THE CZECH ACADEMY OF SCIENCES

INSTITUTE OF MATHEMATICS

Complexity of distances:
Reductions of distances between metric
and Banach spaces

Marek Cruith
Michal Doucha
Ondrej Kurka

Preprint No. 36-2020
PRAHA 2020






COMPLEXITY OF DISTANCES: REDUCTIONS OF
DISTANCES BETWEEN METRIC AND BANACH SPACES

MAREK CUTH, MICHAL DOUCHA, AND ONDREJ KURKA

ABSTRACT. We show that all the standard distances from metric ge-
ometry and functional analysis, such as Gromov-Hausdorff distance,
Banach-Mazur distance, Kadets distance, Lipschitz distance, Net dis-
tance, and Hausdorfl-Lipschitz distance have all the same complexity
and are reducible to each other in a precisely defined way.

This is done in terms of descriptive set theory and is a part of a larger
research program initiated by the authors in [8]. The paper is however
targeted also to specialists in metric geometry and geometry of Banach
spaces.

INTRODUCTION

Metric geometry and nonlinear geometry of Banach spaces are rapidly
evolving fields connected to many different areas of mathematics including
Riemannian geometry, Banach space theory, graph theory, computer science,
etc. One of their feature is that they, as ‘metric disciplines’, quantitatively
measure non-equivalence of the objects they work with by distances. Stan-
dard examples of such distances are the Gromov-Hausdorff distance between
metric spaces and the Banach-Mazur distance between Banach spaces, but
the list of useful distances is quite large and the study of those and their
mutual relations inspired mathematicians to prove several deep theorems,
most notably in the fields of the non-linear geometry of Banach spaces and
geometry of Riemannian manifolds, see e.g. [10, 13, 15, 18, 22, 25, 29]. We
have been also inspired by the influential book of Gromov ([17]), where many
of the distances we work with were defined.

The issue we address in this paper is to compare the complexities, on the
small scale, of the distances that have recently received attention in metric
geometry and Banach space theory. For instance, we look for a constructive
assignment of Banach spaces to metric spaces so that the Banach-Mazur
distance of the assigned Banach spaces is small if and only if the Gromov-
Hausdorff distance of the original metric spaces is small.

In order to provide such a comparison, given distances d; and do on two
classes of metric or Banach spaces P; and Ps, respectively, we say that dy
is Borel-uniformly continuous reducible to dsy if there exists a construction
f : P1 = P> which is a uniformly continuous embedding with respect to
distances di and ds, see Definition 34 for a more precise treatment.

2010 Mathematics Subject Classification. 03E15, 46B20, 54E50, (primary), 46B80
(secondary).
Key words and phrases. Gromov-Hausdorff distance, Banach-Mazur distance, Kadets
distance, analytic pseudometrics, analytic equivalence relations.
1



2 M. CUTH, M. DOUCHA, AND O. KURKA

The following is our main result, which therefore in a (certain precise)
sense says that various problems ranging from linear classification of Banach
spaces to large scale geometry of metric spaces are comparable in their
difficulty.

Theorem 1. (1) The following pseudometrics are mutually Borel-uniformly
continuous bi-reducible: the Gromov-Hausdorff distance when
restricted to Polish metric spaces, to metric spaces bounded from
above, from below, from both above and below, to Banach spaces; the
Banach-Mazur distance on Banach spaces, the Lipschitz dis-
tance on Polish metric spaces and Banach spaces; the Kadets dis-
tance on Banach spaces; the Hausdorff-Lipschitz distance on
Polish meric spaces; the net distance on Banach spaces.

(2) The pseudometrics above are Borel-uniformly continuous reducible
to the uniform distance on Banach spaces.

To illustrate the meaning, for example the proof that the Banach-Mazur
distance on Banach spaces (denoted by ppas) is Borel-uniformly continu-
ous reducible to the Lipschitz distance on Polish metric spaces (denoted
by pr) gives a Borel assignment (that is, a very constructive one, avoid-
ing e.g. the axiom of choice) which assigns to a given Banach space X
(separable, infinite-dimensional) a Polish metric space M (X) in such a way
that this assignment is a uniformly continuous embedding with respect to
pseudometrics ppyr and pr. In particular, ppp(X,Y) = 0 if and only if
pr(M(X),M(Y)) = 0. Thus, the problem of whether two Banach spaces
are close with respect to the Banach-Mazur distance may be transferred to
the problem of whether certain metric spaces are close with respect to the
Lipschitz distance.

We recall that there is an active and well established stream within de-
scriptive set theory, called invariant descriptive set theory (IDST), whose
aim is to provide such reductions for equivalence relations. So for example, it
is known that the complexities of the equivalence relations of isomorphism of
separable C*-algebras, homeomorphism of metrizable compact spaces, and
linear isometry of Banach spaces are the same (see [28],[31], [23]). On the
other hand, they are strictly less complex than linear isomorphism of Ba-
nach spaces [12], isomorphism of separable operator spaces [1], and strictly
more complex than the isomorphism of countable graphs. We refer to [14]
as a general reference.

We follow this line of thought and our results are also written in the terms
of IDST. However, our aim is to make it comprehensible and interesting
also for researchers working in metric geometry and geometry of Banach
spaces without particular knowledge of descriptive set theory. We must
note that this paper naturally complements our paper [8], which is targeted
to descriptive set theorists and to which we refer for additional motivation
and some general results. However, since the readership of these two articles
likely will not be exactly the same, we try to make this paper self-contained.

The paper is organized as follows. In Section 1, we present our examples
of distances and prove basic facts about them that will be needed later. We
also introduce some basic notions from descriptive set theory and repeat our
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definitions from [8]. In Sections 2, 3, and 4 we concentrate the constructions
of our reductions. The final Section 5 summarizes our findings and suggests
some problems.

1. PRELIMINARIES AND BASIC RESULTS

The goal of this section is to recall several basic notions from descrip-
tive set theory, such as coding of Polish metric spaces or Banach spaces,
and to introduce the distances we work with in this paper. We also prove
here several basic results about these distances which will be needed in fur-
ther sections. The notation and terminology is standard, for the undefined
notions see [11] for Banach spaces and [19] for descriptive set theory.

1.1. Coding of Polish metric spaces and Banach spaces. We begin
with formalizing the class of all infinite Polish metric spaces as a standard
Borel space. In most situations it will not be important how we formalize
this class, but whenever it does become important we shall use the following
definition.

Definition 2. By M we denote the space of all metrics on N. This gives
M a Polish topology inherited from RN*N,

If p and ¢ are positive real numbers, by M,, M? and M} respectively, we
denote the space of metrics with values in {0} U [p, 00), [0, ¢], and {0} U|[p, ¢
(assuming that p < q), respectively.

