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Abstract

Reaction-diffusion systems satisfying assumptions guaranteeing Turing’s instability and supple-
mented by unilateral terms of type v~ and vt are studied. Existence of critical points and
sometimes also bifurcation of stationary spatially non-homogeneous solutions is proved for rates
of diffusions for which it is excluded without any unilateral term. The main tool is a general result
giving a variational characterization of the largest eigenvalue for positively homogeneous operators
in a Hilbert space satisfying a condition related to potentiality, and existence of bifurcation for
equations with such operators. The originally non-variational (non-symmetric) system is reduced
to a single equation with a positively homogeneous potential operator and the abstract results
mentioned are used.

Keywords: positively homogeneous operators, maximal eigenvalue, variational characterization,
global bifurcation, reaction-diffusion systems, unilateral sources

1. Introduction

The original goal of this paper was a study of an influence of unilateral terms of type v,
v to bifurcation of stationary spatially non-homogeneous solutions of reaction-diffusion systems
exhibiting Turing’s diffusion driven instability. The systems discussed have the form

ou

- = dlA’LL-f-bllU-’-le’U-’-’le(u,'U)

835 in Qx[0,00), (1)
E :d2AU+b21U+b22’U+n2(u,U)+g_($,’U_)—g+($,v+)

where (2 is a bounded domain in R™ with a Lipschitz boundary, di, d2 are positive parameters, b;;
are real constants, nq,ns : R2 = R are small nonlinear perturbations, v+, v~ denote the positive
and negative part of v, respectively, and §_, g+ : 2 x [0,00) — R are functions describing certain
unilateral sources and sinks, see below for more details. However, for our approach we needed a
variational characterization of the largest eigenvalue of a compact positively homogeneous operator
and existence of bifurcation for equations of type

M — Su+ B(u) — N(u) =0, (2)

where S is a linear compact symmetric operator in a Hilbert space, B is a compact positively
homogeneous operator and N is a small compact nonlinear perturbation. These results perhaps

Email addresses: kucera@math.cas.cz (Milan Kucera), Josef .Navratil@fjfi.cvut.cz (Josef Navratil)

Preprint submitted to Nonlinear Analysis: Theory, Methods & Applications September 1, 2017



can be of a separate interest and therefore they are given in an abstract form in a separate
self-contained Section 4. For a variational characterization of the largest eigenvalue of a compact
positively homogeneous operator B we need a certain additional assumption, namely the condition
(51), which is related to potentiality. For the proof of existence of bifurcation for the equation
mentioned above we need an odd multiplicity of the largest eigenvalue of S and B is supposed to
be small.

Reaction diffusion system (1) will be always supplemented by mixed boundary conditions

ou Ov
%—%,—O OHFN (3)

u=v=0 onlIp,

where 7 is the outer unit normal to the boundary 0, I'y,I'p C 02 are disjoint subsets of 9f)
satisfying
meas;,—1 I'p >0, meas,,—1(0Q\(TpUlyN))=0 (4)

(the (m — 1)-dimensional Lebesgue measure). In fact, the original model should describe a bio-
chemical reaction of two morphogens having a positive constant equilibrium %, ©. Shifting this
positive steady state to zero, we can write the equations in the form (1), where u and v denote de-
viations of concentrations of the morphogens from the values @, v, not concentrations themselves.
We will always suppose that n; are continuously differentiable and

on;

ou

ony

nj (O, 0) = 8'[)

(0,0) = (0,0)=0, j=1,2, (5)

det B := bj1bas — biaboy > 0, b11 + bos < 0,
b1 > O, bogy < 0, b1aba1 < 0.

(6)
It is known that under the assumptions (5), (6), in the case g+ = 0 the trivial solution of the
corresponding system without diffusion, i.e. ODE’s obtained from (1) for d; = dy = 0, is asymp-
totically stable, but the trivial solution of the full system (1), (3) is unstable for dy,ds from a
certain open subset Dy of the positive quadrant RZ (Turing instability), and stable only for
(di,d2) € Dg =R2 \ Dy. See e.g. [13], [14], [5]. Our goal is to prove that for the problem with
non-trivial g4, there exist global bifurcations of spatially non-homogeneous stationary solutions
in the domain Dg, where this is impossible in the case g+ = 0.

The unilateral terms g_(x,v~) and gy (x,v") can model a unilateral source and sink, which
is active only in points z and times ¢ where v(¢,2) < 0 and v(¢,x) > 0, that means where the
concentration of the second morphogen is less and larger, respectively, than . We will assume in
the whole paper that §_, g4 : © x [0,00) — R are functions satisfying Carathéodory conditions,
having a derivative with respect to the second variable at zero for a.a. x €  and

6gi (l’, 5)

g+ (2,0) =0, o€

=sq(x) foraa. x €, (7)
£=0

where

s+ € L*(Q), sy(z) >0 for a.a. z € Q, sy(z) >0 for a.a. z € Oy,
s_ € L>®(Q), s_(z) >0 for a.a. z € Q, s_(z) >0 for a.a. x € Q_, (8)
Q4,Q_ being open subsets of {2, not both coinciding with €.

A typical example is gy (x,&) = s+ (2)€/(1+ &), ie.

~ -\ v q ) = U+
g_(fE,’U )*5—(55)14_?}_7 g+(l‘,’0 )—S+($)m




A similar problem was discussed in [4]. However, our current results are in some sense comple-
mentary to those from [4], as explained in Section 2, Remark 5. Let us note that an influence of
unilateral sources or sinks described by variational or quasi-variational inequalities was studied
already in a series of papers, see e.g. [2], [11], [15], [10], [7], [12], [8] and the references therein.
However, variational inequalities model sources and sinks with an infinite power which prevent
any decrease and increase below and above, respectively, the value mentioned, which is hardly to
imagine in a nature. The unilateral terms considered in the current paper and in [4] seem to be
more natural.

A basic step is the proof of existence of critical points, that means couples di, dy for which
the homogenized stationary problem

d1 Au+biiu + bisv = 0,
do Av+boyu + bogv + s_(2)v” — sy (x)vT =0

(9)

with (3) has a nontrivial solution lying in Dg. The main idea is to write the weak formulation in
the form of a system of operator equations in a subspace of the Sobolev space, to express u from
the first equation, substitute it to the second equation, to obtain in this way a single equation with
a positively homogeneous operator, and to use abstract results mentioned above. This idea was
used for the case of unilateral sources described by variational inequalities already in [11], [10],
[1], [8]. For a study of bifurcation we combine these ideas with a use of Leray-Schauder degree (a
jump of a degree implies bifurcation).

Let us note that unilateral sources and sinks for u (an activator) have an opposite influence,
they reduce the region where bifurcation of stationary solutions can arise, see [10] for the case of
quasi-variational inequalities.

The results concerning critical and bifurcation points of reaction diffusion systems with uni-
lateral sources and sinks are formulated and discussed in Section 2. Section 3 is devoted to the
reduction of a reaction-diffusion system to a single operator equation. This makes possible to use
abstract results of Section 4 concerning eigenvalues and bifurcations for equations with positively
homogeneous operators to the proofs of the main results of Section 2, which are given in Section
5. For the completeness, in Appendix we prove the C! smoothness of a map N; important for the
use of Implicit Function Theorem in Section 3 and explain a general global bifurcation result used
in Section 4.

The authors express theirs thanks to Lutz Recke for nice and fruitful discussions during his
one week stay in Prague, which substantially improved the final formulation of the condition (51)
and Theorem 7 in Appendix.

2. Main results for systems with unilateral sources and sinks

2.1. Systems with unilateral sources and sinks in the interior of the domain

We are interested in stationary solutions of the system (1), (3), i.e. we will study the system
di Au + biiu + biav + nq(u,v) =0, (10)
dQAU + bglu + bQQ’U + ng(u, U) + Q_ (J?, U_) - g_:,_(l‘, U+) =0

with boundary conditions (3), ny, ne satisfying (5) and g+ satisfying Caratheodory conditions and
(7), (8). By a solution we will always mean a weak solution (u,v) € Hp x Hp, where

Hp :={p € Wl’Q(Q)| ©lr, =0 in the sense of traces},

see also Observation 2 in Section 3. The space Hp will be equipped with the scalar product and
the norm

(v, ) = / Vv-Vedx and |v| = </ |Vu|? dx> for all v, € Hp. (11)
Q Q



It is well known that under the assumption (4), this norm is equivalent with the usual Sobolev
norm. We will assume that there exists C' > 0 such that

(06O < CA+ [P+ [P fori=1,2and all (, x €R,

|9+ (2,8)| < C(1+ [¢P7Y) for a.a. € Q and all € € R, (12)
T 0| +[ G ea| <o i) oraxeer a3

with some p satisfying
p>2ifm=2 or 2<p<mT21fm>2. (14)

For the case m = 1 we do not need (12), (13) and we can formally set p = co. Let us emphasize
that (13) is supposed only for ni, not ny. The reason will be clear in Section 3. We will also
discuss the problem with §_(z,v™), g4+ (z,v") =0, i.e. the system

diAu + bigu + biav + nq (U, ’U) =0,

15
dgAU+521u+b22U+n2(u7’l}) =0 ( )
with boundary conditions (3), and the corresponding linearization
diAu+ byju + bisv = 0,
1 11 12 (16)

do AV + baru + boov = 0,
again with b.c. (3).

