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Abstract. The classical Vitali convergence theorem gives necessary and sufficient condi-
tions for norm convergence in the space of Lebesgue integrable functions. Although there
are versions of the Vitali convergence theorem for the vector valued McShane and Pettis
integrals given by Fremlin and Mendoza, these results do not involve norm convergence in
the respective spaces. There is a version of the Vitali convergence theorem for scalar valued
functions defined on compact intervals in R™ given by Kurzweil and Schwabik, but again
this version does not consider norm convergence in the space of integrable functions. In
this paper we give a version of the Vitali convergence theorem for norm convergence in the
space of vector-valued McShane integrable functions.
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We begin by fixing the notation and preliminary definitions of the McShane inte-
gral used in the sequel. Let R* be the extended reals (with +o0o adjoined to R). Let
X be a (real) Banach space and let I be a left closed interval in R*. Any function
f: I — X is assumed to be extended to R* setting f(+oo) = 0.

A gauge on [ is a function v which associates to each t € I an open neighborhood
~(t) of t [a neighborhood of oo is an interval of the form (a, oo]; similarly for —oco.].
A partition of I is a finite collection of left closed, pairwise disjoint intervals I,

t =1,...,n, such that I = (J I; (here we agree that (—o0,a) is left closed). A
i=1
tagged partition of I is a finite collection of ordered pairs {(I;,¢;): 1 < i < n} such

that {I;} is a partition of I and t; € I; ¢; is called the tag associated with the
interval I;. Note that it is not required that the tag t; belong the to the interval
I;; this requirement is what distinguishes the McShane integral from the Henstock-
Kurzweil integral ([9], [16]).
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If v is a gauge on I, a tagged partition {(I;,¢;): 1 < i < n} is said to be ~-fine
it I; C ~(t;) for every . If J is an interval in R*, we write m(J) for its length and
make the usual agreement that 0- oo = 0.

If D= {(li,ti): 1 <14 < n} is a tagged partition and f: I — X, we write
S(f,D) = Xn: f(ti)m(I;) for the Riemann sum of f with respect to D.

i=1

Definition 1. A function f: I — X is (McShane) integrable (M-integrable)
over [ if there exists v € X such that for every € > 0 there exists a gauge v on [
such that ||S(f, D) — v|| < € for every ~-fine tagged partition D of I.

The vector v is called the (McShane) integral of f over I and is denoted by [; f.

We refer the reader to [9], [4], [5], [16] for basic properties of the McShane integral.

For later use we record one important result for the McShane integral usually
referred to as Henstock’s Lemma.

If (I;,t;),a = 1,...,n is any pairwise disjoint collection I; of left closed intervals of

I and t; € I, the collection {(I;,t;): i =1,...,n} is called a partial tagged partition

of I (it is not required that [ = 0 I;) and such a collection is called v-fine if I; C ~(¢;)
i=1

i=
for every i. We employ the same notation for Riemann sums with respect to partial
tagged partitions.

Lemma 2 (Henstock). Let f: I — X be M-integrable and let ¢ > 0. Suppose
the gauge v is such that ||S(f,D)— [, f| < e for every y-fine tagged partition D of I.
If {(I;,t;): 1 <i< n} isany vy-fine partial tagged partition of I, then

g{f@i)m(m -/ 1} <=

Our proof of the Vitali convergence theorem will require that we are able to inte-
grate over measurable subsets so we begin by showing that this is possible.

Lemma 3. Let f: I — X be M-integrable and let ¢ > 0. If v is a gauge
such that ||S(f,D) — [; fl| < e whenever D is a ~-fine tagged partition of I, then
I1S(f,P)-S(f,E)| < 2e whenever D = {(I;,t;): i =1,...,n}and & = {(J;,s;): j =

1,...,m} are two y-fine partial tagged partitions with |J I, = |J J; = K.
i=1 j=1

Proof. I\ K is a finite disjoint union of subintervals of I so there exists a
~-fine partial tagged partition P of I, such that the union of the subintervals in P
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is exactly I\ K. Then DUP and £ U P are ~-fine tagged partitions of I so

IS(f, D) =S(f,E) = 1S(f,DUP) = S(f,E UP)|
gHS(f,DUP)/IfHJrHS(f,SUP)/IfH<2e.