Remark 3. Every f € M is then a code for Polish metric space M; which is
the completion of (N, f). Hence, in this sense we may refer to the set M as to
the standard Borel space of all infinite Polish metric spaces. This approach
was used for the first time by Vershik [30] and further e.g. in [6], see also
[14, page 324]. Another possible approach is to view all Polish metric spaces
as the Effros-Borel space F(U) of all closed subspaces of the Urysohn space
U. When one considers the space of all pseudometrics on N then these two
approaches are equivalent, see e.g. [14, Theorem 14.1.3]. Similarly, one can
get a Borel isomorphism © between M and F'(U) \ Fy;,(U), where Fy;p,(U)
denotes the Borel set of finite subsets of U, such that O(f) is isometric to
My for every f € M. Since the Borel set of finite metric spaces is not
interesting from our point of view we will ignore it in the sequel.

Remark 4. Let (M, d) be a separable metric space. If there is no danger of
confusion, we write M € M by which we mean that the metric d restricted
to a countable dense subset of M induces a metric d’ € M. Analogously, if
there is no danger of confusion, we write M € M,, M € M? or M € Mj.

Next, we formalize the class of all infinite-dimensional separable Banach
spaces as a standard Borel space. As in the case of infinite Polish metric
spaces, the concrete coding of this space is usually not important. However,
when we compute that certain maps from or into this space are Borel we
adopt a coding analogous to that one for M (and which is more similar to
the general coding of metric structures from [2]).

Definition 5. Let us denote by V' the vector space over Q of all finitely sup-
ported sequences of rational numbers, that is, the unique infinite-dimensional
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vector space over Q with a countable Hamel basis (e, )nen. By By we de-
note the space of all norms on the vector space V. This gives By a Polish
topology inherited from RY. We shall consider only those norms for which
its canonical extension to the real vector space cgg is still a norm; that is,
norms for which the elements (e,),, are not only Q-linearly independent, but
also R-linearly independent. Let us denote the subset of such norms by B.

Let us point out that B is a G5 subset By, thus a Polish space of its own.
Indeed, it suffices to check that for || - || € By we have || - | € B if and only

if for every fixed n € N the elements eq,...,e, are R-linearly independent
in (coo, || - ||), which is an open subset of By. We show that the complement
C, the set of those norms in By for which the elements eq,...,e, are R-
linearly dependent, is closed in By. Let (|| - ||m)men € C converge to || - |.
We show that || - || € C. For each m € N there are of",...,a] € R, not
all of them zero, such that || >""" | a!e;||m = 0. Without loss of generality,
we may assume that M, = max{|a]"|,...,|a]}|} = 1. By passing to a

subsequence if necessary, we may therefore assume that each o" converges
to some «;, for ¢ < n, where at least one of the limits is non-zero. It follows
that = > | aje; # 0 and ||z|| = 0, showing that || - || € C.

Remark 6. Each norm v € B is then a code for an infinite-dimensional Ba-
nach space X,, which is the completion of (V). The completion is naturally
a complete normed space over R. This is the same as taking the canonical
extension of v to ¢pg and then taking the completion.

We refer the reader to another paper of the authors, [7], where the space
B is thoroughly investigated from the topological point of view, which is
however not so relevant for our considerations here, where we are merely
satisfied with the fact that B is a standard Borel space.

Hence, we may refer to the set B as to the standard Borel space of all
infinite-dimensional separable Banach spaces. Another possible approach,
introduced by Bossard [4], is to view all infinite-dimensional separable Ba-
nach spaces as the space SB(X) of all closed linear infinite-dimensional
subspaces of a universal separable Banach space X; then it is a Borel sub-
set of the Effros-Borel space F(X), the interested reader is referred to the
monograph [9] for further information. Similarly as in the case of Polish
metric spaces, those two approaches are equivalent which is witnessed by
Theorem 8.

It would be possible to get a coding of all separable Banach spaces, i.e.
even finite-dimensional, if we considered the space of all pseudonorms on V.
As in the case of Polish metric spaces, the Borel set of all finite-dimensional
Banach spaces is not interesting from our point of view, so we will ignore it
in the sequel.

Remark 7. If there is no danger of confusion, we write X € B as a shortcut
for “X is an infinite-dimensional separable Banach space”.

Theorem 8. For every universal separable Banach space X, there is a Borel
isomorphism © between B and SB(X) such that ©(v) is isometric to X, for
every v € B.

Proof. First, let us observe that whenever X and Y are universal separable
Banach spaces, there is a Borel isomorphism ® between SB(X) and SB(Y)
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such that ®(Z) is isometric to Z for every Z € SB(X). Indeed, fix an
isometry ¢ : X — Y. Then SB(X) 3 Z — i(Z) € SB(Y) defines a Borel
injective map, let us call it @y, such that Z is isometric to ®1(Z) for every
Z € SB(X). Next, we find an analogous Borel injective map ®9 : SB(Y') —
SB(X). Finally, using the usual proof of the Cantor-Bernstein Theorem (see
e.g. [19, Theorem 15.7]), we find a Borel isomorphism ® between SB(X)
and SB(Y) whose graph lies in the union of the graph of ®; and the inverse
of the graph of ®s.

Hence, we may without loss of generality assume that X = C([0,1]) &2
C([0,1]). Using the classical Kuratowski-Ryll-Nardzewski principle (see e.g.
[9, Theorem 1.2]), we easily get a sequence of Borel maps d,, : SB(X) — X
such that for every Z € SB(X) the sequence (d,(Z))52; is normalized,
linearly independent and linearly dense in Z. Since all uncountable Polish
metric spaces are Borel isomorphic, we may pick a Borel isomorphism j
between SB(X) and the interval [1,2]. Now, we define a Borel injective
map 07 : SB(X) — B by putting for every Z € SB(X)

@1(Z)(oz):H( Yaidy (Z +ZO‘H a€eV.

Then ©; is an injective Borel map from SB(X) into B such that Xg,(z) is
isometric to Z for every Z € SB(X).
Next, by [20, Lemma 2.4], there is a Borel map ©y : B — SB(C([0,1]))

such that /@VQ( ) is isometric to X, for every v € B. Pick a Borel isomorphism
J between B and the 1nterval [0, 1] and for every v € B define ©2(v) as the
Banach space of all (j(v)f,/1—j%2(v)f) € X where f € @2( ). Then O9
is an injective Borel map from B into SB(X) such that ©2(v) is isometric
to X, for every v € B.

