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Abstract

In this paper we analyze the nearly optimal block diagonal scalings of the rows of one
factor and the columns of the other factor in the triangular form of the SR decomposition.
The result is a block generalization of the result of the van der Sluis about the almost
optimal diagonal scalings of the general rectangular matrices.
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1. Introduction

The QR factorization and the closely related QR algorithm are one of the workhorses
in solving general eigenvalue problems. It is well-known that the QR algorithm preserves
the symmetric structure of the matrix whose eigenvalues are to be computed such that
the computed eigenvalues will all be real (even so rounding errors are unavoidable). Un-
fortunately, there are a number of structured problems whose structure is not preserved
by the QR algorithm. Thus, general QR-like methods, in which the QR factorizations
are replaced by other factorizations have been studied by several authors, see, e.g., [14].
Here we consider the SR decomposition which can be used in the SR algorithm which
preserves the symplectic as well as the Hamiltonian structure.

For a matrix G P R2m,2m an SR decomposition is given by

G “ rS rR “ rS

˜

rR11
rR12

rR21
rR22

¸

, (1.1)

where rS is symplectic, i.e., rSTJ rS “ J for the skew-symmetric matrix J defined as

J “

ˆ

0 I
´I 0

˙

P R2m,2m.
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09-3670. Miroslav Rozložńık has been supported by the Czech Science Foundation grant 20-01074S in
the framework of RVO 67985840.

˚Corresponding author.
Email addresses: h.fassbender@tu-braunschweig.de (Heike Faßbender), miro@math.cas.cz
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As usual, I P Rm,m denotes the identity matrix. The matrix rR is J-triangular, that is,
Rij are upper triangular, and R21 has zero diagonal. The SR decomposition (1.1) exists
if all leading submatrices of even dimension of PGTJGPT are nonsingular (see, e.g., [6,
Theorem 11] or [3, Theorem 3.8]), and P is the (perfect shuffle) permutation matrix

P “ pe1, e3, . . . , e2m´1, e2, e4, . . . , e2mq,

where ek, k “ 1, . . . ,m are vectors of the canonical basis. The set of 2m ˆ 2m SR
decomposable matrices is thus dense in R2m,2m.

The SR decomposition is not unique as with G “ rS rR also G “ S
r

R
r

is an SR decom-

position of G where S
r

“ rS rD´1 and R
r

“ rD rR for a matrix

rD “

ˆ

C F
0 C´1

˙

, (1.2)

with diagonal matrices C,F P Rm,m. If uniqueness is required, there are various pos-
sibilities how to make it unique by adding requirements on S or rR (see, e.g., [7] for a
summary of the typical suggestions).

Symplectic matrices may be arbitrarily ill-conditioned. Thus, one is interested in
making use of the non-uniqueness of the SR decomposition by choosing rS (or rR) factor
so that its condition is as good as possible. Some first-order componentwise and normwise
perturbation bounds for a certain unique SR decomposition (diagpR11q “ |diagpR22q|,
diagpR21q “ 0) can be found in [4] (see also [5], while in [7] it is discussed how to choose
the entries of the 2ˆ 2 submatrices

˜

p rR11qjj p rR12qjj

0 p rR22qjj

¸

of the J-triangular matrix rR in order to minimize the condition number of rR or the
condition number of rS.

Assume that G “ rS rR is a SR decomposition of G. We will consider the question on
how to choose the matrix rD as in (1.2) such that the SR decomposition

G “ S
r

R
r

, S
r

“ rS rD´1, R
r

“ rD rR

of G has either an nearly optimally conditioned S
r

or an nearly optimally conditioned R
r

.

In particular, we try to answer the questions on how to choose rDr and rDc such that

κ2p rDr
rRq ď αR min

rDP rD
p rD rRq (1.3)

and
κ2prSp rDcq

´1q ď αC min
rDP rD
prS rD´1q, (1.4)

where rD denotes the set of all nonsingular 2m ˆ 2m matrices of the form (1.2), and
αR, αC P R.

It is well-known that equilibration tends to reduce the condition number of a matrix.
Equilibration means the scaling of the rows (and/or columns) of a matrix such that the
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norms of all rows (and/or columns) obtain equal norms. This has already been studied
by van der Sluis in [13] (see also [9]). If G P Rm,n is a full rank matrix, than

κ2pΣrGq ď
?
m min

ΣPSc

pΣGq

for

Σr “ diagp}Ge1}
´1
2 , . . . , }Gen}

´1
2 q

and

κ2pGΣcq ď
?
n min

ΣPSr

pGΣq

for

Σc “ diagp}eT1 G}
´1
2 , . . . , }eTmG}

´1
2 q,

where Sk denotes the set of all nonsingular kˆk diagonal matrices and ek the kth column
of the identity matrix. In this paper we will generalize these results.

To be precise, we will consider not just the scaling of the SR decomposition of square
matrices G P R2m,2m, but we will allow for rectangular G P R2m,2n where m ě n. Its
standard SR decomposition is given by

G “ rS rR “ rS

¨

˚

˚

˝

rR11
rR12

0m´n 0m´n
rR21

rR22

0m´n 0m´n

˛

‹

‹

‚

where rS P R2m,2m is symplectic, rR11, rR12, rR22 P Rn,n are upper triangular, rR21 P Rn,n
is upper triangular with zero diagonal and 0m´n P Rm´n,n denotes a zero matrix.

The rest of the paper is organized as follows. In Section 2 some preliminary obser-
vations are given which will be helpful for the later discussion. In Section 3 we find the
almost optimal block-diagonal scaling from the left-hand side of the triangular factor R
in the SR decomposition. Section 4 contains similar results for the right-hand block-
diagonal scalings of the symplectic factor S. In Section 5 some connections to other
types of factorizations are given. In particular, the symplectic QR factorization [12] and
the Cholesky-like factorization of skew-symmetric matrices presented in [2] (see also [1])
are considered. The results obtained in Sections 3 and 4 apply immediately. In the final
section the theoretical results are illustrated on four examples – two for column scalings
of the triangular factor R and two for the scalings of the factor permuted symplectic
factor S, respectively.

2. Preliminary lemmata

Before we tackle these two problems in the next sections, we will derive two helpful
lemmata. The first lemma is a straightforward consequence of the Leibniz formula for
the determinant of a 2ˆ 2 matrix.