Definition 1. The points d = (di,d2) € R? for which the problem (16), (3) or (9), (3) has a
nontrivial (weak) solution are called critical points of (16), (3) or (9), (3), respectively.

By a bifurcation point of (15), (3) or (10), (3) we mean a point (d%,d5) for which in any
neighborhood of (d8,d5,0,0) in R? x Hp x Hp there exists (dy,ds,u,v) with (u,v) # 0 satisfying
(in the weak sense) (15), (3) or (10), (3), respectively.

Standard considerations imply that any bifurcation point is simultaneously a critical point, cf.
also Lemma 2 in Section 4.

The set of all critical points of the problem (16), (3) is known, and those lying in the positive
quadrant form curves Cj introduced below. One of our goals is to show that critical points of (9),
(3) are under some assumptions also in a domain where it is impossible for the problem (16), (3).

However, in order to translate our problem to a variational form, we will fix the value d; €
(0,41), d1 # y; := b1 /k; for all j € N, that means only dy will be a parameter. In this case we
will deal with critical and bifurcation points in the sense of the following Definition 2, cf. [1], [8].

Definition 2. A parameter dy € R is a critical point of (9), (3) or (16), (3) with fixed dy if there
exists a (weak) solution (u,v) # (0,0) of (9), (3) or (16), (3), respectively.

By a bifurcation point of (15), (3) or (10), (3) with fived di we mean a point d4 for which in
any neighborhood of (d,0,0) in R x Hp x Hp there exists (dy,u,v) with (u,v) # 0 satisfying (in
the weak sense) (15), (3) or (10), (3), respectively.

Notation 1. Let us denote {ki}ren, 0 < k1 < ko < ---, the set of all eigenvalues of the operator
—A with boundary conditions (8). We choose an orthonormal basis {ex}xen of the Hilbert space
Hp so that for any k € N the function ey, is an eigenfunction corresponding to the eigenvalue ky.
Let us note that the first eigenvalue k1 is simple and the corresponding eigenfunction e; does not
change sign in €.

It is known that the set of all critical points (dy, ds) of the linear problem (16), (3) is U2, Ck,

where
~ 1 biab
Cr = {d_ (dq,d2) ER? | dy:= — (1221+b22>}a
ki \diKkk — b1t




see [13] or [14] for 1D case or [5] for the general case.
For each k € N the set Cj, is a hyperbola in R?. We are interested only in (dy,ds) lying in the

positive quadrant, i.e. we consider the sets
1 b12b21
dog:=—|—""——+0D .
2 ke (dmk —by 2

The envelope of the curves C} will be denoted as Cg. A vertical asymptote y;, of Cy is

Crp = {d = (d1,dp) € R2

{(dl,dQ) cR?

b
d1 = Yk = 11}- (17)

Kk
The sets C} are black-colored lines in Fig. 1 on p. 8. We define two sets Dy and Dg as

Dy = {(d =dj,dy) € Ri | d lies to the left from at least one Cy, k € N, i.e. from CE} ,

Dg = {d = (d1,ds) € Ra_ | d lies to the right from all C, k € N, i.e. from C’E} .

According to the following remark, the sets Dg and Dy are called the domain of stability and
domain of instability, respectively.

Remark 1. Let us consider an eigenvalue problem

dlAu + b11u + blg’l) = )\’LL,
dgA’U + b21u + bQQU = \v

with b.c. (3). If d € Dg then there exists € > 0 such that Re A < —e < 0 for all eigenvalues of
this problem, and if d € Dy, then there exists at least one real eigenvalue A > 0, see [13] or [14]
for 1D case or [5] for the general case. Hence, for d € Dg or d € Dy the trivial solution of (1),
(3) with g+ = 0 is linearly stable or unstable, respectively.

If g1, g2 # 0, then it is not possible to describe analytically analogues of Dg, Dy .

Our main results concerning reaction-diffusion systems are Theorems 1 - 3. The most essential
are the last assertions of these theorems, which state that there is a critical point and a bifurcation,
respectively, in the domain Dg where neither critical nor bifurcation points can exist in the classical
case without unilateral sources and sinks (i.e. with g;,¢9- = 0). The existence of bifurcation in
Dg is proved only for small s;,s_ while the existence of critical points is proved for arbitrary
nontrivial sources and sinks.

Notation 2. We will consider fixed di € (0,41), di # y;j := bi1/k; for all j € N, and numbers

bi2b b
A = # =2 dJ == max \?,
7 dllij — blllij Kj jen J
0 o o B o +
Z Aff? + Z é-]/ <Z §k6k> S — <Z §k€k> Sy | €5 dx
J=t g=t 2\ \g=1 k=1
dy':==  sup = . (18)
&;}e\(0) > e

1

J

We define the multiplicity of d3 as the multiplicity of the eigenvalue kj, of —/\, where jo is such
that the mazimum in the definition of dS is attained for j = jo.
Let us define a convex cone

K :={v e Hp| s_(z)v () — sx(x)v" () =0 for a.a. x € Q}.



The numbers /\f are in fact defined also for parameters d; > y;. However, in such a case it
follows from (6) that )\f < 0 for all j # N. Moreover, because lim;_,, k; = 00, we get

sup )\f = lim )\f =0,

jEN j—oo
and no maximizer exists. For this case our method cannot give an existence of positive critical
and bifurcation points. We are interested only in positive diffusion rates, therefore the parameters
di >y, will not be of our interest.

Later we will see in Sections 3 and 5 that if d5* is positive, then it is the largest eigenvalue
of a certain compact positively homogeneous operator characterizing the problem (9), (3). The
numbers \Y are eigenvalues of a certain linear compact symmetric operator S characterizing the
problem (16), (3). Under the assumptions (6) and di € (0,31), di # y; for all j € N the number
d9 is its largest eigenvalue and simultaneously the largest critical point of (16), (3) with fixed d;.
For more details see Section 3.

Under the assumptions (8) the cone K contains functions which are nonnegative on Q_ and
nonpositive on 24 and zero elsewhere. In particular, K contains nonzero elements.

Theorem 1. Let (4), (6), (8) be true and let di be fized, d1 € (0,y1), di # y; for all j € N. The
number d5* from (18) can be estimated as

o o loclom +llslo Rk
dy = dy' > max { sup | A7 — : ,  sup = (19)
jEN Kj {&;yerP\{0} 2ui=1 &
286 €K
If d5* is positive, then the supremum in (18) is mazimum, i.e.
00 00 oo - 0o +
AT+ fj/ (Z §k€k> 5. — (Z&%) sy e do
i=1 J=1 S\ \g=1 k=
a - . (20)

2 7 (g e\ (0) X
J Zl 5]2
z

and it is the largest critical point of the system (9), (3) with fived dy. If di € (y2,y1), [|S—|lLe >0,
s+]Le >0 and d3* > 0, then (d1,dy") € Dg.

The proof is postponed to Section 5. Let us note that if the first supremum in (19) is positive,
then it is the maximum. This follows from the fact that lim;_, )\f = 0, limj_,o k; = o0.
Similarly, if the supremum over K in (19) is positive, then it is the maximum, see Theorem 3.2 in

[1].

Remark 2. Ifdy € (0,y1), d1 # y; for all j € N, ||sx||p~ are sufficiently small, then it follows
from (6), Notation 2 and (19) that d5* from (18) is positive. If, moreover, di € (ya2,y1) and
[[s+||ne >0, then (d1,d3") € Dg by the last assertion of Theorem 1.

The following conclusion follows from Remark 3.4 in [1]:

There exists € > 0 such that if dy € [y1 —€,y1) then the supremum over K in (19) is positive.
Hence, d3 in (18) is positive. The only assumption for application of the remark mentioned is an
existence of v € K with (v,e1) # 0. However, any v positive on 2y or on Q_ and zero elsewhere
satisfies this condition because

(v,e1) = / VoVey dr= ml/vel dr # 0.
Q Q

Hence, if ||s+||r > 0 and dy € [y1 —¢<,y1) then (d1,dS") € Ds by the last assertion of Theorem 1.



Let us emphasize that the bounds in (19) can be found explicitly for particular systems.
Let di € (0,y1), d1 # y; for all j € N be fixed. We denote

S ={(da,u,v) ERx Hp x Hp | (u,v) #0, (u,v) is a solution of (10), (3)}.