O

If f: I — X is M-integrable and E C I, then we say that f is M-integrable
over F if C'gf is M-integrable over I and we set fE f= f[ Cgf, where Cg is the
characteristic function of F.

Theorem 4. If f: I — X is M-integrable over I, then f is M-integrable over
every measurable subset E of I.

Proof. Let e > 0. There is a gauge v such that [|S(f,P) — [, f|| < & when
P is a y-fine tagged partition of I. Pick open O, D E and closed F;, C E such
that m(Oy \ Fy) < ¢/k2F, where m is Lebesgue measure. Define a gauge 7’ on I by
v () = O N~(t) when t € F and k — 1 < || f(¥)| < k and v/(t) = v(¢) \ Fr when
t¢ Eand k—1 < [|f(D)] < k.

Suppose P = {(I;,t;): 1 < i < m}and Q = {(J;,s;): 1 < j < n} are v/-fine
tagged partitions of I. Then P’ = {(I; N J;,t;): 1 < i < m,1 < j < n} and
Q' ={(I;nJj,sj): 1 <i<m,1<j< n}are~/-fine tagged partitions of I and have
the same Riemann sums as P and Q, respectively.

Note that P’ and Q' have the same subintervals but different tags. To avoid
multiple subscripts assume that P’ and Q' are relabelled P” = {(By,t},): 1 <k <
N} and Q" = {(Bg, s;,): 1 <k < N}. Then

(1) IS(Cef,P)=S(Crf, Q)

= |S(Cef,P") = S(Cpf. Q") = || D ft)m(B) — Y f(si)m(By)

tj€E spEE
<| X ) = FEmB| | Y fE)m(Br)
ty€E,s, €E 1, €E s, ¢F
+{[ > f(si)m(By)|| = R1+ Rz + Rs.
sLEE M EE

We estimate the R;.
First, R; < 2¢ by Lemma 3.
For Rs put
op={k: t, € E,s, ¢ E,1 —1<||f(t})] <}
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If k € o, Bi, C7'(t},) = Oy N~(t},) and By, C /' (s),) = v(s},) \ Fi so

U BicO\F

keo,
and

m( U Bk) <m(0\ Fy) < /12",
keo
Therefore,
Ry <3N It m(Br) < 30N m(B) < Y e/2! =
=1 k€o =1 kEo, =1

Similarly, R3 < €. So, the left hand side of (1) is less than 4e and Cgf satisfies
the Cauchy criterion for M-integrability. O

This result is established in [2], Theorem 2E, but their proof uses the fact that
McShane integrable functions are Pettis integrable and uses properties of the Pettis
integral. In fact, Theorem 4 implies that a McShane integrable function is Pettis
integrable. For if f: I — X is McShane integrable, then z’f is McShane integrable
and, therefore Lebesgue integrable for every 2’ € X’ ([4], Theorem 8); that is f
is scalarly integrable ([10], 4.1). But, from Theorem 4, for every measurable F,
Jpf e X and ' [, f = [,a'f follows easily from the definition of the McShane
integral, so f is Pettis integrable with value | p [ for every measurable £ ([10], 4.2).
Another proof of Theorem 4 is given in [7] Theorem 7.

Corollary 5. If f: I — X is McShane integrable, then f is Pettis integrable and
the two integrals agree.

In particular, it follows from Corollary 5 that the indefinite McShane integral is
countably additive and is absolutely continuous with respect to Lebesgue measure
([10], 4.1); see also Theorem 12 where this result is established using only properties
of the McShane integral.

For the proof of our version of the Vitali convergence theorem, it will be necessary
to show that the McShane integral can be developed by using measurable sets in
the partitions employed in the definition of the integral. We begin by considering
the case of compact intervals. This was carried out by R. Gordon in [5] for scalar
functions and by Kurzweil and Schwabik in [7] for X-valued functions defined on
compact intervals in R™.

If E C R is a measurable set, a measurable partition of F is a finite collection of
pairwise disjoint measurable sets {F;: 1 < ¢ < n} such that E = CJ E;; a tagged

i=1

K2
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measurable partition of E is a finite collection of pairs {(E;,¢;): 1 < i < n} such
that {E;: 1 < @ < n} is a partition of F and ¢; € F; we use similar terminology
for partial tagged measurable partitions. Again the ¢; are called the tags associated
with the E;.

