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AMIRAN GOGATISHVILI, ALOIS KUFNER, AND LARS-ERIK PERSSON

ABSTRACT. Let 1 < p < g < oo. Inspired by some results concerning charac-
terization of weighted Hardy type inequalities, where the equivalence of four
scales of integral conditions was proved, we use related ideas to find some new
equivalent scales of integral conditions related to the Stieltjes transform. By
applying our result to weighted inequalities for the Stieltjes transform we ob-
tain four new scales of conditions for characterization of this inequality. We
also derive a new characterization for the solvability of a Riccati type equation
and show via our new results that this characterization can be done in infinite
many ways via our four scales of equivalent conditions.

1. INTRODUCTION

The Stieltjes transform Sy, A > 0, is defined for a measurable function h by

(1.1) Syh(z) = /% v >0.

We will consider the weighted Stieltjes inequality

(1.2) /(S,\h(x))qu(x) de | <C /(h(m))pv(x) de |

with A > 0, for measurable functions A > 0, weights v and v and for parameters
p, q satisfying 1 < p < ¢ < oo.

Inequality (1.2) is usually characterized by splitting it into two Hardy type
inequalities and, thus, we get two different conditions. Using a ”gluing lemma”
(see [2, Lemma 2.2]) we can equivalently express these two conditions in one
single condition. More precisely, the following proposition was proved:
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Proposition 1.1. [2, Proposition 4.6] Let A > 0, 1 < p < ¢ < 00, and suppose
that u(x) and v(x) are non-negative extended real-valued functions defined on
(0,00). Then there exists a constant C independent of h such that the inequality
(1.2) holds if and only if

1
7

(1.3) K = sup (Sy,(u)(x)) (sAp,(ulfp’)(x))” 2 < 0o,

>0

Moreover, the smallest constant C' in (1.2) satisfies C ~ K.
Here and in the sequel p' = p%l.

In [3] the equivalence of four scales of integral conditions was proved. These
conditions characterize the weighted Hardy inequality and contain the usual
Muckenhoupt—Bradley and Persson—Stepanov conditions as special cases. The
proof was carried out by first proving a related equivalence theorem of inde-
pendent interest (see Theorem 2.1 below). Inspired by this result we will find
some new equivalent scales of integral conditions related to the Stieltjes trans-
form. These conditions can be used to characterize the corresponding weighted
inequalities for the Stieltjes transform. We will first prove an equivalence theo-
rem which is of independent interest (see Theorem 2.2) and after that we apply
it to get four different scales of conditions for characterization of the mentioned
weighted inequalities for the Stieltjes transform (see Theorem 3.1).

Finally, we derive a new characterization for the solvability of an one-dimensio-
nal nonlinear second order Riccati type equation (see Theorem 4.1) and show via
our new results that this characterization can be done in infinite many ways via
our four scales of equivalent conditions (see Theorem 4.3). Our characterizations
are necessary and sufficient. To prove the sufficient part which is not difficult,
we are using a simple iteration method analogously to that used in [5], but our
proof of the necessity part is completely different. It is based on the Equivalence
theorem (Theorem 2.2), and we are not using weighted norm inequalities.

Let as mention that the close relation between some boundary value problems
and the corresponding integral inequalities is well known and investigated by
many authors (see e.g [1], [9], [10], [8, Section 14], [11], [5], [4]).

2. THE NEW EQUIVALENCE THEOREM

We start by formulating the crucial Equivalence theorem from [3]:

Theorem 2.1. [3, Theorem 2.1] For —co < a < b < o0, o, and s positive
numbers and f, g measurable functions positive a.e. in (a,b), denote

(2.1) F(z) = / ft)dt,  Gx) = / gt



and

Bi(z;a,8) = F(2)G(x);
By(z; 0, 8,8) = f;f(t)G;

(
(2.2) Bs(z;a, 3,8) = (
(
(

Bu(w;o Bs) = ([7 ()G (0)dt) G~*(a);
« S /8
By(w;0,5,5) = ([2g)FF (t)at) F(a).
The numbers By := sup Bi(z;«a, ) and B;(s) = sup Bj(z;«, 8,s) (i = 2,3,4,5)
a<z<b a<z<b

are mutually equivalent. The constants in the equivalence relations can depend
on a, 3 and s.

Our main result in this section is the following equivalence theorem:

Theorem 2.2. Let o, 3, A and s be positive numbers and let ¢ and 1 be mea-
surable functions which are positive a.e. in (0,00). Moreover, let

A(z;a, B, N) = <S%qb(x)>a (S

@l

Ai(z;a, B8, A, 8) =

(2.3) As(w;a,B,),5) = Sggb(x) - (SAS

: = ((
Ama s = (s300) " (s ((s00) 7 owr¥ ) @)

The numbers

Ao, B,\) =sup A(z, a, 5, \)

>0

and
Ai(avﬁvAas) :SupAi(x;a7ﬁ7Avs)7 (Z: 172a374)
>0
are mutually equivalent. More precisely

(2.4) ciAi(a, B\, s) < Ala, B,\) < d; Ai(a, B, N\, s), i =1,2,3,4.