Theorem 2. Let (4)-(8), (12), (13) be true, let di € (0,y1), d1 # y; for all j € N, let the
multiplicity of dJ be odd. Then for any sufficiently small € > 0 there exists 7, > 0 such that if
lls_|lre, |5+ |l € [0,7s) then d3 —e < d3* and there is a global bifurcation point d5 € [dS — ¢, d3'
of the system (10), (3) with fized dy in the following sense. The connected component Sdg of S
containing the point (d5,0) satisfies at least one of the following conditions:

(a) Sgy is unbounded,
(b) there exists (u,v) € Hp x Hp, (u,v) # 0 such that (0,u,v) € Sidg,
(c) there exists a critical point d§ ¢ [d3 —e,d5] of (9), (3) with fived dy such that (d$,0,0) € Sidg.

If, moreover, di € (y2,y1), |5+, ||5—|lL=~ > 0 then (dY,d}) € Ds.

The proof is postponed to Section 5. It will be seen from it that “sufficiently small €” means
e € (0, min(d9, (d3 — d3)/2)), where d3 is the second largest critical point of the system (16), (3)
with fixed d;. Especially if di € (y2,y1), then d3 < 0 and therefore (d — d3)/2 > d3/2. Thus
can be taken from the interval (0,d3/2). See also Fig. 1 and Observation 3.

If s; = 0, then it is known that the global bifurcation is exactly at the point d5* = d9.

If ny(u,v) = nq1(v), then we do not have to suppose the condition (13), see also Remark 6 in
Section 3.

Remark 3. In the proof of the last assertion of Theorem 1 we will use the fact that the first
eigenvalue k1 of the Laplacian is simple and the eigenfunction ey does mot change its sign in
0. Under the assumption ||si|/pe,||s—|lLe > 0 it means that ey ¢ K. Under a more general
assumption

e ¢ K for all eigenfunctions e corresponding to the eigenvalue kj,, jo such that dg = )‘3‘907

(21)
the proof in Section 5 can be modified to get dy* < d3. However, in the case k > 1 it does not
imply that (dy,d3') € Dgs because the point (di,dS) can lie above the hyperbolas C; with j < k,
see Observation 3 in Section 3. Therefore the case k > 1 is not included in the last statements of

Theorems 1, 2.

The situation for small ||si| [z is sketched in Fig. 1. Black lines are the curves Cjy. Grey
lines are lower bounds to the largest critical points of the system (9), (3) given by the expressions
in (19), which continuously depend on d;. Grey filling marks an area in Dg containing critical
points and bifurcations of the problem (9), (3) and (10), (3), respectively, see Remark 2.

Remark 4. Applying Theorem 1.1 from [17], we can arrive at the following conclusions. Let
(4)-(8), (12), (13) for both mi1, ng be fulfilled, let di € (0,y1),d1 # y; for all j € N, let do € R
be an arbitrary critical point (not necessarily the largest one) with the multiplicity one of the
system (16), (3) with fived dv and let (ug,vo) denote the associated nontrivial solution. Let sy
be fized. Then there are 79 > 0 and Lipschitz continuous mappings day,ds— : [0,70) — R,
Ug, Vg, u—, v : [0,79) = Hp such that for any 7 € (0,79) the numbers doy(7), da—(7) are in a
certain neighborhood of ds the only critical points of

d1AU + b11u + blgv =0 (22)
do AV + bo1u + boov + T(s_(x)v” — s (x)vT) =0 (23)
with b.c. (3) and with fized dy, the functions (ui(7),v4(7)), (u_(7),v_(7)) are the associated
normalized nontrivial solutions, vy (0) = vy, v—(0) = —vg, d24+(0) = da—(0) = do. Moreover,

da+ (T) are simultaneously bifurcation points of the system
diAu+ biiu + biav + nq(u,v) =0

24
daAv 4 oyt 4 bagv + na(u,v) + 7(G— (2,07 ) — g (z,0™)) =0 @4



S

Yo' Vs ¥, Vi
d;

Figure 1: Sketch of hyperbolas.

with (3) and with fived dy. Furthermore, if vo ¢ K U (—K) then day (1) < dg for all T € (0,70).
In particular, if di € (y2,y1) and |[sx|L~ > 0, then (di,d2s (7)) € Dg for all 7 € (0,79). The
parameter 7o has here a similar role as the parameter 75 in Theorem 2, i.e. it is related to the
strength of the source. Unlike our Theorems 1, 2, no estimate of the type (19) can be derived from
[17], multiplicity of the critical point of system (16), (3) with fized dy is assumed to be one and it
is not known whether the bifurcation branches are global. Cf. also Remark 8 in Section 4 and [17],
Section 4, Theorem 4.3. However, the statement mentioned above does not follow directly from
Section 4 in [17], where applications to our system are given, but the authors assume Q € O
and solutions are considered in different spaces.

Remark 5. In the paper [4], existence of bifurcation points in Dg was proved for the case that
unilateral terms 3(_1)u_ — ssrl)u“' and 5(_2)11_ — s@v“‘ are added into the first and second equation,
respectively. A curve o intersecting transversally the border Cg between the domain of stability
and instability in some point [dY,d9] was considered and the existence of a bifurcation point lying

on this curve in Dg was shown. An essential assumption was that if [d2,d3] € Cy then sg)e =0
for some eigenfunction corresponding to k. This assumption is not fulfilled in the most interesting
situation di € (y2,y1), ||s+|z= > 0 in our Theorems 1, 2, because then [d1,d3] € Cy and ey does
not change its sign in Q. Cf. also Remark 3. The result [4] is based on a topological method related
(in a non-direct way) to the well-known Dancer’s global bifurcation theorem, but it gives only a local
bifurcation without any information about existence of a connected branch of bifurcating solutions.



2.2. Systems with unilateral sources and sinks on the boundary

Let us consider the problem

dlﬁu + bnu + b12’U +nq (u, ’U) = 0,

(25)
do AV + boru + bogv + ng(u, ’U) =0,
u=v=0onTIp,
ou Ov _ (26)
%ZOOD Iy, %zs_(x)v — s (x)v" on Ty,

where sy € L>®(T'y), si(z) > 0 for a.a. € T'y, and sy (z) > 0 on T'y, where I'y are open
subsets of I'y but not both coinciding with T'y, c¢f. (8). We do not consider here general g, ,§_
as in (10), because it would mean some additional technical complications. The corresponding
homogenization of (25), (26) is (16), (26). We define a cone

Ky:={ve HD| s_v” —s vt =0on 'y in the sense of traces}.

Notation 3. Let us define

[e%¢) - ') +
YAFE+ Y §j/ (ka%) s_— (Z fkek> sy | e; dS
. J=1 j=1  JI'n k=1 k=1
dy' == sup N ) (27)
{¢; e2\{0} jgl 5]2

We will use )\]S and d3 from Notation 2.
The following Theorem 3 is an analogue of Theorems 1 and 2.

Theorem 3. Let di € (0,y1), di1 # y; for all j € N, let (4)-(6), (13) and the first line of (12)
be true. The estimate (19) with dJ', K and |s+||p~ replaced by dy*, Ky and Crlstllneey),
respectively, is valid, where Cr is a constant from the embedding Hp — L?(052).

If JQ” is positive, then the supremum in (27) is maximum, i.e.

o - o +
> )\jssz' + fj/ <Z §k6k> S— — (Z &ek) sy |e; dS
J=t JTNn \ \k=1 k=1

) = - =
%= 1 o) S - (8
JI€ 2
ng gj

and it is the largest critical point of the system (16), (26) with fized d;.

Let the multiplicity of d3 be odd. Then for any sufficiently small € > 0 there exists 73 > 0
such that if s_,s4 € L®(TN), |s—|lLrn), IS+l oery) € [0,75) then dy — e < d5* and there is
a global bifurcation point d € [d) — e, dy"] of the system (25), (26) in the sense of Theorem 2. If
dy € (y27y1)7 HS—||L°°(FN)7 HS+||L°°(FN) € (077—0) then (dlvdg) € Ds.

An analogue of Remark 2 applies here as well. The proof of Theorem 3 is postponed to Section
5.
3. Abstract formulation and reduction to one equation

In the whole section we will assume (4)—(8), (12), (13). Of course, for the problem (9), (3) the
assumptions (5), (12), (13) are trivially fulfilled.



3.1. Basic definitions and abstract formulation

Using Riesz Representation Theorem and compact embedding Hp << L?(Q) we can define
a linear, compact, symmetric and positive operator A : Hp — Hp by

(Av, ) = / vp dx for all v, € Hp,
Q

and nonlinear operators ST, 3~ : Hp — Hp by

(B (v), @) = —/ s_(xz)v” e dx for all v, € Hp,
Q
(Bt (v),¢) = / st(z)vte dx for all v, € Hp.
Q

Clearly, 8% are positively homogeneous, i.e. 8% (tv) = 3% (v) for all t > 0, v € Hp.
Let us recall that if v € Hp, then v~ € Hp and |[v~|| < |[v||, see e.g. [19], p. 47, Corollary
2.1.8.

