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Abstract. Description of multiplication operators generated by a sequence and compo-
sition operators induced by a partition on Lorentz sequence spaces I(p,q), 1 < p < oo,
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1. INTRODUCTION

Let f be a complex-valued measurable function defined on a o-finite measure space
(X, A, ). For s > 0, define the distribution function py of f as

us(s) = ule € X+ |f(x)] > 5)

By f* we mean the non-increasing rearrangement of f given as
fr(@t) =inf{s > 0: pus(s) <t}, t=0.

The Lorentz space L(p,q), 1 < p < 00, 1 < ¢ < o0, is the set of all complex-valued
measurable functions f on X such that || f[|;, < oo, where

qg [ AR
{2 [ errord) . 1<rcmiciem,
175, = 4 s t

pq

sup t1/7 f*(t), 1<p< oo, ¢g=oc.
t>0

L(p, q) spaces are linear spaces and || -
1<g<p<oo. Fort >0, let

;4 is @ quasi-norm which is a norm for

o= [ res
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Now the functional defined as

qg [ AR
" {8 [ aerrar) . 1<p<x1gi<x,
pq = 0

p t
sup t1/7 f**(t), 1<p<oo, g=00
>0
is equivalent to || - [|5, and L(p, q) is a normed linear space with respect to || - [|,q-

The L(p,q) space is moreover a Banach space. The LP-spaces for 1 < p < oo are
equivalent to the spaces L(p,p). For more details on Lorentz spaces one can refer to
[2], [7] and [8] and references therein. For X = N with A = 2V, the power set of X,
and p = counting measure, the distribution function of any complex-valued function
a ={a(n)}n>1 can be written as

ta(s) = p{n € N: |a(n)| > s}, s=0.
The non-increasing rearrangement a* of a is given as
a*(t) =1inf{s > 0: pq(s) <t}, t>=0.

We can interpret the non-increasing rearrangement of a with p,(s) < oo, s > 0,
as a sequence {a*(n)} if we define forn —1<¢t<n

a*(n) =a*(t) =inf{s > 0: pe(s) <n—1}.

Then the sequence ¢* = {a*(n)} is obtained by permuting {|a(n)|}nes, S =
{n: a(n) # o}, in the decreasing order with a*(n) = 0 for n > u(S) if u(S) < oco.

The Lorentz sequence space 1(p,q), 1 < p < 00, 1 < ¢ < oo, is the set of all
complex sequences a = {a(n)} such that ||al|(, 4 < oo, where

o 1/q
{Z(nl/”a*(n))qnl} , l<p<oo, 1<q<oo,
lall p,q) = n=1

supn'/Pa*(n), 1<p< oo, g=o0.
n>1

The Lorentz sequence space l(p,q), 1 < p < 0o, 1 < ¢ < 00, is a linear space and

<
|- ll(p,q) is @ quasi-norm. Moreover, I(p,q), 1 <p < oo, 1 <

q < 00, is complete with
respect to the quasi-norm | - ||, 4) and I(p,q), 1 < ¢ < p < oo is a complete normed
linear space with respect to || - ||(,,4). Throughout this paper we consider the spaces
I(p,q), 1 <p < o0, 1< q< oo, with respect to || - ||(,q). Such spaces I(p,q) fall
in the category of L(p, q) spaces [8] as well as in the category of functional Banach

spaces [7]. The [P-spaces for 1 < p < oo are equivalent to the spaces I(p, p). In [7], [9],
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a description of the duals, isomorphic [P-subspaces of Orlicz-Lorentz sequence spaces
L. is given and in [12] isomorphic properties of Orlicz-Lorentz sequence spaces are
discussed.

The Lorentz sequence space l(p,q) coincides with L, ., when ¢(t) = t? and the
weight sequence is w(n) = n(?/P)~1, In the case of the Lorentz sequence space I(p, q)
one can have a better feeling of the behavior of multiplication, composition operators
and the inducing sequences while in the case of the abstract Lorentz space L(p,q)
as well as the Banach function spaces [6] it becomes difficult. Multiplication and
composition operators are studied in various function spaces in [1], [3], [5], [6], [13]
and [14]. In [15], Singh studied these operators on the weak Lebesgue space IP.

Let v = {u(n)} be a complex sequence. We define a linear transformation M, on
the Lorentz sequence space I(p,q), 1 < p < 00, 1 < ¢ < oo, into the linear space of
all complex sequences by

M, (a) =ua = {u(n)a(n)}, where a = {a(n)}.

If M, is bounded with range in I(p, q), then it is called a multiplication operator
on I(p,q). For a mapping T: N — N we define a linear transformation C7 on the
Lorentz sequence space I(p,q), 1 < p < 00, 1 < ¢ < o0, into the linear space of all
complex sequences by

Cr(a) =aoT ={a(T(n))}, where a = {a(n)}.