Finally, using the usual proof of the Cantor-Bernstein Theorem (see e.g.
[19, Theorem 15.7]), we find a Borel isomorphism © between B and SB(X)
whose graph lies in the union of the graph of @4 and the inverse of the graph
of O;. O

1.2. Distances between metric spaces and Banach spaces.

1.2.1. Gromov-Hausdorff distance. We start with the notion of Gromov-
Hausdorff distance which has been investigated already in [8]. For the con-
venience of the reader, we repeat some facts about this distance here.

Definition 9 (Gromov-Hausdorff distance). Let (M, ds) be a metric space
and A, B C M two non-empty subsets. The Hausdorff distance between A
and B in M, p%(A,B), is defined as

max{sude(a,B),sude(b, A)},

a€A beB

where for an element a € M and asubset B C M, dys(a, B) = infpep dps(a, b).
Suppose now that M and N are two metric spaces. Their Gromouv-

Hausdorff distance, par(M, N), is defined as the infimum of the Hausdorff
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distances of their isometric copies contained in a single metric space, that is
per(M,N) = inf  pp(ear(M), v (N)),
M—X

LM
(LN N—X
where 1p; and ¢y are isometric embeddings into a metric space X.
For two metrics f,g € M we denote by par(f,g) the Gromov-Hausdorff
distance between (N, f) and (N, g), which is easily seen to be equal to the

Gromov-Hausdorff distance between their completions My and M,.

Let A and B be two sets. A correspondence between A and B is a binary
relation R C A x B such that for every a € A there is b € B such that aRb,
and for every b € B there is a € A such that aRb.

Fact 10 (see e.g. Theorem 7.3.25. in [5]). Let M and N be two metric
spaces. For every r > 0 we have pgg (M, N) < r if and only if there exists a
correspondence R between M and N such that sup |dps(m, m')—dy(n,n')| <
2r, where the supremum 1is taken over all m,m’ € M and n,n’ € N with
mRn and m'Rn’.

It is easier to work with bijections instead of correspondences. One may
wonder in which situations we may do so. Let us define the corresponding
concept and prove some results in this direction. Those will be used later.

Definition 11. By S, we denote the set of all bijections from N to N.
For two metrics on natural numbers f,g € M and € > 0, we consider the
relation

~g & 3reSc¥{nm}eN?:|f(n(n),n(m)) —g(n,m)| <e.
We write f ~ g if f ~. g for every € > 0.

The following two observations are proved e.g. in [8, Lemma 15 and
Lemma 16].

Lemma 12. For any two metrics on natural numbers f,g € M and any
e > 0 we have pgr(f,g) < e whenever f ~. g.

Lemma 13. Let p > 0 be a real number. For any two metrics on natural
numbers f,g € M, we have pcu(f,g) = inf{r : f >~ g} provided that
pcu(f.9) <p/2.

Lemma 14. Let f,g € M define two perfect metric spaces, that is, spaces
without isolated points. Then pau(f,g) = inf{r: f >~ g}.

Proof. By Lemma 12, pgr(f,g) < r whenever f ~9, g. For the other
inequality, suppose pgr(f,g) < r and fix s with pgr(f,g9) < s < r. By Fact
10, there is a correspondence R C N x N witnessing that pap(f,g) < s.
Now we recursively define a permutation m € So. During the (2n — 1)-th
step of the recursion we ensure that n is in the domain of # and during the
2n-th step we ensure that n is in the range of .

Pick an arbitrary n € N such that 1Rn and set (1) = n. If n =1
then we have ensured that 1 is both in the domain and the range of w. If
n # 1, then pick some m € N such that mR1 and set w(m) = 1. If the only
integer m with the property that mR1 is equal to 1, which has been already
used, we pick an arbitrary m’ € N that has not been used yet and such that
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f(m,m') < r —s. The existence of such m’ follows since f is perfect. We
set w(m') = 1. In the general (2n — 1)-th step we proceed analogously. If
n has not been added to the domain of 7 yet we pick some m that has not
been added to the range of w yet and such that nRm. Then we may set
m(n) = m. If there is no such m, we pick an arbitrary m such that nRm
and take an arbitrary m’ with g(m,m’) < r — s that has not been added to
the range of 7 yet and set m(n) = m’. The 2n-th step is done analogously.

When the recursion is finished we claim that for every n,m we have
|f(m,n)—g(m(m),n(n))| < 2r which is what we should prove. Suppose e.g.
that (m), resp. m(n) are such that there are m’, resp. n’ with g(m’, 7(m)) <
r—sand g(n',m(n)) < r — s, and mRm' and nRn’. The other cases are
treated analogously. Then by the choice of R we have

|f(m,n) = g(m(m),m(n))| < [f(m,n) — g(m’,n')| + |g(m/,n’) — g(m(m),n")]
+ lg(n(m),n') — g(w(m), m(n))|
< 2s+g(m',m(m)) + g(n’, m(n)) < 2r.
U

Remark 15. If f, g € M define neither perfect metric spaces, nor do they
belong to M,, for some p > 0, then ~. does not give good estimates for
the Gromov-Hausdorff distance between f and g. Consider e.g. N as a
metric space with its standard metric and a metric space C, = {m + 1/n :
m € Nyn > k} C R, k > 2, with a metric inherited from R. We have
pea(N,Cr) — 0 as k — oo, but clearly there are no bijections between N
and C} witnessing the convergence.

1.2.2. Kadets distance.

Definition 16 (Kadets distance). Suppose that X and Y are two Banach
spaces. Their Kadets distance, pg(X,Y), is defined as the infimum of the
Hausdorff distances of their unit balls over all isometric linear embeddings
of X and Y into a common Banach space Z. That is
pr(X,Y) = inf pf(ex(Bx), iy (By)),

Lx: X—=Z

Ly:Y‘—)Z
where 1x and ¢y are linear isometric embeddings into a Banach space Z.

Similarly as the Gromov-Hausdorff distance, the Kadets distance may be
expressed in terms of correspondences. First, call a subset A C X of a real
vector space Q-homogeneous if it is closed under scalar multiplication by
rationals. The following lemma generalizes [18, Theorem 2.3], which uses
homogeneous maps. The proof is however very similar.

Lemma 17. Let X and Y be Banach spaces and E and F' be some dense Q-
homogeneous subsets of X and Y respectively. Then we have pi(X,Y) < e
if and only if there exist 6 € (0,e) and a Q-homogeneous correspondence
R C E x F with the property that for every x € E there is y € F with
2Ry and |lylly < ||z|x, for every y € F there is x € E with xRy and
Izl x < llylly, and

[xe], -1
1<n X i<n

Y

< (e = ) ( D max{laillx. luillv})
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for all (x;); C E and (y;); C F, where for all i, x;Ry;.

