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SMOOTH BIFURCATION FOR A
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Abstract. We study a parameter depending semilinear elliptic PDE on a rectangle with
Signorini boundary conditions on a part of one edge and mixed (zero Dirichlet and Neu-
mann) boundary conditions on the rest of the boundary. We describe smooth branches of
smooth nontrivial solutions bifurcating from the trivial solution branch in eigenvalues of the
linearized problem. In particular, the contact sets of these nontrivial solutions are intervals
which change smoothly along the branch. The main tools of the proof are first a certain local
equivalence of the unilateral BVP to a system consisting of a corresponding classical BVP
and of two scalar equations (which determine the ends of the contact intervals), and sec-
ondly an application of the classical Crandall-Rabinowitz type local bifurcation techniques
(scaling and application of the Implicit Function Theorem) to that system.
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1. INTRODUCTION

Let I >0, :=(0,1) x (0,1), I'p := ({0} x (0,1)) U ({1} x (0,1)), Tty := ((y1,72) X
{0}) € ((0,1) x {0}) with 0 < 71 < 72 < 1, and 'y := 9Q\ (I'p UTy). We study
the Signorini boundary value problem

(1.1) Au+du+gAu)=0 1in Q,
ou
(1.2) u=0onTIp, 520 on 'y,
ou ou
. < ) - < ) . = )
(1.3) u<0 ey 0 Uy 0 only
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where ) is a real parameter and g: A x R — R is a C?-smooth function, A is an
open interval containing a given eigenvalue A\g of the (nonlinear) eigenvalue problem

(1.4) Au+du=0 1inQ

with (1.2), (1.3). We assume that g(\,0) =0, dg/0u(A,0) =0 for all A € A, and

g
oA

with some C > 0 and ¢ > 2. Finally, we assume that the contact set

()\,u)‘ + ‘%(A,u)‘ < O(1+ [u]?) for all (\,u) € A x R

A(u) = A{x € (v1,72): u(z,0) =0}

of the eigenfunction u = ug of the problem (1.4), (1.2), (1.3) corresponding to A is
an interval A(ug) = [ao, Bo] with y1 < ag < By < 2.

Our main result states that, under natural assumptions, there is a smooth branch
of nontrivial solutions to the problem (1.1)—(1.3) bifurcating at (Ag,0) from the
branch of trivial solutions and that there are no other nontrivial solutions close to
(Ao, 0). Moreover, the contact sets A(u) of the nontrivial solutions « on this branch
are intervals changing C'-smoothly along the bifurcating branch.

In this contribution we will explain the main ideas of the proofs only, the results
with all details and full generality will be published in [2].

2. MAIN RESULTS
Let us introduce a real Hilbert space H with scalar product (-,-) by
H:={uecW"Q): u=0onTp}, (u,¢)= /QVu -Vepdady,
and a closed convex subset K of H by
K:={ueH: u<0onIy}.

The weak formulations of the problems (1.1)—(1.3) and (1.4), (1.2), (1.3) are the
variational inequalites

(2.1) ueK:/Vu~V(g0—u)—[)\u—f—g()\,u)](go—u)dxdy}O for all p € K
Q
and

(2.2) ue K: /Vsz(gp—u)—Au(ap—u)dxdy)Ofor all p € K,
Q
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respectively. Besides the unilateral boundary value problem (1.1)—(1.3) we consider
the “corresponding” non-unilateral boundary value problem (1.1), (1.2),

(2.3) u=0onl,g, OJyu=0onE,pg,
where 71 < a < § < 72 will be properly chosen later and

Iop = {(z,0) elTy: a<z < B} = (o, 8) x {0},
Epp:={(x,0)€ly: m<z<aorf<z<y}t=Iy\lg

Let us fix a couple (g, Bp) € R? with 1 < ag < By < 2, and define § := %min{ao—
Y1, B0 — @, Y2 — fo} and

D :={(o,08): |a—ao| <9, |8 — Bo| <}

For (o, 8) € D we introduce diffeomorphisms (z,y) — (£4.5(2),y) of Q onto itself
which map I, g onto I,, g, and E4 g onto E,, g,. The corresponding transformations

(Pa,pu)(2,y) = w(a,p(7),y)

of functions transform the boundary value problem (1.1), (1.2), (2.3), which has
(a, B)-independent coefficients in the equation but («, 5)-dependent boundary con-
ditions, into a boundary value problem, which has (o, 3)-dependent coefficients in
the equation but («, 8)-independent boundary conditions.

