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Abstract

In [7] and [8], Iemhoff introduced a connection between the exis-
tence of a terminating sequent calculi of a certain kind and the uniform
interpolation property of the super-intuitionistic logic that the calcu-
lus captures. In this paper, we will generalize this relationship to also
cover the substructural setting on the one hand and a much more pow-
erful class of rules on the other. The resulted relationship then pro-
vides a uniform method to establish uniform interpolation property for
the logics FLe, FLew, CFLe, CFLey,, IPC, CPC and their K and
KD-type modal extensions. More interestingly though, on the nega-
tive side, we will show that no extension of FL¢ can enjoy a certain
natural type of terminating sequent calculus unless it has the uniform
interpolation property. It excludes almost all super-intutionistic logics
and the logics K4 and S4 from having such a reasonable calculus.

1 Introduction

Proof systems are and always have been the main tool in any investigation of
the behavior of the mathematical theories from searching for the consistency
proofs and finding the possible decision procedures to capturing the admis-
sible rules and extracting the actual programs from given proofs. Following
this huge effectiveness, a technical approach has emerged to first design and
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then study the appropriate proof systems tailored for their sole use in proving
the properties of a given interesting theory. In this respect, proof systems
have been treated as the second rank citizens contrary to the independent
interesting mathematical objects that they could have been. Fortunately, in
the recent years, alongside this instrumentalist approach, another approach
has been also emerged; an approach that is more interested in the general be-
havior of the proof systems than their possible technical use in proof theory,
although it happens to bring its own fruits in the latter aspect, as well (see
[7], [8], [3]). This general approach widens the proof theoretic horizon with
its own structural problems including the existence problem (when does a
theory have a certain type of proof system?), the equivalence problem (when
are two proof systems equivalent?) and the characterization problem (is there
any characterization of the proof systems relative to a natural equivalence
relation?). Imitating the term universal algebra for the generic study of the
algebraic structures, we will call this approach the universal proof theory*
which focuses on the model theoretic style investigation of the different pos-
sible proof systems in their most general form.

As the first step in this so-called universal proof theory and following
the spirit of [7] and [8], we begin with the most basic problem of the kind,
the existence problem, addressing the existence of the natural sequent style
proof systems for a given propositional or modal logic. For this purpose,
we have to develop some strong relationships between the existence of some
sort of proof systems and some regularity conditions of the logic. One loose
example of such a relationship is the relationship between the existence of a
terminating calculus for a logic and its decidability. Why these relationships
are important? Because they reduce the existence problem partially or com-
pletely to the regularity conditions of the logic that are calculus-independent
and probably more amenable to our tools. Again using our loose example, we
know that if a logic is not decidable, it can not have a terminating calculus;
a fact which solves the existence problem negatively.

This paper is devoted to one of this kind of relationships and to explain
how, we have to browse the history a little bit, first. The story begins with
Pitts’ seminal work, [9], in which he introduced a proof theoretic method to
prove the uniform interpolation property for the propositional intuitionistic
logic. His technique is built on the following two main ideas: First he ex-
tended the notion of uniform interpolation from a logic to its sequent calculus
in a way that the uniform p-interpolants for a sequent are roughly the best

'We are grateful to Masoud Memarzadeh for this elegant terminological suggestion.



left and right p-free formulas that if we add them to the left or right side
of the sequent, they make the sequent provable. This reduces the task of
proving uniform interpolation for the logic, to the task of finding these new
uniform interpolants for all sequents. For the latter, he assigned two sets of
p-free formulas to any sequent using the structure of the formulas occurred
in the sequent itself. To define these sets, though, he needed the second cru-
cial tool of the game namely the terminating calculus for IPC, introduced
in [4] by Dyckhoff. The terminating calculus provides a well-founded order
on sequents on which we can define the sets that we have mentioned before,
recursively.

Later, as witnessed in [8], Temhoff recognized that the main point in the
first part of Pitts’ argument is flexible enough to apply on any rule with a
certain general form. This observation then lets her to lift the technique from
the intuitionistic logic to any extension of the intuitionistic logic presented
with a generic terminating calculus consisting of that certain sort of rules
that she calls centered rules. These rules are very natural rules to consider
and they are roughly the rules with one main formula in their consequence
such that the rule respects both the side of this main formula and the oc-
currence of atoms in it, i.e. if the main formula occurred in the left-side
(right-side) of the consequence, all non-contextual formulas in the premises
should also occur in the left-side (right-side) and any occurrence of any atom
in these formulas should also occur in the main formula. The usual conjunc-
tion and disjunction rules are the prototype examples of these rules while the
implication rules are the non-examples since they clearly do not respect the
side of the main formula.

As we explained, the investigations in [8] lead to an exciting relationship
between the existence of a terminating calculus consisting only of the centered
rules for a logic and the uniform interpolation property of the logic. Iemhoff
used this relationship first in a positive manner to prove the uniform in-
terpolation for some well-known super-intuitionistic and super-intuitionistic
modal logics including IPC, CPC, K and KD and their intuitionistic ver-
sions. And then she switched to the negative part to show that no centered
extension of the intuitionistic logic can have a terminating centered calculus
unless it has the uniform interpolation property. Since uniform interpolation
is a rare property for a logic, it excludes almost all logical systems, including
all super-intuitionistic logics except the seven logics with the uniform inter-
polation property from having a terminating centered calculus.

Now we are ready to explain what we will pursue in this paper. Our ap-



proach is a generalization of the mentioned relationship between the existence
of a terminating calculus consisting of certain sort of rules and the uniform
interpolation property. Our results are the generalization of the results in
[7] and [8], in the following two aspects. First we use a much more general
class of rules that we will call semi-analytic and context-sharing semi-analytic
rules. These rules can be defied roughly as the centered rules relaxing the side
preserving condition. Therefore, they cover a vast variety of rules including
centered rules, implication rules, non-context sharing rules in substructural
logics and so many others. Second, we lower the base logic from the intu-
itionistic logic to the basic substructural logic FL.. It helps to provide a
uniform method to establish the uniform interpolation property which is ap-
plicable simultaneously for FLe, FLew, CFLe, CFLg,, and their K and KD
modal extensions on the one hand and the intuitionistic and classical logics
and their modal extensions on the other. (For the classical modal case see
[2], for the sub-structural logics see [1] and for intuitionistic and intutionis-
tic modal logics see [9] and [8].) It also sets the scene to provide the same
characterization for any semi-analytic extensions of FL, if we first provide a
terminating calculus for them.

While it is very appealing to develop a general method to prove uniform
interpolation, the main application of our investigation belongs to the neg-
ative side of the relationship. Applying our result negatively, we can also
push the result in [8] further to show that the logics without uniform inter-
polation property can not even have our more general type of terminating
calculi. For instance, using the well-known result on the characterization of
all super-intutionistic logics, [6], we know that except IPC, LC, KC, Bd,,
Sm, GSc and CPC, non of the super-intutionistic logics have a terminating
calculus consisting of semi-analytic and context-sharing semi-analytic rules
together with the centered axioms. The same also goes for the modal logics
K4 and S4.

2 Preliminaries

In this section we will cover some of the preliminaries needed for the follow-
ing sections. The definitions are similar to the same concepts in [8], but they
have been changed whenever it is needed.

First, note that all of the finite objects that we will use here can be
represented by a fixed reasonable binary string code. Therefore, by the length
of any object O including formulas, proofs, etc. we mean the length of this



string code and we will denote it by |O].

Definition 2.1. Let £ and £’ be two languages. By a translation t : L — L',
we mean an assignment which assigns a formula ¢¢(p) € £’ to any logical
connective C'(p) € L such that any p; has at most one occurrence in ¢¢(p). It
is possible to extend a translation from the basic connectives of the language
to all of its formulas in an obvious compositional way. We will denote the
translation of a formula ¢ by ¢' and the translation of a multiset I, by

I = {¢f]¢ e I},

Note that for any translation ¢ we have |¢| < O(1)]| which shows that
all translations are polynomially bounded.

In this paper, we will work with a fixed but arbitrary language £ that
is augmented by a translation t : {A,v,—,* 0,1} U L — L that fixes all
logical connectives in L. For this reason and w.l.o.g, we will assume that
the language already includes the connectives {A, v, —, = 0,1}. In addition,
whenever we investigate the multi-conclusion systems we always assume that
the translation expands to include +.

Example 2.2. The usual language of classical propositional logic is a valid
language in our setting. In this case, there is a canonical translation that
sends fusion, addition, 1 and 0 to conjunction, disjunction, T and 1, respec-
tively. In this paper, whenever we pick this language, we assume that we are
working with this canonical translation.

By a sequent, we mean an expression of the form I' = A, where I and A
are multisets of formulas in the language, and it is interpreted as % ' — - A.
By a single-conclusion sequent I' = A we mean a sequent that |A| < 1, and
we call it multi-conclusion otherwise. We denote multisets by capital Greek
letters such as >, I', II, A and A. However, sometimes we use the bar nota-
tion for multisets to make everything simpler. For instance, by ¢, we mean
a multiset consisting of formulas ¢;.

Meta-language is the language with which we define the sequent calculi.
It extends our given language with the formula symbols (variables) such as ¢
and 1. A meta-formula is defined as the following: Atomic formulas and for-
mula symbols are meta-formulas and if ¢ is a set of meta-formulas, then C(¢)
is also a meta-formula, where C' € L is a logical connective of the language.
Moreover, we have infinitely many variables for meta-multisets and we use
capital Greek letters again for them, whenever it is clear from the context
whether it is a multiset or a meta-multiset variable. A meta-multiset is a



multiset of meta-formulas and meta-multiset variables. By a meta-sequent
we mean a sequent where the antecedent and the succedent are both meta-
multisets. We use meta-multiset variable and context, interchangeably.

For a meta-formula ¢, by V(¢) we mean the meta-formula variables and
atomic constants in ¢. A meta-formula ¢ is called p-free, for an atomic for-
mula or meta-formula variable p, when p ¢ V(¢).

Let us recall some of the notions related to sequent calculi and some of
the important systems that we will use throughout the paper.

For a sequent S = (I' = A), by S* we mean the antecedent of the
sequent, which is I', and by S® we mean the succedent of the sequent,
which is A. And, the multiplication of two sequents S and T is defined
as ST =(S*"uS*=T°uT").

By a rule we mean an expression of the form

Sla"' 7Sn
So

where S;’s are meta-sequents. By an instance of a rule, we mean substi-
tuting multisets of formulas for its contexts and substituting formulas for its
meta-formula variables. A rule is backward applicable to a sequent S, when
the conclusion of the rule is S.

By a sequent calculus G, we mean a set of rules. A sequent S is derivable
in GG, denoted by G S, if there exists a tree with sequents as labels of the
nodes such that the label of the root is S and in each node the set of the
labels of the children of the node together with the label of the node itself,
constitute an instance of a rule in the system. This tree is called the proof of
S in G which is sometimes called a tree-like proof to emphasize its tree-like
form.

Now consider the following set of rules:

Identity:

Contextual Axioms:



r=T,A I, 1l=A

Context-free Axioms:

=1 0=
Rules for 0 and 1:
I'=A I'= A
risA L 7=pa R0
Conjunction Rules:
o= A I'=o¢,A F=>1/J,AR
Tong=A " T=dAi,A N
Disjunction Rules:
o= A F,qﬂ:AL I'= ¢, A R =Y, A R
Lovy=A v '=o¢vy A v '=o¢vy A v
Fusion Rules:
F,czm/)éAL I'= ¢, A 2:>¢,AR
o« =A " " T.S=¢«p, AN
Implication Rules:
['= ¢, A E,¢=>AL o=y A R
LY og—dv=AN "7 T=¢->0A "

The system FL, consists of the single-conclusion version of all of these
rules. In the multi-conclusion case define CFL, with the same rules as FL,,
this time in their full multi-conclusion version and add + to the language
and the following rules to the systems:

Rules for +:

o= A S, = A I I'= ¢,9, A
LY o+v=AA 7 Toé+4.A

R+
Moreover, we have the following additional rules that we will use later:
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Weakening rules:

I'=A I'=A
To=A v T4 A fw

Note that in the single-conclusion cases, in the rule (Rw), A is empty.

Contraction rules:

I'g,0p= A I I'= A ¢,¢
o= A ¢ I'=0¢, A

Re

The rule (Re) is only allowed in multi-conclusion systems.