Proof. If p(X,Y) < €, then fix some § € (0,e—pg(X,Y)) and some isomet-
ric embeddings of X and Y into a Banach space Z such that pZ%(Bx, By) <
e — 0. Then set 2Ry, for x € E and y € F, if and only if ||z — yl|z <
max{(e — 6)[|z[|x, (e = 0)lylly }-

Suppose conversely that we have such ¢ € (0,¢) and R C E x F. Set E’
to be the linear span of E, analogously F’ to be the linear span of F'. Then
set Z =E'® F' and define a norm || - ||z on Z as follows: for (z,y) € Z set

. w)llz = inf{uxoux + lyolly + (= = 0) (D max{llalx, Il }) :

i<n

r=x0+ Y T, y=yo— > %0 € B,y € F, CUzRyz}

i<n i<n

It is clear that || - ||z satisfies the triangle inequality. Moreover, it is easy
to check, using the Q-homogeneity of R, that || - ||z is Q-homogeneous, i.e.
for every z € Z and ¢ € Q, ||¢z||z = |q|||z|lz- By continuity, we also get the
full homogeneity for all real scalars.

Let us check that for any z € E’ we have ||(z,0)]|z = ||z||x. Clearly,
|(x,0)||z < ||x||x. Suppose there is a strict inequality. Then we have

lwollx + lwolly + (= = 6) (D= max{llzill . lilly }) < il
i<n

where zg € E', x1,...,20 € E, yo € F', y1,...,yn € F, x = 20 + >, T,

y=0=1y9 — Zz‘gn y; and z;Ry;. However, by our assumption we have

lwollxc + llgolly + (e = 8)( 3 mac{ il il }) =

i<n

= lloollx + | Yow], + € = O (X max{llaillx. lwillv}) =
i<n i<n

> |alx.

> flzollx + | Yo
<n

a contradiction. Analogously, we show that for every y € F’ we have ||y|ly =
|(0,4)]|z. So E' and F’ are isometrically embedded into Z. Now for any
x € Bx N E by the assumption there is y € F' such that ||y|ly < ||z|x and
Ry. So

Iz, =y)llz < (e = )zl x

since z can be written as xo+z, where g = 0, and —y as yg—y, where yg = 0.
Analogously, for every y € By N F there is € E such that ||z|x < |lylly
and ||(z, —y)||z < (e = d)|ly|ly. Finally we take the completion of Z and get
a Banach space Z’ to which X and Y linearly isometrically embed so that
p% (Bx,By) < ¢. 0

1.2.3. Lipschitz distance.
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Definition 18 (Lipschitz distance). Let M and N be two metric spaces.
Their Lipschitz distance is defined as
pr(M,N) = inf { log max{Lip(T),Lip(T~")} : T': M — N is bi-Lipschitz bijection},

where

T T
Lip(T) = sup dy(T(m), T(n))
m#neM dm (ma ’I’L)
is the Lipschitz norm of T.

Remark 19. The previous definition of the Lipschitz distance is from [5,
Definition 7.2.1]. We note that Gromov in [17, Definition 3.1] defines the
Lipschitz distance (between M and N) as

inf {|log Lip(T)| + |logLip(T~")| : T': M — N is bi-Lipschitz}.

Nevertheless, one can easily check that these two definitions give equivalent
distances. Indeed, if we denote by p/ the Lipschitz distance in the sense of
Gromov, then we easily see that

pr < pp, < 2pL.
More differently, Dutrieux and Kalton in [10] define the Lipschitz distance

analogously to the definition of the Banach-Mazur distance, which we recall
later, as !

inf { log Lip(T) Lip(T~") : T: M — N is bi-Lipschitz}.

Denote this distance by p/. Clearly, p7 is not equivalent with py, since for

example intervals [0, 1] and [0, 2] have distance zero only in p}. However,
in [10] the authors work mainly with Banach spaces and if M and N are
Banach spaces, it is easy to see that we have p7 (M, N) = p, (M, N). That
follows from the fact that we may consider only those bi-Lipschitz maps
such that both log Lip(T) and log Lip(T~!) are non-negative. Indeed, if
say Lip(T) < 1, then we define 7" = T/ Lip(T) and we get log Lip(T") +
log Lip(T~") = [log Lip(T")| + [log Lip((T") ).

However, for Banach spaces we have p, (M, N) = 2pr,(M, N). This again
follows after the appropriate rescaling of the maps T': M — N.

One of the differences between the Gromov-Hausdorff distance and the
Lipschitz distance on metric spaces is that for the former if M and N are
metric spaces and M’, resp. N’ their dense subsets, then pgy(M,N) =
peu(M',N"). That an analogous equality does not hold for the Lipschitz
distance is witnessed by the following fact. We thank Benjamin Vejnar for
providing us an example on which it is based.

Fact 20. There exist metrics dyr,dy € M on N such that their completions
are isometric, however there is no bi-Lipschitz map between (N,dp;) and

Proof. Let M be a Polish metric space, let G be the group of bi-Lipschitz
autohomeomorphisms of M, and suppose there exists m € M such that
M\ G -m is dense in M, where G - m is the orbit of m under the action

More precisely, they define it without the logarithm which we add in order to satisfy
the triangle inequality.
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of G on M. Let (x;); be some countable dense subset of M such that
{zi: i e N}NG-m =0, and let (y;); be another countable dense subset of
M such that y; = m. Then there is no bi-Lipschitz map between (x;); and
(yj)j- Indeed, otherwise such a bi-Lipschitz map would extend to some bi-
Lipschitz autohomeomorphism g € G and we would have g-y1 = g-m = xy,
for some k € N, which is a contradiction.

To give a simple concrete example, consider M = [0,1] and m = 0. O

It follows that we cannot in general for d, p € M decide whether pr, (Mg, M,) <
e just by computing pr((N,d), (N, p)). For a correspondence R C N? and
n € N we denote by nR the set {m € N : nRm} and by Rn the set
{m e N: mRn}.

Lemma 21. Let d,p € M. Then pr (Mg, M) < r if and only if there exists
r" < r and a sequence of correspondences R; C N x N decreasing in inclusion
such that

(1) for every e > 0 there exists i € N such that for every n € N we have
p-diam(nR;) < € and d-diam(R;n) < ¢;

(2) for every i € N and every n,m,n',m’ € N such that d(n,m) > 27
and nR;n’ and mR;m’ we have p(n', m’') < exp(r')d(n,m);

(3) for every i € N and every n,m,n',m’ € N such that p(n,m) > 27
and n'Rin and m'R;m we have d(n',m') < exp(r')p(n,m).