If v is a gauge on F, a partial tagged measurable partition {(E;,¢;): 1 < i< n}is
said to be y-fine if F; C 7(t;) for each i. If f: E — X, the Riemann sum of f with
respect to a partial tagged measurable partition P ={(F;,¢;): 1 <4 < n} is defined
to be

S(f,P) = _Zf(tnm(Ei).

In what follows let .4 be the algebra of subsets generated by the left closed subin-
tervals in R. Thus, the members of A are finite pairwise disjoint unions of left closed
subintervals ([13], 2.1.11).

Lemma 6. Let K be a bounded interval and v a gaugeon K. Let {x;: 1 <i < n}
be distinct points from K and {H;: 1 < i < n} closed pairwise disjoint subsets of K
such that H; C y(x;).

Let B > 0. There exist pairwise disjoint {V;: 1 < i < n} from A such that
Vi C y(z;) and m(V; A H;) < B/n for 1 <1i < n.

Proof. For every i, pick an open O; such that H; C O; C y(z;) with the {O;}
pairwise disjoint. [This is possible since the {H;} are a positive distance apart.]
For each i, pick V; € A such that V; C O; and m(V; AH;) < 3/n ([12], 3.3.15). O

Theorem 7. Let K = [a,b] be a compact interval, f: K — X M-integrable and
e>0.

If y is a gauge on K such that ||S(f,P) — [} f|| < e whenever P is a v-fine tagged
partition of K, then ||S(f,P)— [, fIl < 2¢ whenever P is a v-fine tagged measurable
partition of K.

Proof. The indefinite integral F(t) = fat f is absolutely continuous on K so
there exists 0 < 7 < e such that || [|, f|| < & when V € A and m(V) < 5 ([14],
Theorem 10). Let P = {(E;, z;): 1 <i < n} be a-fine tagged measurable partition
of K.

Put M =1+ max{||f(z;)||: 1 << n}. For each i there exists closed H; C E;
such that m(E; \ H;) < n/2nM.

The {H;} are pairwise disjoint so by Lemma 6 there exist V; € A such that
{Vi: 1 <1< n}arepairwise disjoint, {(Vj,2z;): 1 <@ < n}is~y-fineand m(V;AH;) <
n/2nM. There exists Vj € A such that {V;: 0 < i < n} forms a partition of K. Now
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so m(FE; AV;) < n/nM and, therefore,

=m(gEi\Qm) <3 m(E AV) < /M.

i=1
Thus,

n

> o) - [ fH <

i=1

(2)

éﬂzi)(m(m ()|

ol (reame= [ )1 .4
=R + Ry + R3.

We estimate each R;.
First,

<Y I @)m(E: AV)) <MY m(E;i AV;)
1=1 =1

Next, Ry < € by Henstock’s Lemma 2.

Last, R3 < € by the choice of 1 since m(Vp) < 7.

Thus, (2) is less than 7 + 2¢ and since > 0 can be taken arbitrarily small, the
result follows. |

This result will be extended to arbitrary intervals later in Theorem 11.
Motivated by the result in Theorem 7 we give a definition of the (generalized)
McShane integral using measurable partitions.

Definition 8. Let f: I — X. We say that f is generalized McShane integrable
over I if there exists v € X such that for every € > 0 there is a gauge v such that
IS(f,P) — v|]| < e when P is a 7-fine tagged measurable partition of I.

We call v the generalized McShane integral of f over I and use the notation || ;[ as
before; this should cause no difficulty as it should be clear from the context whether
we are referring to the McShane or generalized McShane integral. We will eventually
show in Theorem 11 that the two integrals are the same; that this is the case for
bounded intervals follows from Theorem 7. (See also [4] and [7].)

At this point in order to distinguish between the two integrals, if f: I — X is
generalized McShane integrable, we will say that f is M-integrable.

If f: I — X is M-integrable over I and A C [ is measurable, we say that f is
M-integrable over A if C's f is M-integrable over I and set [, f = [, Caf.

The proof of Theorem 4 is easily adapted to show that if f is M-integrable, then
f is M-integrable over every measurable subset of I.
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The integral defined above is very similar to the version of the McShane integral
defined by Fremlin in [3] in a much more general setting.

The basic properties of the generalized McShane integral such as linearity and the
existence of a Cauchy condition are easily established, and we use them freely. We
now establish a version of Henstock’s Lemma for the generalized McShane integral
for later use.

