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Prologue - basic issues in numerical analysis

Stability

uniform bounds < a priori estimates

Consistency

vanishing error terms < numerical solutions satisfy the exact equation

modulo a small error (“driving”) force

Convergence, error estimates

convergence to the limit object < what is the limit object? what is the
way how it is approached?




Euler system for a barotropic inviscid fluid

Equation of continuity: ¢ = o(t, x) - mass density

Oro + divam =0
Momentum equation: m = m(t, x) = (pu)- momentum

mg@m

atm =+ diVX (

>+pr( )=0, p(0) =a¢", a>0, y>1

Impermeability boundary conditions or periodic boundary conditions

m-nlon =0, or Q= ([-1,1]|{_1.1;)¢, d=2,3

Initial conditions

0(0,+) = 0o, m(0,-) = mpo




Admissible solutions — energy dissipation

+ P(o), P'(0)o— P(e) = p(0)
1 4 p(g) if o> 0

p'>0=[o,m]— P(o) if [m| =0, ¢ >0 s convex |s.c
oo otherwise

Energy balance (conservation)

8:E + divy (5%) + divy (,;%) -0

Energy dissipation

O:€ + divy (5%) + divk (p%)

E:/de, OE <0, E(o+):/{
Q Q



Known facts about Euler equations

Well/ill posedness

Local in time existence of unique smooth solutions for smooth initial
data

Blow—up (shock wave) in a finite time for a generic class of initial
data

Existence of infinitely many weak solution for any continuous initial
data (Chiodaroli, DeLellis—Széhelyhidi, EF...)

Existence of “many” initial data that give rise to infinitely many
weak solutions satisfying the energy inequality (Chiodaroli, EF, Luo,
Xie, Xin...)

Existence of smooth initial data that ultimately give rise to infinitely
many weak solutions satisfying the energy inequality (Kreml et al)

Weak-strong uniqueness in the class of admissible weak solutions
(Dafermos)




Wild solutions?

In a letter to Stieltjes

| turn with terror and horror from this lamentable
scourge of continuous functions with no derivatives

Charles Hermite [1822-1901]

m Past: What is not allowed is forbidden

m Present: What is not forbidden is allowed

Eduard Feireisl Compressible Euler system



Il posedness

Theorem [A.Abbatiello, EF 2019]
Let d = 2,3. Let go, mg be given such that
0w€ER, 0<0<00<0,

mg € R, divimg € R, mg - n|pg = 0.

Let {7i}72; C (0, T) be an arbitrary (countable dense) set of times.
Then the Euler problem admits infinitely many weak solutions o, m with a
strictly decreasing total energy profile such that

0 € Cuear([0, TI; L(Q)), m € Cuear([0, T]; L31(2; RY))

but

t— [o(t,-), m(t,")] strongly continuous at any 7, i =1,2,....




Consistent approximation

Equation of continuity

.
/ / [0n0:p + My - V] dxdt = ey n[y]
0 Q

Momentum equation

n

.
m, ®m, .
/ / {mn <O + 1Qn>OT Vo + P(Qn)leX‘P] dxdt = e,n[p]
0o Ja

Stability - bounded energy

1 |m,?
lenmn = [ [HmL 4 o] ax <1
Q On

Consistency

e1n[e] = 0, en[e] = 0as n— oo




Weak vs strong convergence

Weak convergence

on — o weakly-(*) L*(0, T; (L")(2))

m, — m weakly-(*) L>(0, T; (L%)(Q))

Strong convergence (Theorem EF, M.Hofmanova)

K C [0, T] x Q compact
on — 0, M, — m strongly (pointwise) in U open, 0K C U
0, m weak solution to the Euler system
=

on — 0, M, — m strongly (pointwise) in K




Should we go beyond weak solutions?

However beautiful the
strategy, you should
occasionally look at the
results...

Sir Winston Churchill
[1874-1965]




Dissipative solutions — limits of numerical schemes
Equation of continuity
de0 + divem =0, 9(0,-) = 0o
Momentum balance

mg@m

Orm + divy ( ) + Vip(0) = —dive (Rv + RpI), m(0,-) =mg

Energy inequality

d 1 |mo?
—E(t) <0, E(t) < E, E = F —
HEO <0 EW <6 B [ M

E= (/Q B%HD(Q)} dx+/§d%trace[mv]+/ﬁdﬁmp>

Turbulent defect measures

+P(on)| ax

R, € L=(0, T; MT(Q RLL)), Ry € L0, T; MT(Q))




Basic properties of dissipative solutions

Well posedness, weak strong uniqueness

Existence. Dissipative solutions exist globally in time for any finite
energy initial data

Limits of consistent approximations Limits of consistent
approximations are dissipative solutions, in particular limits of
consistent numerical schemes.

Compatibility. Any C* dissipative solution [o,m], ¢ > 0 is a classical
solution of the Euler system

Weak-strong uniqueness. If [g,m] is a classical solution and [g, m]
a dissipative solution starting from the same initial data, then

R, =R,=0and g=9, m=m.

Semiflow selection. There exists a measurable selection of
dissipative solution that forms a semigroup




Komlos (K) convergence

Komlos theorem (a variant of Strong Law of Large Numbers)

{Ux}:2, bounded in L'(Q)
=
1

N
> Un —Uaa inQasN— oo
k=1

Conclusion for the approximate solutions

N
%Zgnk — oin LY((0, T) x ) as N — oo
k=1

N
Zmnk —min L'((0,T) x Q) as N = oo

Imoc* + P(Qn,k)} —Eec M0, T)xQ)aa. in(0,T)xQ




Visualising oscillations — Young measures

Limits of compositions

©n - 0, Mp — m, B(Qmmn) - B(g,m) 7& B(va)7 B € BC(Rd+1)

Young measure

<Vt,><7 B(Q: m)> = B(Qv m)(t7 X)

Compactness

tightness < uniform L' — bound




K—convergence of Young measures [Balder]

Young measure

{Un}221 bounded in LY(Q) ~ v} = Sy, e,

=

N

1 .

N E ut"kx — vt x narrowly a.a. in Q as N — oo
k=1

Monge—Kantorowich (Wasserstein) distance

L
dist <N ; l/g_";; Vtyx)

for some g > 1.
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