Lemma 2.1. For all matrices B :“ pB1, B2q, B1, B2 P Rm it holds

detpBTBq “ }B1}
2
2}B2}

2
2 ´ pB

T
1 B2q

2.
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Next we will proof a formulae for the condition number of a 2ˆ2 matrix. For this, we
make use of the following well-known facts (see, e.g., [8]) for A,B P Rn,n and the singular
value decomposition B “ UΣV T with UTU “ V TV “ I, Σ “ diagpσ1pBq, . . . , σnpBqq:

detpABq “ detpAqdetpBq, detpBT q “ detpBq,

detpBq “
n
ź

k“1

σkpBq, }B}F “
n
ÿ

k“1

σ2
kpBq, }B}2 “ σmaxpBq.

Lemma 2.2. For any matrix B P R2,2 its spectral condition number in terms of its
determinant and and Frobenius norm can be written as

κ2pBq “
σmaxpBq

σminpBq
“
}B}2F `

b

}B}4F ´ 4 det2
pBq

2|detpBq|

where σmaxpBq and σminpBq are the maximal and minimal singular values of B.

Proof. For B P R2,2 we have

}B}2F “ σ2
maxpBq ` σ

2
minpBq (2.1)

and
detpBTBq “ det2

pBq “ σ2
maxpBq ¨ σ

2
minpBq. (2.2)

Note that (2.1) and (2.2) are Vieta’s formulas for the sum and the product of the roots
σ2

maxpBq and σ2
minpBq of the quadratic equation
`

τ ´ σ2
maxpBq

˘`

τ ´ σ2
minpBq

˘

“ τ2 ´ }B}2F τ ` det2
pBq “ 0.

Therefore, squares of the singular values can be written by using the coefficients of the
polynomial,

σ2
maxpBq “

}B}2F `
b

}B}4F ´ 4 det2
pBq

2
,

σ2
minpBq “

}B}2F ´
b

}B}4F ´ 4 det2
pBq

2
.

Hence, the spectral condition number of B can be expressed as

κ2pBq “
σmaxpBq

σminpBq
“
σ2

maxpBq

|detpBq|
“
}B}2F `

b

}B}4F ´ 4 det2
pBq

2| detpBq|
.

3. Nearly optimal block-row scaling of rR

Now we are ready to consider the problem (1.3). It is easy to see that for a J-

triangular matrix rR P R2n,2n the permuted matrix rP rR rPT is an upper triangular matrix.
Similarly, a matrix rD P R2n,2n of the form (1.2) is permuted to the block diagonal matrix

D “ rP rD rPT “ diag

ˆˆ

c11 f11

0 c´1
11

˙

, . . . ,

ˆ

cnn fnn
0 c´1

nn

˙˙

P R2n,2n. (3.1)
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As
DR “ p rP rD rPT qp rP rR rPT q “ rP rD rR rPT

and as the spectral norm is unitary invariant, we have κ2p rD rRq “ κ2pDRq. Thus, instead
of (1.3) we will actually consider the following equivalent problem. Given an upper
triangular matrix R P R2n,2n find a matrix Dr such that

κ2pDrRq ď αR min
DPD

pDRq (3.2)

where D denotes the set of all nonsingular 2nˆ2n matrices of the form (3.1) and αR P R.
As any D P D is a block diagonal matrix with 2 ˆ 2 blocks on the diagonal, we will

block R accordingly

R “

¨

˚

˝

R11 ¨ ¨ ¨ R1n

0
. . .

...
0 0 Rnn

˛

‹

‚

, (3.3)

with Rij P R2,2 for i “ 1, . . . , j, j “ 1, . . . , n and diagonal blocks

Rjj “

˜

r
pjq
11 r

pjq
12

0 r
pjq
22

¸

, r
pjq
11 r

pjq
22 ‰ 0

for j “ 1, . . . , n. Thus, we will consider

X “ DrR “ diagpD1, . . . , DnqR,

where jth block-row of the matrix X is

Xj “ Dj ¨
`

02 ¨ ¨ ¨ 02 Rjj ¨ ¨ ¨ Rjn
˘

P R2,2n, (3.4)

and

Dj “

ˆ

cjj fjj
0 c´1

jj

˙

,

for j “ 1, . . . , n.
Let L be

L “ RT “ pL1, . . . , Lnq, Lj P R2n,2 (3.5)

such that LTj denotes the jth block row of the matrix R. Denote the two columns of Lj
by Lj1 and Lj2, respectively,

Lj “ pLj1, Lj2q, Lj1, Lj2 P R2n.

We will tackle our problem in three steps. First we will see that it is possible to
choose Dj such that Dj minimizes the Frobenius norm of Xj and the two rows of Xj

have the same Frobenius norm βj . Next we will discuss how to choose Dr such that all
row of X have the same Frobenius norm β ě βj . Finally, we will give an answer for (3.2).

Thus, we start our discussion by first seeing what can be achieved locally by looking
at the jth block row of X. We are looking for Dj that minimizes the Frobenius norm of
Xj .
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The Frobenius norm of Xj can now be expressed as

}Xj}
2
F “ }DjL

T
j }

2
F “ }LjD

T
j }

2
F “

›

›

`

cjjLj1 ` fjjLj2, c´1
jj Lj2

˘
›

›

2

F

“ }cjjLj1 ` fjjLj2}
2
2 ` }c

´1
jj Lj2}

2
2 (3.6)

“ c2jj}Lj1}
2
2 ` 2cjjfjjL

T
j1Lj2 ` f

2
jj}Lj2}

2
2 `

}Lj2}
2
2

c2jj
. (3.7)

With this we are ready to state an optimal scaling Dj for the jth block row of R.

Theorem 3.1. Let R P R2n,2n as in (3.3) be given. Let L “ RT as in (3.5) and
Xj “ DjL

T
j as in (3.4). The Frobenius norm of Xj, }Xj}F “ }XT

j }F “ }LjD
T
j }F is

minimized for

pDj “

ˆ

ĉjj f̂jj
0 ĉ´1

jj

˙

, (3.8)

where

ĉjj “
}Lj2}2

4

b

detpLTj Ljq
, (3.9)

f̂jj “ ´
LTj1Lj2

}Lj2}2
4

b

detpLTj Ljq
. (3.10)

Thus, for the Frobenius norm of the jth block row of R for the optimal pDj it holds

}Xj}F “ }Lj
pDT
j }F “

?
2βj

with

βj :“ 4

b

detpLTj Ljq. (3.11)

Proof. The partial derivatives of }Xj}F with respect to cjj and fjj need to be equal to
zero. Differentiating (3.7) gives

0 “ cjj}Lj1}
2
2 ` fjjL

T
j1Lj2 ´

}Lj2}
2
2

c3jj
,

0 “ cjjL
T
j1Lj2 ` fjj}Lj2}

2
2.

