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1 Introduction
The barotropic Navier—Stokes system:
atQ + dlvas(Qu) = 07
Oi(ou) + div,(ou ® u) + V,p(0) = div,S(D,u) + oV, G,

p
S(D,u) = (qu +Via— C—ldivxuﬂ) +adiveul, g >0, A>0, (1.1)

1
with D,u = 3 (qu + V;u>,

is a well-established model in continuum fluid mechanics governing the time evolution of the mass
density ¢ = o(t,z) and the velocity u = u(t,z) of a compressible viscous fluid. In the fluid
if confined to a bounded domain Q2 C R? d = 1,2,3, suitable boundary conditions must be
prescribed to obtain a well posed problem. Here we consider the realistic situation with a given
boundary velocity,

11|aQ = Uy, (12)

and, decomposing the boundary as
0N =Ty UL, T'in = {I € 0N ‘ the outer normal n(z) exists, and ug(x) - n(z) < 0} :

we prescribe the density on the in—flow component,

Y T — Ob- (13)

Our goal is to describe the long—time behavior of finite energy weak solutions to the problem
(1.1)-(1.3).

Note that the long—time behavior of solutions is well understood under the no—slip boundary
conditions u, = 0, see [3], [4], [9], [10] for general results if d = 2,3 and Melinand and Zumbrun
[8] for refined arguments if d = 1. The w-limit set of any solution trajectory t — [o(¢,-), (ou)(t, )]
is contained in the set of stationary (static) solutions [og, 0],

Vap(or) = 06V.G, 0p >0, / op dx = / 0(0,+) dx = M. (1.4)
0 Q

If the problem (1.4) admits a unique solution, any trajectory converges to it. The same is true if
the set of solutions of (1.4) consists of isolated points. The case when (1.4) admits a continuum of
solutions remains an outstanding open problem. Note that in this case the equilibria pg necessarily
contain vacuum, meaning g vanishes on a set of non-zero measure, see [3].

Much less is known in the case of non-trivial in/out flow velocity. Melinand and Zumbrun
[8] studied the problem in the mono-dimensional case d = 1 and with G = 0 in the framework
of strong solutions. They show (non-linear) stability of the stationary solutions with constant
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velocity u, and their small perturbations. They also show that linear stability implies nonlinear
stability in the general case.

Motivated by [4], we study stability and convergence to the static states in the multi-dimensional
case, with the velocity ug associated to a rigid motion, meaning

D,ug = 0. (1.5)
The corresponding density og satisfies

divz(gEuE) = 0,

. 1.6
div,(epur ® up) + Vup(or) = 06V.G. (16)
Accordingly, we consider the problem (1.1)—(1.3) with the boundary conditions

W, = up, 0 = 0. (1.7)

Under the hypothesis (1.7), and if the stationary density gg is strictly positive, the problem
(1.1)—(1.3) admits a Lyapunov function, namely the relative energy

1
/ E (Qau‘QEauE> de, £ (Q,u‘@E,uE) = {§Q|u —ug|® + P(o) — P'(0r)(0 — o) — P(ogr)| ,
Q

see Section 3. The situation becomes more delicate if or vanishes on a non—trivial part of €2. In
that case, the stationary problem may admit more (infinitely many) solutions even if the total
mass is prescribed.

Our main result asserts that any weak solution of the problem (1.1)—(1.3), satisfying a suitable
form of energy inequality, approaches the equilibrium solution [pg, ug] as t — oo as long as the
stationary problem (1.6) admits a unique solution. To the best of our knowledge, this is the
first result of this kind in the multi-dimensional case under the non—zero in/out flow boundary
conditions. Note that such a result does not follow from “standard” arguments, even if o > 0, as
the Lyapunov function

tH/ﬂE(g,u’gE,uE) (t,-) dz

is not continuous on the trajectories generated by weak solutions. In addition, we show that the
convergence is uniform with respect to bounded energy initial data.

The paper is organized as follows. In Section 2, we recall the concept of weak solution to the
Navier—Stokes system and state our main result. Section 3 is devoted to the stationary problem
(1.6). In particular, we establish several conditions sufficient for its unique solvability. The main
convergence result is shown in Section 4.