The positive constants ¢; and d; in the equivalence relations (2.4) can depend on

a, B, \ and s.
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Proof. We will show that
A(Oé, 67 >\) ~ Az(aa 67 /\7 S)

for i = 1,2,3,4. In the proof, which is rather technical, we use - among other
tools - the fact that the functions Si¢(x) and S 3 Y(x) are decreasing and the

functions & Sa¢p(x) and LE%S%ZD(LE) are increasing, and that

Sr(e) ~a /0 "oyt + / TR o)t
= 256‘3 /Oxti‘l/too Y~ (y)dydt

A 00 Ay t
=— [ ta ¢(y)dydt
aJg 0

and

6 T 0

The equality in the above formulas follows by using simple calculations and
the Fubini theorem; we show only one of them:

x

:xi/ t3t3¢(t)dt+:cixi/ o g(t)dt
0

T

A A r A t A )\ A z A > A
:—x_a/ t—a/ ya_ldy¢(t)dt+—$_a/ ya_ldy/ tagp(t)dt
o 0 0 o 0 x
A [T oA [T A [T oAy A
= —x @ Yo tag(t)dtdy + —x = yo dy teo(t)dt
« 0 Y «Q 0 T
)\ A z A r A > A
= —x_a/ Yo (/ t_a¢(t)dt+/ t_a¢(t)dt) dy
«Q 0 Y T
A a [T oAy [
= —x a/ Yo / t™ap(t)dtdy.
a 0 y
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First we note that (using the equivalence relations (a + b)? ~ a? + b* for

p,a,b >0 and sup(A(z) + B(z)) ~ sup A(x) + sup B(x))
N B

(2.5) A(a,ﬁ,)\)wsupx A (x ﬂ/ Y(t dt—l—/ t_ﬁw(t)dt)
x>0
~ sup (sm >) ([ vou)

x>0 . 0

o/ o 6

+ sup 2 <Sg¢(x)> (/ t_ﬁwp(t)dt)

x>0 . T

=11 + 1.
Now we use the equivalence relation
Bi(a, B) = Bs(a, 3, )
from Theorem 2.1. Putting Sg(b(m) for F'(z) and t%dj(t) for g(t) we get that

(2.6) Iy = sup (quﬁ(az))s ( /0 ) (s20(1)) I3 w(t)dt)ﬁ .

Then we use the equivalence relation

Bl(ﬁ7a) ~ B2(ﬁ7a78>

from Theorem 2.1. Putting za Sx¢(z) for G(z) and x_%w(x) for f(z), we have
that

a—s B
(2.7) Igmsupx% 7 w(t)dt) .
x>0 :c
Therefore, from (2.5), (2. )and( .7), we get that
a=s B
E
Al 5.0) = sup (S26(2) ) ( /0 (S2000) 7 vyt

x>0

(
~supa't (5,0(0)) <x_ /0 ' (53000
| )

+sup s <S%¢( )>8</Oot33 S16(t) agsw(t)dt)ﬁ

NAl( ﬁa)\ 8)
Step 2. A(OQB, )N AZ(auﬁ’/\7 S)‘
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The procedure is similar to that in Step 1.
We use the equivalence relation

Bi(a,3) = Bs(a, 3, s)
from Theorem 2.1. Putting Sx¢(z) for F(z) we find that

a+s

(2.8) I, ~ sup (sm(x))*s < / h (53¢(t)) ’ ¢(t)dt)ﬁ .

>0 @

Next we use the equivalence relation
31(57 Oé) ~ B4(67 a, S)

from Theorem 2.1. Putting za 51 ¢(z) for G(z) and x_%w(x) for f(x), we obtain
that

a+s

(2.9) I ~supz s (S%gb(x))_s (/Ox tas (Sg(b(t)) ’

>0

&}
w(t)dt> :
Therefore, from (2.5), (2.8) and (2.9), we conclude that

Afa, B, \) ~ sup (sm(x))_s ( / h (sm(o) # Mt)dt)ﬁ

>0 «

+ ili[gx*% (Sé¢(x)>_s (/Ox tas <S§¢(t)> " w(t)dt>ﬁ
<sup (5,000) ([ (s200) 7 vty
4o / 1 (5300) 7 ww)ﬁ

~sup (S30)) <s§; (x* (quﬁ(t))ags w(t)))ﬁ
~ Ay(a, B, N, 5).