Rewriting the second equation as

fjj “ ´
cjjL

T
j1Lj2

}Lj2}
2
2

and substituting this expression into the first equation yields

0 “ c4jj

˜

}Lj1}
2
2 ´

pLTj1Lj2q
2

}Lj2}
2
2

¸

´ }Lj2}
2
2,

6



that is,

c4jj “
}Lj2}

4
2

p}Lj1}
2
2}Lj2}

2
2 ´ L

T
j1Lj2q

2
.

With Lemma 2.1 we obtain (3.9), and therefore (3.10). As the Hessian matrix

ˆ

}Lj1}
2
2 ` 4 detpLTj Ljq LTj1Lj2
LTj1Lj2 }Lj2}

2
2

˙

is symmetric positive definite (its trace and its determinants are positive), ĉjj and f̂jj as
in (3.9) and (3.10) give the global minimum of mincjj ,fjj }LjD

T
j }F .

By substituting the optimal ĉjj and f̂jj into (3.7) we obtain with Lemma 2.1

}DjL
T
j }

2
F “

}Lj2}
2
2}Lj1}

2
2

b

detpLTj Ljq
´ 2

pLTj1Lj2q
2

b

detpLTj Ljq
`

pLTj1Lj2q
2

b

detpLTj Ljq
`

b

detpLTj Ljq

“

¨

˝

}Lj2}
2
2}Lj1}

2
2 ´ pL

T
j1Lj2q

2

b

detpLTj Ljq
`

b

detpLTj Ljq

˛

‚

“

¨

˝

detpLTj Ljq
b

detpLTj Ljq
`

b

detpLTj Ljq

˛

‚“ 2
b

detpLTj Ljq “ 2β2
j .

It also holds that the two rows of Xj have the same norm.

Corollary 3.2. It holds that

}eT1 Xj}2 “ }e
T
2 Xj}2 “ βj .

Proof. Recall that
XT
j “ pcjjLj1 ` fjjLj2, c

´1
jj Lj2q

holds. By inserting value of ĉjj from (3.9) into }ĉ´1
jj L

T
j2}

2
2, it is easy to compute the

squared norm of the second row of Xj ,

}ĉ´1
jj L

T
j2}

2
2 “

}Lj2}
2
2

ĉ2jj
“

b

detpLTj Ljq “ β2
j . (3.12)

Therefore, from (3.6), it follows that for the squared norm of the first row of Xj that

}cjjLj1 ` fjjLj2}
2
2 “ β2

j , (3.13)

holds, i.e., both rows of Xj “
pDjL

T
j have the same norm βj .

The spectral condition number of the matrix pDj from (3.8), as well as the Frobenius
condition number can be obtained easily.
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Theorem 3.3. Let pDj be as in Theorem 3.1. Then

κ2p
pDjq “

}Lj}
2
F `

b

}Lj}
4
F ´ 4 detpLTj Ljq

2
b

detpLTj Ljq
,

κF p
pDjq “

}Lj}
2
F

b

detpLTj Ljq
“

}Lj}
2
F

}Lj}2σminpLjq
.

Proof. The spectral condition number is a direct consequence of Lemma 2.2

κ2p
pDjq “

} pDj}
2
F `

b

} pDj}
4
F ´ 4 det2

p pDjq

2| detp pDjq|

and the following observation obtained with the help of Lemma 2.1

} pDj}
2
F “ c2jj ` e

2
22 ` c

´2
jj “

}Lj2}
4
2 ` pL

T
j1Lj2q

2 ` detpLTj Ljq

}Lj2}
2
2

b

detpLTj Ljq

“
}Lj2}

4
2 ` pL

T
j1Lj2q

2 ` }Lj1}
2
2}Lj2}

2
2 ´ pL

T
j Ljq

2

}Lj2}22

b

detpLTj Ljq

“
}Lj2}

2
2 ` }Lj1}

2
2

b

detpLTj Ljq
“

}Lj}
2
F

b

detpLTj Ljq
.

The expression for
κF p

pDjq “ }
pDj}F }

pD´1
j }F

follows immediately from (2.2) as } pD´1
j }F “ }

pDj}F .

The following connection between columns Lj and the matrix pD´1
j will be useful later on.

Proposition 3.4. Let Lj be the jth block column of the matrix RT as in (3.5), and pDj

as in Theorem 3.1. Let the QL factorization ([8]) of Lj be given by

Lj “ Vj

ˆ

0
pLjj

˙

with the orthogonal matrix Vj P R2n,2n, V Tj Vj “ I2n and the lower triangular factor
pLjj P R2,2,

pLjj “

˜

l̂
pjq
11 0

l̂
pjq
21 l̂

pjq
22

¸

, l̂
pjq
11 , l̂

pjq
22 ą 0.

Then it holds for all j “ 1, . . . , n that

pLjj “ βj
pD´Tj . (3.14)
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Proof. We immediately have

LTj Lj “ p0,
pLTjjqV

T
j Vj

ˆ

0
pLjj

˙

“ pLTjj
pLjj .

Then, from

LTj Lj “

ˆ

}Lj1}
2
2 LTj1Lj2

LTj1Lj2 }Lj2}
2
2

˙

“ pLTjj
pLjj “

˜

pl̂
pjq
11 q

2 ` pl̂
pjq
21 q

2 l̂
pjq
21 l̂

pjq
22

l̂
pjq
21 l̂

pjq
22 pl̂

pjq
22 q

2

¸

,

it follows that

l̂
pjq
22 “ }Lj2}2, l̂

pjq
21 “

LTj1Lj2
}Lj2}2

,

l̂
pjq
11 “

b

}Lj1}
2
2}Lj2}

2
2 ´ pL

T
j1Lj2q

2

}Lj2}2
“

b

detpLTj Ljq

}Lj2}2
.

