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ON THE STABILITY OF THE LIONS-PEETRE METHOD
OF REAL INTERPOLATION WITH FUNCTIONAL
PARAMETER

A. GOGATISHVILI

ABSTRACT. Let X = (Xo, X1) be a compatible couple of Banach spaces,
1 < p < oo and let ¢ be positive quasi-concave function. Denote by
Xo.p = (Xo,X1)4,p the real interpolation spaces defined by S. Janson
(1981). We give necessary and sufficient conditions on g, ¢1 and ¢ for
the validity of

X‘PO7°°7X‘P17°°)

o=

(Yvoylvycmﬁl) ©,p

for all 1 < p < oo, and all Banach couples X.

1. INTRODUCTION

Let X = (Xo,X1) be a compatible Banach couple. For x € Y (X) =
Xo + X1, Peetre’s K-functional is defined by
K(t,z,X) = inf — (zollx, +tlz1llx,) ¢ >0.
r=x0+x1,x;€X;
Let 0 < 0 < 1, 1 < p < o0, then the Lions-Peetre spaces ngp =
(Xo,X1)g,p are defined using the norm

Iellop = ( I (K“tgx))‘f)

One of the most important theoretical results for these spaces is the so-
called reiteration theorem, which claims that

(11) (Yeo,povyﬁ,pl)g’p = Y(1—6)90-‘,—(991,]27 90 7& 91-

These definitions and properties can be found in any modern monograph
on interpolation theory (e.g. [5], [6] and [19]). The statement (1.1) is the
so called stability of the real method. The resulting space on the left-hand
side of (1.1) does not depend on pg, p;.
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2 A. GOGATISHVILI

The definition of real interpolation method was extended in different di-
rections by a number of authors. For example, one can replace the func-
tion 7 in (1.1) by a positive concave function ¢, defined on (0,00) (see
T.F.Kalugina [13], J.Gustavsson [10], L.E.Persson [16]). In [12] S. Janson
provided a different approach to these spaces using the discrete norm

. B K(ty,z,X) P\ >
u u@,p—@ & )) ,

where {t;} is a special discretizing sequence depending of ¢ (see Defini-
tion 2.3). In [12, Theorem 19] Janson proved that, if (o, 1) and %
are quasi-power functions (see Definition 2.4), then the following reiteration
formula holds for any pg, p1,p € [1, o],

(1.2) (Y¢07PO>Y¢1,p1)¢,p - Ys¢>(<po,<m),p
(w(wo, ©1)(t) = po(t)p (i;gg)) :

In [14], N.Krugljak gave a necessary and sufficient condition on g, 1
and ¢, so that (1.2) is true for any choice of pg, p1,p € [1, 0]

A more general reiteration theorem for a real interpolation method was
obtained by S.Astashkin [2, 3], Yu.A.Brudnyiand N.Ya.Krugljak [7].

It is clear that, from (1.2) we have

(13) (cho,lvygol,l)%p = (Y¢07007Y4p1,00)¢7p :

The inverse implication is not easy. The sufficient condition for (1.3) was
obtained by E.Pustylnik [17] and E.Semenov [18] in case when o(t) = /.
V.Ovchinnikov [15] offered a new approach to study this problem. Semenov
and Ovchinnikov used Krugljak ’s result [1, Corollary 3|. Ovchinikov only
considers the case p(t) = t?. In this paper we are going extend Ovchinnikov’s
theorem to te setting of non-degenerate quasi-concave function ¢. In this
context we will show (cf. Theorem 2.5) that the reiteration theorem (1.2)
follows from the stability theorem (1.3).

In this paper we shall not consider the case of degenerate quasi-concave
functions, which we leave as an open problem. We think that the study of
the degenerate case could be of interest to experts in Extrapolation Theory
(see e.g. [4].

We use the notation A < B to indicate that A < C'B with some positive
constant C' independent of appropriate quantities. If A < B and B < A, we
shall write A =~ B.