If we consider the logic FL, and add the weakening rules (contraction
rules), the resulted system is called FLgy (FLg). The same also goes for
CFL.w and CFL..

We also have the following rule:

Context-sharing left implication:

I'=¢ [y=A
Lo —>1y=A

Finally, note that I' and A are multisets everywhere, therefore the ex-
change rule is built in and hence admissible in our system. Moreover, note
that the calculi defined in this section are written in the given language which
can be any extension of the language of the system itself. For instance, FL,
is the calculus with the mentioned rules on our fixed language that can have
more connectives than {A, v, = — T 1 1,0}.

Definition 2.3. We will define the sequent calculus for intuitionistic logic,
which was first introduced by Dyckhoff in [4].

Lop=p At , I, L=A L1l
I, = A I I'=¢,A T'=y A R
T.on=A " T=oAi,A N
o= A F,Qp:AL I'= ¢, R
Ioviy=A v F'=o¢vy M



I'op =1
r$¢ﬁ¢3*

Lpyp=4  Toéo->W—-9=4
Tpp—t¢=A" Tpng >y=A 7

Lo—>y¢y—->7=A
Lovy—-y=A

lYpoy=¢—¢ Ty=A
L (¢—1)—=7=A

where p is an atom. Structural rules and the cut rule are admissible in the
system and we have |A| < 1.

Definition 2.4. A calculus is terminating if for any sequent S, the number
of rules which are backward applicable to S are finite. Moreover, there is a
well-founded order on the sequents such that the order of the following are
less than the order of S:

o the premises of a rule whose conclusion is S;
o subsequents of S, and

o any sequent S’ of the form (I';}II = A A), where S is of the form
(I, = A,[JA). Note that IT U A must be non-empty.

Definition 2.5. Let L and L’ be two logics such that £, < L;,. We say L’
is an extension of L if L + A implies L' — A.

Definition 2.6. Let G and H be two sequent calculi such that L5 < Lpg.
We say H is an extension of G if G = ' = A implies H -+ ' = A. It is
called an aziomatic extension, if the provable sequents in G' are considered
as axioms of H, to which H adds some rules.

Definition 2.7. Let G be a sequent calculus and L be a logic with the same
language as G’s. We say G is a sequent calculus for the logic L when:

GFI'=A ifandonlyif LI (kI - 4 A).

Note that if the calculus is single-conclusion, by -+ A, we mean A if A is a
singleton, and 0 if A is empty. Therefore, in this case we do not need the +
operator.

Theorem 2.8. Let L be a logic and G a single-conclusion (multi-conclusion)
sequent calculus for L. If L extends FLo (CFLe), then cut is admissible in
G.



Proof. Assume that G 1T = A/ Aand G+-1",A= A’. Hence L  *I' —
A+(+A)and L+ (kI")« A — (4 A'). Since L extends FL, (CFL,) and

in this theory the formula

[T — A+ (= A)] # [(k 1) « A — (- A)]

implies the formula

[(T) * (% T') = (4= 2) + (- A")]
the last formula is provable in L which implies G — I, TV = A, A’. m

Definition 2.9. We say a logic L has Craig interpolation property if for
any formulas ¢ and ¢ if L -+ ¢ — 1, then there exists formula 6 such that
L-¢—0and L+ 60— and V(0) < V(o) n V().

Definition 2.10. We say a logic L has the uniform interpolation property if
for any formulas ¢ and any atomic formula p, there are two p-free formulas,
the p-pre-interpolant, Vp¢ and the p-post-interpolant dp¢, such that

(i) L+ Vpp— ¢,
(77) For any p-free formula ¢ if L - ¢ — ¢ then L ¢ — Vpo,
(¢13) L = ¢ — Ipg, and

(1v) For any p-free formula ¢ if L - ¢ — 1) then L + Ipp — 1.

3 Semi-analytic Rules

In this section we will introduce a class of rules which we will investigate in
the rest of this paper. First let us begin with the single-conclusion case in
which all sequents have at most one succedent.

Definition 3.1. A rule is called a left semi-analytic rule if it is of the form

<<Hj7 &js = éjs>s>j <<Fz; éir = Az>r>z
Hla"' 7Hm7Fla"' 7Fn>¢$Ala"' 7An

where II;, I'; and A;’s are meta-multiset variables and
V(i) o[ V(@) u | V() = V(9)
2,7 7,8 Js$

and it is called a right semi-analytic rule if it is of the form

10



<<an Qgir = @Ei’r>r>i
Fl? T 7Fn = ¢

where I';’s are meta-multiset variables and
UJV(éa) v V@) = V(9)

Moreover, a rule is called a context-sharing semi-analytic rule if it is of the
form

<<Fi7 lﬁz‘s = e_is>s>i <<Fz’7 Qgir = Ai>r>i
Fl?"' 7Fn7¢:>A1)"' aATL

where I'; and A;’s are meta-multiset variables and
JVien) v JV (i) v JV(Bi) = V(9)

We will call the conditions for the variables in all the semi-analytic rules, the
occurrence preserving conditions. Note that in the left rule, for each i we
have |A;| < 1, and since the size of the succedent of the conclusion of the
rule must be at most 1, it means that at most one of A;’s can be non-empty.

For the multi-conclusion case, we define a rule to be left multi-conclusion
semi-analytic if it is of the form

<<F1;7(13z'r = ZEz'mAz‘>r>i
F17"' aFn7¢:>A17"' aA’rL

with the same occurrence preserving condition as above and the same con-
dition that I';’s and A,;’s are meta-multiset variables. A rule is defined to be
a right multi-conclusion semi-analytic rule if it is of the form

<<Fz‘7¢_)z‘r = @Zz‘r,Ai>r>i
Fl?"' 7Fn:>¢7A17"' 7An

again with the similar occurrence preserving condition and the same condi-
tion that I';’s and A;’s are meta-multiset variables. Whenever it is clear from
the context, we will omit the phrase “multi-conclusion”.

A rule is called modal semi-analytic if it has one of the following forms:

I'=9¢ I'=

oo X or= P

11



where I' is a meta-multiset variable. Note that we always have the condition
that whenever the rule (D) is present, the rule (K) must be present, as well.
In the case of the modal rules, we use the convention that (] = .

By the notation ({-),); we mean first considering the sequents ranging
over r and then ranging over i. For instance, ((I';, ¢; = .y is short for
the following set of sequents where 1 <7 <m; and 1 <i < n:

Fhéll = 1/_}117 e 71_117(517’)11 = Q/_}lmla

F27 QBQI = 1/_}217 e 7F27 (5271’1,2 = Q/_}nga

Fna anl = ,&nl? T 7Fn7 anmn = J}nmn-
Uy, bir = Appyi and (I, 10,5 = 0,,)5); are defined similarly.

Both in the single-conclusion and multi-conclusion case, a rule is called
semi-analytic, if it is either a left semi-analytic rule, a right semi-analytic rule
or it is of the form of a semi-analytic modal rule. In all the semi-analytic rules,
the meta-variables and atomic constants occurring in the meta-formulas of
the premises of the rule, should also occur in the meta-formulas in the con-
sequence. Because of this condition, we call these rules semi-analytic. This
occurrence preserving condition is a weaker version of the analycity prop-
erty in the analytic rules, which demands the formulas in the premises to be
sub-formulas of the formulas in the consequence.

Example 3.2. A generic example of a left semi-analytic rule is the following:

F7¢17¢2:>1/) F70:>n H7M17M27M3:>A
[VILa= A

where

V(¢17 ¢2, wa 0, n, 1, Ha, ,LL3) - V(O[)

and a generic example of a context-sharing left semi-analytic rule is:

D0=n D, peps=A
a= A

where
V(Q’ n, 1, Ha, ,LL3) - V(OZ)

Moreover, for a generic example of a right semi-analytic rule we can have

12



F>¢:>¢ F591792:77 H)Ml?/LZ?:V
Nl =«

where

V(¢7¢791762707M17M27 V) = V(Oé)

Here are some remarks. First note that in any left semi-analytic rule there
are two types of premises; the type whose right hand-side includes meta-multi
variables and the type whose right hand-side includes meta-formulas. This
is a crucial point to consider. Any left semi-analytic rule allows any kind of
combination of sharing/combining contexts in any type. However, between
two types, we can only combine the contexts. The case in which we can share
the contexts of the two types is called context-sharing semi-analytic rule.
This should explain why our second example is called context-sharing left
semi-analytic while the first is not. The reason is the fact that the two types
share the same context in the second rule while in the first one this situation
happens in just one type. The second point is the presence of contexts. This
is very crucial for almost all the arguments in this paper, that any sequent
present in a semi-analytic rule should have meta-multiset variables as left
contexts and in the case of left rules, at least one meta-multiset variable for
the right hand-side must be present.

Example 3.3. Now for more concrete examples, note that all the usual
conjunction, disjunction and implication rules for IPC are semi-analytic.
The same also goes for all the rules in sub-structural logic FL,, the weakening
and the contraction rules and some of the well known restricted versions of
them including the following rules for exponentials in linear logic:

o, lo= A F=A
g = A [g= A

For a context-sharing semi-analytic rule, consider the following rule in
the Dyckhoff calculus for IPC (see [4]):

Lp—oy=0¢->9v Ty=A
L, <¢ - w) —7=A
Example 3.4. For a concrete non-example consider the cut rule; it is not

semi-analytic because it does not preserve the variable occurrence condition.
Moreover, the following rule in the calculus of KC:

o= v,A
F=6—v.A

13



in which A should consist of negation formulas is not a multi-conclusion
semi-analytic rule, simply because the context is not free for all possible
substitutions. The rule of thumb is that any rule in which we have side
conditions on the contexts is not semi-analytic.

Definition 3.5. A sequent is called a centered aziom if it has the following
form:

(1) Identity axiom: (¢ = ¢)

(2) Context-free right axiom: (= @)

(3) Context-free left axiom: (3 =)

(4) Contextual left axiom: (I',¢ = A)
(5) Contextual right axiom: (I' = ¢, A)

where in 2-5, the variables in any pair of elements in &, 3, ¢ are equal and T’
and A are meta-multiset variables. A sequent is called context-free centered
axiom if it has the form (1), (2) or (3).

Example 3.6. It is easy to see that the axioms given in the preliminaries
are examples of centered axioms. Here are some more examples:

-1 = = =0

O, —mp =, =0,
I -T=A , T=A, -1

where the first four are context-free while the last two are contextual.

4 Uniform Interpolation

In this section we will generalize the investigations of [8] to also cover the sub-
structural setting and semi-analytic rules. We will show that any extension
of a sequent calculus by semi-analytic rules preserves uniform interpolation if
the resulted system turns out to be terminating. Our method here is similar
to the method used in [8].

As a first step, let us generalize the notion of uniform interpolation from
logics to sequent calculi. The following definition offers three versions of such

a generalization, each of which suitable for different forms of rules.
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Definition 4.1. Let G and H be two sequent calculi. G has H-uniform
interpolation if for any sequent S and T" where T° = ¢ and any atom p,
there exist p-free formulas 7(S) and J(T') such that

(i) S-(I(S)=>) is derivable in H.

(77) For any p-free multiset I, if S (I' =) is derivable in G then I' = I(5)
is derivable in H.

(1ii) T - (= J(T)) is derivable in H.

(1v) For any p-free multisets I' and A, if T'- (I' = A) is derivable in G then
J(T),I' = A is derivable in H.

Similarly, we say G has weak H-uniform interpolation if instead of (i) we
have

(4') For any p-free multiset I', if S'- (I' =) is derivable in G’ then J(5),I' =
I(S) is derivable in H where S = (5% =).

We say G has strong H-uniform interpolation if instead of (i7) we have

(i7") For any p-free multisets I' and A, if S+ (I' = A) is derivable in G then
I'= I(9), A is derivable in H.

Note that in the case of the strong uniform interpolation, 7 can be non-
empty, and we have multi-conclusion rules.

We call I(S) a left p-interpolant (weak p-interpolant, strong p-interpolant)
of S and J(T') a right p-interpolant (weak right p-interpolant, strong right p-
interpolant) of T"in G relative to H. The system H has unifrom interpolation
property (weak unifrom interpolation property, strong unifrom interpolation
property) if it has H-uniform interpolation (weak H-uniform interpolation,
strong H-uniform interpolation).