2 Weak solutions, energy inequality, main results

We start by introducing the main hypotheses imposed on the structural properties of the potential
G and the pressure p. In what follows, we shall always assume that 2 C R? is a bounded Lipschitz
domain. Keeping in mind the iconic example of the gravitational potential, we require only

Ged'(Q). (2.1)
As for the pressure, we assume
p € C'0,00), p(0) =0, p'(0) >0for 0 >0, p'(0) =o', v>1as o oo. (2.2)
Here, the symbol p/(0) &~ 07! as ¢ — oo means
QQ”’l < p'(0) <po” ! for all p > 1, where p>0.
Accordingly, the pressure potential P defined as

Plo)o— Plo) = plo), P(0)=0, = P'"(g) = % for 0> 0,

is a strictly convex function on [0, 00). Without loss of generality, we may therefore assume
P'(0) - —0 if o = 0+ or P'(g) = 0if o — 0+,

adding a linear function to P in the latter case if necessary.

2.1 Weak solutions to the Navier—Stokes system

The functions [o, u] represent a weak solution of the Navier—Stokes system (1.1)—(1.3) in [0, co) x €2,
with the boundary data
u, = ugloa, 0 = 0rloe,

if:

0 € Cueatetoc([0,00): L7()), 0> 0, m = gut € Coearcioe ([0, 00); L777 (2 RY)),
(u—ug) € LIQOC([O, 00); Wl’Q(Q; Rd)), o€ L] ([0,00); L7 (Fout; d|up - m)).

loc

e Equation of continuity

t=1 T T
{/gcpdx} —i—// gpguE-nngﬁ—// popug -nd S,

Q t=0 0 Fout 0 Fin (23)
= / / [Qatgo + ou - ngo] dzx dt
0 Jo
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holds for any 0 < 7 < oo, and any test function for any ¢ € C1([0,00) x Q).

In addition, we require also the renormalized version of (2.3),

[/b( gpdx}tT //Fwtgpb ug-ndS, +/ /mgonEuE ndS, -
// 0)9p + b )u-ngo—<b’(g)g—b(g)>divxu} dedi

to be satisfied for any 0 < 7 < oo, any test function for any ¢ € C1([0,00) x ), and any
be C0,00), V' € C.[0,00).

e Momentum equation

{/ ou- @ dx} = / / [gu cOp+ou®@u: Ve + plo)divee — S(Dyu) - Vel do
Q - 0o Ja

—I—/ /QVIG'LP dxdt
0o Ja

holds for any 0 < 7 < 0o, and any test function ¢ € C1([0,00) x ©2; R?).

(2.5)

2.2 Energy balance

The energy inequality is an indispensable part of the definition of weak solution. In view of direct
calculations presented in the Appendix it takes the form

[~ 1 wl? = .
/0 atgu/g {2g|u ug| +P(9)} dxdt+/0 Lb/QS(]Dxu) :Dyu dzdt
+/ P A P(g)uE-ndSIdt+/ ¢/F P(op)ug -n dS, dt
0 out 0 in
< 0(0) [ [56(0.0u00,) gl + P(o(0, )] da (2:6)
_/Ooogy/ﬂ[gu@qup(g)]I]:quE dxdt+/0m¢[29u-%vz|uE|2 dz dt
+/0 iﬂ/QS(Dmu) :Dyup dxdt+/0 w/QQVmG-(u—uE) dz dt

for any ¢ € C[0,00), ¥ > 0.

Remark 2.1. The energy can be defined in terms of the density and momentum that are weakly
continuous quantities in time:

1 |m|? 1
E(g,u ’uE> = [ Q|u—uE\2+P( )} [2| Q‘ —m-uE+§Q]uE]2+P(Q) , m = ou.
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Moreover, with the convention
E(Q,u ‘uE> =o0if p<Oor p=0,m#0, E(Q,u ‘uE> =0ifp=0, m=0,

E is a convex lLs.c. function of [o, m] € R,

Definition 2.2 (Finite energy weak solution). A weak solution [o,u] specified in Section 2.1
satisfying the energy inequality (2.6) is called finite energy weak solution of the Navier—Stokes
system (1.1)—(1.3) in [0, 00) x 2.