Observation 1. One can easily show that the eigenvalues of A are A\ := /{,;1, k=1,2,..., and
the corresponding eigenfunctions of —/\ and A coincide.

Using Riesz Representation Theorem, the growth conditions (12), well-known properties of
Nemyckii operator and compact embedding Hp << LP(Q) with p satisfying (14), we can define
continuous compact nonlinear operators N1, No : Hp x Hp — Hp by

(N;i(u,v), ) = / ni(u,v)p dx for all u,v,p € Hp, i =1,2, (30)
Q

and G_, G, : Hp — Hp by

(G_(v),¢) = — /Q b_(zo ) dx, (Ci(v),0) = /Q 64 (2,07 )p dx for all v, ¢ € Hp.

The operators Ny, Ny satisfy

N1(0,0) = N3(0,0) =0, lim Mwo) oy Melwe) (31)
wv=0 flull + [[o]l  wv=0 [lul| + [|v]]
The first condition in (31) follows directly from (5), the proof of the second condition in (31) can
be found in [10].

If Ny(u,v) = Ni(v), then the condition (13) is superfluous. This will be seen from the proof
of Theorem 4 describing a reduction of our system to a single equation, where (13) guarantees
N; € CY(Hp x Hp,Hp), see Theorem 7 in Appendix.

The relation between the operators G_ and 87, G’+ and BT is explained by the following
lemma.

Lemma 1. If v, — v in Hp then 7 (v,) = B~ (v), B (vn) = BT (). If v, = 0, v, /||vn|| = w
m Hp, then R
— 7 (w) and G-+ (tn) — BT (w).

[[onl

G- (Un)

[[on]|

Proof. Let v, — v. The compact embedding Hp << L?(f2) gives

187 (vn) = B~ (v)|| = sup —/ s—(z) (v~ —v7) pdx < C|s_|lplvn — v|z2 — 0. (32)
e, llol=1  JQ

Let us define the operator G : Hp — Hp by

(G(v), ) = — /Q(g,(x,v) —s_(z)v)p dx for all v,p € Hp.

10



The assumption (7) implies

lim 97(37,5) — S*(‘T)g

=0 for a.a. x €9,
=0 &

and this together with (12) give

G _,

v=0 |lv]]

see Proposition 3.2 from [6]. If v, — 0, then also v;; — 0, and the choice v := v, yields

1G-(n) = 8=l _ 1G] 1G]

lim —
n—00 [on | noelon| T nmoe Jlug ||

—0. (33)
If v, /||vn || = w, then this together with the positive homogeneity of 5~ and (32) with v,, replaced
by v, /||vn|l and v replaced by w give

G_(vn)

[[on]|

= B (w).

The proof for 87, é+ is analogous. O

Observation 2. A couple (u,v) € Hp x Hp is a weak solution of the problem (10), (3) or (9),
(3) if and only if it is a solution of the system of operator equations

d1U - bllAu - blgAU - N1 (U, U) = 0,

dov — by Au — byg Av — Ny (u,v) + G_(v) + G4 (v) =0, (34)
or
diu — b1 Au — bio Av = 0,
dov — boy Au — bag Av + 87 (v) + BT (v) = 0,
respectively.

The abstract formulation of (16), (26) and (25), (26) can be done similarly, see the end of
Section 5.

3.2. Reduction to one equation
Theorem 4. Let dy be fized, di # y; for all j € N. Then there exist neighborhoods U,V of 0 in

Hp such that (u,v) € U x V satisfies (34) if and only if
dov — Sv — N(v) + 81 (v) + 8~ (v) =0,

u= F(v), (35)

where F .V — U is a bijective and continuously differentiable map, S := byoboy A(diI—b11 A)~t A+
bao A is a linear, compact and symmetric operator and N : Hp — Hp is a continuous and compact
nonlinear operator satisfying

lim ) g (36)

=0 ol

We postpone the proof to the end of this section. Let us note that Theorem 4 is crucial for
the proofs of Theorems 1 and 2.

Remark 6. It will be seen from the proof that if nq(u,v) = n1(v), then U =V = Hp,
F(U) = b12(d1] — bllA)ilA’U + (dl.[ — bllA)ilNl(’U),

and the condition (13) is not needed.

11



According to Theorem 4, it will be sufficient to study only the first equation in (35).

Corollary 1. It follows from Theorem 4 and Observation 2 that ds is a critical point of (9), (3)
with fized dy if and only if ds is an eigenvalue of the operator S — B+ — B~ (see Definition 3 in
Section 4). A point dy is a bifurcation point of the system (10), (3) with fized dy if and only if do
is a bifurcation point of the first equation in (35).

In particular, do is a critical point of (16), (3) with fized di or a bifurcation point of the system
(15), (3) with fized dy if and only if do is simultaneously an eigenvalue of the operator S or a
bifurcation point of the first equation in (35) with f% = 0, respectively.

First, let us apply Theorem 4 to the system (34) with G_=0, é+ =0, i.e. to the system

d1u — buA’LL — blgA’U — Nl(u,v) = 0,

dov — bag Au — bog Av — No(u,v) =0, (37)
and to the corresponding linearization
ot te 0 @
Theorem 4 reduces an analysis of (37) and (38) to a study of equations
dov = Sv+ N(v) and dyv = Swv, (39)

respectively. The operator S is compact and symmetric, thus it has a sequence of eigenvalues, all
of them are real and have the only accumulation point zero. Using Observation 1 and Notation 1
we can easily find that

1 b12b
Sek = b12b21A<d1I - bllA)ilAek + ngAek = — <1221 + b22> €k. (40)
kg \dikg — b1y
Hence,
1 b12ba1
AN=—(—""—+b keN 41
Kk <d1/€k — b1y M 22)’ (41)

introduced already in Notation 2 are eigenvalues of S with the corresponding eigenfunctions ey.
Since the set {ex }ren is an orthonormal base of Hp, there are no other eigenvalues of S.

Observation 3. Let di € (0,y1), d1 # y; for all j € N. In our notation the sequence A is not

monotone and the largest eigenvalue of S denoted as N3 is in general not Ay but /\]S, where
<Sw, ’LU> 1 b12b21
> = max =max — [ —————— +0 . 42
J weHp ||w||2 keN Kk \dikr — b1 + oz ( )

[lw]|#0

Let us write for a moment S(d1) and Mg (d1) to emphasize the dependence of S and Ay on d;.
It follows from the definition of Cy that the graph of the function \;(dy) is the curve Cy, see Fig.
1. If di < yx = bi1/kg for some k € N, i.e. dy is to the left from k-th asymptote (17), then
di < bi1/kj for any j <k and consequently )\JS > 0 as can be seen from formulae (41) and (6). If

dy € (y2,91), then )\f is simple because k1 is simple, and it is the only positive eigenvalue of S.
Hence, A3, = \7.

Proof of Theorem 4. We will show that the assumptions of Implicit Function Theorem are fulfilled
for the map ® : Hp x Hp — Hp defined by

D(u,v) := dyu — by Au — bis Av — Ny (u,v).
Evidently ®(0,0) = 0. Since Ny € C'(Hp x Hp,Hp) under the assumptions (12), (13), see
Theorem 7 in Appendix, and the operator A is linear and bounded, we have ® € C*(Hp xHp, Hp).

12



The conditions (31) and d; # yi for all k € N, that means d; ¢ o(b11A), guarantee that the partial
derivative

& (0,0) = dy I — by A — (N),(0,0) = di] — by A

is a linear isomorphism of the space Hp. Implicit Function Theorem gives that there exist neigh-
borhoods U, V' of the origin in Hp and a bijection F' : V' — U such that

®(u,v) =0 for (u,v) € U x V if and only if u = F(v).
Moreover, F' € C*(V,U). We calculate the partial derivative
! (0,0) = —b12A — (N1)1(0,0) = —b1o A

to find that
F'(0) = —®/,(0,0) @, (0,0) = by [d1] — b1 A] " A.

The first equation in (34) gives u = F(v) and introducing the linear compact symmetric operator
S := by AF'(0) + b2 A, the second equation in (34) can be written as

dav — Sv — No(F(v),v) — bat A(F(v) — F'(0)(v)) + G_(v) + G4 (v) = 0.
It follows that system (34) is on U x V equivalent to (35) with
N(v) := Na(F(v),v) + bt A(F(v) = F'(0)(v)) = G- (v) + 87 (v) = G+ (v) + 57 (v).