Theorem 4.2. If G is a sequent calculus with (weak/strong) uniform inter-
polation and complete for a logic L extending (FLo/CFLe) FLe, L has the
uniform interpolation property.

Proof. First note that since G is complete for L, L+ ¢ — ¢ iff G - ¢ = .
Hence we can rewrite the definition of the uniform interpolation using the
sequent system G. Now pick S = (= A). By uniform interpolation property
of G, there is a p-free formula I(S) such that S - (/(S) =) and for any
p-free X if S - (X =), then ¥ = I(S). It is clear that I(S) works as the
p-pre-interpolant of A, because firstly I(S) = A and secondly if B = A

15



then B = I(S) for any p-free B. The same argument also works for the
p-post-interpolant. In the case of weak uniform interpolation, first note that
by definition if T = (=) then (= J(T)). Secondly, note that since G is
complete for L, the calculus should admit the cut rule by Theorem 2.8. Now
we claim that I(S) works again. The reason now is that if B = A for a p-free
B, then J(S), B = I(S). Since S = T and we have the cut rule, B = A. The
case for strong uniform interpolation is similar to the interpolation case. [

In the following theorem, we will check the uniform interpolation property
for a set of centered axioms. It can also be considered as an example to show
how this notion works in practice.

Theorem 4.3. Let G and H be two sequent calculi such that every provable
sequent in G is also provable in H and G consists only of finite centered
axioms. Then:

(i) If H extends FLg, then G has H-uniform interpolation.

(13) If H extends FLo and has the left weakening rule, then G has weak
H -uniform interpolation.

(zit) If both G and H are multi-conclusion and H extends CFL,, then G
has strong H-uniform interpolation.

Proof. To prove part (i) of the theorem, we have to find I(S) and J(7T') for
given sequents S = (¥ = A) and 7" = (Il =) such that the four conditions
in the Definition 4.1 hold. We will denote our I(S) and J(7T') by VpS and
dpT', respectively.

First, we will prove (i) and we will investigate the case IpT, first. For
that purpose, define 3pT as the following

[(kIL,) »T]A0A L

where 11, is the subset of II consisting of all p-free formulas and by sk II, we
mean ¢ = --- * ¢y, where {¢1,---,¢x} = II,. Note that T appears in the
first conjunct only when II — II, is non-empty. Moreover, 0 only appears as
a conjunct when 7 is of the form axiom 3 (which is f =) and 3 = II, and
1 only appears as a conjunction when 7" is of the form of axiom 4 (which is
¥, ¢ = A) and we have ¢ < II.

First, we have to show that II = dpT holds in H. Note that II is of
the form II, u (Il — II,). By definition, for every ¢ € I, we have ¢y = ¢
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and hence using the rule (R+) we have II, = *II, holds in H (note that
since H extends FLg, it has the rule (R+)). On the other hand, using the

axiom for T we have II — I, = T and then using the rule (R+) we have
IL,, II — I, = (sk II,) = T, which is II = (¢ IL,) * T.

~ The formula 0 appears as a conjunct when 7" is of the form axiom 3 and
£ = II, which means that in this case Il = is an instance of axiom 3 and it
holds in H. Hence, using the rule (R0) we have II = 0.

~ The formula | appears as a conjunct when 7" is of the form axiom 4 and
¢ < II. Hence, II = 1 is an instance of axiom 4 when we let A to be L.

Now, we have to show that if for p-free sequents C and D if 11, é’ = l:) is
provable in GG, then dpT,C' = D is provable in H. Therefore, II,C' = D is
of the form of one of the centered axioms and we have five cases to consider:

(1) If II,C = D is of the form of the axiom ¢ = ¢. Then, since D = ¢,
it means that ¢ is p-free. There are two cases; first, if II = ¢ and
C = &, then % I, = ¢ and since I —II, = &, we do not have T in the
conjunct. Hence, I1 = ¢ and using the rule (LA) we have 3pT = D.
Second, if I = @& and C' = ¢, then 3 II, = 1 and since IT — II, = ¢J,
then T does not appear in the first conjunct in the definition of dpT'.
Hence, since C = D is equal to ¢ = ¢ and this is of the form of the

axiom 1, using the rule (L1) we have 1, ¢ = ¢ and using (LA) we have
IpT,C' = D.

(2) If II,C = D is of the form of the axiom = @. Then, since D = a, it
means that @ is p-free and II = C = #. Hence, like the above case
* I, = 1 and we do not have T in the definition, either. Again, using
the rule (L1) we have 1 = & and by (LA) we have IpT = a.

(3) If II,C' = D is of the form of the axiom (8 =). Then there are two
cases; first if 8 = II, then we must have 0 as one of the conjuncts in
the definition of IpT. We have C' = D = & and 0 = is an axiom in H
and using the rule (LA) we have 3pT =. Second, if II < 3, since we
have § = II,C and C is p-free, and we have this condition that for any
two formulas in § they have the same variables, we have II is p-free,
as well, which means every formula in II is p-free and II = II, and T
does not appear in the definition of IpT". Hence, using the rule (L*) on
I1,C =, we have % II,,C = and by the rule (LA) we have IpT, C' =.

(4) If II,C = D is of the form of the axiom I'¢ = A, then there are
two cases; first if ¢ < II, then by definition of dpT, L is one of the
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conjuncts. Therefore, since 1, C' = D is an instance of an axiom in H,
using the rule (LA) we have 3pT,C = D is derivable in H. Second,
if ¢ & II, then at least one of the elements in ¢ is in C' and hence it
is p-free. Therefore, by the condition that for any two formulas in ¢
they have the same variables, ¢ is p-free. Hence, there can not be any
element of ¢ present in II — II, and hence ¢ < II,,C. Therefore, we
have II,,C' = D because it is of the form of the axiom I'¢ = A of
G and hence it is provable in H. Therefore, using the axiom (Lx) we
have (1I1,) * T,C' = D and by (L), 3pT,C = D. (Note that it is
possible that IT — IL, is empty. It is easy to show that in this case the
claim also holds. It is enough to drop T in the last part of the proof.)

(5) Consider the case where II,C' = D is of the form of the axiom I' =
¢, A. Then, since ¢ < D, we have IpT,C = D is an instance of the
same axiom I' = ¢, A when we substitute [ by 3pT', C'.

Now, we will investigate the case VpS for S of the form ¥ = A. Define VpS
as the following

[(k2, > D] v[*(B-2)]veovivT

where in the first disjunct, X, means the p-free part of ¥, the second disjunct
appears whenever there exists an instance of an axiom of the form (3) in G
where ¥ < 3, A = & and (3 is p-free. The third disjunct appears if ¥ = ¥
and A = ¢ where ¢ is p-free. The fourth disjunct appears if ¥ = A equals
to one of the instances of the axiom (1), (2), or (3) in G. And finally, the
fifth disjunct appears when ¢ < X for an instance of ¢ in axiom (4) in G or
¢ < A for an instance of ¢ in axiom (5) in G.

First we have to show that X, VpS = A. For this purpose, we have to
prove that for any possible disjunct X, we have >, X = A. For the first
disjunct note that ¥, = %%, and ¥ —3,, 1 = A. Hence, ¥, (3, — 1) =
A.

For the second disjucnt, we have ¥ < # and A = . Therefore

Y,k -X)= A

by the axiom (3) itself. For the third disjunct, note that ¥ = ¢f and A = ¢
where ¢ is p-free. Hence ¥, ¢ = A by axiom (1). For the fourth disjunct,
note that > = A is an axiom itself and hence ¥, 1 = A. Finally, for the fifth
disjunct, note that ¥ = A is an instance of the axioms (4) or (5) which means
if we also add T to the left hand-side of the sequent, it remains provable.
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Now we have to prove that if ¥, C' = A then Q = VYpS. For this purpose,
we will check all possible axiomatic forms for 3, C = A.

(1)

(5)

If ¥,C = A is an instance of the axiom (1), there are two possible
cases. First if ¥ = @ and C' = ¢ and A = ¢. Then ¢ will be p-free and
hence ¢ appears in VpS as a disjunct. Since C' = ¢, we have C' = VpS.
For the second case, if ¥ = ¢ and C' = J then ¥ = A is an instance
of the axiom (1) which means that 1 is a disjunct in ¥pS. Since (= 1)
and C = & we have C' = VpS.

If 3,C = A is an instance of the axiom (2). Then ¥ = C' = & and
./} = a. Therefore, 1 is a disjunct in VpS and since C' = J we have
C = VpS.

If ¥,C = A is an instance of the axiom (3). Then there are two cases
to consider. First if ¥ = 3. Then C = @ and A = ¢J. By definition, 1
is a disjunct in ¥pS and again like the previous cases C' = VpS. Second
if ¥ < B. Then B n C is non-empty. Pick ¢ € 3 n C. 1 is p-free, since
any pair of the elements in 5 have the same variables, 3 is p-free. Now
by definition, s(5 — X) is a disjunct in ¥pS. Since C' = 5 — X, we have
C = Vps.

If ¥,C = A is an instance of the axiom (4). Similar to the previous
case, there are two cases. If ¢ = 3, then by definition T is a disjunct in
VpS and there is nothing to prove. In the second case, at least one the
elements of ¢ is in C' and hence p-free. Since any pair of the elements
in ¢ have the same variables, ¢ is p-free. We can partition ¥, C to
¥,,C, (X —3%,). Since every element of (X — %) has p, and ¢ is p-free,
the whole ¢ should belong to 3,, C. Therefore, by the axiom (4) itself,
¥,,C = L which implies C' = (* X, — 1). By definition (k 3,) — L
is a disjunct in VpS and hence C' = VpS.

If ,C = A is an instance of the axiom (5). Then ¢ € A. By definition
T is a disjunct in VpS and therefore, there is nothing to prove.

For (ii), note that using the part (i) we have formulas IpT and VpS for
any sequents S and T (T° = () with the conditions of H-uniform inter-
polation. The conditions for the weak H-uniform interpolation is the same
except for the second part of the left weak p-interpolant which demands that
if ©,C = A, then 3pS,C = VpS. If we use the same uniform interpolants,
we satisfy all the conditions of weak H-uniform interpolation. The reason is
that except the mentioned condition, all of the others are the same as the
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conditions for H-interpolation and for the other condition, we can argue as
follows: By X, C' = A, we have C' = VpS and by the left weakening rule we
will have dpS, C' = VpS.

For (ii1), first note that proving the existence of the right interpolants is
enough. It is sufficient to define VpS = —3dpS and using the assumption that
CFL, is admissible in H to reduce the conditions of VpS to 3pS. Now define
IpS for any S = (X = A) as:

[k )« TIA [=(L+ (A A0A L

where by s ¥, we mean ¢ = - - - * ¢, where {¢1,--- .1, } = I, and 4 A, is
defined similarly. Note that in [(%k X,)* T| the formula T appears iff ¥ # 3,
and L appears in the second conjunct iff A # A,. The third conjunct appears
if ¥ = A is an instance of an axiom of the forms (1), (2) and (3) in G and
the fourth conjunct appears if ¥ = A is an instance of an axiom of the forms

(4), (5) in G.

First, we have to show that ¥ = dpS, A. For that purpose, we have to
check that for any conjunct X we have ¥ = X, A. For the first conjunct, if
Y # Y, then note that ¥, = % >, and ¥ — 3, = T, A therefore

Y= [(k3,) = T],A

If ¥ = X, then there is no need for T and the claim is clear by X = *x X,
For the second conjunct, if A # A, note that +A, = A,and ¥, L = A—-A,,

hence
S[L+ ()= A

hence
S = [~(L+ (4-8))],A

If A = A, similar to the case before, there is no need for L.

The cases for the third and the fourth conjuncts are similar to the similar
cases in the proof of ().

Now we want to prove that if ¥,C = A, D, then IpS,C = D. For this
purpose, we will check all the cases one by one:

(1) If ,C = A, D is an instance of the axiom (1), we have four cases to
check.
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If e Cand ¢e D, then Y = A= and C = D = ¢. Hence
k ¥, = 1. Therefore, since 1,C' = D we have 3pS,C = D.

If € C and ¢ ¢ D then ¥ = & and A = ¢. Therefore, ¢ is
p-free and hence A, = ¢. Since D = ¢J and A = ¢, we have
,—¢,C = D. Therefore, =(+A,),C = D.

If ¢ C and ¢ € D. This case is similar to the previous case.

