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ASYMPTOTIC PROPERTIES OF ONE DIFFERENTIAL EQUATION
WITH UNBOUNDED DELAY
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Abstract. We study the asymptotic behavior of the solutions of a differential equation
with unbounded delay. The results presented are based on the first Lyapunov method,
which is often used to construct solutions of ordinary differential equations in the form of
power series. This technique cannot be applied to delayed equations and hence we express
the solution as an asymptotic expansion. The existence of a solution is proved by the retract
method.

Keywords: asymptotic expansion, retract method

MSC 2010: 34E05

1. INTRODUCTION

The first method of Lyapunov is a well known technique used to study the asymp-
totic behavior of ordinary differential equations in the form of a linear system with
perturbation. This method uses the solution in the form of a convergent power
series, for details see [1]. The results for equations in the implicit form [2] or for
integro-differential equations [8] were derived by modifying the first method of Lya-
punov. The existence of solutions with a certain asymptotic form were proved in the
results cited using Wazewski’s topological method. For analogous representations
of solutions for a retarded differential equation, see [6], [7]. The perturbation has a
polynomial form in both cases. In this paper, we study an equation in the form
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(1.1) §(t) = —a(t)y(t) + > alt)
li|=2

n
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where i = (i1,...,4,) is a multiindex, i; > 0 are integers and |i| = > i;. The
j=1

continuous functions &;(t) satisfy ¢ > £;(t) > ro for all ¢ € [ty, 00) and the function

&(t), which is defined as £(t) = 1I<m£1 &i(t), is nondecreasing for ¢ > to. Therefore, all
asymptotic relations such as the Ea;ldau symbols o, O and the asymptotic equivalence
~ will be considered for ¢ — co. This fact will not be pointed out in the sequel.
The function a(t) satisfies the following conditions:
(C1) a(t) is continuous and positive on the interval [tg, 00) and 1/a(t) = O(1),
(C2) (t—¢&(t))a(t) = o(A(t)) where the functions A(t), a(t) are defined as A(t) =
Ji a(u) du, (t) = max(a(u)).
Further conditions for continuous functions ¢;(t): [tg,00) — R will be given later.
In order to apply the first method of Lyapunov to the equation (1.1) we assume the

solution in the form of a formal series
o0

(12) y(ta C) = an(t)apn(t, C)
n=1

where ¢(t, C') is the solution of the homogeneous equation y(t) = —a(t)y(t) given by
the formula ¢(t,C) = Cexp(—A(t)), the function f;(t) =1, and the functions fj(t)
for kK = 2,...,n are particular solutions of a certain system of auxiliary differential
equations. Using Wazewski’s topological method in the form as used in [3] and [4]
for differential equations with unbounded delay and finite memory, we prove the

existence of a solution y,(t,C) ~ Y, (t,C) = i )" (¢, C).
k=1

2. PRELIMINARIES
Lemma 2.1. Let a function a(t) satisfy conditions (C1), (C2). Then
(2.1) A(t) ~ A(£4(t)) as t — oo for any integer i € N
where £1(t) = £(t), and for i > 1, the functions £'(t) are defined by

T = €€ ).

Proof. First, we see that, by virtue of condition (C2), the assertion is true for
i =1:

t e o e e AED)
/£(t>“(“)d“<(t §()a(t) = o(A(1)) and lim —Fr

240



The assumption £(t) /4 oo for t — oo implies that there exists a constant £(co0) and
condition (C2) is not satisfied. If £(t) — oo for t — oo, then £%(t) — oo for t — oo,
too. Now we use the assertion for i = 1 substituting £(¢) for ¢ and the proof follows
by induction. O

Remark 2.1. Note that condition (C1) implies the divergence of the integral
ftzo a(u) du, which has two consequences.

First, the function ¢(t, C) satisfies the relation ¢*(t,C) = o(¢'(t,C)) for k > I,
which guarantees that the sequence {¢"(t, )}, is asymptotic.

Second, the divergence implies the relation 1/A(t) = o(1) which is suitable for
asymptotic estimation.

In order to specify the asymptotic behavior of the solution of the auxiliary equa-
tions we consider the equation

(2.2) y(t) = na(t)y(t) + f(t)

where n > 0 is a constant and the properties of the function f(¢) are described by a
function k(t), a constant K, and the relations

(F1) tli>Holo f(t)exp (Tk(t)) =0 for all 7 < K,

(F2) tli>Holo |f(t)]exp (Tk(t)) = oo for all T > K.

The asymptotic behavior of the solution of equation (2.2) depends on the relation
between the functions k(t) and na(t).