The equivalences A(a, 3, ) = Az(a, B, A, s) and A(a, B, \) = Ay(a, 3, A, s) can
be proved similarly as those in Step 1 and Step 2, if we use the fact that the
expression A(q, 5, A) is symmetric with respect to ¢ and 1. Hence we omit the
details. O

Corollary 2.3. Let A and p be positive numbers and let ¢ be a measurable func-
tion positive a.e. in (0,00). Then

(2.10) 1L sup (Sx6(2)) 7 Sy ((Sr6(1))" " (1) * V) (x)

>0

~ sup 2™ (S (2))P Sap (S (1) 77 B(1)E7) ().

z>0



Proof. Using the equivalence relations
Ag(l, 1, )\, 1) =~ AQ(l, 1, )\,p) =~ Al(l, 1, )\,p)
and putting (Sx¢(x)) > 2 p(z) for ¥(z) we get that

1= Ay(1,1,),1)
~ Ao(1,10.p) = s1p (S30(@) 7 (Shy (00" 607 7) (x)
~ AL 1A p) = supa (519(2))" (Shy (S16() " 6()F7) (@)
and the proof is complete. 0

3. SOME NEW SCALES OF CONDITIONS CHARACTERIZING THE WEIGHTED
STIELTJES INEQUALITY

Our main result in this section reads:

Theorem 3.1. Let 0 < \;s < 00, 1 < p < q < 00, and for the weight functions
u and v define

(3.1) 1
Ei(a,5) = (S0 @) (Sna (S0 )0) T u0)) (@)) "

Ks(x,5):= (Sxy (v' ) () (stqp' ((Sxp/(vl_”')(t)) v U(t)t“p/q) (:L“)) ‘ ;

Kala,5) = (0] (S ((Suwl0)™ 5 010} (0)) a2

e

p (1+4gs)

R,5) = (00 (Suar ((Sua) 7 0 )00) ()

and
K;(s) :=sup K;(z,s), 1=1,23,4.

>0
Then the Stieltjes inequality (1.2) holds for all measurable functions f > 0 if and
only if any of the quantities K;(s) i = 1,2,3,4, is finite for some s, 0 < s < 0.
Moreover, for the best constant C' in (1.2) we have C ~ K;(s), i = 1,2,3,4. The
constants in the equivalence relations can depend on s.

Proof. In (2.3) we put a = %, B = 1%’ d(z) = u(x) and (x) = v'?(2). Then
the assertion follows from the fact that

11 11
K=A(-,—,\) and K;(s)=A4;(-,—,\,s), 1=1,2234,
(q p, ) (s) (q p, )

are all equivalent, with A and A; (i = 1,2, 3,4) defined in (2.3), see Theorem 2.2.
Moreover, by Proposition 1.1 the finiteness of K is necessary and sufficient for

the inequality (1.2) to hold. Finally, since for the least constant C' in (1.2), we
have C' ~ K it is clear that C' ~ K;(s) and the proof is complete. O
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4. SOME SCALES OF CONDITIONS CHARACTERIZING THE SOLVABILITY OF AN
ONE-DIMENSIONAL NONLINEAR SECOND ORDER RICCATI TYPE EQUATION

In this section we consider the solvability problem for the following one-di-
mensional nonlinear second order Riccati type differential equation on the half
line (0, 00):

(4.1) o' (x) + a()u(z) = —v(x),

where ¢ > 1, a and v are arbitrary nonnegative functions, and with boundary
conditions

(4.2) u(0) = u'(00) = 0.

We are looking for conditions on the function v for which the equation (4.1)
accompanied by the boundary conditions (4.2) has a positive weak solution.

By a positive weak solution of the equation (4.1) we understand a nonnegative
measurable function u satisfying a.e. on (0,00) the equivalent integral equation

(4.3) wu(z) — /Ox ta(t)ui(t)dt — x/oo a(t)ul(t)dt = /01? to(t)dt + x/oov(t))dt,

which follows from (4.1) by integration.
We define

Vi) = / to(t)dt + x/ o(t)dt.
0 x
Our crucial result in this section reads:

Theorem 4.1. Let1 < g < co. Let a and v be nonnegative measurable functions

on (0,00). (i) If
(4.4) /0 (V) + / T eVt < g (%) W

for a.e. x € (0,00), then the equation (4.1) with boundary conditions (4.2) has a
nonnegative weak solution w, such that

q
V(z) <ulx) < q_—lV(:c), a.e. on (0,00).

(ii) If the equation (4.1) with boundary conditions (4.2) has a nonnegative weak
solution, then there is a positive constant ¢ > 0 such that

(4.5) /Off ta(t)VI(t)dt + x/oo a(t)Vi(t)dt < cV(z) a.e. on (0,00).