If ¢ Cand ¢ ¢ D then ¥ = A = ¢ and C = D = F. Hence,
by definition, we have 0 as a conjunct in IpS. Since 0 =, we will
have dpS,C' = D.

(2) If ¥,C = A, D is an instance of the axiom (2). Then ¥ = C' = .
There are two cases to consider. If A = &. Then by definition 0 appears
in 3pS. Since D = @ and (0 =) we have C,IpS = D. If A < a, then
D na is non empty. Therefore, there exists a p-free formula in &. Since
the variables of any pair in & are equal, & is p-free. Therefore, A € & is
p-free, hence A = A, (and L does not appear in the second conjunct).
Since (= A, D), we have (= -+ A, D) therefore (—(+ A,) = D) which
implies (3pS = D).

(3) If ©,C = A, D is an instance of the axiom (3). This case is similar to
the previous case (2).

(4) If 3,C = A, D is an instance of the axiom (4). There are two cases
to consider. If ¢ € 3. Then by definition L is a conjunct in IpS and
therefore there is nothing to prove. For the second case, if ¢ ¢ X, then
é n C is non-empty. Hence, ¢ has a p-free element. Since the variables
of any pair in ¢ are equal, ¢ is p-free. Since ¢ < Xps C,¥ — >, and o is
p-free, we should have ¢ < ps C. Therefore, if 3 # >, by the axiom
(4) itself, T,%,,C = D. Since (¢ X,) = T is a conjunct in IpS, we will

have 3pS, C = D. Note that if ¥ = %, then we will use X, C =D
instead of T,%,,C = D.

(5) If ©,C = A, D is an instance of the axiom (5). This case is similar to
the previous case 4.

4.1 The Single-conclusion Case

In this section, we assume that for any sequent S = I' = A we have |A| < 1.
We will show how the single-conclusion semi-analytic and context-sharing
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semi-analytic rules preserve the uniform interpolation property. For this
purpose, we will investigate these two kinds of rules separately. First we
will study the semi-analytic rules and then we will show in the presence
of weakening and context-sharing implication rules, we can also handle the
context-sharing semi-analytic rules.

4.1.1 Semi-analytic Case

Let us begin right away with the following theorem which is one of the main
theorems of this paper.

Theorem 4.4. Let G and H be two sequent calculi and H extends FLe.
If H is a terminating sequent calculus ariomatically extending G with only

semi-analytic rules, then if G has H-uniform interpolation property, then so
does H .

Proof. For any sequent U and V' where V* = ¢ and any atom p, we define
two p-free formulas, denoted by VpU and dpV and we will prove that they
meet the conditions for the left and the right p-interpolants of U and V| re-
spectively. We define them simultaneously and the definition uses recursion
on the rank of sequents which is specified by the terminating condition of
the sequent calculus H.

If V is the empty sequent we define dpV as 1 and otherwise, we define
dpV as the following

(N 3S)ANIGE NPT N\ YpSir) =\ 305D AEBPV)A GV,

par LR

In the first conjunct, the conjunction is over all non-trivial partitions of
V=_5;---- -5, and 7 ranges over the number of S;’s, in this case 1 <17 < n.
In the second conjunct, the first big conjunction is over all left semi-analytic
rules that are backward applicable to V' in H. Since H is terminating,
there are finitely many of such rules. The premises of the rule are ((T};)s);,
{Siryrviz1 and (S;,» and the conclusion is V, where T}, = (Il;,1;, = 0},)
and S;. = (T, ¢;r = A;) which means that S;,’s are those who have context
in the right side of the sequents (4A;) in the premises of the left semi-analytic
rule. (Note that picking the block (Si,) is arbitrary and we include all con-
juncts related to any choice of (S1,).) The conjunct [J3pV” appears in the
definition whenever V' is of the form (CJI' =) and we consider V' to be (I =).
And finally, since G' has the H-uniform interpolation property, by definition
there exists J(V') as right p-interpolant of V. We choose one such J(V') and
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denote it as 3%pV and include it in the definition.

If U is the empty sequent define VpU as 0. Otherwise, define VpU as the
following

(\/Cx 3pS; — ¥pSi)) \/ >x< /\Vp )+ G /\ VpSir)])

i#1
par

\/ >l< /\VpSw ([CvpU’) v (YEpU).

In the first disjunct, the big disjunction is over all partitions of U = Sy- - -- -5,
such that for each i # 1 we have Sf = ¥ and S; # U. (Note that in this
case, if S° = (J it may be possible that for one 7 # 1 we have S; = U. Then
the first disjunct of the definition must be dpU — VpS; where VpS; = 0
But this does not make any problem, since the definition of IpU is prior to
the definition of ¥pU.) In the second disjunct, the big disjunction is over all
left semi-analytic rules that are backward applicable to U in H. Since H is
terminating, there are finitely many of such rules. The premises of the rule
are ((Tjs)s); and ((Si )y and the conclusion is U. In the third disjunct, the
big disjunction is over all right semi-analytic rules backward applicable to
U in H. The premise of the rule is {({(S;,),); and the conclusion is U. The
fourth disjunct is on all semi-analytic modal rules with the result U and the
premise U’. And finally, since G has the H-uniform interpolation property,
by definition there exists I(U) as left p-interpolant of U. We choose one such
I(U) and denote it as V9pU and include it in the definition.

To prove the theorem we use induction on the order of the sequents and
we prove both cases VpU and dpV simultaneously. First we have to show
that

(i) V- (= 3pV) is derivable in H.
(i1) U - (VpU =) is derivable in H.

We show them using induction on the order of the sequents U and V. When
proving (i), we assume that (7) holds for sequents whose succedents are empty
and with order less than the order of V' and (i7) holds for any sequent with
order less than the order of V. We have the same condition for U when

proving (7).

To prove (i), note that if V is the empty sequent, then by definition
IpV =1 and hence (i) holds. For the rest, we have to show that V - (= X)
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is derivable in H for any X that is one of the conjuncts in the definition of
JpV. Then, using the rule (RA) it follows that V - (= 3pV'). Since V is of
the form I' =, we have to show I' = X is derivable in H.

o In the case that the conjunct is (/A % 3pS;), we have to show that for
par

any non-trivial partition Sy - --- - S, of V we have I' = % dpS5; is
derivable in H. Since the order of each S; is less than the lorder of
V and 5S¢ = (I'; =) for 1 < ¢ < n where Lnj I' = I', we can use the
induction hypothesis and we have I['; = Hpé:i.l Using the right rule for
(x) we have I'y,--- T, = >§<3pSi which is ' = >§<3p52-.

o For the second conjunct in the definition of dpV', we have to check that
for every left semi-analytic rule we have

V(=[G N\ WT0) = (% N\ ¥pSir) = \/ 3pSi)).

is derivable in H. Therefore, V is the conclusion of a left semi-analytic
rule such that the premises are ((T}s)s);, {{Sir )i and {Si,), and hence
the order of all of them are less than the order of V. We can easily see
that the claim holds since by induction hypothesis we can add VpT)s
and VpS;, to the left side of the sequents 7}, and S;, for ¢ # 1. And
again by induction hypothesis we can add 3pSi, to the right side of the
sequents Sy,.. Then using the rules LA, L+ and Rv the claim follows.
What we have said so far can be seen precisely in the following:

Note that ((T},),); is of the form ((IL;, 1hjs = 0}5)s); and {((Si.),; is of
the form ((T';, ¢; =), ) and V is of the form

I, I, Ty, - [, ¢ =
Using induction hypothesis we have for every 1 < j <m
(I, VpTyn, jn = On), -+, (T, VpTs, by = O55), -
for every 1 < ¢ < n we have
(L's, VpSia, Qgil =), , (L, VpSir, qgir =),
and for i = 1 we have
(T, &11 = IpSu), -, (I, ler = IpSi),
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Hence, using the rule (LA), for every 1 < j < m we have
(Hja /\vajsa &jl = éjl)a T (Hja /\vajsa 7wzjs = éjs)a T

and for every 1 < ¢ < n we have

Z’/\Vpszr7¢11:> : Z,/\VpS”,,qﬁW =),

and using the rule (Rv), for i = 1 we have

(Flaéll = \/HPSM): e 7(1—‘17&17“ = \/Elpslr) e

Substituting all these three in the original left semi-analytic rule (we
can do this, since in the original rule, there are contexts, A;’s in the
right hand side of the sequents S/, s), we conclude

H> Fv ¢> </\ vajS>j7 </\ vair>i#1 = \/ E|ps’lr-

whereIl = I1,--- ,IL,, ' =Ty, --- , T, </\ VpTisy; = N\ VoThs, -+ s A VDT s
and </\ vpszr>z7é1 /\ vaQ'm o /\ vanr

Now, usmg the rule (L*) we have
L6, (i A\ VPT) = (k /\ ¥pSi) = \/ IS

And finally, using the rule R — we conclude

1,6 = [ AR (i;kl/\VpSir) —\/ 5wl

Consider the conjunct [J3pT”. In this case, T must have been of the
form (CJI' =) and 7" of the form (I" =). By definition, the order of
T’ is less than the order of T'. Hence, by induction hypothesis we have
T"- (= 3pT’) or in other words I' = IpT”. Now, we use the rule K and
we have (JI' = [(J3pT" which means T - (= [3pT").

The last case is 3%pV. We have to show V - (= 39pV) is provable
in H which is the case since G has H-uniform interpolation property
and by Definition 4.1 part (iii) there exists p-free formula J such that
V - (= J) is derivable in H. We chose one such J and call it 3%pV/,
hence V - (= 3%pV) in H by definition.
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To prove (i), note that if U is the empty sequent, then by definition
VpU = 0 and hence (i7) holds. For the rest, we have to show that U - (X =)
is derivable in H for any X that is one of the disjuncts in the definition of
VpU. Then, using the rule (Lv) it follows that U - (VpU =). Since U is of
the form I' = A, we have to show I', X = A is derivable in H.

o In the case that the disjunct is (\/( ¢ 3pS; — VpS1)) we have to prove
par 1

that for any partitions of U = Sy - --- - S, such that S} = J for each
i # 1 and Sy # U, we have U - (( %k IpS; — VpSy) =). First, consider
il

the case that non of S;’s are equal to U (or in other words, S* # ¥);
then the order of each S; is less than the order of S and we can use the
induction hypothesis. Since for 2 # 1 the succedent of each 5; is empty,
we have S; = (I'; =) and (I'; = 3pS;) and using the rule R= we have
(Cyy--- Ty = ':l:l IpS;). And for S; =T'y = A we have I'1, VpS; = A.

Hence using the rule L — we conclude

Flu"' 7Fn7 S EIpSz_)vaI = A
i#1

and the claim follows.

In the case that U® = (7, it is possible that for i # 1, one of S;’s is equal
to U. In this case what appears in the definition of VpU is 3pU — VpS;
which is equivalent to dpU — 0. But, we can do this, since we defined
IpU prior to the definition of VpU and we have proved U - (= IpU)
prior to the case that we are checking now.

o In the case that the disjunct is (\/[(sk /\ VpTjs)* (5 /\ VDSi)]), we have
LR J s tor

to prove that for any left semi-analytic rule that is backward applicable
to U in H we have U - ((sk A\ VpTjs) * (3k /\ VpSi») =). The premises
J i

of the rule are ((T},)s); and ((Si)); and the conclusion is U. Since
the orders of all T},’s and S;,’s are less than the order of U we can use
the induction hypothesis and have T}, - (VpT})s =) and S, - (VpS; =).
Using the rule (LA) for context sharing sequents (when j is fixed and i
is fixed we have context sharing sequents) and then using the rule (Lx)
for non context sharing sequents (when s and r are fixed and we are
ranging over j and ¢) and then applying the same left rule we can prove
the claim. The proof is similar to the second case of (i) and precisely
it goes as the following: Using induction hypothesis we have for every
I1<j<m

(H]vaT'jlaQZle = gjl)v o a(Hjava‘jsaijjs = éjs)» e
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and for every 1 < ¢ < n we have
(I's, VpSir, Cgil = A;), -, (L, VpSir, qgir = Ay), -

Hence, using the rule (LA), for every 1 < j < m we have
(Hja/\vp S7w]1:9]1 ],/\Vp sa&js:éjs)a"'

and for every 1 < < n we have

(T4, /\VpSm P = Aq), - (I /\Vpsm Pir = AVIERE
Substituting these two in the original left semi-analytic rule, we con-

clude
ILT, ¢, \ ¥0T}005,{ /\ ¥PSir)i = A,
and using the rule (Lx) we have

ILT, ¢, (k /\ VpT) = (% /\ ¥pSi) = A
Jhy -

In the case that the disjunt is (\/ (sk /\ ¥pS;.)), we have to prove that
RR @ v

for any right semi-analytic rule backward applicable to U in H, we have
U- (% /\VpSi =). In this case the premises of the rule are ((S; ), );,

where S;, = (I's, ¢ir = ;) and the conclusion is U = (I'y,---, [, =
¢). Since the order of each S;, is less than the order of S, we can use
the induction hypothesis and for every 1 < ¢ < n we have

(Fiyvpsila <Z_5¢1 = 1/_)i1), T, (Fi,VpSz'm Qgir = &ir% ce
Using the rule LA we have

0 NS0 0\ S0 ).

and substituting it in the original right rule, we conclude

F7 </\ VpSM‘>7, = ¢7

and using the rule (Lx) we have

I, % /\VpSiT = ¢.
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o For the case that the disjunct is [JVpU’ we have that U is the conclusion
of a semi-analytic modal rule and the premise is U’. Hence, U is of the
form (O = JA) and U’ is of the form (I' = A). Since the order
of U’ is less than the order of U, we can use the induction hypothesis
and we have (I',VpU’' = A). Now, using the rule K we can conclude
(O, OvpU’ = [JA) which is equivalent to U - (CIVpU’ =).

o And finally, for the case that the disjunct is Y¢pU we have to show
that U - (V¥pU =) holds in H, which does since G' has H-uniform
interpolation property and by Definition 4.1 part (i) there exists p-free
formula I such that U - (I =) is derivable in H. We choose one such I
and call it Y¥pU and hence we have U - (V“pU =) in H by definition.