With (3.8)–(3.11) we obtain

l̂
pjq
11 “ βj ĉ

´1
jj , l̂

pjq
22 “ βj ĉjj , l̂

pjq
21 “ ´βj f̂jj ,

so that pLjj “ βj
pD´Tj holds.

The following lemma is an easy consequence of Proposition 3.4. It will be helpful in
proving the main theorem of this section.

Lemma 3.5. Let Lj be the jth block column of the matrix RT defined by (3.5) with

the QL factorization as in Proposition 3.4 and pDj as in Theorem 3.1. For any matrix
B P R2,2 it holds

}B pD´1
j }2 “

}BLTj }2
βj

.

Proof. From (3.14) it follows

B pD´1
j “

1

βj
BpLTjj ,

and by using the unitary invariance of the spectral norm we obtain

}B pD´1
j }2 “

}BpLTjj}2
βj

“

›

›

›
Bp0, pLTjjq

›

›

›

2

βj
“
}Bp0, pLTjjqV

T
j }2

βj
“
}BLTj }2
βj

.

Our findings so far allow to construct a scaling matrix pDr “ diagp pD1, . . . , pDnq such
that the Frobenius norm of each block row is minimized and the two rows in the jth
block row of pDrR have the same Frobenius norm βj . Our next goal is to determine a

scaling rDr “ diagp rD1, . . . , rDnq P D such that (similarly to the result obtained by van

der Sluis) all rows of the matrix rDrR have the same Frobenius norm equal to β.
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Theorem 3.6. Let R P R2n,2n as in (3.3) be given. Let L “ RT be as in (3.5) and Dj,
j “ 1, . . . , n given as in (3.4). Let βj be as in Theorem 3.1, and let β ě βj. All rows of
rDrR have the same norm β for rDr “ diagp rD1, . . . , rDnq P D where

rDj “

ˆ

c̃jj f̃jj
0 c̃´1

jj

˙

(3.15)

for j “ 1, . . . , n with

c̃jj “
}Lj2}2
β

, (3.16)

f̃jj “
´LTj1Lj2 ˘

b

β4 ´ β4
j

β}Lj2}2
. (3.17)

Proof. The requirement that all rows of rDR “ rDLT should have the same norm β gives
relations analogous to (3.12)–(3.13) for all j “ 1, . . . , n

β2 “ }c̃22L
T
j2}

2
2 “

}Lj2}
2
2

c̃2jj
(3.18)

β2 “ }c̃jjLj1 ` f̃jjLj2}
2
2 “ c̃2jj}Lj1}

2
2 ` 2LTj1Lj2c̃jj f̃jj ` f̃

2
jj}Lj2}

2
2. (3.19)

Relation (3.18) immediately implies the choice of c̃jj .

Substituting (3.16) into (3.19) yields the quadratic equation for f̃jj

f̃2
jj ` 2

LTj1Lj2
β}Lj2}2

f̃jj `
}Lj1}

2
2

β2
´

β2

}Lj2}
2
2

“ 0.

If β ě βj , the equation has two real solutions (3.17),

f̃jj “ ´
LTj1Lj2
β}Lj2}2

˘

d

pLTj1Lj2q
2 ´ }Lj1}

2
2}Lj2}

2
2 ` β

4

β2}Lj2}
2
2

“ ´
LTj1Lj2
β}Lj2}2

˘

d

´detpLTj1Lj2q ` β
4

β2}Lj2}
2
2

“ ´
LTj1Lj2
β}Lj2}2

˘

d

´β4
j ` β

4

β2}Lj2}
2
2

with β2
j “

b

detpLTj1Lj2q as in (3.11).

It is not possible to achieve the a row scaling with a diagonal block scaling.

Remark 3.7. If instead of the upper triangular rDj as in the previous theorem a diagonal
block scaling matrix of the form

rDj “ diagpc̃jj , c̃
´1
jj q

is used, then it is not always possible to find c̃jj such that the rows of the matrix rDLT

have equal norms.
10



Proof. The requirement that all rows of rDR “ rDLT should have the same norm β gives,
in analogy to (3.12)–(3.13) and (3.18)–(3.19) for all j “ 1, . . . , n

c̃jj}Lj1}2 “ β,
}Lj2}2
c̃jj

“ β.

These two equations imply that the products }Lj2}2}Lj1}2 have to be identical for all
indices j, which is only valid for very special cases.

Now we are ready for the main theorem in the section. Taking any

β ě max
j“1,...,n

tβju

Theorem 3.6 gives a block scaling rDr such that all rows of the matrix rDrR have the same
norm equal to β. Indeed, its condition number could be close to the optimal scaling as
it is in the standard case due to the result of van der Sluis.

Theorem 3.8. Let R P R2n,2n as in (3.3) be given. Let L “ RT be as in (3.5) and Dj,

j “ 1, . . . , n given as (3.4). Let pDj, j “ 1, . . . , n be as in (3.8) and Theorem 3.1. Let βj,
j “ 1, . . . , n be as in Theorem 3.1. Finally, let β and γ be defined as

β :“ max
j“1,...,n

tβju, γ :“ min
j“1,...,n

tβju. (3.20)

Let rDr and rDj, j “ 1, . . . , n be as in (3.15) and Theorem 3.6. Then rDrR is nearly
optimally scaled. More precisely, it holds

min
DPD

κ2pDRq ď κ2p rDrRq ď
?

2n
β
b

β2 `
a

β4 ´ γ4

γ2
min
DPD

κ2pDRq.

Proof. According to Theorem 3.6 all rows of the matrix X “ rDrR have the same norm
β. Therefore,

}X}2 “ } rDrR}2 ď } rDrR}F “
?

2nβ. (3.21)

In order to be able to give a bound on κ2pXq “ }X}2}X
´1}2 we need to find a bound

on }X´1}2. Since the spectral norm is submultiplicative, for any nonsingular matrix D
we have

}X´1}2 “ }R
´1

rD´1
r }2 ď }R

´1D´1}2 ¨ }D
rD´1
r }2. (3.22)

In particular, this holds for a block-diagonal matrix D “ diagpD1, . . . , Dnq P D. With
this, we have

D rD´1
r “ diagpD1

rD´1
1 , . . . , Dn

rD´1
n q

and
}D rD´1

r }2 “ max
j“1,...,n

}Dj
rD´1
j }2 ď max

j“1,...,n
p}Dj

pD´1
j }2}

pDj
rD´1
j }2q (3.23)

for pDj , j “ 1, . . . , n as in (3.8). From Lemma 3.5 with B “ Dj we obtain

}Dj
pD´1
j }2 “

}DjL
T
j }2

βj
. (3.24)
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Estimation of } pDj
rD´1
j }2 is more tedious. A straightforward calculation shows that

pDj
rD´1
j “

¨

˝

β
βj

˘

?
β4´β4

j

ββj

0
βj

β

˛

‚.