Proof. (i) Let us denote

H.g(z) = / ta(t)g?(t)dt + x/ a(t)gi(t)dt.
0 T
Using simple iterations we find that
Upt1 = Hou,, +V, n=12,...,
starting from u; = V. It follows by induction that if (4.4) holds, then
Up < Upyp and V <wu, <C,V,

1—q
where C; = 1 and C,y1 = ¢~ <qq1> C, + 1. Since zy = q%1 is the only
1—q

root of the equation z = ¢! (qfql) 7+ 1 and C = 1, it is easy to see that
lim,, o C,, = q%l and, hence, that exists a solution u(z) = lim,_ u,(z) and
such that

V(z) <u(z) < LV(x)

(ii) Let us assume that the equation (4.1) with boundary condition (4.2) has a
nonnegative weak solution. Then

(4.6) Vi(z) < u(x)

and

(4.7) Hou(x) < u(x).

It is easy to see that

(4.8) V(x) = xSi(tv(t))(x)

and

(4.9) Hou(z) = 251 (ta(t)u’(t))(zx).
Therefore,

u(z) = x5 (ta(t)u!(t))(x) + 25 (to(t))(x) = 25 (ta(t)u’ () + to(t))(2).

Let us denote ¢(t) := ta(t)u"(t) + tv(t) and ¥(t) := ta(t). Then we can rewrite
the condition (4.7) to the following form:

(4.10) sup (S1() ()™ 51 ((S1(9)") () < C.

By Theorem 2.2 we have the following equivalence relation:
A1<q_ 1717q_ 1aq_ 1) %AQ(q_ 1717q_ 171)7

which reads

sup 297 (S1(9) ()" Sy (¥) ()

>0
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R Sup (S1(9) ()" 81 (L (t) (S1(¢)(1))") ().
We obtain, due to (4.10), that
supat! (81(6)(@))" " Sy (¥)(@) < €.
Moreover, by using the estimate (4.6), we get that
(4.11) sup (V(2)) " S,_1(ta(t))(z) < C.
>0
Therefore, by using the equivalence (4.8), we get that (4.11) is equivalent with
the following condition:
(4.12) sup 2771 (Sy (tv(2)) ()7 Sy_y (ta(t))(z) < C.
>0
Now we use the equivalence relation

Alg—1,g—1,g— 1)~ Asy(g—1,1,q—1,1),

from Theorem 2.2, and put ¢(t) = tv(t) and ¢(t) = ta(t). Then, from (4.12) we
get that
sup (S (tu(1))(2)) ™" S1(ta(t) (Si(te()) (1)) () < C.

>0
Now, using again the equivalence (4.8), we obtain that

sup (V ()" aSi(ta(t) (V(1)")(z) < C,

which is equivalent to the condition (4.5) due of the equivalence (4.9). The proof
is complete. 0

Remark 4.2. If we use some of the equivalent relations
Alg—1,9—1,q—1)= Ai(g—1,1,q—1,s), i=1,2,3,4, s>0,
from Theorem 2.2, by same way we can obtain other different but equivalent

characterizations of the solvability for the equation (4.1). By Theorem 4.1 we
can show that it is also connected to the Stieltjes inequality with weights.

With the information in Remark 4.2 in mind we now formulate the main result
of this section:

Theorem 4.3. Let 1 < g < co. Let a and v be nonnegative measurable functions
on (0,00). Then the following statements are equivalent:
(i) The equation
(4.13) u'(z) + a(z)ui(z) = —ev(x),
with boundary condition (4.2) has a nonnegative weak solution u for some e > 0.
(ii) There exist positive constants Cy and s , such that

Ss (" 2a(t) (V)" ) (@) < Co (V(2) ™

for a.e. x on (0,00).
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(iii) There exist positive constants Cy and s, such that
S, (7 2a(t) (V(8))"7) (2) < Co (V(2))°

for a.e. x on (0,00).
(iv) There ezist positive constants Cs and s , such that

S, (t0(t) (S1(ya(y)() 77 ) (@) < Cor™ (Si(yaly)) (@) 7

for a.e. x on (0,00).
(v) There exist positive constants Cy and s, such that

S

S, (1400 (S1(ya) ()7 (@) < Ca (Si(yaly)) (@)7

for a.e. x on (0,00).
(vi) There ezists a positive constant Cs, such that

L L
oo q 0 q

[sus@) m@a ) <o [ @) wowye)|

0 0

/

holds for every positive measurable function f on (0, 00).

Proof. The proof follows by just using Theorem 4.1 combined with our equiva-
lence Theorem 2.2 (see also Remark 4.2). O
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