So far we have proved (i) and (i). We want to show that H has H-
uniform interpolation. Therefore, based on the Definition 4.1, we have to
prove the following, as well:

(#1i) For any p-free multisets C' and D, if V - (C'= D) is derivable G then
pV,C' = D is derivable in H, where C' = C,--- ,Cy and |D| < 1.

(iv) For any p-free multiset C', if U - (C' =) is derivable in G then C' = VpU
is derivable in H, where C' = C,--- , C.

Recall that V' is of the form (I' =) and U is of the form (I' = A). We will
prove (7i7) and (iv) simultaneously using induction on the length of the proof
and induction on the order of U and V. More precisely, first by induction on
the order of U and V' and then inside it, by induction on n, we will show:

e For any p-free multisets C' and D, if V - (C_’_: D_) has a proof in G with
length less than or equal to n, then dpV, C' = D is derivable in H.

e For any p-free multiset C, if U- (C =) has a proof in G with length
less than or equal to n, then C' = VpU is derivable in H.

Where by the length we mean counting just the new rules that H adds to G.

First note that for the empty sequent and for (iii), we have to show that
if C = D is valid in G, then C,1 = D is valid in H, which is trivial by the
rule (L1). Similarly, for (iv), if C = is valid in G, then C' = 0 is valid in H,
which is trivial by the rule (R0).

For the base of the other induction, note that if n = 0, for (ii) it means
that I',C = D is valid in G. By Definition 4.1 part (iv), 3%pV,C = D and
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hence 3pV, C = D is provable in H. For (4v), it means that T, C = Ais valid
in G. Therefore, again by Definition 4.1, C' = V¢pU and hence C' = VYpU is
provable in H.

For n # 0, to prove (#ii), we have to consider the following cases:

o The case that the last rule used in the proof of V - (C' = D) is a left
semi-analytic rule and ¢ € C' (which means that the main formula of the
rule, ¢, is one of C;’s). Therefore, V-(C = D) = (ILT, X,Y,¢ = A) is
the conclusion of a left semi-analytic rule and V' is of the form (II,T" =)
and C' = (X,Y,¢) and we want to prove (IpV, X,Y, ¢ = A). Hence,
we must have had the following instance of the rule

<<Hj7 Xj: &js = éjs>8>j <<an Y/iv &ir = Az>r>z
LT, X,Y, ¢ = A

where UH] = H, LJFz = F, UX] = X, U}_/; = }7 and UAz = A.

J j
Consider Tj; = (II; =) and S; = (I'; =). Since Tjs’s do not depend
on the suffix s, we have Tj; = --- = Tj, and we denote it by 7;. And,
since S;.’s do not depend on 7, we have S;; = --- = .5;,. and we denote
it by S;. Therefore, T1,--- ,T,,,S1, -+, S, is a partition of V. First,
consider the case that it is a non-trivial partition. Then the order of all
of them are less than the order of V' and since the rule is semi-analytic
and ¢ is p-free then 1/_)]3, 9_]-5 and ¢;, are also p-free. Hence, we can use
the induction hypothesis to get:

Hija@Ejs,Xj = éjs ) EIpSingim}_/i = A,

If we let {3pT;, X;} and {IpS;,Y;} be the contexts in the original left
semi-analytic rule, we have the following

<<3ij, @jm Xj = 9_j5>s>j <<3pSz’7 <Z_5m Y, = Ai>r>i
ElpTl? e 7E|me7 ElpSla e 73pSH7XJY7 (b = A

Using the rule (L) we have

(s 3IpTy) » (3 IpS), X, Y, 6 = A.
j 7

Therefore using the rule (LA), we have (IpV,C = D).
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It1y,---,T,,, 51, ,95,is a trivial partition of V', it means that one of
them equals V' and all the others are empty sequents. W.l.o.g. suppose
T, =V = (X =) and the others are empty. Then we must have had
the following instance of the rule:

<<E7 1;]'37 Xj = e_js>s>j <<<5m Yz = Ai>r>i
Y. X,Y. 0= A

Therefore, V - (1,5, X; = 0;) for every j and s are premises of V- (C' =
D), and hence the length of their trees are smaller than the length of
the proof tree of V- (C' = D), and since the rule is semi-analytic and
¢ is p-free then v, and 0, are also p-free. Hence, for all of them we
can use the induction hypothesis (induction on the length of the proof),
and we have IpV,¥;,, X; = 0,,. Substituting {IpV, X;}, {X;}, {Vi} and

{A} as the contexts of the premises in the original left rule we have

<<E|p‘/7 ?st, Xj = §j3>s>j <<€5ir, 3_/; = Ai>r>i
IV, XY, ¢ = A

which is (IpV,C = D).

Consider the case where the last rule used in the proof of V- (C'= D)
is a left semi-analytic rule and ¢ ¢ C'. Therefore,

V(C=D)=(ILT,X,Y,¢=A)
is the conclusion of a left semi-analytic rule and V is of the form

(IL,T,¢ =) and C' = (X,Y) and we want to prove (IpV, X, Y = A).
Hence, we must have had the following instance of the rule

(ML, X, 55 = 0j)sy; Ui, Y, bir =D yine T, Y1, ¢ = A),

ILT,X,Y, 0= A
where UH] :H, UFZ :F, UXJ IX and Uifz IY
J i J i

Since, Xj’s and Y;’s are in the context positions in the original rule, we
can consider the same substition of meta-sequents and meta-formulas
as above in the original rule, except that we do not take X;’s and Y;’s as
contexts. More precisely, we reach the following instance of the original
rule:
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(A, 55 = 0500505 iy P =iz L1, 01, = A),
MT.6= A

If we let T, = (Ij,%;s = 0;5) and S, = (I, ¢; =) for i # 1 and
S = (T'1, ¢1r = A), we can claim that this rule is back ward applicable
to V and Tj,’s and S;,’s are the premises of the rule. Hence, their orders
are less than the order of V' and we can use the induction hypothesis
for them. Note that we have V- (C' = D) is provable in H and from ()
we have that T}, - (X; =) and for i # 1, S, (V; = A) and Sy, - (V; =)
are also provable in H. Using the induction hypothesis we get

(X; =T , (Yi=YpSi)izn , (Y1,3pS1, = A)

Note that we were allowed to use the induction hypothesis because for
i # 1 we have A; = ¢J and A is p-free and T},’s and S;,’s meet the
conditions of (4i7) and (#v) in the induction step. Now, using the rules
(RA) and (Lv) we have

(Xj = /\Vijs) ) (Y; = /\VpSir)i;él ) (5717\/3p51r = A)

Denote (/\ VpT}s) as A; and (/\ VpS;.) as B; (for i # 1) and (\/ IpSi,)
as C'. We have ' '

<):(j = Aj); e <Y; = Bi)iz1 -
j i1

— Rx _
X,Yz,---,Yn:(*Aj)*(*Bi) Y,C= A
J i#1

XY, (6 A) (% B) = C = A
J 17

Note that (sk A;) = (k B;) — C'is defined as the second conjunct in the
j i1
definition of 3pV and hence using the rule (LA) we have (IpV, C' = A).

Consider the case when the last rule used in the proof of V - (C' = D)
is a right semi-analytic rule. Therefore, V - (C' = D) = (I',C = ¢) is
the conclusion of a right semi-analytic rule and V' is of the form (I" =)
and D = ¢ and we want to prove (IpV,C' = ¢). Hence, we must have
had the following instance of the rule

<<Pi> éi7 Qgir = QZir>r>i
I, C = )
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where JT; = T and | JC; = C. Denote (I'; =) as S;. Then we have

that Slj- .5, s a pa:rtition of V. First consider the case where it is
a non-trivial partition of V. Therefore, the order of any 5; is less than
the order of V' and since the rule is semi-analytic and ¢ is p-free then
¥y, and ¢;, are also p-free, we can use the induction hypothesis on the
order, and get

IpS;, C;, Q_Sir g 1/_12'7«
Now, substituting {IpS;, C;} as the context in the original rule, we get
ISy, -+, ISy, Ch, -, Co =0
then using the rule (L*) we have
>§< IpS;, C = ¢

and since s dpS; appears as the first conjunct in the definition of IpV/,

using the rule (LA) we have (3pV,C = ¢).

It remains to investigate the case where Sy, --- , .9, is a trivial partition
of V. W.lo.g. suppose S; = V and all the others are the empty
sequents. Hence, we must have had the following instance of the rule

<F7 01, QZ_51r = lzlr>r << C'm (Ez'r = qﬁir>r>i7&1
IC=o¢

We have, for all 7, V - (C1, ¢1, = 11, are the premises of V - (C' = ¢).
Hence the length of tree proofs of all of them are less than the length
of proof of V - (C' = ¢) and since the rule is semi-analytic and ¢
is p-free then 1)1, and ¢y, are also p-free, we can use the induction
hypothesis (induction on the length of proof) and get IpV, Cy, b1, =
1, Substituting {3pV, C1} as the context in the original semi-analytic
rule we get

<E|pva éla Q_Slr = 1;17">r << Civ ggir = q/jir>r>i7é1
WV, C = ¢

which is what we wanted.

32



o And the final case is when the last rule used in the proof of V- (C = D)
is a semi-analytic modal rule. Therefore, V - (C' = D) = ((OI',0C" =
D_A) is the conclusion of a semi-analytic modal rule and V' is of the
form (O =) and C = [JC” and D = [JA), where |[JA| < 1 and
V' = (I' =). We want to prove (IpV,C = D). We must have had the
following instance of the rule

r,C'=A
Or,0c" = 0A

Since the order of V” is less than the order of V, and C’" and A are
p-free, we can use the induction hypothesis and get

IV C"'= A

Using the rule K or D (depending on the cardinality of [JA) we have
C3pV’,0C" = [JA and since we have DHQV’ as one of the conjuncts
in the definition of IpV', we conclude IpV, C' = D using the rule (LA).

Now, we have to prove (iv). Similar to the proof of part (iiz), there are
several cases to consider.

o Consider the case where the last rule in the proof of U - (C' =) is a left
semi-analytic rule and ¢ € C. Therefore, U - (C' =) = (II,T, X,Y, ¢ =
A) is the conclusion of a left semi-analytic rule and U is of the form
I, = A and C = X,Y,¢ and we want to prove X,Y, ¢ = VpU.
Hence, we must have had the following instance of the rule:

<<Hj7 Xj: &js = éjs>8>j <<an Y/iv &ir = Az>r>z
LT, X,Y,¢p = A

WhereUH—HUF FUXzX UY—?andUAizA.