The operators A, N1, Na, G‘b B are continuous and compact, therefore N is continuous and com-
pact. It remains to show that N(v) satisfies (36). Mean Value Theorem gives an existence of
C > 0 such that

[E ()] + [l

ol < ||| forallv eV,
v

which together with (31) implies

i Ne(F(),0) _ o Na(F(0),0) [F ()] + o]
STl ST el el (43)

We can use Mean Value Theorem again to get

|7 (v) = F'(0)v]| = sup [[F'(tv)(v) — F'(0)(v)]l.

t€[0,1]
Due to the continuity of F’ we have
F'(t — F'(0
lim sup |F7(tv) () QG < lim sup |F'(tv) (v) — F'(0) (v) H =0. (44)
v=04¢(0,1] [v]l v=04¢¢(0,1) o]l [[v]|

Using (43), (44) and (33) (which holds for any v,, — 0) and its analogue for G , 81 we get (36). [

4. Eigenvalues and bifurcations for equations with positively homogeneous operators

In this section we will always consider a general real Hilbert space H with a scalar product
(-,-), the corresponding norm || -|| and a nonlinear compact operator P : H — H which is positively
homogeneous. Moreover, we will assume that P fulfills the conditions

v, ~vinH = P(v,) = P(v) in H, (45)
sup  (P(v),v) > 0. (46)
veH,||v||=1
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It follows easily that the number

|[Pl:== sup | P(v)
veH,|lv||=1

is finite and

[|1P(v)|| < |P||jv|| for all v € H.

We will work mainly with operators P := S — B satisfying (46), where S : HL — H is always a
linear symmetric compact operator, B is a positively homogeneous operator satisfying (45) (with
P replaced by B) and

(B(v),v) >0 for all v e H. (47)

Furthermore, N : R x H — H will denote always a compact nonlinear operator satisfying

lim N.v)

v=0 ||

=0 uniformly for A from compact subsets of R. (48)

We will consider a nonlinear problem
Av—Sv+ B(v) — N(\v) =0. (49)

Definition 3. We call A € R an eigenvalue of a positively homogeneous operator P : H — H if
there exists a nontrivial v € H (an eigenvector corresponding to A) such that P(v) = Av. We will
denote AL the largest eigenvalue of the operator P, if it exists.

Of course, eigenvectors of a positively homogeneous operator corresponding to an eigenvalue
A do not form a subspace in general.

The goal of this section is to give a variational characterization of the largest eigenvalue of a
positively homogeneous operator and in some cases also to give an existence of a global bifurcation
points for the equation (49).

Theorem 5. There exists vg € H such that ||vg|| =1 and

(P(v),v) _

veH, |00 ||’U||2 - UEH,HUH:1<P(U),U> = <P(U0)7U0>' (50)

If there is vo with ||vg|| = 1 satisfying (50) and in addition the condition

lim % [(P(vo + th) — P(vo),vo)] = (P(vo),h) for all h€H, (51)

t—0

then the largest eigenvalue of P is AL, = (P(vo),v0) and vg is the corresponding eigenvector.

If (51) is fulfilled for all vo € H, ||vg]| = 1, then vy € H with ||vo|| = 1 is an eigenvector of P
corresponding to AL . if and only if vy fulfills (50).

max

Condition (51) means that the functional ®(v) := 3(P(v),v) has at vy the Frechet derivative
®’(vg) = P(vg). Hence, if (51) is fulfilled for all vy € H, ||vg|| = 1, then P is a potential operator
with the potential ®.

We will prove in Section 5 that particular operators 3% and 8~ introduced in Section 3, which
are neither linear, nor differentiable, satisfy (51) for all vg € H, |jvg|| = 1. The following simple
example demonstrates that sometimes only some maximizers of (50) satisfy (51).

Example 1. Let H = R? and let P be a linear operator defined by a matrix

1 0 0
P=10 a —-al,
0 a a
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a > 0 being a parameter. The eigenvalues are Amax = 1, Ao = a(l+14), A3 =a(l —4). Ifa =1,
then (v, Pv) = ||v||? for all v € R and the mazimum in (50) is 1. However, only the mazimizers
v = £(1,0,0) satisfy the condition (51) and they are the only eigenvectors corresponding to the
eigenvalue AL . If a = 2, then the maximum in (50) is 2, no mazimizer satisfies (51) and the

largest eigenvalue AL, is not characterized by the formula (50).
Proof of Theorem 5. The first equality in (50) follows from positive homogenity if this maximum
exist. There exists a sequence {v,} C H, ||v,|| =1 for all n € N such that

sup  (P(v),v) = lim (P(vy),v,).
veH,||lv||=1 n—o0

We can assume without loss of generality that v, — vo with some vy € H and it follows from (45)
that

P(’Un) — P(’Uo).
Moreover, vy # 0 due to (46). We will prove that ||vg]] = 1. Clearly |vo|| < 1. If there were
|lvo]] < 1 then we would have
P(vg),v
sup  (P(v),v) =(P(vo),vp) < M
veH,||lv||=1 ||UOH
which is a contradiction. Thus, |jvg]| = 1, the maximum in (50) exists and is attained at vy.

Now let vy satisfy also (51). Then for arbitrary ¢ € R and h € H with ||jvg + th| # 0 we

have
(P(vg + th),vo + th>

||vo + th]|?

Since |lvo|| = 1, this can be rewritten as

(P(vo + th),vg + th) < (P(vo),v0)(1 4 2t{vg, h) + t2||h||?).

< (P(vp), vo)-

Rearranging the inequality and setting AL, = (P(vg),v0) give

(P(vo + th),vo) — (P(vo),v0) + t(P(vo + th),h) < AL

max

(2t(vo, h) + 2| h1?).

For t # 0 we can divide the last inequality by 2t. Then the limiting processs t — 0+,t — 0—
together with (51) and the continuity of P give successively

<P(’UO)5 h> < Agax<v07 h>’
<P(U0), h> > Aflax<v07 h>

Since h was arbitrary, we get
P(Uo) = /\P

max

(B

Hence, AL is an eigenvalue and vy is a corresponding eigenvector of the operator P. Let A\ € R

be an arbitrary eigenvalue of P and v; a corresponding eigenvector. We multiply the equation
APv; = P(vq) by v1/||v1]|? and use (50) to get
(P(v1),v1) (P(v),v)

N =X PP o M AL AP
[or2 = veluzo  [of? max

Hence, AL is the largest eigenvalue of the operator P.
Let (51) be fulfilled for all vg € H, |jvg|| = 1. If vo € H, |lug|| = 1 is an eigenvector to AL
then
)\P

max

= Mnaxllvoll* = (P(vo),v0) < max_ (P(v),v) = A7

max’
veH, ||v||=1 x

i.e. vg satisfies (50). Conversely, if v fulfills (50), then according to the first statement of Theorem
5 it must be an eigenvector of P corresponding to AL . O
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Remark 7. Theorem 5 is a generalization of the well-known fact that the largest eigenvalue of a
linear symmetric compact operator S satisfying (46) is

A = max (Sv,v) (52)

MAX e , |[v]|=1

and the eigenvectors of S corresponding to )\iax are exactly all maximizers. Any such operator
has a potential ®(v) = 1(Sv,v), that means it satisfies (51) for all vg.

Let us also recall that the second largest eigenvalue N5 of the operator S satisfies

A5 = max (Sv,v), (53)
veH,||v||=1

where H is the orthogonal complement to the eigenspace of 3.
Even in the case of a symmetric linear operator, the assumption (46) is crucial. If S is a
negative operator, then supj,=1(Sv,v) =0, no mazimizer erists and 0 is not an eigenvalue of S.

In particular, if (51) is fulfilled for v satisfying (50) with P := B, then it is fulfilled also for
P :=S — B and Theorem 5 gives that the largest eigenvalue A3-5 of S — B is

max

MNoB— max ((Swv,v) — (B(v),v)).

A yeH,||v]=1

Observation 4. Since we assume that B is a positively homogeneous operator satisfying (47), we
see that

/\i,_f: max Sv,vy — (B(v),v)) > max (Sv,v)— max (B(v),v)=
& UGH,I\UI\:1(< ) = (BW),v) UGH,HvH:l< ) veH, ||v[l=1 ( )
= Mhax — _max  (B(v),v) > A — |Bl.
ve, [lv]|=1

Remark 8. The following assertions can be obtained from Theorem 1.1 in [17]. If the operators S
and B satisfying our assumptions are given and \° is an arbitrary simple eigenvalue of S with an
eigenvector vy, ||vol| = 1, then there are 7o > 0 and Lipschitz continuous maps Ay : (—79,70) — R,
Ao (=70,70) = R, vy 2 (=70,70) = H, v_ : (=70,70) = H such that Ay (1), A_(7) are the
only eigenvalues of the operator S — 7B in a certain neighborhood of \°, v, (1), v_(7) are the
corresponding normalized eigenvectors, vy (0) = vo, v_(0) = —vy and A+(0) = \5. Moreover,
A+ (7) are simultaneously bifurcation points of the equation

M — Sv+7B(W) — N(\v) =0,

but this bifurcation is only local. In fact, problems studied in [17] are more general but the simplicity
of A9 is essential. The information that the eigenvalues A+ (T) are isolated is not self-evident. Let
us emphasize that a variational inequality, which can be approximated by an equation with a large
positively homogeneous penalty term, can have an interval of eigenvalues, see [9].