2. DEFINITIONS AND MAIN RESULT

We start with some basic definitions.
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Definition 2.1. Let {ax} be a sequence of positive numbers. We shall say
that {ax} is strongly increasing (resp. strongly decreasing) and write aj 171
(resp. ay L) if

.. a a 1
inf —A+1 >2 resp.  sup ket < -,
keZ ay kezZ Ok 2

Definition 2.2. We shall say that ¢ is non-degenerate quasi-concave func-

tion on (0,00), if ¢ is non-decreasing and @ is non-increasing on (0, 00)
and, moreover,
) . () ) t ) 1
(2.1) lim p(t) = lim — = lim — = lim —— =0.
t—0+ t—+oo ¢t t—=0+ p(t)  t—=+o00 p(t)

Definition 2.3. A strongly increasing sequence {{;} is a discretizing se-
quence for a non-degenerate quasi-concave function ¢ if

i) (tx) 11 and A2 ||

tit+1
ii) There exists a decomposition Z = Zj U Zs, such that Z; NZy = (), and
So(thrl) < 2g0(tk) if ke Zl,
Pllk) _ oP(tiin) if ke Zo.
123 lit1

Let us recall [9, Lemma 2.7], that if ¢ is non-degenerate quasi-concave
function there always exists a discretizing sequence adapted to .

Definition 2.4. A quasi-concave function ¢ is a quasi-power function (¢ €
P*7), whenever s,(t) — 0 as t — 0, s,(t) — 0o as t — oo, where s,(t) =

sup,, s (ut) /() (cf. [11]).

It is known that (cf. [11]), any quasi-power function ¢ is equivalent to
t%0q)(t91=%) for some quasi-concave function ¢ and 0 < g, 0; < 1. If ¢ is
quasi-power function then {2} is a discretizing sequence for ¢.

It is easy to see that if g, @1 and ¢ are non-degenerate positive quasi-
concave functions on (0, 00), then the function ¢ (o, v1)(t) = gpg(t)go(:i;—gg)
is a non-degenerate quasi-concave function. Throughout the paper the func-
tions g, 1 and ¢ will be assumed to be non-degenerate positive quasi-
concave functions on (0, c0) and {t;} (resp. {t}) will denote the discretizing

sequence for ¢ (resp. the discretizing sequence for (g, ¢1)).

Our main result now reads as follows.

Theorem 2.5. Let ¢g, w1 and @ be positive non-degenerate quasi-concave
functions on (0,00). Let {t;} be discretizing sequence for ¢ and let {t} be
discretizing sequence for o(po, v1). The following assertions are equivalent:

(i) (1.3) holds for some p € [1,00];

(i1) (1.3) holds for every p € [1,00];

(iii) (1.3) holds for X = (L1(0,00), Loo(0,00)) and some p € [1, 00];

(iv) (1.2) holds for any po,p1,p € [1,00];
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(V) supez Card{k € Z:  t, < % <tpy1} < 0.

3. DESCRIPTIONS OF SOME SPECIAL INTERPOLATION SPACES

Definition 3.1. Suppose that X is an intermediate space for a compatible
couple (Xo, X71). The orbit of the space X relative to linear bounded op-
erators mapping the couple { Xy, X1} to the couple {Yp, Y7}, which will be
denoted by

Orb (X7 {X()a Xl} - {}/E]a YYI}) )
is the linear space of all y € Y + Y7 that can be represented by

o0
Yy = g T;x;, convergencein Yp+ Y,
j=1

where
oo
> max (||| xo—vo, 17511 x,-v1) |75l x < o0
j=1

Definition 3.2. Suppose X is an intermediate space for a compatible couple
(X0, X1). The coorbit of the space Y € Yy + Y; relative to linear bounded
operators mapping the couple {Xp, X1} to the couple {Yp, Y1}, which will
be denoted by

Corb (Y, {Xo, X1} — {Yo,Y1}),
is the linear space of all z € Xy + X such that

sup{[[T(@)lly : (1Tl {x0.x1)+{rory < 1} < 00

If E is a sequence space and {wy} is a positive sequence (a weight), then
E(w) denotes the space of sequences {ay} such that aywy € E, provided
with its natural norm ||a|| gw) = [larwi| -

Let I, = (lq,lq(%)), g € [1,00] be a Banach couple consisting of two

k ~
sided infinite sequences, where {t;} is discretizing sequence for ¢(pg, @1).

The main property of real method in terms of Orbits can be formulated as
follows (see [12])

(3.1) X, — Orb (zp (M) o X>

~conb (1, (M) Xolo).