In order to determine } pDj
rD´1}22 we compute

p pDj
rD´1
j q

T
pDj

rD´1
j “

¨

˚

˝

β2

β2
j

˘

?
β4´β4

j

β2
j

˘

?
β4´β4

j

β2
j

β2

β2
j

˛

‹

‚

,

its characteristic polynomial

0 “

˜

β2

β2
j

´ λ

¸2

´
β4 ´ β4

j

β4
j

“ λ2 ´ 2
β2

β2
j

λ` 1,

and the roots

λ1,2 “
β2

β2
j

˘

d

β4 ´ β4
j

β4
j

.

Thus,

} pDj
rD´1
j }

2
2 “

β2 `

b

β4 ´ β4
j

β2
j

. (3.25)

By inserting (3.24)–(3.25) into (3.23) we obtain

}D rD´1
r }2 ď max

j“1,...,n
p}Dj

pD´1
j }2}

pDj
rD´1
j }2q “ max

j“1,...,n

c

β2 `

b

β4 ´ β4
j

β2
j

}DjL
T
j }2

ď

b

β2 `
a

β4 ´ γ4

γ2
max

j“1,...,n
}DjL

T
j }2, (3.26)

with γ as in (3.20).
As DjL

T
j represent the jth block row of DR we can write

DjL
T
j “MjDR,

with
Mj “ pe2j´1, e2jq

T .

Since the spectral norm is submultiplicative and }Mj}2 “ 1, we have

}DjL
T
j }2 “ }MjDR}2 ď }Mj}2}DR}2 “ }DR}2

for all j “ 1, . . . , n. By inserting this result in (3.26) it holds

}D rD´1
r }2 ď

b

β2 `
a

β4 ´ γ4

γ2
}DR}2. (3.27)

12



From (3.21)–(3.22) and (3.27) we obtain

κ2p rDrRq ď
?

2nβ

b

β2 `
a

β4 ´ γ4

γ2
κ2pDRq.

Since the previous formula is valid for all block diagonal matrices D P D the statement
of the theorem follows.

4. Nearly optimal block-column scaling of rS

In this section we consider the problem (1.4).
As in the previous section, we will consider an equivalent problem stated using per-

muted version of the matrices under consideration. In particular, we will make use of
the permuted version of the matrix rD as in (3.1), and of the permuted version S of the

symplectic matrix rS, where

rS “ ps1, s2, . . . , s2n´1, s2nq P R2m,2n

S “ rS rPT “ ps1, sn`1, s2, sn`2, . . . , sn, s2nq.

For

pJ :“ PJPT “ diagpJ1, . . . , J1q P R2m,2m, J1 “

ˆ

0 1
´1 0

˙

P R2,2.

it holds
STJS “ prS rPT qTJ rS rPT “ rP rJ rPT “ pJp1 : 2n, 1 : 2nq,

where

rJ “

ˆ

0 I
´I 0

˙

P R2n,2n.

As SD “ prS rPT qp rP rD rPT q “ rS rD rPT and as the spectral norm is unitary invariant, we

have κ2prS rDq “ κ2pSDq.
Thus, instead of (1.4) we will consider the following problem. Given a permuted

symplectic matrix S P R2m,2n with STJS “ pJp1 : 2n, 1 : 2nq find a matrix Dc such that

κ2pSD
´1
c q ď αC min

DPD
pSD´1q (4.1)

where D denotes the set of all nonsingular 2nˆ2n matrices of the form (3.1) and αC P R.

Remark 4.1. The optimal choice rDr from Theorem 3.6 is in general not optimal for
(4.1), that is κ2pS

rD´1
r q is not always less or equal to αC minDPDpSD

´1q. See Example
6.3 for an illustration.

We will proceed in three steps as in the previous section to find an answer to (4.1).
In the first step we look for upper triangular blocks

D´1
j “

ˆ

c´1
jj ´fjj
0 cjj

˙

(4.2)
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such that they minimize the Frobenius norm of the product SjD
´1
j , where the columns

of Sj are
Sj “ psj , sn`jq.

We obtain a theorem similar to Theorem 3.1.

Theorem 4.2. Let S “ ps1, sn`1, s2, sn`2, . . . , sn, s2nq P R2m,2n with STJS “ pJp1 :
2n, 1 : 2nq be given. For j “ 1, . . . , n let Sj “ psj , sn`jq and Dj as in (4.2). The
Frobenius norm }SjD

´1
j }

2
F , j “ 1, . . . , n is minimized for

D̆´1
j “

ˆ

c̆´1
jj ´f̆jj
0 c̆jj

˙

,

where

c̆jj “
}sj}2

4

b

detpSTj Sjq
, f̆jj “

sTj sn`j

}sj}2 4

b

detpSTj Sjq
.

Thus, for the Frobenius norm of the jth block column Sj of S for the optimal D̆j it holds

}SjD̆
´1
j }F “

?
2δj

with

δj :“ 4

b

detpSTj Sjq.

The proof is analogous to the one of Theorem 3.1 and it is therefore omitted here. In
addition, it is easy to prove that the two columns of SjD̆

´1
j have the same norm.

Corollary 4.3. It holds that

}SjD̆
´1
j e1}2 “ }SjD̆

´1
j e2}2 “ δj .

Proof. The assertion follows immediately,

}SjD̆
´1
j e1}2 “ c´1

jj }sj}2 “
4

b

detpSTj Sjq “ δj

and
2δ2
j “ }SjD̆

´1
j }

2
F “ }SjD̆

´1
j e1}

2
2 ` }SjD̆

´1
j e2}

2
2.

Next we state a theorem similar to Theorem 3.6. That is, we determine a scaling

qDc “ diagp qD1, . . . , qDnq P D

such that all columns of the matrix S qD´1
c have the same Frobenius norm δ.