In our Theorem 5 we need no assumption concerning multiplicity and no smallness of the
positively homogeneous perturbation B, but we deal only with the largest eigenvalue. In Theorem 6
below we get a global bifurcation point for small positively homogeneous perturbations B under the
assumption that A5 . is of odd multiplicity, but unfortunately we do not show that the bifurcation
s in )\;gn;f, only in its small left neighborhood. However, this is a plausible information from the
point of view of an application to reaction-diffusion systems from Section 2.

For any positively homogeneous operator B, let us denote

S(B) ={(A\v) € (0,00) x H | v#0, (A v) satisfies (49)}.

Let us recall that A5 denotes the second largest eigenvalue of S, see (53).
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Theorem 6. Let the multiplicity of A5 be odd. Then for any e € (0, min{(\3. —A5)/2,A3 1)
there exists 19 > 0 such that the following assertion is true. If B satisfies besides our basic
assumptions also |B| < 19 and P := S—B fulfills (51) with vy satisfying (50), then X3, —¢ < A\3-B

and there is a global bifurcation point \, € [\S .. — €, \3=B] of the problem (49) in the following

max

sense. The connected component Sy, of S(B) containing the point (Ap,0) € R x H satisfies at least
one of the following conditions:

(a) Sy, is unbounded,
(b) there exists v € H,v # 0 such that (0,v) € Sy, ,
(c) there exists an eigenvalue \. ¢ [A3 £, \3=B] of the operator S — B such that (\.,0) € S, -

max max
For the proof of this Theorem we will need two auxiliary lemmas.

Lemma 2. Let {\,} be a sequence of real numbers such that A, — X\ # 0, let {v,} be a sequence
in H satisfying vy, — 0, v, /||vn]] = w and

AnUpn, — Svy, + B(vy,) — N(Ap,vy) = 0. (54)

Then v
m —w, |lw]|=1 and Iw— Sw+ B(w) = 0.

Proof. Dividing (54) by ||v, | gives

n n n N An? n
. S(” )B(” >+ Ao, vn) (55)
[[on | [[on | [[onl [[on |
The operator S is compact and linear, the operator P := B satisfies (45) and the nonlinear operator
N satisfies (48), therefore the r.h.s. of the equation (55) converges strongly. Since A, — A # 0,

it implies that v, /||v,|| converges strongly and the only possible limit is the vector w, ||w| = 1.
Providing the limit in the equation (55) and using (48) yields

Aw = Sw — B (w).
O

Notation 4. For A # 0 we denote by deg(I — (1/\)P, B,.,0) the Leray-Schauder degree of the
map I — (1/A)P with respect to the ball B, with the radius r > 0, centred at the origin and with
respect to the point 0. This degree is independent of v due to the positive homogenity. We use the
symbol a(S) for the spectrum of the operator S. The set o(S) consist of 0 and all eigenvalues of
the operator S.

Lemma 3. For any € > 0 there exists 79 > 0 such that
1 1
deg <I — X(S + B),BT,O) = deg <I — XS’ BT,O)

for any A € R satisfying dist(\,0(S)) > €, any B satisfying in addition to our standard assump-
tions |B| < 19, and all r > 0.

Proof. Due to a homotopy invariance of the degree it suffices to prove that for any £ > 0 there is
79 > 0 such that

1
v— X(SU +tB(v)) #0 for all A\, B from the assumptions, t € [0, 1], |lv|| = 1.

Let us suppose that it is not true. Then there exist € > 0, t,, € [0, 1], A,, with dist(\,,, 0(S)) > €,
B, and v, with ||v,|| =1 for all n € N, satisfying

An = A, v — v, || Bp(vg)]] =0, (56)
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and

AnUp — Sty + t, By (vy,) = 0. (57)
Since 0 € o(S) and dist(A,,0(S)) > & we have |A,| > € for all n € N. The compactness of S
together with (56), (57) gives v, — v, ||[v|| = 1. Providing the limit in the equation (57) leads to

Av— Sv =0,
but simultaneously dist(), o(S)) > e which is a contradiction. O

Proof of Theorem 6. The assumptions (46) for P := S — B and (47) imply that sup, = (Sv,v) >
0, therefore A5 exists and is positive. Due to Leray-Schauder Index Formula and the assumed
odd multiplicity of A2 we have

max

max’

1
deg <I)\S,BT,O> =1 forallA> M\, >0

1
deg (1 =35 B,.,o> =1 forall A€ (A5, \5. ), >0,

where )5 is the second largest eigenvalue of S. Lemma 3 gives that for any ¢ from the assumptions
there exists 79 > 0 such that for B satisfying |B| < 79 we have

+e,7r>0

max

1 1
deg (I — X(S+ B),BT,O> = deg <I — XS’ Br,()) =1 forall A >\

1 1
deg <I — X(S + B),B,,O) = deg <I =35 B,,O) =1 forallAe (A +e,\3, —¢), r>0.
It follows from known results [16] and [18], see Theorem 8 in Appendix for details, that there exists
M € (N5 — €, A5 + €] such that the connected component Sy, of S(B) containing the point
(b, 0) satisfies at least one of the alternatives (a)—(c) with the interval (A3 — e, A3-5] replaced

max max

by [AJ . —&, A5 +¢]. Due to Theorem 5 the largest eigenvalue A5 of S — B exists. Observation

4 gives that \J . — ¢ < A3-B if 75 is small enough. According to Lemma 2 the number )\, must

max

be in the interval [A\S_ —e, A\5~B] and at least one of the conditions (a)—(c) must be fulfilled. [

5. Proofs of Theorems 1, 2 and 3

In this section we will always consider the operators A, 5%, S, N introduced in Section 3.

Lemma 4. The operators 1 and B~ are positively homogeneous and satisfy (47) with B = B+
and (51) with P = B% for any vy € Hp, ||vo|| = 1. The operator P := S — = — B satisfies (51)
for any vy € Hp, [[uo]| = 1.

Proof. The condition (47) for A% follows directly from the definition and (8). Let t € R and
h,vg € Hp, |lvo|| =1 be arbitrary. We will show that (51) is true for the operator P := ~. We
introduce sets Qa', Qy, Q:}L, €1, such that Qar U, U Q:}l Uy, =Qand

(vo +th)(x) <0 for a.a. x € Q;,, wvo+th>0 foraa. ze€Qf,

vo(x) <0 for a.a. z € Qg vo(w) >0 for a.a. x € QF.

Then

~+ | =

[(B~ (vo +th) — B~ (vo),vo)] — (B~ (vo), h) =
:% —/Q(vo—l—th)_vo—UJUO dx} —l—/ﬂvah dx =

o8
—/ Uoh dx = ( )
Qo

voh dX—/ voh dx.
Q

0

1
== / (vo + th)vg dx —/ v dx
t|Ja;, Qy

| y

1
= - / va dx—/ vg dx
t | Jay, Q

0

th

18



Dominated Convergence Theorem gives

%1_{% (/Q;, voh dx) = }%AUOhXth dx = /quohxﬂg dx:/Q voh

0

dx,

(59)

where x denotes the characteristic function of a set in a subscript. Now we introduce sets

Qin1, Qen2, Qing such that
Q;T = chl U chQa Qa = chl U ch3,

and
vo(z) < —th(x) and vo(z) < 0 for a.a. x € Qp1,
vo(z) < —th(x) and vo(z) > 0 for a.a. x € Qypo,
vo(x) > —th(z) and vo(z) < 0 for a.a. x € Q.
Then

/ Ugdx—/
Q Q

th 0

=/ vg dx —/ vg dx.
chz chS

Since |vg(x)| < |th(x)| for a.a. & € Qupo U Qups, we get

1 1
[ o= <ty [ oo [ o
Qipa Qins Qiho Qtns

lim — < lim — =0.
t—0
It follows from (58) — (61) that

t—0 ¢

lim
t—0

45 o+ 28) = 50 w)] = (500, )| =

vgdxz/ v%dx—i—/ v%dx—/ v%dx—/ v dx =
Qtn1 Qtnz Qtn1 Qins

which proves that 3~ satisfies (51). The proof for 7 is similar. The operator S is linear, compact
and symmetric, therefore it also satisfies (51) for any vy € Hp, ||vg|| = 1. Clearly, the operator

P =8 — 3T — B~ satisfies (51) for any vg € Hp, ||vg]| = 1 as well.