Lemma 2.2. Let either k(s) — k(t) = o([] na(u)du) or k(s) — k(t) =
O(f na(u)du) and K = 0 where K is the constant used in assumptions (F1),
(F2). Now if the function f(t) satisfies assumption (F1), then there exists at least
one solution Y (t) of equation (2.2) satisfying also assumption (F1). If the func-
tion f(t), moreover, satisfies assumption (F2), then the solution Y (t) also satisfies
assumption (F2).

Proof. We may rewrite assumptions (F1), (F2) for the function f(t) satisfying
them so that, for sufficiently large ¢ and constants 71,75 > 0, the function f(¢)
satisfies the inequality

exp (K = 72)k(t)) < [f(1)] < exp (K +71)k(1)) ,

and also, for the desired solution Y(t) = [ —f(s)exp [ —na(u)duds, we have
estimates of the solution of equation (2.2)

exp((K + k(1) [ exp{ ~ (K 47O - Ks) ~ [ natu) du} ds > ¥ (1)
> exp((K — 1)K (2)) /too eXp{ (K — 1) (k(s) — k(t)) - /t na(u) du} ds.
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Now utilizing the assumptions of this lemma, we see that the asymptotic behavior
of exponents involved in both integrands are the same as the asymptotic behavior
of the function fts na(u)du. As the function (na(t))~! is bounded, the integral
f: na(u) du is divergent for s — oo and the integrals on both sides of the inequalities
are convergent and there exist constants A;, Ao such that

Arexp (K —1)k(t)) < |Y ()| < Azexp (K + m1)k(t)) .

Assumption (F1) implies the second inequality, which ensures the convergence and
thus the existence of the integral defining Y'(¢) which is the solution of the given
equation. O

To make the specification of the coefficients of the power series which is the product
of the power series raised to a power easier, we use the following notation: s =
(s1,...,8,) is an ordered n-tuple of sequences s; = {5’“} o1 of nonnegatlve integers

o)
with a finite sum |s;| = Y s, and we denote s! = H H skl i(s)! = H |si|!, V(s) =
k=1 j=1k=1 j=1

NE!
™32

ks¥, i(s) = (|s1],...,|sn|). For any ordered n-tuple of sequences (of numbers

j=1k=1

or functions) C = (ci,...,c,) where ¢; = {c?},;";l, we denote C* = H H ( )
j=1k=1

where (c’?

; )0 =1 for every cf. Then it is possible to write

n [e'e) i [e'e)
[I(>d) =3+ %
=1 k=1 =i i(s)=i
J k ‘ll V(s)=k

where the symbol >~ denotes the sum over all s such that V(s) = k, i(s) =i and,

i(s)=i
V(s)=k

for empty set of s, this symbol equals 0.

3. MAIN RESULTS

We assume that the formal solution of equation (1.1) is expressed in the form (1.2)
where (¢, C) is the general solution of the equation (t) = —a(t)y(t). Consequently,
@(t,C) = Cexp(—A(t)) where C # 0 is a constant, f1(¢) =1 and fi(¢), k > 2 for the
time being are unknown functions. Substituting y(t) in equation (1.1) and matching
the coefficients at the same powers ¥ (¢, C'), we obtain an auxiliary system of linear
differential equations

(3.1) fult) = (b - Z ny e
|=2 i(s)=i
V(s)=k
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where F(t) is the n-tuple of sequences {fi(&(t))exp (k(A(t) — A(& (1))} ey iee
F@t)= (... {fe(&®t)) exp (k(A(t) — A(& (1)) oy s - - ). The facts V(s) =k > 2 and
li(s)| = 2 imply s! = 0 for [ > k. Moreover, the auxiliary system (3.1) is recurrent.

Theorem 3.1. For the functions ci(t), let tlim ci(t) exp(—TA(t)) = 0 for all
—00
positive 7. Then there exists a sequence {f,(t)}72, of solutions of the auxiliary
system (3.1)

(32) fult) = /too —afs) exp{ — /:Uc — Da(u) du} >alt) Y |181'f ds

li|=2 i(s)=i
V(s)=k

such that tlim fiu(t) exp(—7TA(t)) =0 for all 7.

Proof. Formula (3.2) can be obtained by integrating the system (3.1). When
applying Lemma 2.2, we put k(t) = A(t). Condition (C2) proves that for the func-
tion y(t) satisfying assumption (F1) of Lemma 2.2, the function y(&7(t)) satisfies this
assumption, too. Therefore, the sum and the product of functions verifying assump-
tion (F1) of Lemma 2.1 satisfy the assumptions of Lemma 2.2. Using Lemma 2.2,
we can then easily show the convergence of (3.2) and the desired property. (]

Remark 3.1. An assertion analogous to the one of Theorem 3.1 with the prop-
erty described by assumption (F2) of Lemma 2.2 cannot be proved as the sum of
functions verifying the assumption (F2) need not satisfy this assumption.

