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Prologue — Navier-Stokes system

Field equations

Oro + divx(ou) =0
Ot(ou) + divy(ou ® u) + V,p(g) = div,S(Dxu)

S(Vyu) =2u (]D)Xu - %divm]l) + Adivyul, Dyu = %(qu + Vyu')

Boundary conditions

Energy inequality

4 (lg|u\2 + P(,Q)) dx +/ S(Dyu) : Dyu |dx <0
dat Jo \2 o

P'(0)o — P(0) = p(0), p increasing, convex




“Implicit” rheological law

Fenchel-Young inequality

< F(D) + F*(S)

S:D=F(D)+F*(S) & SedF(D) < DedF(S)

Reformulation of the Navier—Stokes system

Oro + divx(ou) =0
Ot(ou) + divy(ou @ u) + Vip(p) = div,S

% A (%glu\2 + P(g)) dx+/Q (F(]D)Xu) + F*(S)) dx <0

Dissipation potential

F: R;’yiﬂd — [0, o0] convex l.s.c.




Example - isothermal case

Constitutive relations
p(e) = ao, P(o) = aplog(o)

Dissipation potential

F(ID[) ~ DI, ¢ > d

Field equations

Oro + divx(ou) =0
Ot(ou) + dive(ou ® u) 4+ aVxp = div,S

Uﬂ (%Q|U|2+aglog( ) } / / Dyu) + F* (S)) dx dt <0




Dissipative solutions

Basic properties of generalized solutions

Existence. Generalized solutions exist and represent limits of
consistent approximations

Compatibility. Smooth generalized solutions are classical solutions

Weak—strong uniqueness. Generalized solution coincides with a
smooth solution emanating from the same initial data as long as the
latter solution exists

Semigroup selection. The class of generalized solution admits a
(Borel measurable) semigroup selection

Statistical solution. Semigroup selection = existence of statistical
solutions. Markovian a.a. semigroup:

M, : PB[data] — P[data], Mirs = My o Ms for a.a. s >0

PB[data] - the set of Borel probability measures on the set of
initial /boundary data




Problem formulation

Field equations

Or0 + divx(pu) =0
O¢(ou) + divi(ou ® u) + Vip(0) = diviS
S € OF (Dyu), F : R:yxnf — [0, co] convex ls.c.

Boundary conditions

ulog = ug, Nn = {x € 02 ‘ ug(x)-n< O}

lg|rin = 08B

Initial conditions

0(0,-) = 00, (0u)(0,-) = mg




Dissipative solutions

Field equations
Oro + divx(pu) =0
O¢(ou) + divi(ou @ u) + Vi p(p) = divyS — = divySes

Velocity boundary condition and Reynolds stress

(u—ug) € Wy(Q; RY)

\ Re L0, T; M (QRYL)) \

Energy inequality

4d
dt Jo

+/ P(o)ug -n dSi < —/ [p(g)]l+ ou® u} : Deug dx
a0 Q

—/lgu-(uB~VXuB) dx—&—/S:]D)mB dx—/:]D)XuB dx
Q Q

Q

Bmu —usl +P(o)+d } dx + /Q [F(Dxu) + F*(S)] dx



Relative energy

Relative energy
E (0.u[2.8) = [Jolu—F + P(o) - P'(@)0 - 2) - P(@)

Integrated relative energy

¢ (]25) = [ [Folu =+ Plo) - P(@)e - D) - P@)]

Augmented relative energy

D) —|—d/§d wr[]




Basic tool

Relative energy inequality

% (/QE(Q,U ) @ﬁ) dx—&—d/ﬁtr[i)%]) +/Q [F(Dxu)—i—F*(S)] dx
- /QS PV db<+/r [P(e) = P'(2)(e — ) — P(2)] us - n dS
+ [ [Ples)~ P @)ee ~ )~ P@)] ue n as,

( U —u)- V@ dx

=
c
~
—~
=
o

[ oa-w
| [p(0) ~ #' (@)~ 2) ~ p(@)] v ax

<—
=(u—u)- [at@fﬁ) + divi(ou ® u) + pr(@] dx
+

\\\\j

0
P
0
o0
(g(” ) -+ p(0) <1 - %)) [at§+ divx(éﬁ)] dx

Q

Vu d R

\



Maximal solutions

Comparison relation

53/ {%Q|ufuB|2+P(g)+dtr[iﬂ] dx
Q

[o1,u1,&1] < [02,u2,E] & &1 < & forall t >0

Maximal solutions

A solution [g, u, £] is maximal if it is minimal with respect to <

Asymptotic behavior of maximal solutions

Suppose ug = 0 - no-slip boundary conditions.
If [0, u] is maximal, then

198(t) | pm+ — O as t — o0




Semigroup selection
Set of data

2
{g,mE’/”m| xgg},gcagléd

Set of trajectories

7 = {o(t,).m(t,).£(t, )|t € (0,0}
Solution set

U0, mo, &) = {[g, m, &] ’[Q,m,é’] dissipative solution Andrej Markov
(1856-1933)
0(0,) = 20, M(0,") = mo, E(0+) < & =£(0-)}

Semiflow selection — semigroup

Ulgo, mo, &] € U[oo, Mo, &), [00, mo, &) € D
N. V. Krylov
U(t1 + t2)[00, mo, &o] = U(t1) o [U(tz)[gmmo,ffo]], ti, >0




Convergence to equilibria

Hypotheses

Long time behavior

[0, m] maximal

=
o(t,) — os in L(), m — 0 L31(2; R) as t — oo




Stability of rarefaction waves

1-D Euler system

8t§+ ax1(5[7) = 03
9e(00) + 0y (80°) + 8, p(3) = 0,

Riemann data

[@1, EL] if x1 < O,

60.5). 0. 5)] = [ ue] = { [208] 2 <6

Rarefaction waves

OR oL OR pf
/ @dz <On—0 MdH/ P2 g,
0 0

z z

0 E(Xitl , Lipschitz for

L




Stability of rarefaction waves

Spatial domain, relative energy

Q —{[xh...,xd] )xle(—L,L), [XZ,...,xd]erfl}, d=23,

. 1 _
E(@m@m)=749—u
27| o

+ P(e) — P'(2)(e — 2) — P(2)-

Vanishing viscosity limit

F.(D) =~ eF(D)

Stability of planar rarefaction wave

0, u planar rarefaction wave profile

/E(Qo,s,mo,s Eo,ﬁo) dx 5> 0ase—0
Q

=

/ E (gg(r, ), me(r, ) "g(r, ), u(, ‘)) dx 3 0ase =0, 7>0
Q

A4O0>» «4F > «E» «=>»