Let us take a C°°-smooth function x: [0,00) — [0, 1] such that

x(ry=1for0<r<4d/2, x(r)=0forr=4.

Further, define functions X (~1/2) Y(-1/2). O — R by
(2.4) XV (z,9) = XEYD (g + rcosw, rsinw) := x(r)r /2 sin %,

YD (g y) = YEVD (B + rcosw, rsinw) := x(r)r~ /2 sin %,

where 7 is the distance of (x,y) € Q from (g, 0) or (B9, 0), respectively, w is the angle

measured anticlockwise or clockwise from the segments (z, y), (ag, 0) or (x,y), (5o, 0),
respectively, to I, 3,-

Let X4, 8, Ya,3 € WH2(Q) be the weak solutions to the boundary value problems
—®F sAD, gu = f in Q with f = AX1/2) and f = AY(Y/2)| respectively, and
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with the boundary conditions v =0 on I'pUl,, 8,, vt = 0on 'y UE,, 3,. Further,
denote Xo 5= Xa,p+ X2, Vo 5= Yoz + Y2 and

art = [ Koo mBattodaba.so + 0 (9aXas = Xop i 0ath ) 2y,

a1z = /ano,goaxuoc?g{”ao,go + 0 (0pXa,p — Xao,8086h, 8,) dzdy,

gy 1= /Q Y 00,80 021000080 + 0 (0aYa,8 — Y ag 8000y 5,) dzdy,

G99 1= [)?ao,ﬁoazuoaﬁfaO,ﬁo + o (9pYa,3 — ?aoyﬁoaﬁf:ﬂto,ﬁo) dz dy.
Our main result is the following

Theorem 2.1. Let (Ao, uo) satisfy (2.2), A(ug) = [, Bol, ||uo]] = 1. Assume
that there is d > 0 such that

(2.5) Oyuo > 0 on In, g, U ((0,1) x (0,d)),

Ao Is simple as an eigenvalue of the BVP (1.4), (1.2), (2.3) with (o, 8) = (o, So),

(2.6) det (a” a”) £0.
a1 G22
Then there exist sy > 0 and mappings \, &, 3: [0,50) — R and 4: [0,s9) — H
with A(0) = Ao, @(0) = 0, &(0) = ap and 3(0) = By such that the following assertions
hold:
(i) For all s € (0 ,50) the pair (\,u) = (A(s),4(s)) is a solution to (2.1) with
A(a(s)) = [@(s), B(s)], a(s) € W2P(R) for all p > 2, and there exists & > 0 such
that

(2.7) Oyti(s) > 0 on Iy 5 U((0,1) x (0,¢)).
(ii) There exists a C'-smooth map 9: [0, so) — H such that ©(0) = 0 and
U(s) = 5Ps,) 5(s) (U0 +0(s)) for all s € (0, s0).

(iii) The functions X\, &, 3 are C'-smooth from [0, sy) into R and the map @ is
continuous from [0, sg) into H and C'-smooth from [0, s¢) into L?(12).

(iv) There exists n > 0 such that for any solution (A\,u) € A x (H\ {0}) to (2.1)
with |A — Xo| + |lull + ||u/||ul| — wo|| < n there is s € (0, sg) with u = u(s) and
A= A(s).
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It is possible to find simple examples where the assumption (2.5) is fulfilled (see
Fig. 1 and [2, Example 2.6] for details). The assumption (2.6) is generically fulfilled,
but in concrete situations it must be verified numerically.

Figure 1. The eigenfunction ug with [ = 0.27, A\g = 99.8, ap = 0.38 and [y = 0.62.

3. SKETCH OF THE PROOF

The main idea of the proof of Theorem 2.1 is to show that the variational inequality
(2.1) is equivalent in a neighbourhood of the bifurcation point (Ao, 0) to a C*-smooth
operator equation, to use a scaling and a Liapunov-Schmidt reduction and to apply
the Implicit Function Theorem to the scaled equation.

Define a mapping F': R x H — H by
(F(\u),p) = —/ Vu- Vo —[Au+ g\ u)]pdrdy for all ¢ € H.
Q

Further, denote

Hy:={ue H: u=0in I, 35,}, Hi:={ue Hy: (u,up) =0},
Vo = Pop(Xap+ XYY we g i= 0o p(Yaps + Y ?) for (a,8) € D.