Let || - || denote the maximum norm on C°[r*, o). Moreover, we denote

k - )
w) =Y HOAEO), Y= ab Y %f R
=1 li=2 :

i(o)=i
V(a)=k

Theorem 3.2. Let the assumptions of Theorem 3.1 hold and let

lim f,;_ll (t)exp(—TA(t)) =0

t—o0

where 7 < 1 is a constant. We denote r* = gltn(f(t)) Then for every C' # 0 and
0

=

€ COlr*, tol, ||| < 1,%(to) = 0, there exists a solution yc(t) of equation (1.1) such
that

(3.3) [y (t) = yn(®)] < ol fera (D" (t, O

for t € [tc, 00) where the functions f(t) are solutions (3.2) of system (3.1), o > 1 is
a constant. t¢ is a function of the parameter C' and of o, k.
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Proof. The existence of the solution yc(t) is proved by Theorem 1 in [3], which
is based on the retract method and the second method of Lyapunov. A sufficient
condition for the existence of a solution of the equation with unbounded delay and
finite memory is described there. The theory of this type of equations (referred to
as p-type retarded functional differential equation) is given in [5]. In this case we
put p(t,9) =t + 9(t — ¥ (t)) and the function on the right hand side of the equation
f(t,y): Rx C—1,0] — R is defined by the formula:

F(t,9) = —a®)e(p(t,0)) + > () [ (ot 9:, (1))
=1

lil=2

where 9;,(t) = —(t — &;,(t))/(t — &(t)). The set w used in Theorem 1 is defined as

w= {0 y(t) = ol frral O <y <yr(t) + ol frsr ()", ¢ > te}.

Note that the numbers p, n used in Theorem 1 in [3] equal 1 and, consequently,
the indices of functions §, o are omitted, i.e., § = y(t) + o|fus1|(t)* 1 (¢,C) and
0=1yk(t) — 0| fer1|(t)p*TL(t,C). We verify the inequalities

8'(t) > f(t,m) and o' (t) < f(t, )

where m € C([p(t,—1),t], R) is such that (6,7(0)) € w for all § € [p(¢t,—1),t) and
m(t) = 0(t) or m(t) = o(t), respectively, for a sufficiently large t. As the sequence
{pk(t,0)}2, is asymptotic, we can rearrange the terms in these inequalities with
respect to the powers of the functions ¢*(t,C'). We verify the first inequality.

First, for sufficiently large t, fi119*1(t,C) # 0 and the derivative &'(t) exists:

8'(t) = ) (fily) — la®) fi(t) ¢'(t.C)

Mk

~

1

+0osign(fus1 () (Figr (8) — (k + Da(t) frra (1) (2, O).

Second, for 7(t) = d(t) there exist suitable positive constants such that

flt,m) = —alt) (yu(t) + ol fura (D))" (2, C0))

+ 3 @ L wee) + Kiolfs (0] (1,0))”
\

ij=2 =1

Since the system (3.1) is recurrent, the coefficients at ¢!(¢,C) after substitut-
ing y(t,C) in the form (1.2) and y(t) = yk(t) & o|fer1]|(t)P*T1(t,C) in the sum
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ci(t) (y(f(t)))l coincide for I =1,...,k+ 1, i.e.

oy

|i|=2
F(t,m) (Zfl t,C) + ol fural(t)e k+1(t,0)>
k+1 4
+ 37 S 0e(t, O + lt, CYFR(1)

where R(t) is a function satisfying tlim R(t) exp(—T ftto du/g(u)) = 0 for all posi-
— 00
tive 7.
Now we can evaluate the sign of the difference §'(t) — f (¢, m) (with 7(¢) = §(¢)):

k
v - s =Y () - MY - s0) )
=1
+ |:0' sign(fk+1(t))(f,g+1(t) — kf;-{f;)(ﬂ) — kil(t)} Sﬁk+1(t’ C) — oft, C)k+2R(t).
The functions fi(t) are solutions of (3.1) for [ = 1,...,k. Therefore, the mini-

mal power of ¢(¢,C) in the difference ¢'(t) — f(t,m) is k: + 1. Moreover, the term
o(t,0)k*2R(t) and higher powers are very small for sufficiently large ¢, the sign of
this difference is given by the factor at the power ¢(t,C)**1, i.e.

sn(0'(0) = £(t,m)) = rsign o (0) (a0 - ) = T

k41 k41 k41

= osign(fr41(8)) 22 (1) = 22 (1) = o sign(fi41(2) 2 (1)