As it is known (see [12])

) B 1
(3.2) (Wetgoeno = (oo)oenienp =1 (~>
©(0,p1),p w(posp1)p — ‘P o(o, ¢1)(tr)
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by embeddings I; C l; C ls and [ (i) Cl (i) Cls <~l> we get

_ 1
(3.3) (L) (p0,01)p = Ip <M> :

Let lé\/[ be the space of sequences with indices in the set M. So if F =
Ly (lé\/f’“) then
p/a\ /P
lallz= > D lail
keZ \icM;

The next lemma is a functional parameter version of Gilbert’s interpola-
tion theorem [8]

Lemma 3.3. Let p,q € [1,00]. Let {vi}, {wr} be positive sequences and ¢
be non-degenerate quasi-concave function on (0,00) then

Vi

(i)
where My = {i : tg—1 < 3t <t} and {tx} is a discretizing sequence for ¢.
Proof. Let E = (I4(v),lq(w))

(3.4) (lg(v), lg(w)),,, =1 | 13"

op Assume that p,q < co. Since

1/q
K(t,{ar}; {lq(v),lg(w)}) = (Z |ag|? min (vg, twk)q> .
keZ
it follows that

i 1/p
Z (Xrez lar|? min (Uk,tiwk)q)p/q
@(t;)P :
By the definition of of discretizing sequence (cf. Definition 2.3), we obtain
1/p

{ar} |z ~ (

€7

p/q
<Zti1<£};<ti ’a’k’ ’qvg>

(3.5) {artlle 2 | D

\p
= o(t)
p/a\ VP
th <Zt¢1<vk§ti |ak|‘1wz>
+ -
i€Zo @(ti_l)p
q\ P/ 1/p

S @()

; - ok
i€Z ti—1<ﬁ§ti W
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To prove the reverse estimate we use Lemma 3.1 from [9].

1/p

p/q
(Zjez Etj—l<%§tj |ag|? min (vg, tiwk)q>

(3.6) [{ax}le~

i€Z p(t;)P
Ja\ 1/P
S Y anet)
G<i Lat; 1<k <t Ak |*V;,
< Wi
i€Z p(t:)P
» . pla\ VP
t; <Zj>i th—1<%’z§tj |ak]qwk)
+
i€z p(ti)P
p/a\ /P
(Zti1<;}}z<ti \ak\%g)
i€Z p(ti)P
Jq\ 1/P
>, |ag,| Tw? o
@ ti<TiSti+1 k%
+
i€z p(ti)P
q\ P4 1/p

S gt |~
2| X ()

; - ok
= ti—1<w7]z§ti W

Therefore from (3.5) and (3.6) we obtain (3.4). The case p = oo or ¢ = o0
can be obtained using a similar argument and we shall omit the details.
The proof is complete. O

Corollary 3.4. Let p,q € [1,00]. Let {t;} be discretizing sequence for
©(po, 1) and let {ty} be discretizing sequence for p. Then

(- G) o Ga),, = (0 o)

where My, = {i : t, < % < tgs1}-

Corollary 3.5. Let p,q € [1,00]. Let {7} be discretizing sequence for ¢y,
let {z} be discretizing sequence for p1 and let {t;} be discretizing sequence
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fOT’ 90(8007901) . Then;

(37) e =1 (1% (=) )
(38) s =1 (1% (=) )

where MY = {i 17, <1; < i1} and M} = {i: 2z, <t; < 2141}

Corollary 3.6. Let p € [1,00]. Then

- - 1
((lp)soo,]?’ (lp)%,p)%p =lp (SD(%‘Pl)@)> ’

Proof. Using Lemma 3.3 we get

(@)oo T)or) o = (lp <¢02%k>> 'ty <¢§t~k>>>

1
—, (~> |
(o, p1)(ti)
U
Lemma 3.7. Let r € Ry \ {0}. Let {7} be discretizing sequence for yg

and let {z} be discretizing sequence for ¢1. Then we have the following
estimates:

t; t:
(3.9) Z (‘01(3) < sup 4P1(~1) ’
T <t <Tk4+1 ®o (tl) Tk <t; <Tk41 %0 (tl)
(3.10) 3 1)) N 1 ()
2, <ti <zhi1 vo (tl) 2p<ti<zpq1 \ PO (tl)

with constants independent of . and zj.