Proof. For the implication from the right to the left, for every n € N we
define ¢(n) € M, and ¢(n) € My as the unique element of (), nR; and
(); Rin, respectively. We leave to the reader to verify the simple fact that
¢ : N — M, is a Lipschitz map with Lipschitz constant less than exp(r),
which therefore extends to a Lipschitz map ¢ : My — M, with the same
Lischitz constant, and if 1) is defined analogously, then ¢ = ()~}

For the other implication, suppose that we are given a bi-Lipschitz map
¢ : Mg — M, such that L := max{Lip(¢),Lip(¢— 1)} < exp(r) and pick

e > 0 with L + & < exp(r). For every i € N, put ¢; := m and define

correspondence R; by
Ri:={(n,n) eNxN: IneN d(n,n) <e & p(d(n),n') <&}

We claim that the correspondences (R;); are as desired. It is easy to see
that R; € N x N are correspondences decreasing in inclusion and that (1)
is satisfied. We check condition (2) and find the number »/, the condition
(3) is checked similarly. Fix some i € N and n,m,n’,m’ € N with nR;n/,
mRym’ and d(n,m) > 27% Let 7 and M be natural numbers witnessing
that nR;n’ and mR;m’, respectively. Then we have

p(n’,m’) < 2e; + p(p(7), p(m)) < 2¢; + Ld(71,m)

< 2+ L(2¢; + d(n,m)) = d(n,m) (L + 251(1"‘L)>

d(n,m)
< d(n,m)(L+ 2" e;(1+ L)) = d(n,m)(L + %),

so if we put ' = log(L + ¢) we get that (2) holds and 7’ < r. O
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1.2.4. Banach-Mazur distance.

Definition 22 (Banach-Mazur distance). We recall that if X and Y are
Banach spaces, their (logarithmic) Banach-Mazur distance is defined as

pBM(X,Y) = inf { log |T|| T~ : T:X —Y is a linear isomorphism }.

In contrast to the Lipschitz distance, Banach-Mazur distance can be veri-
fied just by looking at isomorphisms that are defined on some fixed countable
dense linear subspaces over Q. That is made precise in the following lemma.?

Lemma 23. Let X and Y be separable Banach spaces, let (en)nen and
(fn)nen be linearly independent and linearly dense sequences in X and Y,
respectively, and put V = Qspan{e, : n € N}, W = Qspan{f, : n € N}.

Then ppy(X,Y) < 7 if and only if there exists a surjective linear iso-
morphism T : X — Y with log |T||| T~ <7 and T(V) = W.

Throughout the proof of the lemma (including the following claim), by
an isomorphism we mean a surjective linear isomorphism.

Claim 24. LetT : X — 'Y be an isomorphism and vi,...,v,,v € V be such
that Tv; € W for 1 < j < n. Then, given n > 0, there is an isomorphism
S: X =Y such that

o [|S=T| <nand ||S™ =T~ <,

o Svj="Tv; for1 <j<n,

e SueW.

Proof. We consider two cases.

(1) Assume that v does not belong to the linear span of vy, ...,v,. In this
case, there is z* € X* such that z*(v) = 1 and z*(v;) =0 for 1 < j < n.
Let ¢ > 0 be such that e <n, e < |77 7L, (Tt =)t T Y- e <n
and every linear operator S : X — Y with || — T'|| < ¢ is an isomorphism
(which is possible, because the set of isomorphisms is open). Let w € W be
such that ||w — Tv|| < e/[|z*|, and let

Sr=Tzr+z"(z) (w—Tv), ze€X.

Clearly, Svj = Twv; for j < n and Sv = w € W. At the same time,
1S =T < flz*||lw —Tv|]| <& < n. Note that [[Sz| > [[Tz|| — ellz] =
(|74~ — &)||=|| for # € X, and that S is an isomorphism with [|S~!|| <
(|74~ —&)~! in particular. Finally, we obtain [|S~! — T~ = ||S~1(T —
ST < ISTHIT = ST < (1T~ — &)t -2+ [T < .

(2) Assume that, on the other hand, v belongs to the linear span of
Vl,...,Un. We just need to check that v belongs to the Q-linear span of
v1,...,U, as well, since then clearly Twv € W and the choice S = T works.
There are a large enough m € N and rational numbers ¢, q§ such that

m m
— § : L — } : i
v = qei, U= qjei.
i=1 =1

2After proving the lemma, we were told by Gilles Godefroy that a similar statement is
already in [16]
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For some real numbers «q,...,a,, we have v = 2?21 ajvj. That is,

> dei= Z% Z%ez -y (quaa)ez

=1 =1 j=1
Aseq,...,e, are assumed to be linearly independent, we obtain

n . .
Zq}aj =q¢, i=1,...,m.

Hence, the system of linear equations Z;‘Zl q§xj =¢q'i=1,...,m, has a
solution. It follows from the methods of solving systems of linear equations
that it has a solution 31, ..., B, consisting of rational numbers. By a similar
computation as above, we can obtain v = Z?:l Bjv;. O

Proof of Lemma 23. Let Ty : X — Y be an isomorphism with ||To||| T, || <
e”. Let us pick a small enough & > 0 such that (||Tp|| +&)(|| T, || +¢) < €.
We are going to find sequences T1,75,... of isomorphisms, x1,xs,... of
points in V' and y1, 49, ... of points in W such that

o [T}, — Ty < 27%e and | Tt — T, 1| < 27%e,
o Thej =y andi_lfj =z for j < k.