If C7 is bounded with range in I(p, ¢), then it is called a composition operator on
l(p,q). By B(l(p,q)) we mean the algebra of all bounded linear operators on I(p, q).
An operator A € B(l(p, q)) is said to be Fredholm if it has closed range, dim(Ker(A4))
and codim(R(A)) are finite, where dim(Ker(A)) is the dimension of the kernel of A
and codim(R(A)) is the co-dimension of the range of A, namely the dimension of
any subspace complementary to the range of A.

In this paper we are interested in the study of compactness, Fredholmness, in-
vertibility etc. of multiplication and composition operators on the Lorentz sequence
spaces I(p,q), 1 < p < 00, 1 < ¢ < co. It is shown in this paper that there exists a
plenty of compact multiplication operators on (p,q). Multiplication and composi-
tion operators having closed ranges are also characterized.
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2. CHARACTERIZATIONS: MULTIPLICATION OPERATORS

The section is devoted to the study of multiplication operators M, on the space
I(p,q), 1 < p < oo, 1< q < oo, induced by a sequence v = {u(n)}. It follows
immediately from [6] Theorem 2.4 that the only compact multiplication operator
on the non-atomic Lorentz space is the zero operator. In the case of the Lorentz
sequence space we show the existence of plenty of compact non-zero multiplication
operators on [(p,q), 1 < p < oo, 1 < ¢ < 0o, and compact multiplication operators
are characterized.

Theorem 2.1. Let v = {u(n)} be a complex sequence. Then M, induced by u
is bounded on l(p,q), 1 < p < 00, 1 < ¢ < 00, if and only if {u(n)} is bounded.

Proof. If M, is a bounded operator, then there exists K > 0 such that
[Myallp.q) < Klla]|p.g) for all a = {a(n)} € 1(p, q)-

For each n € N and e, = {e,(m)}, in l(p, q), where

(m) 1 ifm=mn, a4 e (m) 1 ifm=1,
en(m) = and e (m)=
" 0 otherwise, " 0 otherwise,

we have [|e,][(p,q) = 1 and so

”Mue””((]p,q) S Kq”e"”gp,q)'
This gives, for 1 <p < 00, 1 < g < o0,
> 00
> ((uen) (m)m @D =1 K3 (e, () 1m0/
m=1 m=1

= (ue,)* (1) < Kej (1), that is, |u(n)| < K,
and for g =00, 1 < p < o0,
sup (e, () < K sup (e m)

= (ue,)*(1) < Kej (1), that is, |u(n)|] < K.

Thus in any case {u(n)} is a bounded sequence.
Conversely, if u = {u(n)} satisfies |u(n)| < K for all n € N and some K > 0, then
for any a = {a(n)} in l(p, ¢), ua = {u(n)a(n)} satisfies

lu(n)a(n)| < Kla(n)|.
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This gives (ua)*(n) < Ka*(n) for each n € N, and so we obtain

o0

1/q
{Z((ua)*(n))qn(q/”“} , 1<p<oo, 1<q< o0,
HMuaH(pm = n=1

sup n'/P(ua)*(n), l<p<oo, g=©
n>1
< Kllallp,q)-

Thus M, is bounded on {(p,q), 1 <p < o0, 1 < ¢ < oo. O

Theorem 2.2. Let M, € B(l(p,q)), 1 < p < o0, 1 < ¢ < oo. Then M, is
invertible if and only if there is 6 > 0 such that

|u(n)] =6 for alln € N.

Proof. If M, is invertible then we find § > 0 satisfying
|Muallp,q) = dllall(pq forall a € (p,q).

In particular, for e,, = {e,(m)} this gives |u(n)| = 4.

Conversely, if |u(n)| > ¢ for all n € N and some § > 0, then define another
sequence v = {v(n)} where v(n) = 1/u(n). Clearly, in view of Theorem 2.1, M, is
bounded on I(p,q) and M, = M, *. O

Theorem 2.3. Let M, € B(l(p,q)), 1 <p < 00,1 < ¢q< oo. Then M, has closed
range if and only if for some 6 > 0,

lu(n)] =6 foralln €S,

where S = {n € N: u(n) # 0}.

Proof. Suppose |u(n)] > ¢ for all n € S and some § > 0. We claim that
M.yli,,(s) has closed range where

lq(S) ={a={a(n)} € l(p,q): a(n) =0for n € N\ S}

Let f, fx € lpq(S) where f = {f(n)} and for each k > 1, fr = {fx(n)} are such that
M., fr — f as k — oco. Then we have, as n,m — oo,

”Mufn - Mufm”(;vﬂl) — 0.
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Put apm = fn — fm, then for each s > 0,

{k e N: |u(k)anm (k)| > s} D {k € N: |apm (k)| > s/d}.