Proof. Let us fix k. We consider two possibilities. Either

(3.11) ©0(Tr11) < 200(7%)

or

(3.12) ©o(Tk) < 5 P0(Th+1)
Tk Tk+1

Suppose that (3.11) holds. In this case we will show that
p1(five) N 3¢1(h)
woltiv2) — 2po(ts)

for every t;,ti1o € [Tk, Tk+1]. Indeed, if we assume that
¢1(tiva) < 3¢1(h)
woltive) ~ 2¢o(t:)’
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by using (3.11) we get that

Y p1(tir2) P 121 0)) = [ et)
eo(tiva)e | —= | <2¢p0(ti)e | 5= | <3wolti)e = |,
(@o(tiw)) 2 po(ti) eo(ts)
as {t;;} is discretizing sequence for (¢g, 1) we obtain the contradiction.
Suppose now that (3.12) holds. In this case we will show that

pr(tisa) _ 21(H)

<P0~(t~i)(p (901@)> < 2<P0~(t~¢+2)<p (3 901@+2)>

wo(t;) tito 2 ¢o(tite)

(PO( H-Q) (z+2)
= *"( (Z+2>>

which, once again, is a contradiction. Therefore, we obtain

W\ PR Irfi
ti t; 2
2. (“”1(:)> < swp (“01(:)) > (3)
Tkﬁag‘rk_;rl (,DO(tz) TkS?iSTIH-l SOO(tZ) i=1
~ I
t4
SJ sup ‘PI(NZ) '
T <t <Tp 11 ‘100(751‘)
In a similar fashion we can show the estimate (3.10). 0

Lemma 3.8. Let r € Ry \ {0}. Let {7} be discretizing sequence for po and
{2k} be discretizing sequence for pi. Then

e - pr@))
(319 2 “O<soo<’tz->> Sm<a<pm+l¢<<po(t~i))

(3.14) o
@\ - L, [(w@ (a@))
<<‘00(5)>> - ZkS%ViSkaH <901(t~i)(p (900(5)>>

with constants independent of . and zj.

900@)
2 (so M

2 <t;<zp41
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Proof. Let us fix k. As it was mentioned during the course of the proof of
Lemma 3.7. we have two cases either (3.11) or (3.12). If (3.11) holds we get

2 so(ié%i) Sy L @ (Mm>

Th <t <Tha1 @O(ti)

A

Th <t T
~ T
1 - t
- sup  @o(t)'e £1(t)
SDO(T’“) T <t <Tht1 @O(ti)
~ IS
t.
sup @ @1(:)
TR <ti<Tri1 wo(t:)
If (3.12) holds we get
) " @)\ (@)
1% Tk o(ti ;
2 SO(i (£)> : <900(Tk)> 2 (30;2 ) ¢(¢1(£)>
T <t <Tht1 0% e <t <Tht1 ! Potti
r ~ IS8 ~ IS
S( Th ) sup polti) o p1(ti)
wo(Tk) T <ti<Th41 ti wo(ti)
~ T
t.
S osup @ e1(%)
T <t; <Th11 wo(ti)

The proof of the estimate (3.13) is complete. The proof of (3.14) is similar
and we omit the details. ]

N

N

Lemma 3.9. Let q,p € [1,00]. Let {7} be discretizing sequence for ¢o and
Let {z} be discretizing sequence for p1. Let MY = {i : 7, < t; < Ty}

and M} = {i : z < ti < zps1}. Denote sets Q = {y : :Z;EZ; < t} and
0 = {y: 28 > t}. Then

&t (2 ()0 (* ()

7
~ Dol oy + o @, )

7 \eo(t;) 7 Ne1(ty)

Proof. Let us consider sequences b; = a;xgq, (t:) and ¢; = a;xqg (t:) Hence
a; = b; + ¢;. Using the definition of K-functional it easy to see that

e toen (8 () + (3 Gy )

o\ 1/p
q

x|l T ()
- ~ . vo(ti)
K \memp aimse
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e\ 1/p
q
lai| \*
+i Z Z (tN)
P1{tq
b et s
= llaix, Gl 7 a0 + tllaixas @)/ an :
I (lq * (@012‘))) t p (lq * (mttﬁ)))

So we have obtained an upper bound for the K-functional.