Let us assume that £ € N and that we have already found 7}, x; and y;
for j < k. Applying Claim 24, we obtain an isomorphism 7 1 : X — Y
such that

o | Tt — Thn| < 275 'e and ||T,;11 — T,;l1|| < 27 k-lg

° Tk_lej = Tj_1ej for j < k and Tk_la:j = Tj_1x; for j <k,

o T 1ep e W.
Let us put yr = Thp_1€ex. Applying Claim 24 once more, we obtain an
isomorphism Sj : Y — X such that

o ISy —Tih | <27% e and |5t — Thoy| < 27% 1,

o Sifj =T, fjfor j <kand Spy; =T, y; for j <k,

o Skfk evV.
Let us put zp = Sifr and T = Sk_l. Let us check that the choice works.
We have | T, — Tl = 19" = el < 190" = Tl + 1Th1 = T || <
277 e + 277 e = 27Fe and T - T = 1Sk - T < ISk -

T, 1H—l—HTk_l— < 27Fle 4okl = 27k Forj<k: we have

Tie; = Sy ' T, T 16] = ST Teerey = S Ty = S Sky] =y

and T} f] = Skfi =T} - 1fJ Tk 1Tk 1T~ lfJ Tk; 1Tk 1”73 _Tk 1Tk 125 =

z;. Finally, Tre, = S T, 1Tk 16 = S T, 1yk =5 Sk;yk = Y, and

T fo = Skfr = v
So, the sequences Ty, x and i, are found. Clearly, the sequence Ty, 11, ...
is Cauchy and has a limit 7' with |7 — Tp|| < Y72, 27%e = . Similarly,
the sequence Ty ', 77, ... has a limit S with ||S — Ty || < &. Moreover,
TS = limp_o0 Tka_l = limg_ oo [ = I, and so T is an isomorphism with
—1 = §. It follows that

ITINT=H < (IToll + ) (1T | + ) <€
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At the same time, Te; = y; € W and T71f; = ; € V for every j. Hence,
we arrive at T(V) = W. O

The last three distances we shall present are all related to the coarse (or
large scale) geometry of metric (and Banach) spaces. We refer the reader to
[5, Chapter 8] or the monograph [24] for an introduction into this subject.

1.2.5. Hausdorff-Lipschitz and net distances. Gromov defines in [17, Defini-
tion 3.19] a distance defined as some variation of both the Gromov-Hausdorff
and Lipschitz distances.

Definition 25 (Hausdorff-Lipschitz distance). For metric spaces M and N,
their Hausdorff-Lipschitz distance is defined as

prrL(M,N) = inf { per (M, M")+pr(M', N')+paa(N',N) : M', N" metric spaces}.

The Hausdorff-Lipschitz distance corresponds to the notion of quasi-isometry
or coarse Lipschitz equivalence, because for metric spaces M and N we have
paL(M,N) < oo if and only if the spaces M and N are quasi-isometric,
or coarse Lipschitz equivalent (see e.g. [5, Section 8.3] for further informa-
tion). For information about coarse geometry of Banach spaces we refer to
the survey [21] or the monograph [26].

Following [3, Definition 10.18], by an (a,b)-net in a metric space M,
where a, b are positive reals, we mean a subset A" C M such that for every
m # n € N we have d(m,n) > a, and for every x € M there exists n € N/
with d(z,n) < b. If the constants a and b are not important, we just call
the subset N a net. Observe that a maximal e-separated subset N' C M
(which exists by Zorn’s lemma) is an (e,e)-net. Dutrieux and Kalton [10]
consider the net distance which we define as follows (let us note that a
slightly different definition of py, is used in [10]).

Definition 26 (Net distance). The net distance between two Banach spaces
X and Y is defined as

pn(X,Y) =inf {p(Nx,Ny) : Nx, Ny are nets in X,Y respectively}.

The next observation is in a sense quantitative version of [5, Proposition
8.3.4], where it is proved that two metric spaces are quasi-isometric if and
only if they have Lipschitz equivalent nets.

Proposition 27. For Banach spaces X andY we have pn(X,Y) = ppr(X,Y).

Proof. Fix Banach spaces X and Y and a positive real K. Suppose that
pn(X,Y) < K. So there exist (a,b)-net Nx C X and (a’,b')-net Ny CY
and a bi-Lipschitz map T : Nx — Ny with log max{Lip(T), Lip(T~1)} < K.
Take any € > 0. By rescaling the nets Nx and Ny by a sufficiently large
constant C' if necessary, that is, taking Nx/C = {z/C : x € Nx} and
Ny /C, we may suppose that the nets N'x and Ny are (a,e)-net, resp. (d,¢)-
net. Then we clearly have pgp (X, Nx) < e and pgu(Y,Ny) <&, so

puL(X,Y) < pau(X,Nx) + prNx, Ny) + paa(Ny,Y) < K + 2¢.

Since € > 0 was arbitrary, it shows that pgr(X,Y) < K.
Conversely, suppose that pgr(X,Y) < K. So there exist metric spaces
X' and Y’ such that pgp (X, X" ) +p(X, Y ) +pcu(Y',Y) < K. By Fact 10
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there are correspondences Ry € X x X' and Ry C Y’ x Y witnessing that
peu(X,X') < K and pgu(Y',Y) < K. Let C' > 0 be a sufficiently large
constant, more precisely specified later, and find some C-maximal separated
set Nx in X, which is therefore a (C,C)-net. Since C is large, for every
n # m € Nx we have that {z € X' : nRxz}Nn{xr € X': mRxz} =10,
so we pick some injective map f; : Nx — X’ such that for every n € Ny
we have nRx f1(n). Since pr(X',Y’") < K there exists a bi-Lipschitz map
T : X' — Y’ with max{Lip(T),Lip(T1)} < exp(K). Again since C is
large enough it follows that for every n # m € Nx we have that {y € Y :
(Tofi)(n)Ryy}n{y €Y : (Tof1)(m)Ryy} =0, so we pick some injective
map fa : (T o f1)[Nx] — Y such that for every z € (T o f1)[Nx] we have
2Ry f2(2). Set ¢ = faooT o f1 : Nx — Y. It follows the range of ¢ is a
net My in Y. Let us compute the Lipschitz constant of ¢ and ¢~!. For any
n #m € Nx we have

[¢(n) = d(m)[ly < dy'((T o f1)(n),(T o f1)(m)) + 2K
< exp(K)dx:(f1(n), fr(m)) + 2K
<exp(K)(||n —m|x +2K) + 2K
< ((exp(K) + ZELIID Y iy — .

However, MLCEK)H) — 0 as C — oo. The computation of Lip(¢~!) is

analogous, so we get that py(X,Y) < K, and we are done. O

Remark 28. Note that in Proposition 27 the only geometric property of
Banach spaces that we used in the proof is that any rescaling of a Banach
space X is isometric to X. Spaces with this property are called cones [5,
Definition 8.2.1]. So we have proved that if px was defined in an obvious
way on metric spaces, it would coincide with pg on cones.

Our next result shows it is possible to express the Hausdorff-Lipschitz
distance, up to uniform equivalence, in terms of correspondences. This
observation will be used further.