O

Proof of Theorem 1. Since {eg }ren is an orthonormal base in Hp, see Notation 1, for any v € Hp

there exists {¢;} € £? such that
v = Z &ie;.
i=1
As Sey, = A\Yer by (40), (41) we get
sup  (Sv—B7(v) — (BT (v),v) =

v€Hp, [lv||=1
<S (Z fkek) DY fj€j> - <5_ (Z §k€k> + g7 (Z fkﬁc) DY fjej>
F=1 j=1 k=1 F=1 j=1
= sup 5
{&ree2\{o0} 0
DIRILY
j=1
00 00 o B e +
Z )\fé—? + Z gj/ (Z 5k6k> S_ — (Z fk@k) St ] €y dx
J=1 =1 JQ\ \x=21 k=1
= sup = — dgn
(& )\ (0} ot



by Notation 2. Now we will prove the estimate (19). Due to (8) we have
(B (v),v) = / s_(@)vv > s~ / 0 = sl (Av, ),
Q Q
(B (0)0) = — / s (@)W1 > s o~ / 0 = 5]l (Av, o)

for all v € Hp. The eigenvalues of the operator S — ||s_||p=~A — ||$4] L~ A are

8 _ Msllzee + sz
k )

Rk

cf. Observation 1 and (41). By use of (52) with S replaced by S — ||s_ ||~ A — ||s4||L=A we get

S_ Loc+ S [,oo
Sup (S0 — [l5_ || Av — [l54 ]| 1= Av,0) = sup (Af—” o +lls] ) (64)
veEHp,||v||=1 JEN Kj

If the last supremum is positive, then it is maximum. If it is equal to zero, then no maximizer
exists, cf. Remark 7. Notation 2, Observation 3, the first statement of Lemma 4 and the formulae
(62)— (64) give

B =max ) = Nl = _max (Svw):  sup (S f(0) = B (0).0) =

veHp, |lwl|=1 vEHp,||v||=1
=dy' > sup  (Sv—([[s—|lze + [[s4]lL=)Av,v) =
veHp,||v]|=1

S e e )

JeN Kj

Hence, the upper estimate of d3* and a part of the lower estimate in (19) is proved. Due to the
definition of K and (62) we see that

gt = sup  (Sv—pB"(v) - BT(v),v) > sup (Sv—pB (v)—BT(v),v) =

vEHDp, [[v][=1 veK, [wl=1

S ¢2

— /\j gj

= sup (Swv,v)= sup 10077
veK,||wl=1 £;€02\{0} 2
ZjﬁjejEK 7,; &

8

which finishes the proof of (19).
We will verify that the assumptions of Theorem 5 are fulfilled for the positively homogeneous
operator P := S — 3~ — 7. The equality (62) together with assumed positiveness of dJ* yield

sup  (Sv— B (v) - BT (v),v) >0,

veEHp,||v||=1

and therefore (46) is true. The first assertion of Lemma 1 together with linearity and compactness
of S imply (45). Lemma 4 guarantees that (51) is fulfilled for any vy € Hp. Theorem 5 gives the
existence of vg, ||vg]| = 1 such that

Ml 7= max  (Sv—B7(v) = 4+ (v),0) = (Svg — B~ (vo) — BT (vo),v0)  (66)

veHp,|lv||=1

is the largest eigenvalue of the operator S — 7 — 7. Now it follows from (62) and (66) that the
supremum in (18) is maximum, i.e. (20) is proved. Due to Corollary 1, the point dg* = AS78~ A"
is the largest critical point of the system (9), (3) with fixed d;.
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If di € (y2,y1) then A5, = A7, A5 is simple and the corresponding eigenfunction of S is e;

by Observation 3 and (40). Since e; has a constant sign in 2, see Notation 1, we get under the
assumption ||s4 | g > 0 and ||s_|r~ > 0 that

(8" (ex) + B~ (ex), e1) = / s+ (@)(er)? + s () (e )? dx > 0.

Q

Let vy be from (66). If vy # ey then (Swg,vo) < A3 by Remark 7 and
(Svo,v0) — (B (vo) + B (v0), v0) < Ajax-

If vo = ey then (Svg,vo) = A3, (B~ (vo) + B+ (vo),v0) > 0 and therefore
(Svo, vo) — (B (vo) + B (v0), v0) < Ajax-

Summarizing, we get

d;n = max <S'U - 5_ (’U) - 6+(U)7U> < )‘glax = dg?
veH, [lvf|=1
which together with the assumption d5* > 0 implies (dy, d5*) € Ds. O

Proof of Theorem 2. We have

(B~ (v), ) = —/QS—(x)UWP dx < [s—[lellv” 22 llpllL2 < Clls—[lze<[lv]lllell,
where C' is a constant from Poincaré inequality. This implies

18~ = sup (87 (v),) < Clls—|[L=]v].

P€HD,|l¢l=1

Similarly for 37 and therefore

(8~ +B7) )l < C (sl + lls+llz) [[v]l-
S

We assume that dJ has an odd multiplicity. By Observation 3, the eigenvalue A3, = dJ has an
odd multiplicity and therefore it follows from Theorem 6 and Observation 4 with B := 8~ 4 3+
that for any € € (0, min{\3 ., (A5, — \5)/2) there exists 79 > 0 such that if ||s_| 1, [|s+| = <
7o i= 70/(20), then A3 —¢ < )\i;ff_w and there is a global bifurcation point A\, € [AS, —

max
£, AS=B7=A"] of the equation

’ max

M —Sv—N(v)+ B (v)+ B (v)=0

in the sense of Theorem 6. The formulae (62) and (66) imply that AS—BT BT — d5*. Due to

Theorem 4 and Corollary 1, dj = A, € [d3 — £,d"] = [A\S., — &, AS2% —#7] is simultancously a
global bifurcation point of the system (10), (3) with fixed d; in the sense of Theorem 2. O

To give an abstract formulation of the problem from Section 2.2, we define the operators
B% :Hp — Hp by

By ), ) = —/ s_(x)v"¢ dS for all v, € Hp,
I'n

(B (v), ) = / si(z)vtp dS for all v, € Hp.
I'n

The weak form of (25), (26) is

dlu — bllAU - blgA’U - N1 (u, ’U) = 0,
dov — ba1 Au — bag Av — Na(u,v) + By (v) + ,6’?\',(11) =0,
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and the weak form of (16), (26) is

d1U — bllAU — blgA’U = O,

o (68)
dg’U — bglAu — ngAU + ,BN(U) + BN(U) =0.
An analogue of Theorem 4 can be proved to get that
dov — Sv — N(v) + By (v) + B (v) =0, (69)

u=F(v)

is equivalent on a neighborhood of the origin with (67). Here F, S are the same as in Theorem 4,
and N is a small nonlinear compact perturbation, i.e. N(v)/|lv|| = 0 as v — 0 in Hp.

An analogue of Corollary 1 applies here as well. To be more precise, any eigenvalue of S —
By — B is simultaneously a critical point of (16), (26) with fixed d; and vice versa. A bifurcation
of (69) occurs if and only if a bifurcation of (25), (26) with fixed d; occurs.

Proof of Theorem 8. An analogue of Lemma 4 can be proved. The operators P := Bf\[f fulfill (45)
due to the compact embedding Hp << L?(92). For the proof of (51) with P := 35 we introduce
sets I, , T, I'¢, Ty such that Iy =T'), UT;, =T¢ UTy,

(vo +th)(x) <0 fora.a. x €Ty, (vo+th)(z) >0 foraa. z €D},

vo(x) <0 for a.a. z €Ty, vo(w) >0 for a.a. x € T,

and '¢p1, Ding, Dins such that Ty, = Ty ULhe, I'g = Dt U Dips,

vo(x) < —th(z) and vo(z) < 0 for a.a. x € Ty,
vo(x) < —th(x) and vo(z) > 0 for a.a. © € T'yo,
vo(x) > —th(x) and vo(z) < 0 for a.a. © € Typg.

Similarly for the operator ﬁx‘, Then we can follow the proof of Lemma 4. The proof of the first
part of Theorem 3 is now almost the same as the proof of Theorem 1. To prove the second part
of Theorem 3, we will use Theorem 6 in the same way as in the proof of Theorem 2. O

6. Appendix

For completeness, we will explain here in more details a result concerning a smoothness of the
map V7 used in Section 3 and a general result concerning a global bifurcation from an interval
used in Section 4.

6.1. Smoothness of the map Ny from (30)

Theorem 7. Under the assumptions (5), (12), (13) the operator Ny defined in (30) satisfies
Ny € CY(Hp x Hp,Hp) and its Fréchet derivative is given by

(N{(u,v)(h1, ha), @) :/

ny (u,v)(hy, ha) - @ dxz/(aunl(um)hl + Oy (u,v)ha)p dz,
Q

0 (70)
for all u,v,p,h1,ho € Hp.