Our next goal is to establish the equivalence of the McShane and generalized
McShane integrals for unbounded intervals. To keep the presentation as simple as
possible we will state and prove the results for the unbounded interval I = [0, 00);
this will allow us to consider only one point at oo and keep the presentation simpler.

Lemma 9. Let f: I — X be M-integrable, n > 0 and E C I measurable. There
exists a gauge ' on I such that ifP = {(4;,ti): 1 <i < n} is a y/-fine partial
tagged measurable partition with U A; = E, then |S(f,P)— [ [l <n.

Proof. Since f is M-integrable over E there is a gauge v on I such that
|S(f,D) — [; Cef|l <n whenever D is a y-fine tagged measurable partition of .

Pick a closed subset Fy, C E such that m(E \ Fy) < n/k2F. Define the gauge
v by ¥ (t) =~(t)ift € E, ¥ (t) =)\ Fr if t ¢ Fand k—1 < ||f(t)]] < k and
7' (00) = (o).

Suppose that P = {(A;,t;): 1 < i < n} is a v/-fine partial tagged measurable
partition with E = U A;. Let y(00) = (b, 00] and set By = EN[0,b], E3 = EN(b, x0].

By intersecting each A with F; and Es, if necessary, we may assume that each A;
is contained in either F; or Es.

Let D be a «/'-fine tagged measurable partition of I \ E having tags in I \ E so
P UD is a v/-fine tagged measurable partition of I. We have

® |stp) - [cus

] <|IS(f.P) — S(Crf,PUD)|

I

’ < IS(f,P) = S(Cuf, PUD)|| +7

< + +n=R1+ Ry+n.

> ft)m(4)

ti¢E,A;CE1

> ft)m(4)

t;¢E,A;CE>

We estimate the R;.
First, for Ry let

op={i: ti ¢ E,A; C Er, I - 1< |[f(t:)]| <1}
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IfiGJl,AiC’Y/(ti)CEl\E SO U AZ-CE\Fland

i€
m( U Ai> <m(E\ F) < n/i2h.
1€0]

Therefore,

SN ftym(As)

=1 1i€0

=

<Y 12t =n.
=1

For R5 set
g = {Z Az C EQ,tZ‘ ¢ E}
Ifieo, A; C Ex Cv'(00) so & ={(A;,0): i € o} and & = {(A;,t;): i € o} are
~'-fine partial tagged measurable partitions of I.
The analogue of Lemma 3 for measurable partitions gives

IS(f,€) = S ENN = 1IS(f, E)ll = Ra < 2n.
Thus, the left hand side of (3) is less than 4. O

Lemma 10 (Henstock). Let f: I — X be M-integrable and ¢ > 0.
If v is a gauge on I such that ||S(f,P) — [, f|| < e for every vy-fine tagged mea-
surable partition of I, then

n

> {f(t»m(A» = /A | f}H <e

i=1

whenever P = {(4;,t;): 1 <1 < n} is a y-fine partial tagged measurable partition
of I.
Proof. Set E= |J A;. Let v/ be the gauge in Lemma 9 relative to I \ E and

=1
1 > 0 where we may assume that ' C ~.

Pick a +/-fine tagged measurable partition D of I \ E. Then PUD is a +'-fine
tagged measurable partition of I. By the conclusion of Lemma 9, we have

HS(f,P)/EfH < HS(f,PUD/IfH+H/[cI\EfS(f,D)H <e+n

and since n > 0 is arbitrary, this gives the conclusion. U

We now show the equivalence of the McShane and generalized McShane integrals
for unbounded intervals.

166



Theorem 11. Let f: I — X be M-integrable.

If v is a gauge such that |S(f,P) — [, || < e for every v-fine tagged partition of
1, then

> {stamia) - [} <2

=1

whenever P = {(A;,t;): 1 <i<n} is a~y-fine tagged measurable partition of I.

Proof. There exists b > 0 such that

|Gty Fll1 = sup/ o/ f] < e
b

ll="lI<1

([14], Theorem 11).

Suppose P = {(4;,t;): 1 < i < n} is a y-fine tagged measurable partition of I;
assume that ¢, = oo and t; oo fori=1,...,n— 1.