Definition 29. Let d,e € M and € > 0. We say that d and e are HL(e)-
close if there exists a correspondence R C N x N such that for every
1,1,7,7 € N with ¢Rj and i'Rj’ we have
e(j,j') < d(i,i’) + e - max{1,d(i,7)}, (1)
d(i,i') < e(j, j') + e - max{1,e(j, j") }- (2)
Lemma 30. There are continuous functions ¢; : (0,00) — (0,00), i €

{1,2}, such that lim._q p;(¢) = 0 and, whenever d,e € M and ¢ > 0 are
given, we have

pur(d,e) < e=d and e are HL(p1(g))-close;
d and e are HL(g)-close = ppr(d,e) < ¢a(e).
Proof. First, let us assume that pyr(d,e) < e, that is, there are d',e’ €

M with pgu(d,d) + pr(d',€') + pcu(e’,e) < e. By Fact 10, there are
correspondences R1 C Nx N and R3 C N x N witnessing that pgy(d,d’) < e
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and pgr(€¢/,e) < e. Further, let f: My — M, be a bi-Lipschitz bijection
witnessing that pr(d’,e’) < e. Consider now the correspondence

R = {(i,j) € N x N : there are k,l € N such that (i,1) € Rq, (k,j) € Rs,
d'(l, f~H(k)) < e and €'(f(1), k) < e}.

This is indeed a correspondence since given i € N we find [ with (i,1) € Ry,
pick k£ € N with €/(f(1), k) < min{e, ﬁ} and find j with (k,j) € Rs;
thus, we have (i,7) € R and similarly for every j € N there is i with
(i,j) € R.

Fix 4,7,7,7 € N with iRj and #Rj’. Then there are [,I'’ € N and
k k' € N with iRl, i'R1l’, kRsj, K Rsj’, d'(I, f1(k)) < e, ¢'(f(1),k) < &,
d(',f~1(K)) <eand € (f(I'), k') < e. We have

d(i,i") < d'(1,I')+2e <d'(f71(k), fHE)) + 4e < Lip(f~H)e/ (k, k') + 4¢
< exp(e)(e(j, j') + 2¢) +4e
= e(4,5") + (exp(e) —1)e(j, ) + 2¢(exp(e) + 2).

By symmetry, similar inequality holds when the roles of d and e are changed.
Hence, if p;1(e) = exp(e) — 1 + 2cexp(e) + 4¢, then d and e are HL(p;(¢))-
close.

Conversely, let R C N x N be a correspondence witnessing that d and e
are HL(e)-close. Put 6 = ¢+ /e. Let N be a maximal d-separated set in
(N, d). For every i € Ny, we pick some r(i) € N such that iRr (7). Then we
put N :={r(i) : i € Ny}. Clearly,

pau((N,d), Ng) <.

We claim that for every j € N there is j' € N, with e(j, j') < d+e-max{1,d},
which gives

pGH((N’ 6),./\/5) <d+e- max{l, 6}

Indeed, if j € N is given, there is ¢ with iRj. Pick i’ € Ny with d(i,47") < 6.
Using (1), we obtain e(j,r(i')) < § + & - max{1,d}.

Now, let us compute the Lipschitz constant for r and r~!. Consider
i,i' € Ng, i 4. If d(i,i") > 1, by (1), we get e(r(i),r(i")) < (14 e)d(i,7).
If d(i,4") < 1, by (1) and using that Ny is d-separated, we get e(r (i), r(i')) <
d(i,i') + e < (1 + 5)d(i,3"). Hence, Lip(r) < max{l4¢,1+ 5}. Note
that for every k, k' € Ny, k # k', with e(r(k),r(k')) < 1, by (2), we
have e(r(k),r(k")) > d(k,k') — e > 6 — ¢; hence, similar computation
gives Lip(r) < max{l +¢,1 + 55} = 1 + max{e,/e}. Thus, we have
prL(Na, Ne) <log(1 + max{e,/c}). Finally, if

©2(g) = 2 + 2¢/e + log(1 + max{e, Ve}) + ¢ - max{l,e + =},
we get,

pur(d,e) < §+log(l+ max{e,/e}) + 8 +¢e-max{1,5} = pa(e).
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1.2.6. Uniform distance. The following definition comes from [10]3.

Definition 31 (Uniform distance). Let X and Y be Banach spaces. If
u: X — Y is uniformly continuous, we put

fu(e) —ul
i Il af.

The uniform distance between X and Y is defined as

Li := inf
ipo u %r>10 sup{

pu(X,Y) = inf {log((Lipy, ) (Lips, w 1)) : w: X =Y is uniform homeomorphism }.
Let us note the easy fact that we have

Lipu=inf{A>0: 3B>0Vz,y € X : [lu(z) —u(y)| < Allz—y| + B}.

The following is an analogue of Lemma 21.

Lemma 32. Let p,v € B. Then py(X,, X,) < r if and only if there exist
B >0, €(0,7) and a sequence of correspondences R; CV XV decreasing
in inclusion such that

(1) for everyi € N and every v, w,v',w’ € V such that vR;w and v'R;w’
we have v(w —w') < exp(r)u(v —v') + B;

(2) fori € N and every v,w,v',w’ € V such that vR;w and v'R;w’" we
have p(v —v') < v(w —w') + B;

(8) for every e > 0 there exist 6 > 0 and i € N such that for every
v,v" € V with u(v —v") < 6 we have v(w — w') < € whenever vR;w
and vV'R;w';

(4) for every e > 0 there exist 6 > 0 and i € N such that for every
w,w' € V with v(w —w') < § we have u(v —v") < & whenever vR;w
and V'Rw'.

Proof. For the implication from the right to the left, for every n € V we
define ¢(n) € X, and ¢(n) € X, as the unique element of (), nR; and
(); Rin, respectively. We leave to the reader to verify the simple fact that
¢ : (V,u) — X, is a uniformly continuous map with Lip_, ¢ < exp(r’), which
therefore extends to a uniformly continuous map ¢ : X, — X, and if W is
defined analogously, then ¢ = (1))~ and Lip,, ¢ Lip,, ¥ < exp(r).

For the other implication, suppose that we are given a uniform homeo-
morphism u : X, — X, such that Lip,,u™! =1 and Lip,, u < exp(r’) for
some r’ < r. For every ¢ € N define correspondence R; by

Ri={(v,w) eVxV:IeV pv-72) <t & vu@®d) —w)<1i}

It is straightforward to check that R; C NxN are correspondences decreasing
in inclusion satisfying all the conditions from the lemma. We omit further
details, because this is similar to the proof of Lemma 21. O

1.3. Analytic pseudometrics and reductions between them. Here we
recall the notions introduced in [8], where we refer the interested reader for
more information.

3More precisely, they define it without the logarithm which we add in order to satisfy
the triangle inequality.
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Definition 33. Let X be a standard Borel space. A pseudometric p : X X
X — [0,00] is called an analytic pseudometric, resp. a Borel pseudometric,
if for every r > 0 the set {(x,y) € X2 : p(x,y) < r} is analytic, resp. Borel.