14



Theorem 4.4. Let S “ ps1, sn`1, s2, sn`2, . . . , sn, s2nq P R2m,2n with STJS “ pJp1 :

2n, 1 : 2nq be given. Let δj be as in Theorem 4.2. Let δ ě δj. All columns of S qD´1
c have

the same norm δ for qDc “ diagp qD1, . . . , qDnq P D where

qDj “

ˆ

čjj f̌jj
0 č´1

jj

˙

(4.3)

for j “ 1, . . . , n with

čjj “
}sj}2
δ

, f̌jj “
sTj sn`j ˘

b

δ4 ´ detpSTj Sjq

}sj}2δ
.

The proof is analogous to the one of Theorem 3.6 and it is therefore omitted here.
Finally, we state the main theorem on the block scaling of S similar to Theorem 3.8.

Theorem 4.5. Let S “ ps1, sn`1, s2, sn`2, . . . , sn, s2nq P R2m,2n with STJS “ pJp1 :
2n, 1 : 2nq be given. Let δj be as in Theorem 4.2. Let δ and µ be defined as

δ :“ max
j“1,...,n

tδju, µ :“ min
j“1,...,n

tδju.

Let qDc and qDj , j “ 1, . . . , n be as in (4.3) and Theorem 4.4. Then S qD´1
c is nearly

optimally scaled. More precisely, it holds

min
DPD

κ2pSD
´1q ď κ2pS

qD´1
c q ď

?
2n

δ
b

δ2 `
a

δ4 ´ µ4

µ2
min
DPD

κ2pSD
´1q.

The proof is analogous to the one of Theorem 3.8 and it is therefore omitted here.

Remark 4.6. The optimal choice rDc from Theorem 4.5 is in general not optimal for
(3.2), that is κ2p

qDrRq is not always less or equal to αR minDPDpDRq. See Example 6.3
for an illustration.

5. Connections to related factorizations

In the next two subsections we show that the stated results are valid for the both fac-
tors obtained from the symplectic QR factorization of matrix, and the factor R obtained
by the skew-symmetric (Cholesky-like) factorization of a (skew symmetric) matrix A.

5.1. Symplectic QR factorization

The symplectic QR factorization of a matrix G P R2m,2n into the product QR with an
upper triangular matrix R P R2n,2n and an matrix Q P R2m,2n which satisfies QT pJQ “
pJp1 : 2n, 1 : 2nq has been proposed in [12]. If GTJG is nonsingular, then G can be
factorized as GP “ QR where P is a suitable permutation matrix.
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The result of Section 3 is valid as stated since the symplectic QR factorization com-
putes the upper triangular factor R. The results of Section 4 can be applied to matrix
Q since PQ “ S. Therefore, we have

STJS “ pQP qTJPQ “ QT pJQ “ pJp1 : 2n, 1 : 2nq

and, due to unitary equivalence of the spectral norm

κ2pQD
´1
c q “ κ2pSD

´1
c q

for Dc P D.

5.2. Skew-symmetric Cholesky-like factorization

For any G P R2m,2n, m ě n the matrix GTJG is skew-symmetric as JT “ ´J .
Assume that we are given a permuted SR decomposition of G, G “ SR with the permuted
symplectic matrix S (that is, STJS “ pJp1 : 2n, 1 : 2nq) and an upper triangular matrix
R. Then

A :“ GTJG “ RTSTJSR “ RT pJp1 : 2n, 1 : 2nqR. (5.1)

This factorization of A (almost) corresponds to the Cholesky-like factorization of skew-
symmetric matrices given in [2] (see also [1]). In these papers it is proven that any skew-
symmetric matrix B P R2m,2m whose leading principal submatrices of even dimension
are nonsingular has a unique factorization

A “ LT pJL

where L is upper triangular with `2j´1,2j “ 0, `2j´1,2j´1 ą 0 and `2j,2j “ ˘`2j´1,2j´1

for j “ 1, . . . ,m. Thus L has 2ˆ 2 blocks of the form
ˆ

` 0
0 ˘`

˙

running down the main diagonal.
Thus, if R in (5.1) is such that its 2ˆ 2 diagonal blocks are matrices of the form

ˆ

r 0
0 ˘r

˙

the decomposition (5.1) (and hence the SR decomposition of G) is unique (the fact
concerning the unique SR decomposition has already been noted in [10]). Moreover,
Theorem 3.8 can be applied to R and we obtain not only an optimal scaled R in the SR
decomposition of G, but also the unique Cholesky-like factorization with optimal block
scaling.

But usually, R will have diagonal blocks Rjj , j “ 1, . . . , n which are upper triangular,

Rjj “

˜

r
pjq
11 r

pjq
12

0 r
pjq
22

¸

, r
pjq
11 r

pjq
22 ‰ 0

for j “ 1, . . . , n. Again, Theorem 3.8 can be applied to R and we obtain not only an
optimal scaled R in the SR decomposition of G, but also a non-unique Cholesky-like
factorization with optimal block scaling.
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From the factorization A “ LT pJL it can be seen that any scaling matrix DL applied
to L needs to satisfy

DT
L
pJDL “

pJ

so that
A “ LT pJL “ pDLLq

T
pJpDLLq

holds.

6. Numerical examples

In this section we show behavior of the nearly optimal scalings of the factors R and
S. The first example shows that the condition number of the scaled matrix rDrR can be
significantly smaller than the condition number of R, while the second example shows
that the bound

αR “
?

2n
β
b

β2 `
a

β4 ´ γ4

γ2

can be significantly larger that 1, and the condition number of the scaled matrix can rise.