The existence of finite energy weak solutions for the Navier—Stokes system with in/out flux
boundary conditions has been proved in [1], [2], [7] (see also Girinon [6]) under additional assump-
tions on smoothness of the domain €2 and for v > %l. At this stage the total energy

/QE (0.u )uE> dz

is not necessarily a decreasing function of time. Further assumptions on ug and g, specified below
are necessary to convert it to a kind of Lyapunov function for the system.

2.3 Main result

We are ready to state our main result.
Theorem 2.3 (Convergence to equilibrium). Let Q C R?, d = 2,3 be a bounded Lipschitz domain.
Let G and p satisfy the hypotheses (2.1), (2.2), with

- d
"}/ 2'
Let ug be a given field such that
D,ug =0, V,G-ug =0. (2.7)
Let o be a density field solving the stationary problem (1.6) with the given ug such that

or >0, the set {x e N ‘ op(z) > O} # () is connected in Q), op

Ty, = 0.

Let [o,u] be a finite energy weak solution of the problem (1.1)—(1.3) in [0,00) x Q, with the
boundary conditions (1.7), and

/QE <Q,u ‘ uE> (0,) dx < Ey,

/Q(O,) dZL':M()>07 MOZ/QE dz ZfFln:®
Q Q
Then for any € > 0, there exists T = T(e) depending only on Ey such that

lo(t,) = opllve) + llo(u —ug)(t,-) <e forallt>T(e).

[
LY+T(;R4)



Remark 2.4. It follows from the equation (1.6) that the pressure p(gg) is a continuously differ-

entiable function in €, in particular, op € C(Q).

Remark 2.5. As div,ug = 0, we have

/ ug -n dS, = 0.
a0

Consequently, if T';, = (), then necessarily

ug - n|aQ = 0.

(2.8)

As up is the velocity of a rigid motion and € is bounded, relation (2.8) implies either ) is

rotationally symmetric or ug = 0. In both cases, the total mass
/ o(t,-) de = My is a constant of motion.
Q
The following two sections are devoted to the proof of Theorem 2.3.

3 Stationary problem

The energy inequality (2.6) simplifies to

—/ atzp/ Fg|u—uE|2+P(g)—Q(1|uE|2+G)} dxdt+/ w/S(]D)mu) :Dyu dzdt
0 ol2 2 0 0

+ /OOO@ZJ . {P(@) — (0 —or) (éluEl2 + G) - P(QE)] ug -n ds, dt

> 1
+/ (G {P(9E>_QE (—|11E|2+G)} ug -n ds, d¢
0 a0 2

< @Z)(O)/ﬂ {E (Q,u ‘ uE> + (%|uE|2 +G)] 0,) dz

for any ¢ € C[0,00), ¥ > 0.

3.1 Stationary equation of continuity

Next we use the hypothesis that the boundary data for the density g, = og|r,, are determined by

the stationary density pg satisfying, in particular, the equation of continuity

div,(opug) =0 in D'(Q).

(3.2)



It follows from (3.2) that

1 1
/ OFE —|11E|2+G uEndSm:—/QEVZ, —|11E|2+G - Ug dx:(),
1)9) 2 Q 2

where the last equality follows from (2.7) and
V$|uE|2 cUg = —211E . V:qu' = —Ug- VmuE ‘Ug —Uug - Vqu U = —211E . ]DmllE cUg = 0. (33)

Similarly, using div,up = 0 we get by renormalization

div,(P(op)ug) =0 = P(op)ug -n dS, = 0.
o0

Consequently, the energy inequality (3.1) takes the form

_/ 5t¢/ Fg|u—uE|2+P(g)—g(1|uE|2+G)} dxdt+/ @b/S(Dxu) :D,u dedt
0 QL2 2 0 Q

v o] P(0)~ (o 20) (G0l + G) = Plos)| up o ds,at

<00 [ |5 (ou]ur) — o (GheP +6)] 0.9 as

for any ¢ € C![0,00), ¢ > 0. Note that the result holds under general assumption on gg, in

particular, it is enough that op € C(Q2), og > 0, not necessarily or > 0.

