] T. Šalát: On statistically convergent sequences of real numbers. Math. Slov. 30 (1980), 139–150.

[11] T. Šalát: Infinite Series. Academia, Praha, 1974. (In Slovak.)

[12] I. J. Schoenberg: The integrability of certain functions and related summability methods.

Amer. Math. Monthly 66 (1959), 361–375.

[13] B. C. Tripathy: On statistically convergent series. Punjab. Univ. J. Math. 32 (1999), 1–8.

Authors’ addresses: J. Červeňanský, Faculty of Materials Science and Technology, Slovak University of Technology, Paulinská 16, 917 24 Trnava; T. Šalát, V. Toma, Faculty of Mathematics, Physics and Informatics, Comenius University, Mlynská dolina, 842 48 Bratislava, e-mail: toma@fmph.uniba.sk.