Pick a > max{b,supy(t;), |t:| : 1 <i<n—1}. Then

o Joso fo|< [ fromar- [, A n-n

We estimate the R;.

n—1

First, for Ry, |J C [0,a] and f is M-integrable over [0,a]. By Theorem 7 f
i=1

is M-integrable over [0, a] so Henstock’s Lemma and Theorem 7 are applicable and

Rl < 2e.
Next, A, C [b, 0] so

Ry = sup
llz"[I<1

" /A f‘é sup [ a1 = |G < e

ll'lI<1 /b

Thus, the left hand side of (4) is less than 3e. O

It follows from Theorems 7 and 11 that the McShane and generalized McShane
integrals coincide and we will henceforth refer to M-integrability.

For later use we establish an absolute continuity result for the McShane integral.
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Theorem 12. Let f: I — X be M-integrable. Then (for A C I measurable)

[

Proof. Let e > 0. There is a gauge v such that ||S(f,P) — [, f|| < ¢ whenever
P ={(I;,t;): 1 <i<m}isa ~-fine tagged partition of I.
Fix such a partition and set

lim
m(A)—0

ie., [ f is m-continuous.

M =max{||f(t)||: 1<i<m}+1
Set 6 = e/M. Suppose m(A) < 6. Then

is a y-fine partial tagged measurable partition of I. By Henstock’s Lemma

m

Zf(ti)m(AﬂIi) _/AfH <e

i=1

SO

<e+ MY m(ANI)
i=1
=e+ Mm(A) < 2e.

|l =er

Zf(ti)m(A N 1)

O

It follows from Theorem 12 that the indefinite McShane integral f f is countably
additive in the norm topology of X. This follows from the fact that a McShane
integrable function is Pettis integrable, but the proof above only uses results from
the McShane integral.

We are now in a position to establish our version of the Vitali convergence theorem
for the McShane integral.

Let 3 be the o-algebra of Lebesgue measurable subsets. A family I" of X-valued
countably additive set functions on X is uniformly m-continuous if (ljiEr)n 0 w(E)=0

uniformly for p €T
If I is a left closed interval and F is a family of M-integrable functions on I,
then F is uniformly M-integrable if for every € > 0 there exists a gauge v such that
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|S(f,P)— [; fll <e for every f € F whenever P is a ~-fine tagged partition of I.
In [8], uniform M-integrability is referred to as equi-integrability.

If I is a left closed interval, let M (I, X) be the space of all X-valued M-integrable
functions defined on I.

There are two equivalent semi-norms on M (I, X) given by

I =swn{ [1o'f1: o e X'l <1
I

TG =sup{H/EfH: Eez}.

LIS < A1 < 20115

A slightly different but equivalent semi-norm was defined in [14] where the supremum

and

It is easily checked that

in the definition of ||-||] is computed over the algebra generated by the left closed
subintervals of I.
It is shown in [15] that if { f} is a sequence in M (I, X') which converges pointwise
to a function f: I — X and {f} is uniformly M-integrable, then ||fr — f|l1 — 0.
We give a sufficient condition for uniform M-integrability which will be employed
in the Vitali convergence theorem.

Theorem 13. Let fi: I — X be M-integrable and suppose f;, — f pointwise
onl. If

(a) {fx: k} is uniformly m-continuous
and

(b) blirgo 1C1b,00) fx|l1 = O uniformly for k € N,
then {fx} is uniformly M-integrable.

Proof. To keep the argument somewhat clear from technical details, first
assume that the {fi} are strongly measurable.

Let 1 > ¢ > 0. Pick h: I — (0,1) to be M-integrable and such that 0 < [, h < 1.
Set

r(t) = min{n: sup ||fi(t) = f3 (DIl < eh(t), [f (D) < n,eh(t) > : }

izjzn n+1

and A, = {t: r(t) = k}.
Note that since r is measurable, each Ay, is measurable, { Ay} are pairwise disjoint

and I = U Ak.
k=1
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Ift € Ay and m > k, then
() [fm @I < [[fm (@) = FOI + 1F O < eh(t) + & <1+ k.
Also, if H C Ay, is measurable, then

(6) H/an—/Hmeé/Hah for m,n > k.