(3.4)

3.2 Stationary momentum equation

In view of

1
ug - quE = 211E . ]D)xll]_:; — Uug - VtzllE = —§Vx|llE|2, (35)

the stationary momentum equation can be written in the form
1 2

in particular p(og) € C1(Q), and op € C(Q). We point out that o need not be continuously
differentiable on the boundary of its domain of positivity.
If o > 0, we can rewrite (3.6) as

/ 1 / 1
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where C'g is a constant. In accordance with the hypotheses of Theorem 2.3, the domain of positivity
of g,

{xGQ ‘ or(z) >O}

is bounded and connected in €2; whence o is given through formula

0sle) = (P) [Gle) + glus(ff = Ca| it P04) =0, .
3.8
og(z) = (P! <G(I) + %]uE(xﬂz — C’E) if P'(04) = —oo0.

Note that in the latter case vacuum does not occur, pg > 0 in 2. The constant C'z € R is uniquely
determined by the boundary value g, = gg|r,, if Iy # 0 or by the total mass

M, = / o dz
Q
in the case I'y, = 0.

Finally, we rewrite the energy inequality (3.4) in the form

—/Oooatw/ﬂ B(Q\u—uEF—i—P(g)_(g—QE) (G+%qu|2—cE> —P(w)} dz dt

+/ ¢/S(Dxu) :Dyu dadt
0 0

o (3.9)
[0 [P - (o= on) (Gt Gt - Ce) - Plow) | up - m as.
<00 [ |5 (eu fur) 0= o) (G + 3husl ~ €5 ) - Plew)] (0.9 do
for any 1) € C[0,00), ¥ > 0. Here, we have
Plo)~ (0= 0x) (G + glueP - Ci ) - Plex) 510
= P(0) — (¢ — ¢r)P'(er) — P(or) > 0 whenever gp > 0,
and
L 2 — E | — E
Plo) - (0= 0x) (G + glueP - Ci ) - Plox) .

1
:P(Q>_Q(G+§IU-E|2_CE> > P(0) > 0if og = 0.



In particular, the function &,

1 1
£xtes [ ol s+ P@) — (0 oe) (G -+ Glusk — Ci ) — Plow)| (1) @
Q
coincides on the set of full measure in (0, 00) with a non-increasing function and moreover

E(t) > 0ast o0 = lo(t:) = oxllive +llo(u—ug)(t, ), 3, —0ast—o0. (312

4 Convergence to equilibria

Our goal is to show Theorem 2.3. We start with the following auxilliary result:

Lemma 4.1. Let {0,,u,}5°, be a sequence of finite energy weak solutions to the Navier—Stokes
system (1.1)—(1.3) on a time interval (0,1) such that

/ E (Qn,un

Q
1
/ /S(]Dxun) :Dyu,, dedt < E
o Ja

uE) do < B,

uniformly for n =1,2,.. .,
div,u, — 0 in L*(0,1; L*(Q)).

Then we have
on — 0 in L7T((0,1) x Q),
u,, — u weakly in L*(0,1; Wh(Q; RY)),
onl, @1, — gu®u in LT((0,1) x Q; R™>?)
for a certain a > 0, passing to a suitable subsequence as the case may be.

The proof of Lemma 4.1 is based on nowadays standard arguments of the theory of compressible
Navier—Stokes system and may be found in [5].

4.1 Convergence to equilibria

To show convergence we introduce the sequence of time—shifts:
on(t,x) = o(t + n,x), u,(t,z) =u(t+n,x), n=1,2,...

where [p, u] is a global-in—time finite energy weak solution to the Navier—Stokes system. It follows
from the energy inequality (3.9) that

/OI/QS(Dxun)  (Dpuy,) dodt = /OI/QS(]DI(un —ug)): (Dy(u, —ug)) dedt — 0 as n — oo;
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whence, by virtue of Korn—Poincaré inequality,

u, — ug in L*(0,1; WH(; RY)).