This gives dal,, (k) < (uanm)*(k) for each k € N. Therefore

[uanmll(p.g) = [Mufn — Mufmll .9

1/q
{Z((uanm}*(k))qk(qm)_l} )
= kes
sup kP (ua?,, (k),
kes
1/q
{Z(gq ) qkq/p } ,
P kes
sup kY/P5(ak, (k),
kes

= 5||anm||(p,q)'

l<p<oo, 1<qg<oo,
l<p<oo, g=x
l<p<oo, 1<q<oo,

l<p<oo, g=x

Since |[u@nm||(p,q) — 0 as n,m — oo, this implies ap, — 0 as n,m — oo. This

means {fi} is a Cauchy sequence in /,,(.S), which is a closed subspace of I(p, q).

Hence we can find g € 1,4(S) such that fy — g as k — oo. By virtue of the
continuity of M,, M,fy — M,g. Hence f = M,g and thus M,|; (s) has closed
range. Since Ker(M,,) = l,,(N '\ ), we find that M, has closed range.

Conversely, if the condition does not hold, then for each n € N we can find k,, € S

satisfying
lu(kn)| < 1/n.
For each n, the sequence ey, = {ex, (m)}, where
(m) 1 ifm=k,,
ek, (m) =
. 0 otherwise,
satisfies g = 1 and
| Al(pg) = |
0 1/q
{Z ((uekn)*(m))“m‘q”’)‘l} , l<p<oo, 1<g< o,
= m=1
sup m'/P (uey, )*(m), l1<p<oo, g=00
m>1
N 1
= (uer, )" (1) = Julkn)| < ~
Thus M, is not bounded away from zero, a contradiction. Hence the result. (Il
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Theorem 2.4. Let M, € B(l(p,q)),1 < p < 00,1 < g < co. A necessary and
sufficient condition for M, to be compact is that |u(n)| — 0 as n — oco.

Proof. Suppose u(n) does not tend to 0 as n — oo. Then |u(n)| > § for
infinitely many values of n and some § > 0. Let

A={neN: |u(n)| >0} and B ={e,={ex(n)}: ke A}
Then B is a bounded set in I(p, ¢). Moreover, for each n,k,l € A,

|(uex = uer)(n)| = 6] (ex — ) (n)]

and so
(uer, — uer)™(n) = 6(ex — e)*(n).
Thus
[ Muer — Mueill(p,q) = dller — eill p,q)
or

||Mu6k - Muel”(p,q) 2 0 for k 75 l,
which shows that M, is not compact.

Conversely, if u(n) — 0 as n — oo, we can find § > 0 and ny € N such that
|u(n)| < ¢ for all n = ng. For each n € N, define w,, = {u,(k)}, where

u(k) if k< n,
0 otherwise.

up (k) =

Then {u,(k)} is a bounded sequence so that M, is bounded on I(p,q). Moreover,
each M, is compact and one can check that M, — M, uniformly. This yields that
M, is compact. O

As one can easily find that if N\ S is a finite set then Ker(M,,) and range of M,
are subspaces generated by {e,,: n € N\ S} and {e,,: m € S} respectively, we have

Theorem 2.5. Let M, € B(l(p,q)),1 < p < o0, 1 < g < oco. Then M, is
Fredholm if and only if N\ S is finite and there exists § > 0 such that

|u(n)] =6 for alln € N.

3. CHARACTERIZATIONS: COMPOSITION OPERATORS

In this section, isometric and Fredholm composition operators are characterized.
The study of boundedness, compactness and closed range of composition operators
on l(p,q), 1 <p < oo, 1< q< oo, is also included.
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Theorem 3.1. A mapping T: N — N induces a bounded composition operator
Cr:a—aoT
onl(p,q), 1 <p< oo, 1< q< oo, if and only if there exists M > 0 such that

puT~({n}) < M for alln € N.

Proof. In case Cr is bounded, we have for some R > 0
Crall(p,q) < Rllal(p,q) for all a € I(p,q).

Let n € N be such that T=*({n}) is not empty.
Then e, = {en(k)} € l(p, q) and hence

HCTen”(p,q) < R”en”(p,q) =R,

that is,
ler—1(npllp.a) < B-
HOWGVQI‘, eT—l({n}) = {CT—l({n})(k)} where

1 ifkeT '({n}),
er-1({ny) (k) =

0 otherwise.

Then
. 1 ifk=1,2,...,uTt{n}),
er-1({ny) (k) =

0 otherwise.