By condition (a), for every k choose d; > 0 such that

|/
for all n when m(E) < d.
Pick Gy open, A C Gk, such that m(Gk \Ak) < min{sk, 5k}
Let 7 be a gauge such that [|S(fx,P) — [; frll < ex when P is a ~,-fine tagged
partition of I, and let 4" be a gauge such that

‘S(h,P) —/Ih‘ <1

when P is a v/-fine tagged partition of I. Thus,

_Ek

k:+1)

(7) |S(eh, P)| < 2e

when P is a 7/-fine partial tagged partition of I by Henstock’s Lemma.
From (b) pick B such that ||Cip ] fx|/} < € for all k.

Define a gauge v by
k

¥(#) = () () Ny (8) N G

j=1
when t € Ay and v(o0) = (B, o0].
Suppose P = {(Fy,t;): 1 <i < N} is ay-fine tagged partition of I.
Set Ino = {i: t; = 00} and Poo = {(Ei,ti): ¢ € Io}. Then

=17, .

wEIoo zeloc

< CB,oe) frllh <€

® s [

Set I, = {i: t; € Ax} and if ¢ € I, set Ef =FE;NAg. Ifi € I, then t; € Ay so
E; C v(t;) C G which implies

> m(Ei\EF) <> m(E;\ Ay)

iely iely

= m( U (E; \ Ak) < m(Gi \ Ar) < min{ey, oy }.

i€l
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Therefore, if m > k, by (5)

9) Y Ifm(t)lm(B \ EF) < (k+ 1)ey, = /2"

i€ly,

and m( |J (E; \ EF)) < 8k implies

i€ly
w0 Uy IS L
Now by (8),
(11) H / fmif(tz)m(ﬂ)
< iz{/}f fm—fm)m(Ez-)}H+Hs<fm,7>oo>—/i€wi o
<5 {5ttt}

{/E fm = fm(ti)m(Ez‘)}H +e=Ri+ Ry +e.

Since {(E;, t;): t; € Ak, k > m} is yp,-fine, Ry < €, < € by Henstock’s Lemma.
To estimate Ry, we have

m—1 m—1
we|SE [ | [T [ - tmimen}
k=1 icly, 7 Bi\E} k=1 icI, \YEf
m—1
k=1 1€}
Now, by (10),
m—1 m—1
Ty < Z/ me<Zsk<s.
=1 licr, / Bi\E} =1
By (9),
m—1 m—1
ERS I fm(E)Im(E: \ EF) < Y e/2k <.
k=1 iel}, k=1
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For Ts, we have

7:;11 Z { o fe— fk(tz')m(Ef)}H

I / i€l

Z Z (t:)ym(Ef)
k=1 i€l

=51 +S52+ 53

By (6), since EF C Ay,

s<yy

€l

o

Since {(EF,t;): i € I} is y-fine,

{/ fi = fu(ti)m(E )}H<€/2k

tzz[:/ /5h<5

i€ly,

by Henstock’s Lemma and

m—1
< Z g2k < ¢
k=1
Finally by (7)
m— m—1
Sy < Z > It (t)Im(EF) < > > eh(t <Y eh(ti)m(E))
k=1 icly k=1 i€l i€l

= S({-jh,{(E“tz) ’L S Ik}) X

since {(E;,t;): i € I} is +'-fine.

Thus, Ts < 4e and R; < 6¢ and the left hand side of (11) is less than 8e.

To remove the strong measurability assumption, define » and Ay as before, but r
may not be measurable so the A; may not be measurable. Note m*(A) < oo since
A C{t: eh(t) 2 1/(k+1)}.

For each k, pick measurable V, D Ay such that m(Vj) = m*(Ag). Then (5) still
holds.

Condition (6) is replaced by:

(12) H C Vj measurable implies

’/fn—/meé/ah when m,n > k.
H H H

To see this, first note m(H) = m* (A, N H).
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[If m*(HNAg) =m(H)—n with n > 0, there exists measurable B D H N Ay, such
that m(B) = m*(H N Ax) = m(H) —n. Now

A, C (Vi \H)U(HNAx) C (Vi \H)UB

m*(Ay) =m(Ve) < m(Vi \ H) +m(B) = m(Vy \ H) + m(H) — 17

which implies = 0.]
For 2/ € X', ||2'|| < 1, let

Ar(@') = {t: |2 (fn — fm)@®)] < eh(t),n,m =k} C Ag;

each Ay (z') is measurable since z'(f,, — fn) is Lebesgue integrable.
Note

m(H \ Ag(z") =m(H) — m(Ax(z )N H) <m(H) —m*(Ax,NH) =0

by the observation above. Thus,

H /H e /H me el /Hx/(f" - fm)’

sup / |2 (fr — fm)| < sup / ghg/gh.
lzlI<1 T HAA (1) la’lI<1J HAAL (@) H

Now choose open Gy, D Vi such that m(Gy \ Vi) < min{eg,dr} and define v as
before. The argument then carries through. O

N

We now give our version of the Vitali convergence theorem for the McShane inte-
gral.