Example 6.1. Let

R “

¨

˚

˚

˚

˚

˚

˚

˝

a 0 a´2 a´2 a´2 a´2

a a´2 a´2 a´2 a´2

a2 0 a´2 a´2

a2 a´2 a´2

a´1 0
a´1

˛

‹

‹

‹

‹

‹

‹

‚

,

be obtained by the SR decomposition, where a is a small parameter, 0 ă a ă 1.
If, for example, a “ 0.1 then the optimal block-diagonal scaling from Theorem 3.8

applied from the left to the rows of R is

rDr «

¨

˚

˚

˚

˚

˚

˚

˝

20.0000 ´19.9520
0.0500

14.1421 ´14.0714
0.0707

1.0000 0.0000
1.0000

˛

‹

‹

‹

‹

‹

‹

‚

,

while the final scaled matrix rDrR is

rDrR «

¨

˚

˚

˚

˚

˚

˚

˝

2.0000 ´1.9952 0.4976 0.4976 0.4976 0.4976
0.0050 5.0000 5.0000 5.0000 5.0000

0.1414 ´0.1407 7.0697 7.0697
0.0007 7.0711 7.0711

10.0000 0.0000
10.0000

˛

‹

‹

‹

‹

‹

‹

‚

,

with all row norms equal to β “ 10. Note that β1 « 5.3183, γ “ β2 « 1.4142, while
β “ β3 “ 10. Therefore, the parameter αR in the statement of Theorem 3.8 is αR «
244.9367.
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For different parameters a we have different values for the condition numbers of the
matrices R and rDrR.

a 5.0e´01 1.0e´01 5.0e´02 1.0e´02

κ2pRq 5.1810e`03 1.6803e`09 4.1985e`11 1.6080e`17

κ2p rDrRq 1.5089e`03 1.5829e`08 1.9053e`10 1.3925e`15
β 2.3796e`00 1.0000e`01 2.0000e`01 1.0000e`02
γ 1.4146e`00 1.4142e`00 1.4142e`00 1.4142e`00
αR 1.3638e`01 2.4494e`02 9.7978e`02 2.4495e`04

Since the factor R has quite wildly scaled rows, with the nontrivial elements in each 2ˆ2
diagonal block significantly smaller than the elements in the rest of the corresponding
rows, the scaled triangular factor rDrR has a significantly lower condition number than R.

Example 6.2. Let

R “

¨

˚

˚

˚

˚

˚

˚

˝

a´1 0 a´1 a´1 a´1 a´1

a´1 a´1 a´1 a´1 a´1

a 0 a a
a a a

a´1 0
a´1

˛

‹

‹

‹

‹

‹

‹

‚

,

be obtained by the SR decomposition, where a is a small parameter, 0 ă a ă 1.
If, for example, a “ 1 ¨ 10´1 then the optimal block-scaling from Theorem 3.8 is

rDr «

¨

˚

˚

˚

˚

˚

˚

˝

1.2910 ´1.0328
0.7746

0.0100 99.9933
100.0000

0.5774 1.6330
1.7321

˛

‹

‹

‹

‹

‹

‹

‚

,

while the optimally scaled matrix rDrR is equal to

rDrR «

¨

˚

˚

˚

˚

˚

˚

˝

12.9099 ´10.3280 2.5820 2.5820 2.5820 2.5820
7.7460 7.7460 7.7460 7.7460 7.7460

0.0010 9.9993 10.0003 10.0003
10.0000 10.0000 10.0000

5.7735 16.3299
17.3205

˛

‹

‹

‹

‹

‹

‹

‚

,

with all rows-norms equal to β « 17.3205.
For different parameters a we have different values for the condition numbers of the

matrices R and rDrR.
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a 5.0e´01 1.0e´01 5.0e´02 1.0e´02

κ2pRq 5.5000e`01 1.0150e`03 4.0150e`03 1.0002e`05

κ2p rDrRq 1.3521e`02 7.7471e`04 1.2394e`06 7.7460e`08
β 3.4641e`00 1.7321e`01 3.4641e`01 1.7321e`02
γ 7.4767e´01 1.4953e´01 7.4768e´02 1.4953e´02
αR 1.0513e`02 6.5727e`04 1.0516e`06 6.5727e`08

This example shows that the optimal scaling, such that all rows have the same norm, can
worsen the condition number of R.

The third example shows that the condition number of S qD´1
r can be significantly

smaller than the condition number of S, while the fourth example shows that the bound

αC “
?

2n
δ
b

δ2 `
a

δ4 ´ µ4

µ2

can be larger than 1, and the condition number of the scaled matrix can rise.
Matrices S in the next two examples are computed in the 80-bit extended precision

arithmetic. The easiest way to produce the examples is to compute the matrix Q by the
symplectic QR factorization (see [12]) and then permute the rows, S “ PQ, to obtain
S. Note that the matrices R are not needed for conclusion about the optimal scaling of
the factor S in the SR decomposition. If G is needed, any triangular matrix R will do.
Then G is computed in multiple precision arithemtic as G “ SR.

Example 6.3. Now suppose that S is computed by the SR decomposition of the matrix

G «

¨

˚

˚

˚

˚

˚

˝

´8.0000e´08 5.9999e´10 ´9.9993e´06 ´2.0816e´07 ´1.0025e´05 ´1.0002e´01
2.0002e`03 ´9.8412e`03 2.1081e´01 8.6657e´03 1.6001e`02 1.0001e`03
1.9999e`00 ´9.8397e`00 ´1.1008e`01 ´2.2904e´01 1.4898e´01 ´1.0097e´01

´1.0000e´03 2.0000e´05 9.9001e´06 1.0208e´05 1.0008e`00 ´1.0108e´03
9.9990e´02 7.9902e´03 ´9.9999e´01 ´2.0898e´02 6.9991e´03 ´1.0001e´01
´1.9785e´02 9.7344e´02 1.0003e`03 2.0903e`01 9.9879e´01 1.0003e`02

˛

‹

‹

‹

‹

‹

‚

,

as

S «

¨

˚

˚

˚

˚

˚

˝

´8.0000e´10 7.0000e´10 9.9993e´06 8.0000e´10 9.9999e´06 1.0000e`00
2.0002e`01 ´1.0001e`03 ´2.0900e´02 ´2.0901e´09 8.8412e´07 9.8014e´03
1.9999e´02 ´9.9997e´01 1.1008e`01 1.0010e´03 9.8545e´10 ´1.0029e´04
´1.0000e´05 1.0000e´05 ´1.0000e´05 1.0000e´05 ´1.0000e´00 1.0000e´05

9.9990e´04 ´9.0000e´07 1.0000e`00 1.0000e´07 ´8.9980e´10 ´1.0010e´05
´1.9785e´04 9.8927e´03 ´1.0003e`03 ´1.0992e´04 8.9912e´07 1.0002e´02

˛

‹

‹

‹

‹

‹

‚

.