Moreover, applying Lemma 4.1 we may perform the limit in the equations (2.3), (2.5) obtaining

1 1
// SOQUE'HdSa:+// popup -nd S,
0 Fout 0 Fin

1
zliéMW+wEwahﬁ

for any test function ¢ € C}((0,1) x Q),

1 1
—/ / [guE cOpp+ oup @ug : Ve —I—p(g)divxcp] dz = / / oV.G - dxdt.
0o Ja 0o Ja

for any test function ¢ € C1((0,1) x Q; RY).
It follows from (4.1) that

1 1 1
—/ /QuEﬁtap dxdt:/ /guE-quE ® da:dt—l—/ /guE®uE:Vmgo dz dt
0o Ja 0o Ja 0o Ja

for any ¢ € C1((0,T) x ©; R?). In particular, we deduce from (4.2) using (3.5) that
1 1 1
—/ /p(g)divxcp dx:/ /va <G+—|uE|2) - dadt
0 Ja 0o Jo 2
for any ¢ € C1((0,1) x €; R?). Thus we get
1
Vplo(t,-)) = o(t, )V, (G + §\uE|2> in D'(Q) for a.a. t € (0,1),

from which, by a simple bootstrap argument, we deduce

(4.1)

(4.2)

(4.3)

(4.4)

plo(t,-)) € CH(Q), o(t,-) € C(Q), and V.p(o(t,-)) = o(t, )V, (G + %]uEIQ) for a.a. t € (0,1).

If Ty, = 0, then
/ o(t,-) de = M,
0
for any ¢ € (0,1) and whence we deduce from (4.5), exactly as in Section 3.2, that

o(t,") = o for a.a. t € (0,1).

11
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Similarly, as div,ug = 0 and o(t, -) is continuous, we deduce from (4.4) that

o(t,)|r,, = o for a.a. t € (0,1),

which yields the same conclusion (4.3).
Consequently, there is a sequence t, — oo such that

E(t,) — 0 as t, — oo.
As &(t) is non-increasing, this yields the desired conclusion

left.) = enlir + o = up)(t )| 2 = Oas t = oo, (4.7

4.2 Uniform convergence

To show uniform convergence claimed in Theorem 2.3, it is enough to show

1 1
E(t) = / {§Q|u - UE\z + P(o) — (0 — 0r) (G—i— 5"1E’2 — CE> — P(QE):| (t,-) de — 0 ast — oo
Q
uniformly for
E(0+) < E,.

Arguing by contradiction, we suppose there is 6 > 0, a sequence of time t,, — oo, and a
sequence of global in time solutions {g,,, u, }2°_,, with the associated energies &,, such that

Em(0+) < Ey, En(t) >0 >0 for any t € [0, t,,). (4.8)

However, as &, are non—increasing in time, &, > 0 and satisfying the energy inequality (3.9), we
get

tm
/ / S(D,u,,) : Dy(u,,) dxdt < Ey uniformly for m — oc.
o Ja

Consequently, there must be another sequence 7,, — oo such that
Tm+1
(Tmy T + 1) C [0, ), / / S(D,uy,) : D(u,) dedt — 0 as m — oc.
Tm Q

Thus repeating the arguments of Section 4.1 we would obtain another sequence s, — 00, S, <t
such that
E(sm) = 0asm — oo

in contrast with (4.8).
We have proved Theorem 2.3.
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5 Appendix

Below we present the formal derivation of energy balance (2.6).
Since ug is time independent we get from the balance of momentum
O¢(pou) + div,(ou ® u) + Vyp(o) = div,S(D,u) + oV, G (5.1)
that
drou + 00, (u — ug) + div,(ou ® u) + V,p(o) = div,S(D,u) + oV.G (5.2)
and consequently
dou- (u—ug) + e0(u —ug) - (u—ug)+div,(ou®u) - (u—ug) + V.p(p) - (0 —ug) (5.3)
= div,S(D,u) - (u —ug) + oV,G - (u— ug). ‘

Since y(30/u — ugl®) = 10:0lu — ug|* + o(u — ug) - d(u — ug) we rewrite (5.3) as

1 1
58t9|u — uE|2 — §8tg|u — uE|2 + dou- (u—ug) + p0(u —ug) - (u—ug)

+div,(ou®u) - (u —ug) + V.p(o) - (u —ug) = div,S(D,u) - (u —ug) + oV.G - (u— ug)
(5.4)

and then simplify it to

1
§at£)|u - U—E‘2 + Jyou - (u - uE)
+divy(ou®u) - (u—ug) + Vop(o) - (0 —ug) = div,S(D,u) - (0 —ug) + oV.G - (u— ug).
(5.5)