Hence

R = ller—1 .0

uT = ({n}) 1/q
{ > ’f‘q”’)‘l} : l<p<oo, 1<q< o0,
= k=1
Sup kl/pe}—l({n})(k)v I<p<goo,g=0
k=1,2,...,p,T*11({n}) . y
q
) { {(1> ) (217(1/1)) et ((“Tfl({n}))lfq/p>} » L<p<oo 1sg<oo,
(LT~ ({n})), l1<p<oo, g=00
1 1/q
! 1<g<p< oo,
{(‘LL ({n})((‘LLTil({n}))liq/p)} ) q p e 9]
7 (W ({np) Ve, 1<p<q<oo,
(uT = ({n})"/7, l<p<oo, g=00
(T~ ({n})/?, 1<g<p<ocorl<p<oo, q=o0,
Tt ({nhVe, 1<p<g< oo
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Hence in any case we can find M > 0 such that u7'({n}) < M for each n € N.
Conversely, if uT~1({n}) < M for some M € N then for any a = {a(n)} in I(p, q)
and aoT = {(aoT)(n)} we have for all ¢ > 0

(aoT)*(Mt) < a*(t),
and so for all k e NU {0} and m =1,2,..., M we have
(aoT) (kM +m) <a*(k+1).
Hence, for 1 < p < 00, 1 < ¢ < o0, taking r = 1 — ¢/p we obtain

||a © T”((]p,q)

= > ((@o ) (k) k-t

= [((@o ) W) + (@0 Ty )75+ + (@0 TV (M) ]
+[(@ory (v + 1) (M%n +. ..+((aoT)*(2M))q(2]\14)J .
< [1+%+ B ﬁ+...+ﬁ}(a*(z>>q
1 N q
+| 2M+1 ..+(3M)J(a (3))7 + ...
;r(a*@))u3—1T(a*(3))q+...}, 1<q<p<o,
MO ¢ >w+?<<>w+y<<$w+n} 1<p<g<oo
M||a||(pq), 1<g<p<on,
MP|lafl, 5, 1<p<g<oo

and for ¢ = 00, 1 < p < 0o we have
||aOT||(p oS M||a||(p Q)"

Thus C7r is bounded on I(p,q), 1 < p < oo, 1 < g < 0. O
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Theorem 3.2. Let Cp be a bounded linear composition operator on l(p,q),
1 <p<oo,1<q< o0 Then the following conditions are equivalent:
(1) T is invertible,
(2) Cr is invertible,
(3) Cr is an isometry.

Proof. The proofs of (1) < (2) follow the lines of the proof given in [15] in the
case of [P, which is independent of any other result except Theorem 3.1. Here we
just prove the equivalence of (1) and (3). In case (1) holds, then for every E C N

T HE)} = w(E).
Then for each a = {a(n)} in l(p,q) and aoT = {(aoT)(n)} we have for all s >0
taoT (8) = pa(8) = (a0 T)*(n) = a*(n) for all n € N.

Hence ||Cr||(p,q) = llal|(p,q) so that Cr is an isometry.

Conversely, if C'r is an isometry, then for each n € N we have

”CTenH(p,q) = HenH(p,q) =1

This implies 7~ ({n}) = 1. Thus T~!({n}) is a singleton for each n € N. Hence T
is invertible. O

Theorem 3.3. Let Cr be a bounded linear composition operator on l(p,q),
1 <p<oo, 1< q< oo Then Cr is Fredholm if and only if both {n € N:
uT=t({n}) > 2} and N\ T(N) are finite.

Proof. Suppose Cr is Fredholm. If E = {n € N: puT~1({n}) > 2} is not finite,
then for each k € F let ng, my € N be such that T'(ny) = T'(my), ng # my. For each
k € E, define f, = {fx(m)} where

1 if m = ny,
fe(m) =< =1 if m =my,

0 otherwise.

Then each fi lies in I(p, q) but not in range of Cr. Moreover, {fi: k € E} being
linearly independent implies I(p, ¢) \ R(Cr) is infinite dimensional, a contradiction.
Thus the set F must be finite. Similarly, N\ T'(N) being an infinite set implies that
Ker(C7r) is infinite dimensional, a contradiction.

The converse is easy to prove. Hence the result follows. O
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Along the lines of the proof carried out in [15] for [,-spaces, we arrive at the

following results:

(1) Let Cr be a bounded linear composition operator on I(p,q), 1 < p < 0o, 1 <

q < 00. Then Cp has closed range but not a compact one.

(2) An operator A on I(p,q),1 < p < 00, 1 < g < o0, is a composition operator if

and only if there exists a partition {P,} of N such that

Aley,) = Z Em-

meP,
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