Con51der Tjs = (I, =), S = Fl = A, and for i # 1 let SW = (I =).
Since Tj,’s do not depend on the suffix s, we have Tj; = --- = T}, and
we denote it by 7. And, since S;,’s do not depend on r for 1 # 1, we
have S3; = --- = 5, and we denote it by S; and with the same line
of reasoning we denote Sy, by S;. Therefore, T1,--- ,T,,, 51, -+ ,S, is
a partition of U. First, consider the case that S; does not equal U.
Then the order of all of them are less than the order of U (or in some
cases that the others can be equal to U, the length of their proof in
the premises is lower) and since the rule is semi-analytic and ¢ is p-free
then @/)JS, 9]3 and ¢;, are also p-free, we can use the induction hypothesis
to get (for i # 1):

33



E|pT‘ja @Ejsw)zj = éjs ) EIpSza Qgim}_fi = ) &17“7 Yi = valr

If we let {3pT;, X;} and {IpS;, Y;} and {Y;} and {VpS;,} be the contexts
in the original left semi-analytic rule, we have the following

<<3PTja @st, Xj = 9_j5>s>j <<3p5¢> &ira Yz :>>r>i¢1 <€51r, l_/1 = Vp51r>r

ElpTh e 7E|me7 HPSQ» T azlpsna X7}77 Qb = val
Using the rule (L) we have

(%3pT)) « (¥ pS). XY, 0 = ¥pSi.
i 7

Therefore using the rule (R —), we have
XY, ¢ = (x3IpT;) = (;kl pS;) — ¥pS;.
j i

Since the right side of the sequent is a disjunct in the definition of VpU,
using the rule (Rv) we have C, ¢ = VpU.

In the case that 11, ---,T,,,51,---,S5, is a trivial partition of U, it
means that either S; = U or U® = (J and one of the others is equal to
U.

If S =U =T = A, then all the others are the empty sequents. Then
we must have had the following instance of the rule:

<<1Zj87 Xj = éjs>s>j <<¢§7Lra }_/; :>>r>i;£1 <F7 ¢1ra }71 = A>r
X, Y.6=A

Therefore, U - (¢1,,Y; =) for every r are premises of U - (C' =), and
hence the length of their trees are smaller than the length of the proof
tree of U - (C' =) and since the rule is semi-analytic and ¢ is p-free
then ¢y, are also p-free, which means that for all of them we can use
the induction hypothesis (induction on the length of the proof), and
we have (¢y,,Y; = VpU). Substituting {VpU}, {X;} and {Y;} as the
contexts of the premises in the original left rule and letting all the other
contexts in the original left rule to be empty we have

<<1;j87 XJ = éjs>s>j <<<Z_5m Yz :>>r>i7’:1 <<Z51r, Y1 = VPU>7~
X,Y, 6= VpU

which is what we wanted.
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o Consider the case where the last rule in the proof of U - (C' =) is a left
semi-analytic rule and ¢ ¢ C. Therefore, U - (C =) = (II,T, X,Y, ¢ =
A) is the conclusion of a left semi-analytic rule and U is of the form
II,T,¢ = Aand C = X,Y and we want to prove X,Y = VpU. Hence,
we must have had the following instance of the rule:

My, Xy, 05 = 0j50sy; 03, Vi, i = Ay
H,F,X,Y, o= A

(1)

where JIL; = I, YT, =T, JX; = X, JY; =Y and JA; = A.
; i 7 i i

Since, X ;s and Y,;’s are in the context positions in the original rule, we
can consider the same substitution of meta-sequents and meta-formulas
as above in the original rule, except that we do not take X ;'s and Yi’s
in the contexts. More precisely, we reach the following instance of the
original rule:

<<Hj7 &js = éjs>s>j <<Fi> QBir = Ai>r>i
ILT, o= A

If we let T}, = (I1;, &js = éjs) and S;. = (T, ¢ir = A;), we can claim
that this rule is backward applicable to U and T}s’s and S;’s are the
premises of the rule. Hence, their orders are less than the order of U
and we can use the induction hypothesis for them. Note that we have
U - (C =) is provable in H and from (f) we have that T}, - (X; =) and
Sir - (Y; =) are also provable in H. Using the induction hypothesis we
get

Xj = vaVJS ) Y; = vazr
Using the rule (RA) we get
Xj= AT , Yi= A\VpS;
and using the rule (R+) we get

XY = (k N\ ¥pTjs) = (% /\ VpSir)-
J S r T

Since the right side of the sequent is appeared as the second disjunct
in the definition of VpU, using the rule (Rv) we have C' = YpU.
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o Consider the case where the last rule in the proof of U - (C' =) is a
right semi-analytic rule. Therefore, U - (C' =) = (I',C = ¢) is the
conclusion of a right semi-analytic rule and U is of the form [' = ¢ and
we want to prove C' = VpU. Hence, we must have had the following
instance of the rule:

<<Pi» C_'i, ng‘r = Zzz‘r>r>i
IC=¢

()

where | JT; =T and | JC; = C.

With the similar reasoning as in the previous case, since C;’s are in the
context positions in the original rule, we can consider the same sub-
stitution of meta-sequents and meta-formulas as above in the original
rule, except that we do not take Cj’s in the contexts. More precisely,
we reach the following instance of the original rule:

<<an Q_Sir = @Z_)ir>7">i
I'=¢

If we let ;. = (I, ¢ = i) we can claim that this rule is backward
applicable to U and 5;,’s are the premises of the rule. Hence, their
orders are less than the order of U and since the rule is semi-analytic
and ¢ is p-free then 1;, and ¢;, are also p-free, we can use the induction
hypothesis for them. Note that we have U - (C' =) is provable in H
and from () we have that S;, - (C; =) is also provable in H. Using the
induction hypothesis we get for every ¢ and r,

éi = VpSiT.

Using the rule (RA) we get C; = /\VpSW and then using the rule
(Rx) we get C; = >l< /\VpSW And since the right side of the sequent

is appeared as one of the disjuncts in the definition of VpU, using the
rule (Rv) we have C' = VpU.

o And the final case is when the last rule used in the proof of U - (C' =) is
a semi-analytic modal rule. Therefore, U - (C' =) = (OI,JC" = 0OA)
is the conclusion of a semi-analytic modal rule and U is of the form
(O = 0OA) and C = JC", where [JA| < 1 and U’ = (I = A). We
want to prove (C' = VpU). We must have had the following instance
of the rule
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I,¢'=A
r,0C" = 0A

Since the order of U’ is less than the order of U and C” is p-free, we
can use the induction hypothesis and get

C" = VpU'

Using the rule K or D (depending on the cardinality of [JA) we have
(JC" = [JVpU’ and since we have (JVpU " as one of the disjuncts in the
definition of VpU, we conclude C' = VpU using the rule (Rv).

]

Theorem 4.5. Any terminating sequent calculus H that extends FLe and
consists of centered axioms and semi-analytic rules, has H-uniform interpo-
lation.

Proof. The proof is a result of the combination of the Theorem 4.3 and
Theorem 4.4. O]

Corollary 4.6. If FL, € L and L has a terminating sequent calculus con-
sisting of centered axioms and semi-analytic rules, then L has uniform inter-
polation.

Proof. The proof is a result of the combination of the Theorem 4.5 and
Theorem 4.2. O]

In the following application, we will use the Corollary 4.6 to generalize
the result of [1] to also cover the modal cases:

Corollary 4.7. The logics FLs, FLeyw and their K and KD wversions have
uniform interpolation.

Proof. Since all the rules of the usual calculi of these logics are semi-analytic
and their axioms are centered and since in the absence of the contraction
rule the calculi are clearly terminating, by Corollary 4.6, we can prove the
claim. O
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4.1.2 Context-Sharing Semi-analytic Case

In this subsection we will modify the investigations of the last subsection to
also cover the context-sharing semi-analytic rules.

Theorem 4.8. Let G and H be two sequent calculi with the property that the
right and left weakening rules and the context-sharing (L —) rule are admis-
sible in H and H extends FLg. Then if H is a terminating sequent calculus
axiomatically extending G with semi-analytic rules and context-sharing semi-
analytic rules and G has weak H-uniform interpolation property, so does H.

Proof. The proof is similar to the proof of Theorem 4.4. For any sequent U
and V where V*® = ¢ and any atom p, we define two p-free formulas, denoted
by VpU and dpV and we will prove that they meet the conditions in the defi-
nition of weak H-uniform interpolation. We define them simultaneously and
the definition uses recursion on the rank of sequents which is specified by the
terminating condition of the sequent calculus H.

If V' is the empty sequent we define dpV as 1 and otherwise, we define
dpV as the following

A\ Gt LA @S — ¥pSi)) AN\ @ Ti — WpT)]=((/\ 3pT1s — Vo) — \/ IpSi)

LRecsa i1 T s
A\ G NGBS = ¥pSi) » (e /\GpTis — WTs) = \/ 3pSue)
LRsa T s r

A\ % IS A (V) A (3DV).

par

where for any sequent R, by R we mean R® =. In the first conjunct (the
first line), the first big conjunction is over all context semi-analytic rules
that are backward applicable to V in H. Since H is terminating, there
are finitely many of such rules. The premises of the rule are {((Tjs)s),
Sy yryiz1 and {S1,) and the conclusion is V, where Tj, = (I, = i)
and S;, = (T, @i = A;) which means that S;,’s are those who have context
in the right side of the sequents (A;) in the premises of the context-sharing
semi-analytic rule. (Note that picking the block (Sj,) between the S;,. blocks
is arbitrary and for any choice of (S,.), we add one conjuct to the definition.)

In the second conjunct (the second line), the first big conjunction is over
all left semi-analytic rules that are backward applicable to V in H. Since
H is terminating, there are finitely many of such rules. The premises of

the rule are ((Tjs)s);, ({(Sir)ryiz1 and (Si,) and the conclusion is V, where
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Tjs = (Hj,@js = éjs) and S; = (I';, ¢ = A;) which means that S;,’s are
those who have context in the right side of the sequents (A;) in the premises
of the left semi-analytic rule. (Again note that picking the block (S, be-
tween the S;. blocks is arbitrary and for any choice of (S},), we add one
conjuct to the definition.)

In the third conjunct (first one in the third line), the conjunction is over
all non-trivial partitions of V' = 57 - --- -5, and 7 ranges over the number
of S;’s, in this case 1 <@ < n.

The conjunct [J3pV’ appears in the definition whenever V' is of the form
(O =) and we consider V' to be (I' =). And finally, since G has weak H-
uniform interpolation property, by definition there exist J(V') as weak right
p-interpolant of V. We choose one such J(V) and denote it as 3pV and
include it in the definition.

If U is the empty sequent define VpU as 0. Otherwise, define VpU as the
following

\/ GEL/\@pSie = ¥pSir) & \GpTis — ¥pTi0)])

(3
LRcsa T s

v \/ (I /\GpSir — pSi,)] + [ /\GpTs — ¥pT;,)])

\/(\/(* /\(Hpgir — VpSir)))

RR ' r

v \/(ijfl(ﬂp&-) — VpS1) v (DEpU" — VpU')) v (VpU).
par
In the first conjunct (the first line), the first big conjunction is over all context
sharing semi-analytic rules that are backward applicable to V' in H. Since H
is terminating, there are finitely many of such rules. The premises of the rule
are ({Tis)s)i, {{(Siryyi and the conclusion is V, where Tj, = (T, ¥is = i)
and Sir = (an Q_Sz'r = AZ)

In the second conjunct (the second line), the first big conjunction is over
all left semi-analytic rules that are backward applicable to V in H. Since H
is terminating, there are finitely many of such rules. The premises of the rule
are ((Tjs)s)j, ({(Siryryi and the conclusion is V', where T}, = (I, ;5 = 0;)
and S;. = (T, gir = A}).
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In the third disjunct (the third line), the big disjunction is over all right
semi-analytic rules backward applicable to U in H. The premise of the rule
is ({(Si)ryi and the conclusion is U.

In the fourth disjunct, the big disjunction is over all partitions of U =
Sy -+ -5, such that for each i # 1 we have Sf = ¢ and 57 # U. (Note
that in this case, if S°* = ¢ it may be possible that for one i # 1 we have
S; = U. Then the first disjunct of the definition must be IpU — VpS; where
VpS; = 0. But this does not make any problem, since the definition of IpU
is prior to the definition of VpU'.)

The fifth disjunct is on all semi-analytic modal rules with the result U
and the premise U’. And finally, since G has weak H-uniform interpolation
property, by definition there exist I(U) as left weak p-interpolant of U. We
choose one such I(U) and denote it as Y¢pU and include it in the definition.