It is possible to show (see [2, Theorem 3.1] for details) that for any n > 0 there
exists ¢ > 0 such that for any couple (A\,u) € A x H satisfying (2.1), ||u| # 0 and
[lee|l + e/ ||| = woll + |A — Ao| < ¢, there exists (s,v,a, §) € R x Hy x D with s > 0,
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s+ ||v|| + | — agl + |8 — Bo| < n such that A(u) = [, 5] and (s, v, a, 3) satisfies
(3.1) (F (A, 8Pq g(ug+v)),Pap) =0 for any ¢ € H,

(3.2) / [As®q. g(uo +v) + g(\, sPq,g(uo + v))]|va,pdedy = 0,
Q

/ [As®q. g(uo +v) + g(A, sPo,g(uo + v))|wa,pdrdy = 0,
Q

(3.3) u= 5P, g(ug +v).

And vice versa, for any (s, \,v,a, 3) € R? x H; x D satisfying (3.1), (3.2), s > 0,
s+ vl 4+ A= Xo| +]a—ao| + |8 —5o| < ¢, the couple (A, u) with u from (3.3) satisfies
(2.1), [Jlu — uo] < n and A(u) = [«, 8].

Roughly speaking, the structure of the system (3.1), (3.2) is as follows: Because
the codimension of H; in Hj is one, there is a hope to solve (3.1) with respect to A
and v. Putting this solution, which depends on «, § and s, into (3.2), one can hope
to solve the resulting two scalar equations with respect to o and J3.

Let us explain where the two scalar equations (3.2) come from. It is known that
solutions u to (2.1) need to be C'-smooth on Q U Ty, contrary to those to (3.1).
Hence, the conditions (3.2) should imply this additional smoothness of u and v,
respectively. In fact, they choose the proper «, 5 such that the solution v to (3.1)
(and hence also u given by (3.3)) is C'. In order to explain this in more detail, let
us define, for any fixed (a, 8) € D, functions X((yl/2), Yﬁ(l/m: Q — R by

1/2

X2 (a 4 rcosw, rsinw) = x(r)r/? sin %,

Yﬁ(l/Q) (B +rcosw,rsinw) := X(r)r1/2 sin %,
similarly to (2.4). Let u be a weak solution of the boundary value problem —Au = f
in Q with (1.2), (2.3), f € LP(Q), p > 2 and p # 4. Tt follows from [4, Theorem 2]

that
w=i+ K} o()XEP + K2 ()Y,

where @ € W*P(Q). The so-called stress intensity coefficients K, ;5(f) and K7 ()
can be calculated as

2 2
Kéﬁ(f) = —E/vaaﬁdxdy, Kiﬁ(f) = —E/waa,gdxdy

([2, Lemma 3.6]). Let us emphasize that the functions x5 and Yﬁ(l/2) belong
neither to W22(Q) nor to C1(Q), because of the singularity in the first derivatives
at («,0) or (3,0), respectively. In particular,

0, X2 (a—,0) = —00, 8, Y5P(B+,0) = +oo
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Therefore we have u € C*(Q) if and only if Kéﬁ(f) = Kﬁﬁﬁ(f) = 0. Putting
=M+ g\ u) we get u € CHQ) if and only if

/ M+ g\ uw))ve gdedy = / (A + g\, u))wa, g dedy = 0.
Q Q

This is the condition (3.2), if (3.3) holds.

The proof of Theorem 2.1 consists of several steps. One step is to show that the

solutions to (2.1) which are sufficiently close to a bifurcation point have as their

contact set an interval ([2, Lemma 3.13]). Another step is to show that the smooth

solutions to (3.1) satisfy the sign conditions (1.3). In fact, it is possible to prove
that those solutions satisfy (2.7) ([2, Lemma 3.14]). Further, one has to show that
the problem (3.1), (3.2) is equivalent to an operator equation with a C'-smooth
operator from R* x H; (where (A, a, 3, s,v) belongs) into Hg x R? ([2, Theorem 3.1]).
The final step is to divide (3.1), (3.2) by s and solve the resulting system with

respect to (A, a, 3, v) by means of the Implicit Function Theorem (close to its solution
A =X, =y, B =LPo,s=0,0v=0). To this end one has to use (2.6) in order to
show that the linearized with respect to (X, @, 3,v) system generates an isomorphism
between R3 x Hy and Hy x R2.

Let us mention that regularity properties of solutions to variational inequalities

and boundary value problems (see e.g. [3]-[7]) play an essential role in the complete

proof given in [2].
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