1
at(59|u - uE|2) -

Next, we first integrate (5.5) over €, then multiply by v € C![0,00), ¥ > 0 and finally integrate
over (0,00) to get

/ w/at(lglu—uEP)dxdt—/ w/latglu—uEdedth/ w/atgu-(u—uE)dxdt
0 o 2 0 Q2 0 Q

+/Ooo¢/szdivm(gu®u)-(u—uE)dxdt—I—/Ooozb/Qpr(g)-(u—uE)dxdt

= / w/ div,S(D,u) - (u —ug)dzdt +/ w/ oV.G - (u—ug)dedt
0 Q 0 Q
(5.6)
Using integration by parts we can rewrite the first term in (5.6) as
o 1 o 1 1
| v [oGan—uepydrdt = [ ow [ Sou-usldrde—v0) [ 00,0, -l ds
0 o 2 0 02 2 57

The rest of the terms in (5.6) can be treated as follows (below we ignore the time integration
and multiplication by 1 as it plays no role in the calculations):

13



/Qdivx(gu®u)~(u—uE)dx:—/Q(Qu@)u):Vx(u—uE)dx+/89(gu®u)~(u—uE)‘ndS

= —/(Qu®u) : qudx—i—/(gu@u) : Veyugpde
Q Q
(5.8)

where the boundary term vanishes thanks to the boundary conditions u = ug on 9f2.

1
—/—Otg|u—uE|2da:+/0tQu-(u—uE)d:v—/(gu®u):qudx
Q2 Q 0
1
= —/ Eﬁtg(u—uE) : (u—uE)dx—i—/(?tQu'(u—uE)d:c—/(gu@u) : Vyude
Q 0 0
1 1
:/—8tgu- (u—uE)dx+/ —8tQuE-(u—uE)dx—/(Qu®u) : Veyude
Q2 2 Q
1
= é/atg(u—i—uE) : (u—uE)d:L’—/(gu@)u) : Vyude
Q 0
= —%/divm(gu)(|u|2 — Jug?) dx — /(gu@u) : Vyude
Q Q

1 1
— —/Qu.(vm|u|2—vm|uE|2)dx——/ ou-n(|ul? — |uE|2)dx—/(gu®u) : Veudr
2 Ja 2 Jao Q
1 1
_——/Qu'vx’uEFdl’—i-—/Qu'Vm\u\de—/(gw@u):qudx
2 Jg 2 Jo Q
1
:——/Qu-vz|uE|2dx
2 Jo

(5.9)

[ s (u - ) de = - [ 8O.): ofu - up)dot [ SO (a - up) nas

EYY)
= — / S(Dyu) : Dyude + / S(D,u) : Dyug de,
Q Q
(5.10)

where the boundary term vanishes thanks to the boundary conditions on u and
S(D,u) : Vy(u—ug) =S(D,u) : D(u —ug) (5.11)

thanks to the symmetry of S(D,u).
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/pr (u—ug dx—/vxp uda:—l—/p(g)divqudx—/ p(o)ug - ndS
Q

B
= / V.p(o) -udx + / p(o)l: Vyupde — / p(o)ug - nds.
Q Q o9
(5.12)

Finally, thanks to the boundary conditions on u we get

/at dx-/P’(g)@thx:—/QP’(g)divx(gu) da

/V P'(0) - (ou dw—/ P’(Q)Qu-nds—/P"(Q)vag-udx—/ P'(0)ou - ndS
o9 Q P

Q

= /p’(g)vxg -udze —/ P'(0)ou - ndS = / V.p(o) -udx — / P'(9)oug - ndS
Q o0 Q o0
(5.13)

and hence

_/ 3t¢/ )da dt — (0)/ dx—/ 1/@/ ) dodt (5.14)

:/0 Yﬂ/QVxP(Q)'UdOEdt—/O (0 89P(Q)QuE-ndet,

for any ¢ € C[0,0), ¥ > 0.
Relations (5.7)-(5.12), (5.14) put together with (5.6) and the boundary conditions ¢ = gr on
[;,, vield the energy inequality (2.6) for all ¢ € C1[0,00), ¢ > 0.
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