Due to definition (3.2) of fr41(t), we obtain sign(d’(t) — f(¢,m)) = —1 and the
inequality ¢'(¢) > f(¢,m;) holds, too. A similar consideration for the difference o' (t) —
ft,m) (with w(t) = o(¢)) gives o'(t) < f(¢t, 7). Now we may use Theorem 1 in [3]
to obtain the existence of a solution satisfying the estimate (3.6). g

Theorem 3.3. Let the assumptions of Theorem 3.1 be satisfied and let there exist

a sequence {K1}72,, Ko = 1 such that the assumptions of Theorem 3.2 are satisfied

for every Ky, i.e., tlim fgi (t)exp(—TA(t)) = 0. Then there exists an asymptotic
—00

expansion of the solution yc(t) in the form

o0 Kk 1
yc(t)%ZFk( ), where Fk Z fl
k=1 I=Kj_1

and f;(t) are solutions of (3.2).
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Proof. Since the assumptions of Theorem 3.2 are fulfilled for every Kj, there
exists a solution yc(t) satisfying the inequality in this theorem. Then the existence
of an asymptotic expansion follows from the fact that the sequence {F}}*° is asymp-
totic, i.e., tlirglo Fiy1(t)/Fi(t) = 0 and the assertion is proved. O

Example 1. We study the asymptotic properties of the solutions of the equation

§(t) = —ycos(ty(&(t)) = —y(t) + > (—1)k+! tQ’“y(t)((Zyk()&'(t)))Q’“

k=1

on the interval [1, c0) for two various delays ri(t) = r > 0, i.e., & (t) =t —r, and
ro(t) = Int, ie., &(t) = t —Int. In this case we have a(t) = 1, A(t) =t — 1,
s = (s1,52), c(1,26) = (—1)"T1¢2*/(2k)! (for other multiindices ¢; = 0). If we denote
F = {fi()y2,, {fil€(t)e’ =6t} ) the system of auxiliary differential equations
of the form

fu(t) = (k — 1) fult) + Z(_l)i+1% Z &')!}_5
i=1 (29)! hi(s)=(1,2i) 5!

V(s)=k

has a particular solution far, = 0. First, fo(t) = 0 is due to fao(t) = fo(t). We will
prove by induction that the equation for the function fo has the form fo (£) = for(t),
therefore, the odd (]i(s)] = 1 4 2I) sum of odd exponents (due to the induction
hypothesis) is not even (2k) and every product on the right-hand side of the auxiliary
equation contains zero multiplicands (f2;). The asymptotic form of the solutions
far+1 depends on the delay r;(¢) but the property for—1(t) ~ far—1(£(t)) holds for
both 7;(t).

First, for r1 () the solutions have the asymptotic form for 11 = t2*(cors1 +0(1/1)),
where ¢; = 1 and cg41 are given by the recurrent formula

1 (1) ,
Cokt1 = o Z ((21 )' Z C*C>2, where C = {¢;}24, Cr = {ciexp(ir)}2,.
i=1

" s

Second, we have the relation exp(k(A(t) — A(£(t)))) = exp(klnt) = t* for the
delay 72(t) and the function f; satisfies the equation f3(t) = 2f3(t) + 1t* and we
obtain the solution f3(t) = t*(—% + O(1/t)). Applying induction for the solutions
fors1 in the form for_1(t) = t?®(d(k) + O(1/t)), we see that the main power
of t in the sum on the right hand side of the equation for for_1 is at the product
2 f1 () fr(E))t far—3(E(8))t2F—3 = 2k+P(k=1)(q(k — 1) 4+ O(1/t)) and we obtain the
equation fory1(t) = 2k fopy1(t)+t2PE=D (d(k—1)+O(1/t)). The solution foy,_1(t)

246



has the asymptotic form for 1 = —t2*tP*=1) (d(k — 1)/2k + O(1/t)) . The constants
d(k) and p(k) satisfy the recurrent formulas d(k) = —d(k—1)/2k, p(k) = p(k—1)+2k,
otherwise d(k) = (—=1)*7127%/(k — 1)! and p(k) = (k + 2)(k — 1). By Theorem 3.3,
we obtain the existence of a pair of asymptotic expansions y; (), y2(t) of the solutions
for two different delays r1(t), r2(t):

Z 2=V (2k—1)t02k—1,

i k 1t(k+2))(k De(Qk—l)tCQk—l'

k=1

Remark 3.2. This example shows a fundamental dependence of the asymp-

totic properties of the expansion on the magnitude of the delay. For a small delay

(ri(t) — 0), the expansion y;(f) converges to the expansion of the solution of an

ordinary equation y(t) = —ycos(ty(t)). For a sufficiently large delay ro(t) = In(¢),

the expansion y,(t) is the same as for the equation (t) = —y(t)+t2y(t)y*(t—Int)/2,

i.e., the expansions for the perturbation with infinite sum and for the perturbation

with only the first summand are the same.
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