To prove the theorem we use induction on the order of the sequents to
prove both cases VpU and dpV simultaneously. First we have to show that:

(i) V- (= 3pV) is derivable in H.
(13) U - (VpU =) is derivable in H.

The proof is similar to the proof of the Theorem 4.4. Therefore, we will
prove two of the cases, one for (i) and one for (i7), where there is a notable
difference.

o In proving (i), we have to show that V- (= X) is derivable in H for any
X that is one of the conjuncts in the definition of dpV. Then, using
the rule (RA) it follows that V- (= 3pV'). Since V is of the form I =,
we have to show I' = X is derivable in H.

Consider the case where X is the first conjunct in the definition of IpV.
In this case, we have to prove that for any context-sharing semi-analytic
rules that is backward applicable to V' in H, we have V - (= Y) in H,

where X = /\ Y. Therefore, V is the conclusion of a context-sharing
LRsp
semi-analytic rule and is of the form (I', ¢ =) such that the premises
are ((Tis)syi and {{Si Y )i, where Ty is of the form (T';, ;s = 0;,) and
Sy is of the form (I';, ¢; =) and we have {I';,--- ,I',} = I'. Therefore,
their orders are less than the order of V. Moreover, since T}, = (T =)
and S’ir = (T2 =) and they are subsequents of T;s and S, their orders
are less than or equal to the orders of T;, and S;.. Hence, we can use

40



the induction hypothesis for all of them.

Using the induction hypothesis for T, Tis, S;r and Si,., for v # 1, we
have the following

L, 1/_12‘3, VpTis = Ois , L ?/_fis = HpTz's;
L', &ira vpSi- =, Ty, &ir = E'Z?S'ir-
And using the induction hypothesis for Si,, 115 and T 1s we have
Ty, b1 = IS, T, VT =01, Tiahy, = IpThs.

Now, using the left context-sharing implication rule, we have

L, ?/_Jis, EIpTz‘s — VpT;s = 0is

I, ng’m Elp‘gir — VpSiy =

Iy, 1;157 HPTNM — VpTis = 01

Now, first using the rules (LA) and (Rv), we have

Iy, QZ%'& /\(Elpﬁs - VpTz’s) = 0 N Qgiry /\(Elpgir - VpSir) =

S T

Flquls; /\GPTM - VPT1S) = 9_15 , Ty, (517" = \/ IpSir.

For simplicity, denote (Hpj}s — ¥pT;s) as A;s and (Hpgw — ¥pS;.) as

Bi,.. If we use the rule (LA) again, and the rule left weakening only for
S1-, and not changing the rule for 7},, we have

Fi)&isa (/\ Ais A\ /\B’L’I’) = éis ) Fia Q;ira (/\ Ais AN /\B’L’I’) =

Fla&lsa /\Als = éls ) Flaélra /\Als = \/Elpslr-
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Now, it is easy to see that the contexts are sharing and we can substitute

the above sequents in the original rule. More precisely, in the original

context-sharing semi-analytic rule consider (T';, (/\ Ais A /\ Bir)) as the
S

s
context of the premises (as [';’s in definition of a context-sharing semi-
analytic rule 3.1) for i # 1 and consider (I'1, A Ais) as the context of

S
the premises for i = 1 (as I'y’s in definition of a context-sharing semi-
analytic rule 3.1). Therefore, after substituting the above sequents in
the original context-sharing semi-analytic rule, we conclude

F1,/\A15,F2, e Iy, (/\ Ais A /\Bir)i¢1,¢ = \/Elpslr

And finally, using the rule L* and R — we get

L= (*(/\Ais /\/\Bir)*(/\Als) —’\/Hpslr)

i%1
and this is what we wanted.

o To prove (iz), we have to show that U - (X =) is derivable in H for any
X that is one of the disjuncts in the definition of VpU. Then, using the
rule (Lv) it follows that U - (YpU =). Since U is of the form (I' = A),
we have to show (I', X = A) is derivable in H.

In the case that the disjunt is

7
LRcsa r s

we have to prove that for any context-sharing semi-analytic rule that
is backward applicable to U in H we have

U~ (%[ /\ (@S — ¥pSi) n \CpTis — ¥pT3)] =)

7
s S

The proof goes exactly as in the previous case (in proof of (i) for
context-sharing semi-analytic rules), except that this time the succe-
dents of S;.’s and U are not empty and A;’s and A appear in their
positions everywhere. And, we do not separate the cases T}; and S,
and we proceed with the proof considering the induction hypothesis for
every 4, in a uniform manner.

Note that these two cases were the cases for the only rule that is not consid-
ered in the proof of 4.4. For the proof of (i) for the other conjuncts and (i7)
for the other disjuncts, we proceed with the proof of the corresponding cases
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as in the proof of 4.4, this time substituting (Hijs — VpTjs) for VpT}s and
(IpSir — VpS;;) for ¥pS;, wherever it is needed. One can easily see that the
proof essentially goes as before, considering this minor change.

Secondly, we have to prove the following, as well.

(7i1) For any p-free multisets I and A, if T+ (I' = A) is derivable in G then
J(T),T = A is derivable in H.

(iv) For any p-free multiset T', if S- (I' =) is derivable in G then J(S),T =
I(S) is derivable in H.

Again, since the spirit of the proof is the same as the proof of Theorem 4.4,
we will prove two cases for the context-sharing semi-analytic rule, which were
not present in the Theorem 4.4. We will prove (iii) and (iv) simultaneously
using induction on the length of the proof and induction on the order of U
and V' as in the Theorem 4.4.

o To prove (iii), consider the case where the last rule used in the proof
of V- (C = D) is a context-sharing semi-analytic rule and ¢ ¢ C.
Therefore, V- (C' = D) = (I',C, ¢ = A) is the conclusion of a context-
sharing semi-analytic rule and V is of the form (I", ¢ =) and we want to
prove (3pV,C = A). Hence, we must have had the following instance
of the rule

(i, Ciyhis = Oisysi (T, Cy, bir =D Viz1 (I'y,Ch, ¢1, = A,
,C,¢=A

where (JII; = II, JI'; =T and | C; = C.
7 % %

Since, C;’s are in the context positions in the original rule, we can
consider the same substition of meta-sequents and meta-formulas as
above in the original rule, except that we do not take C;’s as contexts.
More precisely, we reach the following instance of the original rule:

<<Fi7 1/_12‘3 = e_is>s>i <<Fi7 ngir :>>r>z'¢1 <F1, 92_51r = A>r
o= A

If we let Ty, = (Iy,¢5 = 0i) and S;. = ([, ¢s =) for i # 1 and
S = (I'1, 1 = A), we can claim that this rule is backward applicable
to V and Tj,’s and S;,’s are the premises of the rule. Hence, their orders
are less than the order of V' and we can use the induction hypothesis
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for them. Furthermore, since T}, = (T =) and S, = (S% =), their

orders are smaller than or equal to the orders of T}, and S, and we can
use the induction hypothesis for them, as well. Using the induction
hypothesis (informally speaking, for the first two premises, use the
induction hypothesis of V, and for the last premise use the induction
hypothesis of 3) we get

(éia Elpj—;js = VpTis) ) (C_'i, Elpgir = Vpsz‘r)z‘;el ) (01, ISy, = A)

Now, first using the rules (R —) and then using the rule (RA) and
(Lv) we have

(C; = /\(@pTis — VpTiy))

T

(C1, \/ 3pSi = A)

Denote (/\ VpT}s) as A; and (/\ VpS;.) as B; (for i # 1) and (\/ IpSi,)
as D. Weshave for e # 1 ' '

and for ¢ = 1 we have
él = Al y Cl,D e A

Now, and using the rule (RA) for i # 1 we get C; = A; A B;. Together
with C; = A; and using the rule (R=) we get

C1, Gy, ,Cp = k(A A B;) x Ay
Consider the sequent Cy, D = A and use the left weakening rule to get
01,@2,"’ ,én,D = A.

Now, use the rule left context-sharing implication to reach

And, we are done.
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o For the proof of (iv), consider the case where the last rule in the proof of
U-(C =) is a context-sharing semi-analytic rule and ¢ € C. Therefore,

U-(C=)=T,X,0=A

is the conclusion of a context-sharing semi-analytic rule and U is of the
form I' = A and C' = X, ¢ and we want to prove dpU, X, ¢ = VpU.
Hence, we must have had the following instance of the rule:

<<Fi7 Xz', 1/_12'3 = e_is>s>i <<Fi7 Xi; QBiT = Az‘>r>z’
I'X,0=A

where UF =T, UX X, and UA = A. Consider T;s = (I'; =),

Sty (F1 = A ), and for 7 # 1 let SZT = (I'; =). Since Tjs’s do not
depend on the suffix s, we have T;; = = T;s and we denote it by 7;.
And, since S;,.’s do not depend on r for 1 # 1, we have Sy; = -+ = 5,
and we denote it by S; and with the same line of reasoning we denote
S1r by Si. Therefore, Sy, --- .5, is a partition of U. First, consider the
case that S; # U. Then the order of all of them are less than the order
of U (or in some cases that one of the others equals to U, the length of
the proof is lower) and since the rule is context sharing semi-analytic
and ¢ is p-free then '(Eis and ggir are also p-free, we can use the induction
hypothesis to get (for i # 1):

Hpﬂ,@zis,)_(i = 9_1'8 ) ElpSiyq_biraXi =, Hpglaﬁf_)m)_ﬁ = VpS;

Note that for every ¢ # 1 we have T; = S; and for ¢ = 1 we have
T = 5’1 and we can rewrite the above sequents according to this new
information. Hence, if we let {3pT;, X;} and {VpS;} be the contexts in
the original left semi-analytic rule, we have the following

<<E|pTia &isa Xi = §i5>s>i <<E|Z7Ti7 &ira Xi j>r>z’;&1 <E|pT1, élra Xl = Vp51>r

ElpTla o ,Han, X: ¢ = val
Using first the rule (L*) and second the rule R — we get

ElpTlaXa gb = X EipTz - val
i#1
Since Ty, - - - , T, 51 is a partition of U, the right hand side of the above
sequent is appeared as one of the disjuncts in the definition of VpU. And

since 17 < U, we have

IpU, C = YpU
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and we are done.

We have to investigate the case when S; = U, as well. However, the
line of reasoning is as above and as in the case of VpU, and ¢ € C
in the proof of the Theorem 4.4. The important thing is that in the
case where S; = U, with similar reasoning as above, at the end we get
IpSy, C' = V¥pS; which solves the problem. Note that this case is one of
the main reasons that we have changed uniform interpolation to weak
uniform interpolation.

And finally, to prove (iii) and (iv) for the other cases, use similar reasonings
as in the proof of Theorem 4.4, this time substituting (ﬂijs — VpT}s) for
VpT;s and (Elpgz-T — VpS,,.) for VpS;, wherever it is needed, then the proof
easily follows. O

Theorem 4.9. Any terminating sequent calculus H that extends IPC and
consists of centered axioms, semi-analytic and context-sharing semi-analytic
rules, has weak H-uniform interpolation.

Proof. The proof is a result of the combination of the Theorem 4.3 and the
Theorem4.8. O

Corollary 4.10. If IPC < L and L has a terminating sequent calculus
consisting of centered axioms, semi-analytic rules and context-sharing semi-
analytic rules, then L has uniform interpolation.

Proof. The proof is a result of the combination of the Theorem 4.9 and the
Theorem 4.2. O

The clear application of this theorem is the uniform interpolation property
for the logic IPC.

Corollary 4.11. [9] The logic IPC has uniform interpolation.

Proof. Use the Dyckhoff terminating calculus for IPC introduced in the Pre-
liminaries section. Note that all the rules in this calculus, except the rule
(L4) are semi-analytic, while (L4) is context-sharing semi-analytic and all
the axioms are centered. Since this calculus admits weakening and context-
sharing implication rules, by Theorem 4.10 we can prove the claim. [
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4.2 The Multi-conclusion Case

Finally we will move to the multi-conclusion case to handle the more general
form of semi-analytic rules.

Theorem 4.12. Let G and H be two sequent calculi and H extends CFLe.
Then if H is a terminating sequent calculus axiomatically extending G with
multi-conclusion semi-analytic rules and G has strong H-uniform interpola-
tion property, so does H.