The corresponding R is well-conditioned

R «

¨

˚

˚

˚

˚

˚

˝

1.0000e`02 8.0000e`00 1.0000e´02 ´7.8600e´05 8.0000e`00 1.0201e´05
1.0000e`01 1.0110e´05 ´9.8000e´06 1.0000e´05 ´1.0000e`00

´1.0000e`00 ´2.0898e´02 ´1.0001e´03 ´1.0001e´01
9.9988e´01 9.0000e´06 9.9999e´05

´1.0009e`00 1.0008e´03
´1.0002e´01

˛

‹

‹

‹

‹

‹

‚

.

The optimal scaling by Theorem 4.5 is obtained by a matrix qDc, where

qDc «

¨

˚

˚

˚

˚

˚

˝

2.0001e`01 ´1.0001e`03
4.9997e´02

1.0003e`03 1.3067e´04
9.9973e´04

9.9995e´01 1.7558e´08
1.0000e`00

˛

‹

‹

‹

‹

‹

‚

.
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After the optimal scaling we get

S qD
´1
c «

¨

˚

˚

˚

˚

˚

˝

´3.9997e´11 ´7.8606e´07 9.9966e´09 7.9891e´07 1.0000e´05 9.9995e´01
1.0000e`00 ´1.0003e´02 ´2.0895e´05 6.4034e´07 8.8417e´07 9.8009e´03
9.9990e´04 1.0895e´05 1.1005e´02 9.9978e´01 9.8550e´10 ´1.0029e´04

´4.9997e´07 ´9.8007e´03 ´9.9973e´09 1.0003e´02 ´1.0000e`00 1.0017e´05
4.9992e´05 9.9995e´01 9.9973e´04 ´3.0639e´05 ´8.9984e´10 ´1.0009e´05
´9.8920e´06 ´1.0779e´07 ´9.9999e´01 2.0753e´02 8.9917e´07 1.0002e´02

˛

‹

‹

‹

‹

‹

‚

.

In this case

κ2pSq “ 1.0327e`06, κ2pS qD´1
c q “ 1.0623, δ “ 1.000049, µ “ 1.000024,

and the row-norms are equal to 1.000049 while αC “ 3.4815. Note that in this case we
have a very precise estimation of the maximal condition number over all block diagonal
scalings of the form (3.1).

If the matrix S is scaled by the factor rD´1
r from Example 6.1, instead of qD´1

c , then

κ2pS rD´1
r q « 3.8465e`10. In the case of rD´1

r from Example 6.2 the condition number is

even higher, κ2pS rD´1
r q « 2.0251e`14.

On the other hand, if qDc is used to scale R from Example 6.1 we get κ2p qDcRq «

5.4894e`20. For R from Example 6.2 the result is very similar, κ2p qDcRq « 2.29358e`17.

Example 6.4. Now suppose that S is computed by the SR decomposition of G,

G «

¨

˚

˚

˚

˚

˚

˝

1.0871e`02 1.4643e`01 ´5.4969e´01 ´1.1806e´02 9.2375e`00 ´6.5123e´01
´5.2820e`01 ´8.8338e`00 5.8813e´01 1.3947e`00 ´2.8501e`00 4.1022e´01
´1.8322e`01 1.5381e`00 ´5.1659e´02 ´9.0207e´01 ´1.8338e`00 ´2.9221e´01
´5.9464e`01 1.1893e`00 ´5.9404e´03 4.0911e´05 ´4.2155e`00 ´5.9519e´01

3.7614e`01 3.0091e`00 ´3.9718e´01 ´8.4084e´03 3.7575e`00 4.9976e´04
6.1056e`01 4.3350e`00 ´1.7096e`00 1.2893e´01 6.0988e`00 ´5.6762e´02

˛

‹

‹

‹

‹

‹

‚

,

as

S «

¨

˚

˚

˚

˚

˚

˚

˝

1.0871 0.5946 0.5606 0.0000 ´0.5411 ´1.08e´19
´0.5282 ´0.4608 ´0.5934 1.3825 ´1.3738 1.0868
´0.1832 0.3004 0.0498 ´0.9011 0.3677 ´0.1288
´0.5946 0.5946 0.0000 0.0000 ´0.5411 0.0000

0.3761 1.02e´20 0.4009 ´6.78e´21 ´0.7482 ´0.4133
0.6106 ´0.0550 1.7157 0.1649 ´1.2150 ´0.6106

˛

‹

‹

‹

‹

‹

‹

‚

.

The corresponding R is equal to one from Example 6.3.
The optimal scaling of rows of S is obtained by a block diagonal matrix Dc,

qDc «

¨

˚

˚

˚

˚

˚

˚

˝

0.8634 1.1876
1.1582

1.0913 ´0.1685
0.9164

1.2107 0.2583
0.8260

˛

‹

‹

‹

‹

‹

‹

‚

.
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The scaled matrix

S qD´1
c «

¨

˚

˚

˚

˚

˚

˚

˝

1.2590 ´0.7775 0.5137 0.0944 ´0.4470 0.1398
´0.6117 0.2294 ´0.5438 1.4087 ´1.1347 1.6706
´0.2122 0.4769 0.0457 ´0.9750 0.3037 ´0.2509
´0.6887 1.2196 0.0000 0.0000 ´0.4470 0.1398

0.4356 ´0.4467 0.3674 0.0675 ´0.6180 ´0.3072
0.7071 ´0.7725 1.5722 0.4689 ´1.0036 ´0.4254

˛

‹

‹

‹

‹

‹

‹

‚

has a somewhat higher condition number than the original S. Indeed, we have

κ2pSq “ 18.0149, κ2pS qD´1
c q “ 21.9625, δ “ 1.7800, µ “ 1.2168,

with the row-norms equal to 1.7800, and αC “ 10.1756.

7. Concluding remarks

The results of this paper may help to refine the relative perturbation results for the
eigendecomposition of skew-symmetric matrices computed by the algorithm derived by
Pietzsch in his PhD thesis [11].
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sis, FernUniversität–Gesamthochschule, Hagen (1993).
[12] S. Singer, S. Singer, Rounding-error and perturbation bounds for the symplectic QR factorization,

Linear Algebra Appl. 358 (1–3) (2003) 255–279.
[13] A. van der Sluis, Condition numbers and equilibration of matrices, Numer. Math. 14 (1) (1969)

14–23.
[14] D. S. Watkins, L. Elsner, Convergence of algorithms of decomposition type for the eigenvalue

problem, Linear Algebra Appl. 143 (1991) 19–47.

21

Powered by TCPDF (www.tcpdf.org)

http://www.tcpdf.org