Proof. Under the assumptions (12), (13), Nemyckii operators (u,v) — Oyni(u,v), (u,v) —
Oyn1 (u,v) map LP x LP into L7, Hence, using the embedding H <« L?, for any u, v, h1, he € Hp
we can define N{(u,v)(h1,hs) € Hp by (70). We will show that Nj(u,v)(h1,he) is a directional
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derivative of Ny at the point (u,v) and in the direction (h1,hs). Let By C Hp be the unit ball
centered at the origin. Using Holder inequality we get

i || 1) 200 2D Z D) ) )| =
t—0 t
— lim sup / (nl((ua ”U) + t(h17h2)) — nl(ua ”U) _ n’l(u,v)(hl,hg)> © dx <
t—)OLPeBl Q t

1

P’ »’
< C'lim (/ dx) ,
t—0 Q

where p’ = p/(p — 1), p is from (12). We want to apply Dominated Convergence Theorem to
exchange limit and integral, hence, we have to find an integrable majorant. We use Mean Value
Theorem to get

n1((u,v) + t(h1, ha)) — n1(u,v)
t

n1((u,v) + t(h1, ha)) — n1(u, v)
t

- n/l (u’ U)(hlv h2)

- nll (u, U) (ha, h2)

= [(n1((u,v) +t0(h1, h2)) — ) (u, v))(h, ha)|
for a.a. = € Q,

where 0(z) € [0,1] for a.a. z € Q. From now we will use one universal symbol C' for various
constants. We use the triangle inequality and condition (13) to get the existence of C' > 0 such
that

6n1

[} ((u,v) + 0t(h1,ha))(hy, ha)| < %(u + Othy,v + Oths)

< C(1+[u+ 0th P72 + v + 0thy [P72) (|ha| + |ha]).

)
|| + ‘anvl(u + Othy,v + Othy)| |hsl <

(71)
The Young inequality with (p — 1)/(p — 2) and (p — 1) implies
[+ 0tha [P [ha| < C(Jul""*[ha] + (0P 2| [P~1) < C(lufP ™" + (1 + (0677 P71,

Analogous estimates can be done for the other terms in (71). Using all these estimates together
with the embedding Hp < LP we get for sufficiently small ¢ that

(4 ((u, v) +10(h1, h2)) — 1y (u,v)) (1, he)| <
<C (JulP~t 4 o~ 4 [ [P~ + [ho|PTY) € LY for any u,v, hi, ho € Hp.

Summarizing, we obtain

’
p

n1((u,v) + t(h1, ha)) — ny(u,v)

" —nf(u,v)(h1, ha)

<

< O (JufP ™ 4 ot o b P 4 hofP 1) € L
and Dominated Convergence Theorem gives

Nl((u,v) —+ t(hl, hg)) — Nl(u, ’U)
t

lim

t—0

— Ni(u,v)(h1, ha)|| = 0.

Hence, Nj(u,v)(hy, ha) is a directional derivative of Nj(u,v) in an arbitrary direction (hy, ha).
Let (u,v) € Hp x Hp be arbitrary fixed. It is clear that the operator Ni(u,v) : (h1,h2) —
Ni(u,v)(hy,he) from (70) is linear. Using the generalized Holder inequality and (13) we get

IV, ) (ha, o) | = sup / 1 (1, 0) (b, ha)p dx <
weEB1 JQ

<O+ lufle + [lvllze)(hallze + [1h2llze) < C([[Pall + [[R2]])-
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Hence, the linear operator Nj(u,v) is bounded and therefore it is a Gateaux derivative.
Let (ug,vo) € Hp x Hp be arbitrary. Then

lim [Ny (u,v) — Ny(uo,v0)ll c(s1p xHp Hp xHp) =
(u,v)— (uo,v0)

= lim sup sup / (n} (u,v) — n’ (ug,v0)) (h1,ha) - ¢ dx.
 (u0) > (u0,v0) ©€B1 (h1,h2)EB1xB1 JQ

The growth conditions (13) and the generalized Hélder inequality leads to

[ ) =t ) () - <
on on on
< | F sl foles + | Gt = Gkt )|, Whallusliolos

8::1 (U07 Uo)

Lr—2

The Nemyckii operators (u,v) — 9yni(u,v), (u,v) — dyni(u,v) are under the conditions (13)
continuous from LP x LP into L7 2. Hence,

ony onq ony ony
im U, vV ug, v =0, im U, V —(up, v =0,
(u,v)—(uo,v0) ou ( ) ou ( 0 0) Lﬁ (u,v)—(uo,v0) ov ( ) ov ( 0 0) Lpfg
and
lim  [|NV] (u, v) = Ny (uo,vo) || cup xm1p 1p xHp) = 0,

(u,v)—(uo,v0)

i.e. the map (u,v) = N'(u,v) from Hp x Hp into L(Hp x Hp) is continuous and therefore it is
a Fréchet derivative, see e.g. Proposition 3.2.15 in [3]. O

6.2. A global bifurcation for positively homogeneous problems

We give below a Rabinowitz type global bifurcation result used in the proof of Theorem 6.
Since we need only some of the assumptions considered in Section 4, we formulate them explicitly.
We will denote by S(B) the set introduced before Theorem 6 but now for more general operators
considered in the following theorem.

Theorem 8. Let X be Banach space, S : X — X a linear compact operator, B : X — X a
positively homogeneous continuous compact operator and N : R x X — X a nonlinear compact

operator satisfying (48). Let us assume that positive A1 < Ay are not eigenvalues of the operator
S — B and

1 1
deg (I - )\—(S - B),BT,O) # deg (I— /\—(S—&— B),BT,O> for all r > 0. (72)
1 2

Then there exists Ay € [A1, A2] such that the connected component Sy, of the set S(B) containing
the point (A, 0) satisfies at least one of the following conditions:

(a) Sy, is unbounded,
(b) there ezists v € X,v # 0 such that (0,v) € Sy, ,
(c) there exists an eigenvalue \. ¢ [A1, \a] of the operator S — B such that (A, 0) € Sy, .

Proof. Our assertion can be obtained as a particular case of very abstract Theorem 7 in [18], where
we set

A=(0,0), Q=X, Qp = B,, r> 0 small enough,
F =1, ¢(\,v) = A" (Sv— B(v) + N(\v)), 2o =0
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and B = By can be the system of all bounded subsets of (0,00) X X, see also remarks below
Proposition 8 in [18]. The assumptions (7), (8) in that theorem and (a),(b) on the top of the p.
217 can be written in our particular situation as the following conditions:

zero is an isolated solution of (49) for any A in a neighbourhood of A\; and s, (73)
1 1

deg(I — )\—(S’—i— B — N),B,,0) # deg(I — /\—(S — B+ N),B,,0) for r > 0 small enough, (74)
1 2

the set of all (A, v) satistying (49) is closed in (0,00) x X, (75)

any closed and bounded set of (A, v) satisfying (49) is compact. (76)

Let us verify these conditions. If (73) were not true then A\("), v, satisfying (49) would exist such
that AW — X\;, j =1 or j = 2, v, — 0. Dividing (49) by |[v,|| and using the compactness
of S and B and the condition (48) we would get a subsequence of v,, satisfying vy, /||vn, ]| = w
with some w € X and A\jw = Sw — B(w). Therefore A; would be an eigenvalue of the operator
S — B, which is a contradiction with the assumptions. The condition (74) for sufficienly small
r > 0 follows easily from (72) by the homotopy invariance of the degree by using the homotopy
H(t,v) =v— %(Sv + B —tN(\j,v)), t € [0,1] and the assumption (48). The condition (75) is
clearly fulfilled due to continuity of our maps. The condition (76) follows from the compactness
of the operator S — B + N.

Now, the assertion of Theorem 7 in [18] translated to our particular situation gives the assertion
of our Theorem 8. Let us only recall that we have chosen By as the system of all bounded subsets
of (0,00) x X and therefore our case (a) coincides with the condition (i) in Theorem from [18]
stating that Sy is not contained in a set from By.

O

Proof of Theorem 8 can be done also directly in a similar way as that of Theorem 1.3 in [16].
The difference is that the case B = 0 is considered and no assumption about the degree is necessary
in [16] because bifurcation from a characteristic value p of S of odd multiplicity is discussed. Our
condition (72) follows then by using Leray-Schauder formula even for arbitrary A;, As sufficiently
close to ;% and A\; < 1, A > i We have to realize that if (72) is true then also

I

deg (1 <A11 5) (S+B),BT,O> £ deg (1 (All 5> (S+B),BT,O)

for all § > 0 small enough and all » > 0. Then we can modify the proof from [16] replacing the
component C,, of the set S discussed in [16] by the component containing Sy, », to get that Sx, x,
satisfies at least one of the conditions (a), (b), (c).
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