Theorem 14 (Vitali). Let f,: I — X be M-integrable and fj;, — f pointwise.
The following are equivalent:

(i) conditions (a) and (b) of Theorem 13,
(ii) {fx} is uniformly M-integrable,
(iii) f is M-integrable and || fx — f|1 — 0,
(iv) {fx} is || - ||1-Cauchy.

Proof. That (i) implies (ii) is Theorem 13; (ii) implies (iii) is Theorem 4 of
[14]. Clearly (iii) implies (iv).

Suppose (iv) holds and let € > 0. There exists N such that ||f; — f;]|7 < € when
i,j>N.
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By Theorem 12 there exists § > 0 such that || [, f;l| < e for 1 < j < N and
m(A) < 8. 1t j > N and m(4) < 6, then || [, | < Il [4(f5 — i)l + 1| [y Sl <
IIf; — flll + € < 2e so (a) holds.

By Theorem 11 of [14], there exists K such that k > K implies [|Cp o) fll} < €
for 1<j< K. If 5> N and k > K, then

Cli,o Filll <N Clityoo) (i = FNIL + ICko0) fn Il < IIfj = fvlls 4+ < 2¢

so (b) holds and (i) follows. O

For the case of a sequence of real valued functions defined on a compact interval
the equivalence of conditions (i) and (ii) from Theorem 14 are given in Theorem 17
of [8].

In the classical Vitali convergence theorem for the Lebesgue integral the sequence
{fr} is assumed to be convergent in measure and in abstract versions of the Vi-
tali convergence theorem condition (b) is replaced by a more general condition ([1],
III. 3.6, [13], 6.1.17). We do not have this condition for the McShane integral and
instead impose a pointwise convergent hypothesis (see, however, [1], II1. 6.5 and [6]).

Of course, if I is a bounded interval, then condition (b) from Theorem 13 is
superfluous.

As an application of Vitali’s Theorem we can obtain the version of the Beppo Levi
theorem for the McShane integral given in Theorem 8 of [14].

Theorem 15. Let f, fr.: I — X. Suppose each fi, is M-integrable and f = > fx
k=1

o0
pointwise with > || fxll1 < oco. Then f is M-integrable and
k=1

— 0
1

S - f
k=1

as n — oQ.

Proof. Lets,= > fk.
k=1

We show that {s,} satisfies conditions (a) and (b) of Theorem 13; this will give
the result. -
Let € > 0. Choose N such that Y ||fx||f <e. Choose § > 0 such that m(A) < &
k=N

N
implies > || [, fxll <& (Theorem 12).
k=1
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If n > N and m(A) < 4, then

N
| [ <] [

so condition (a) is satisfied.

n

p>

k=N+1

<et 3 lflh<2

k=N+1

/Afk

N

Choose B such that ) [|Cpy,oc) frll1 < € for b > B (Theorem 11 of [14]).
k=1

If n > N and b > B, then

n

N %S
ICkoc)snllt < Y Ckoal frlli + D IChoafell <e+ Y 2[filly <3¢
k=1 k=N+1 k=N+1

so that condition (b) holds. O

A dominated convergence theorem for the McShane integral also follows from
Theorem 14.

Theorem 16. Let fi, f: I — X. Suppose each fj, is M-integrable and f;, —
f pointwise. If there exists an M -integrable scalar function g: I — R such that
Ifx(:)|| < g for every k, then f is M-integrable and || fr, — f|l1 — 0.

Proof. If E C I is measurable, then

H/Efk <swf [1wal: el<i}< [

so conditions (a) and (b) of Theorem 14 both follow. O

The reference [11] also contains a version of the Vitali convergence theorem for
an abstract vector-valued McShane integral like that defined by Fremlin in [3]. The
presentation given here for Euclidean space is much less technical and perhaps more
useful.
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