Proof. For a given sequent S = (I' = A) and an atom p, we define a p-free
formula, denoted by VpS and we will prove that it meets the conditions for
the strong left and right p-interpolants of S, respectively.

If S is the empty sequent define VpS as 0. Otherwise, define VpS as

\/(>§< N\ Si) v \/ (- ¥pSi) v (@¥pS") v (~=0-pS") v (v9pS)
R r

par 7

where the first disjunction is over all multi-conclusion semi-analytic rules
backward applicable to S in H, which means the result is S and the premises
are S;.. Since H is terminating, there are finitely many of such rules. The
second disjunction is over all non-trivial partitions of S. The third disjunc-
tion is over all semi-analytic modal rules with the result S and the premise
S’. Moreover, If S is of the form [JI' =, then we consider S” to be I' = and
—[J—VpS” must be appeared in the definition of ¥pS. And finally V¢pS is
the strong left p-interpolant of a sequent S in G relative to H.

We define the strong right p-interpolant of S as —=VpS and we denote it by
IpS. Note that if we prove VpS is the strong left p-interpolant, it is easy to
show that dpS meets the conditions for the strong right p-interpolant. The
reason is the following: First we have to show that I' = A 39pS is provable
in H. But we have I', V¥pS = A is provable in H and using the rule (R0), we
have I', VpS = A, 0 which means I' = A, =VpS is provable in H.

Secondly, we have to show that if for p-free multisets ¥ and A, if ', ¥ = A A
is derivable in G, then dpS,Y = A is derivable in H. However, we have

3 = A,VpS is derivable in H and using the axiom 0 = we can use the rule
(L —) to get X, =VpS = A in H.

Now let us prove that VpS meets all the conditions of a strong left p-
interpolant. The proof is similar to the proofs of the Theorems 4.4 and 4.8.
To prove the theorem we use induction on the order of the sequents. First,
we have to show that
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(i) S (¥pS =) is provable in H.

We have to show that I', X = A is derivable in H for every disjunct X in
the definition of VpS.

o In the case that the disjunct is \/( A VpS;.), we have to show that
R v r

for any multi-conclusion semi-analytic rule R with the premises S;,. we
have

S+ (% /\ ¥pSir =)

where S is of the form (I'y, -+ Ty, 0 = Ay, -+ ,A,) and S;, is of the
form (I';, ¢; = i, ;). Note that since S s are the premises of the
rule, the order of all of them are less than the order of S and we can
use the induction hypothesis for them. We have for every i and r

Li, Gir, VDSir = Vir, A
Using the rule (LA) we have for every 4

I, ng /\Vpsir = zﬁm A;

Using T';, \ VpS;, as the left context in the original rule (we can do

T

this, since /\ VpS;. does not depend on r and it only ranges over i), we
T

have

F17 e 7Fn7</\vp51r>17¢ = Ala e 7An
and then using the rule (Lx), we have

Flv"' 7Fn7(*/\vpszr)7¢:>A17 7An~

o In the case that the disjunct is \/ + VpS;, we have to show that for any

par 1

non-trivial partition Sy, - - - , S, of S we haveS- (- VpS; =) is derivable

in H. Since the order of each S; is less than the z)rder of S, we can use
the induction hypothesis for them and get (T';, VpS; = A;). Using the
rule (L+) we get 'y, -+ [Ty, (+VpS;) = Ay, -+ A,

o The proof of case that the disjunct is [(JVpS’ is exactly the same as the
similar case in the proof of the Theorem 4.4.

48



o In the case that the disjunct is —=[]—VpS”, the sequent S must have
been of the form (CJI' =) and S” is of the form (I" =). Since the order
of S” is less than the order of S, we can use the induction hypothesis
and get (I', VpS” =) is derivable in H. Using the rule (R0) and then
the rule (R —) we have (I' = —VpS”). Using the rule (K) we have
(O = J-YpS”) and together with the axiom (0 =) we can use the
rule (L —) and we have (O, =[(0—VpS” =) is derivable in H.

o The case for Y9pS, holds trivially by definition.
Second, we have to show that

(1) For any p-free multisets C' and D, if S-(C' = D) is derivable in G then
C = VpS, D is derivable in H.

We will prove it using induction on the length of the proof and induction on
the order of S. More precisely, first by induction on the order of S and then
inside it, by induction on n, we will show:

e For any p-free multisets C' and D, if S (C = D_) has a proof in G with
length less than or equal to n, then C' = VpS, D is derivable in H.

First note that for the empty sequent, we have to show that if C = Dis
valid in G, then C' = 0, D is valid in H, which is trivial by the rule (R0).

For the base of the other induction, note that if n = 0, it means that
[,C'= D,Ais valid in G. Therefore, by Definition 4.1, C' = VY9pS, D and
hence C' = VpS, D is valid in H.

For n # 0 we have to consider the following cases:

o Consider the case that the last rule used in the proof of S - (C' = D) is
a left multi-conclusion semi-analytic rule and ¢ € C' (which means that
the main formula of the rule, ¢, is one of Cy’s). Therefore, S - (C' =
D) = (I',X,¢ = D,A) is the conclusion of the rule and S is of the
form (I' = A) and C' = (X, ¢) and we want to prove (X, ¢ = VpS, D).
Hence, we must have had the following instance of the rule:

<<Fz', Xu ng‘r = @/_)z‘r, Dz‘, Ai>r>i
IX,¢=D,A

where UF I, UX = X, UD = D and UA = A. Consider
Sir = (F = A;). Smce Si’s do not depend on the suffix r, all of them
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are equal and we denote it by S;. Therefore, Si,--- , .S, is a partition
of S. First, consider that it is a non-trivial partition of S. Then the
order of all of them are less than the order of S and since the rule is
semi-analytic and ¢ is p-free then ¢;, and 1;, are also p-free, we can
use the induction hypothesis to get for every ¢ and r:

Xi? &ir = @Eira Di> Vpsz

If we let X; and D;, VpS; be the contexts in the left side and right side
in the original rule, respectively, we have the following

X7¢ = Davpsl7“' 7van
Using the rule (R+) we have

X.¢= D, pS;

Since the right side of the sequent is a disjunct in the definition of VpU,
using the rule (Rv) we have C', ¢ = VpS, D.

In the case that Sy,--- , S, is a trivial partition of S, it means that one
of them equals S. W.l.o.g. suppose S; = S and all of the others are
the empty sequents. Then we must have had the following instance of
the rule:

<<Q3ir7 Xl = ZEiT’a Di>r>i;ﬁ1 <Fa qglra Xl = 77;17‘7 D_17 A>T
¢, X = D,A

Therefore, S - (¢, X1 = ¥1,,, Dy) for every r are premises of S - (C' =
D), and hence the length of their trees are smaller than the length of
the proof tree of S - (C' = D) and since the rule is semi-analytic and
¢ is p-free then ¢y, and 1)y, are also p-free, which means that for all of
them we can use the induction hypothesis (induction on the length of
the proof), and we have (¢y,, X; = VpS,¢1,, D1). Substituting {X;}
and {VpS, D;} as the contexts of the premises in the original rule we
have

<<€Z_5ir, Xi = %, D_i>r>i;ﬁ1 <§Z_51r7 Xl = VpS, 1/;1r, D_1>7‘
X,¢=VYpS,D

which is what we wanted.
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o Consider the case where the last rule in the proof of S - (C' = D)
is a left multi-conclusion semi-analytic rule and ¢ ¢ C. Therefore,
S-(C= D)= (I,C,¢= D,A) is the conclusion of the rule and S is
of the form I', ¢ = A and we want to prove C = VpS, D. Hence, we
must have had the following instance of the rule:

<<Fi7 Ci; ng;r = @m Di, Ai>r>i
IC,¢o=D,A

where | JT; =T, |JC; = C, |JD; = D and |JA; = A.

Since, C;’s and D;’s are in the context positions in the original rule, we
can consider the same substitution of meta-sequents and meta-formulas
as above in the original rule, except that we do not take C;’s and D;’s
in the contexts. More precisely, we reach the following instance of the
original rule:

<<Fi7 Qgir = @Em Az‘>r>i
o= A

If we let S;, = (T, b = Vir, A;), we can claim that this rule is back-
ward applicable to S and S;.’s are the premises of the rule. Hence,
their orders are less than the order of S and we can use the induction
hypothesis for them. Using the induction hypothesis we get for every ¢

and r B B
C; = VpSiy, D;

Using the rule (RA) we get for every i
C; = /\VpS,-r, D;

and using the rule (R+) we get

C = S /\VpSZ-T,D.

Since the right side of the sequent is appeared as one of the disjuncts
in the definition of VpS, using the rule (Rv) we have C' = ¥pS, D.

o Consider the case when the last rule used in the proof of S-(C' = D) is a
semi-analytic modal rule. Therefore, S-(C = D) = ({II',OC" = [1D’)
is the conclusion of a semi-analytic modal rule. Hence, there are two
cases to consider.
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The first one is the case where S is of the form ((II' =) and C' = [JC"
and D = [JD’, where [(JD'| < 1 and S” = (I' =). We want to prove
(C' = VpS, D). We must have had the following instance of the rule

r,c'= D
Df,m: 1D’

Since the order of S” is less than the order of S and C’ and D’ are
p-free, we can use the induction hypothesis and get

C' = VpS", D’
Using the axiom (0 =) and the rule (L —) we have
C',=V¥pS" = D'

Now, using the rule K or D (depending on the cardinality of D’) we
have
Oc’, O0-VpS" = D’

and using the rule (R0) and (R —) we get,
OcC" = —O-vpS”,0D’
since we have —[]—VpS” as one of the disjuncts in the definition of

vpS, we conclude C' = VpS, D using the rule (Rv).

The second case is when S is of the form (JI' = (D', where D’ is a p-
free formula and S’ is of the form I' = D. We want to prove C' = VpS.
Then we must have had the following instance of the rule

I, =D
Df,m: D!

Since C" is in the context position of the original rule, we can consider
the same substitution of meta-sequents as above in the original rule,
except that we do not take C” in the context. More precisely, we reach
the following instance of the original rule:

= D’
O = D/
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Therefore, this rule is backward applicable to S and the order of the
premise, S, is less than the order of S and we can use the induction
hypothesis for that to reach C" = VpS’. Then we can use the rule K
and we get [JC" = [VpS’, which is a disjunct in the definition of VpS
and we have C' = VpS.

o The case for the right multi-conclusion semi-analytic rules is similar to
the cases for the left ones disccused in this proof, and the proof of other
two cases are similar to the proof of the same cases in the Theorem 4.4.

]

Theorem 4.13. Any terminating multi-conclusion sequent calculus H that
extends CFLe and consists of centered axioms and multi-conclusion semi-
analytic rules, has strong H-uniform interpolation.

Proof. The proof is a result of the combination of the Theorem 4.3 and
Theorem 4.12. O

Corollary 4.14. If CFL, < L and L has a terminating sequent calculus
consisting of centered axioms and multi-conclusion semi-analytic rules, then
L has uniform interpolation.

Proof. The proof is a result of the combination of the Theorem 4.13 and
Theorem 4.2. O]

Using the Theorem 4.14, we can extend the results of [1] and [2] to:
Corollary 4.15. The logics CFLe, CFLeyw and CPC and their K and KD

modal versions have uniform interpolation property.

Proof. For CFLe, CFL., since all the rules of the usual calculus of these
logics are semi-analytic and their axioms are centered and since in the absence
of the contraction rule the calculus is clearly terminating, by Theorem 4.14,
we can prove the claim. For CPC use the contraction-free calculus for which
the proof goes as the other cases. O]

In the negative side we use the negative results in [2], [5] and [6] to
ensure that the following logics do not have uniform interpolation. Then we
will use the Theorems 4.6, 4.10 and 4.14 to the non-existence of terminating
calculus consisting only of semi-analytic and context-sharing semi-analytic
rules together with centered axioms.

Corollary 4.16. The logics K4 and S4 do not have a terminating sequent
calculus consisting only of single conclusion (multi-conclusion) semi-analytic
and context-sharing semi-analytic rules plus some centered axioms.
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Corollary 4.17. Ezxcept the logics IPC, LC, KC, Bds, Sm, GSc and
CPC, non of the super-intutionistic logics have a terminating sequent cal-
culus consisting only of single conclusion semi-analytic rules and context-
sharing semi-analytic rules plus some centered axioms.
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