Let {ax} € 1, (lé\/[’g ((po(t )>> +1p (l My (m)) and let us consider any
representation a; = b; + ¢;, i € Z with {b;} € [, (lé\/[g (ﬁ)) and {¢;} €

1
Ly (Zé\/l’“ ( 1 )) By using estimates (3.9) and (3.10) we obtain

e1(ti)
o\ 1/p
q
S (2%
kEeZ e MO wlzt ;S @O(tl)
p 1/p
AR p
t; C;
x| oz (2] (e )
keZ teM?, w1(t)<t wolti tGMOSOl
P 1/p
_ p
< Z Z ©1(ti) sup |ci]
keZreM} \ 7. eapo, w1(t)<t #o(t:) ieny p1(ti)
77 po(ty) =
P »\ /P
©1(ti) |ci
< Z Z sup = sup —
keZrjenn \Teo, w1(t)<t800( i) fiem? p1(ti)

<t E sup sup
kez TiEMy \ tieM] o1 (t

<X (G

keZ Tl'EMé

Therefore, we get

(3.15) ||aiXQt(a)"l (1M’3< 1 ))

7 \eo(t;)
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+t :
b (léwo(wott]))) HClHlp (l;wl <”01t~i)))

Similarly by using estimates (3.10) and (3.9) we obtain

1/p

S 1104l

Q3

SIS ()

e1(t:)

e e
P 1/p
t; b

x| = (28)] (e )

keZ EEMILAP1(E)>I: Sol(tl) tleMl (100( )

o (t;)
p 1/p
- P

x| X 2] (e

kEZ z;€ MO Feut, zliiixgp (t:) tieM] po(t:)

p 1/p

o [ #0) (0

k€L zjeM? \ t;€M], *"0<t)<1/t p1(ti) t;,eM;} pol(ti)

p\ 1/p
b.

< sup sup ’Z~|

kez %€M} \ tieM} wo(ts)

1
b\ p/a\ /P

<[ sup( a)

ren \fem? \wo(ti)

Hence

(3.16) tHaz’XW(E)Hl (lM,i( 1 ))

7 \o1(t)

S 6l /g +tllell /g :
tp (lq * ((Po%i))) b (lq <¢>01t~i)))
Combining the estimates (3.15) and (3.16) we get
+tllaixas ()l -/ a
w0 (t; ))) lp(lq * (m}ﬂ')))
S bl 7 g +tllell /g :
P(lq <¢0ii})>) b (lq (miﬂ)))

If we take the infimum over all the representations a; = b; + ¢; we obtain
the desired lower bound estimate for the K-functional. O

HaiXQt< )” (l (
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Lemma 3.10. Let q,p € [1,00]. Then

(3.17) ((Zq)soo,pa (Zq)wl,p)sa,p =1l (W) :

Proof. Tt is enough to show that

(3‘18) ((Zl)soomv (21)90171?)%37 = ((100)90071?7 (ZOO)AO17P)¢,p :

Indeed, from the embeddings
1 1 1
{1 ClyClee and [y (~> Clg <~) Cls <~> ,
th th th
we get

(3.19) (o (Wp10) 4y € (Wgopr (o)
- ((ZOO)SOOJJ? (ZOO)GDlvp)‘pW )

consequently, using (3.18), (3.19), and Corollary 3.6, we obtain

((g)gops (Zq)m,p)(p,p = ((p) o (Zp)@l,p)¢,p

b (M)

To show (3.18) we only need to prove the embedding

(3.20) ((Zoo)ch:p’ (ioo)sahp)w,p C ((il)soo,p’ (il)s"l’p)%p'
By Lemma 3.9
. p - 7
||{GZ}H((ll)%,p,(ll)mv?)@,p
P
SO IV
; N ;. polti) | »(t;)P
JERREE \ femp, 2t <y,
P

|ai i\’
22 )R (so(t») =i

JEL KEL \ + 1 1)
t,eM 12>
i€ k2o (t) =

and

AP
[{ai}|| (o) pgp2(T0) 1 p)

®,p

N |a| 1
=20 | sw S REOG

JET kel ﬂeMg,%éE%;gtj wolti)
1
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p

su ‘al| t] p:
+Y > p 5 ((p(tj)) I+ 1V.

jeL keZ \ feM}, letl;>t pr(t

Let A} be defined A} := supg ¢y % n=0,1. Using (3.13) and (3.13)

we obtain

‘CL@‘ 1
s Z Z po(t:) Z o(tj)P

SIp> ( ’al‘x?))px

keZtEMO QO ©o, P1

J

0 L1(t) o
BEME, Loy <t

|ail P 901(75~z‘) o
S ———— su —
- keZ:,Z <<P(<P07<P1)<ti)> (EEJ\I/;QSO (SOO(ti))) 90(A2)7’

S (om)

*ZZ Z (o)

¥0, 1
J€ZL2 kEZt EMli?t <<P1§t ;Sthrl

su |a2’
L ; o(t:)

j€Z1 keZ \ eMDt; <¢1§ ;g 1

O
S “’( %“->>

- SDO( i
tieMR t; < 901( ;Stﬁ-l

p

* Z Z sup |az~| X
J€Z2 kEZ EGM%JJ' AD1E Z;§t1+1 ©1 (tz)
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(%) @\ "
% Z (2] bi o ©1 li
tiEMB7tj<¢é(gz)§tj+1
jail @)\ "
o I Tt

‘ - t
JEZl keZ ti€M£7tj<¢’1§t ;Stg+1 @0( l) tj<¢’1( ;,tgqtl

S sup |a%> ><

J€Zs kEZ t€M1t<‘p1§t;§t 1 (

g -~ -p
t; ts
X Sl~lp <§00(~1)@<801(~z)>>
peea,, \P1E) " \@ol®)

ol |1
S22 | e W ey

JE€Z1 k€T \ TeMP,t;< ‘Dlzt;<t wo(ti)

p

il ti \"
+> > sup = ) SHIHIV
J

J€Za ke \ LeM}L t; <“’1§ l;<t p1(ti)

Similarly we see that
IT<SIIT+1V.

Finally, combining estimates we get (3.20). The proof is complete.

Theorem 3.11. Let p € [1,00]. Then

(Ysao,pvywhp)sa,p = X<P(4P074P1),P'
Proof. Using (3.1) and (3.18) we get

@(po,1),p

_Orb< < wo,sm( )> ll%X)
c 0 (1 (s ) ¢ W (o) = (Ko T

(X‘PO P 901:17) PP

Similarly, using (3.1) and (3.2) we get

(YSDOJ” ng »P)Qﬁap

c conb 1, (M) Ko Kpus) = (o (o))

O
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C Corb <lp (M) X — loo>

= Xw(soo,sm),p'

The proof is complete. U

4. PROOF OF THEOREM 2.5

(v) = (iv). If (v) holds, by Corollary 3.4 and 3.5 we have

(4‘1) ((Zl)sﬁo,l’ (zp)sm,p)@,p = ((ZOO)SOO,D (ZOO)SDLP)@,p

1
o ()
Using (3.1) and (4.1)we get

><|

©(0,p1),p
1 _ _
=0 (b (om) %)
C Orb <lp M) : {(Zl)Lpo,la (Zl)gol,l} — {X@0,17X<P1,1}>

Similarly, using (3.1) and (3.2) we get
(X 0,000 Xoor,00)op

C Corb <zp (M) : {X po.00r X 00} = { (o) .00 (lw)wl,oo}>

1 ~ - R
CCOfb<l (~>:X—>loo>:X .
" o(o, w1)(t:) @(po,p1).p

Since

(X0, X1 1) o0 € (Xiggi000 X 1,00 0,5

we obtain

(cho,pov Xo1m )w,p = (X%OO,PO?

= (XAOO,Om
= X

X<P17P1 )SD,P
X4p1,oo)g0,p
5007501)7]]'

We now complete the proof of the implication (v) = (iv).

The implications (iv) = (ii) = (i) = (iii) are clear. We will show the
implication (iii) = (v).

Suppose that (1.3) holds for the couple X = (L1(0,00), Loo(0,0)) and
for some p € (0,00). As the couple (L;1(0,00), Lo (0, 00)) is complete couple
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then (1
(Igo 1o

A. GOGATISHVILI

(1.

3) holds for any couple (see [7]) and therefore for the couple I, =
)). By Corollary 3.4, (3.3) and (3.18) we get

My, ; —((1 1
b (lq <50(<po, sol)(t?)» (oo Cdona).,
((@go.pr () or)

q
<Zq)s0(soo,s01),p

b (M) |

It is easy to see that from here that (v) follows. The proof is complete.
Acknowledgment: I thank the referees for their valuable comments.
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