We emphasize that pseudometrics in our definition may attain co as a
value.

Let us observe that distances considered in the previous subsection may
be thought of as examples of analytic pseudometrics.

1. Gromov-Hausdorff distance Equip the Polish space M with the Gromov-
Hausdorff distance pgp defined in Definition 9. We also consider the pseu-
dometric pgy on the space B of codes for separable Banach spaces, denoted
there by pg - Note that for Banach spaces X and Y, pg (X, Y) is defined
as the Gromov-Hausdorff distance of the unit balls Bx and By (see e.g. the
introduction in [18]). Both pgy and pB;; are analytic, see [8, Proposition
17].

2. Kadets distance Equip the Polish space B with the Kadets distance pg
defined in Definition 16. Using Lemma 17, it is not difficult to check that
pK is analytic on B. We leave the details to the reader.

3. Lipschitz distance Equip the Polish spaces M and B with the Lipschitz
distance py, introduced in Definition 18, where for d,p € M and p,v € B
by pr(d,p) and pr(p,v) we understand pr,(Mg, Mp) and pr(X,,X,), re-
spectively. We leave it to the reader to verify, using Lemma 21, that pr, is
analytic on M as well as on B. Whenever we consider the pseudometric py,
on B and we want to emphasize it, we write pf instead of just pr.

4. Banach-Mazur distance Equip the Polish space B by the Banach-
Mazur distance ppjs defined in Definition 22. We leave it to the reader to
verify, using Lemma 23, that ppys is an analytic pseudometric on B.

5. Hausdorff-Lipschitz and net distances Equip the Polish spaces M
and B with the Hausdorff-Lipschitz distance pp from Definition 25. It is
easy to check that for d,p € M we then have

purL(d,p) = inf{par(d,e1) + pr(er,e2) + par(e2,p) : e1,ea € M}.

Analogously, for elements from B. It therefore follows from the fact that
por and pr, are analytic that ppp is analytic as well.

Moreover, equip the Polish space B with the net distance py from Defi-
nition 26. It is clearly analytic as it coincides there with ppr.

6. Uniform distance Equip the Polish space B with the uniform distance
pu from Definition 31. We leave it to the reader to verify, using Lemma 32,
that py is an analytic pseudometric on B.

Now we recall the notion of reducibility between analytic pseudometrics
as is was introduced in [8].

Definition 34. Let X, resp. Y be standard Borel spaces and let px, resp.
py be analytic pseudometrics on X, resp. on Y. We say that px is Borel-
uniformly continuous reducible to py, px <p. py in symbols, if there exists
a Borel function f : X — Y such that, for every ¢ > 0 there are dx > 0 and
dy > 0 satisfying

Ve,ye X px(z,y) <dx = py(f(z), f(y)) <e
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and
Ve, ye X o py(f(2), f(y) <dy = px(z,y) <e.

In this case we say that f is a Borel-uniformly continuous reduction. If
px <Bu py and py <p, px, we say that px is Borel-uniformly continuous
bi-reducible with py and write px ~p. py.

Moreover, if f is injective we say it is an injective Borel-uniformly con-
tinuous reduction.

If f is an isometry from the pseudometric space (X, px) into (Y, py), we
say it is a Borel-isometric reduction.

If there is C' > 0 such that for every z,y € X we have

py(f(ﬂf), f(y)) < Cpx(ﬂ?,y) and px(a:,y) < pr(f(ll)v f(y))’

we say that f is a Borel-Lipschitz reduction.
If there are € > 0 and C' > 0 such that for every x,y € X we have

px(z,y) <e = py(f(x), f(y)) < Cpx(z,y)
and  py (f(z), f(y) <e = px(x,y) < Cpy(f(x), f(y)),

we say that f is a Borel-Lipschitz on small distances reduction.

The definition of a Borel-uniformly continuous reduction seems to be the
most useful one. Sometimes we are able to demonstrate the reducibility
between some pseudometrics by maps with stronger properties and this is
the reason why we mentioned the remaining notions above.

2. REDUCTIONS BETWEEN PSEUDOMETRICS ON SPACES OF METRIC
SPACES

In this section we prove the reducibility results between pseudometrics on
the spaces of metric spaces.
By [8, Theorem 11], we have the following.

Theorem 35. Let 0 < p < q. The following pseudometrics are mutually
Borel-uniformly continuous bi-reducible: pgu, pau | Mp, par | MY, pau |
ME,

Next, we show that Lipschitz and Gromov-Hausdorff distances are Borel-
uniformly continuous bi-reducible.

Theorem 36. Fiz real numbers p < q. Then the identity map on M} is a
Borel-uniformly continuous reduction from pgp to pr and from pr to pg.

Moreover, the identity is mot only Borel-uniformly continuous, but also
Borel-Lipschitz on small distances.

Proof. Take some d,e € M} and suppose that pgr(d,e) < e < p/2. By
Lemma 13 there is a permutation m € S, witnessing that d ~. e. The
permutation 7 also defines a bi-Lipschitz map between (N,d) and (N,e).
Let us compute the Lipschitz constant of 7. We have
Lip(r) = sup SFRLmn) o dmn) +2e ) 2
m#neN d(m, n) m#neN d(mv n) b

The same argument shows that Lip(7~!) < 1+ %5 and so we have pr,(d, e) <
log(1 + %) < %.
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Conversely, suppose that pr(d,e) < e < 1. Then there is a bi-Lipschitz
map 7 : (N,d) — (N,e) such that max{Lip(r),Lip(7—1)} < 1 + §, where
1+0< exp(e) So for any m,n € N we have

|d(m, n) — e(m(m), 7(n))| < max {|(1 + d)e(r(m),w(n)) — e(r(m),(n))|,

|(1 + 0)d(m,n) — d(m,n)|} = max {de(x(m),7(n)),dd(m,n)} < dq.

Thus, we have d ~, e and, by Lemma 12, pgr(d,e) < % < % <

q(expél)—l)s. 0

Theorem 37. There is an injective Borel-uniformly continuous reduction

from pr, on M to pgg on M.

Moreover, the reduction is not only Borel-uniformly continuous, but also

Borel-Lipschitz on small distances.

Proof. For every d € M, we define a metric d on (N x Z) U {&} by

d((i, k), (j, 1)) = |10k — 101| + min {1, 27 F8 (i, 5)},

d((i, k), ) = |10k + 4| + 1.

We leave it to the reader to verify the elementary fact that d is a metric.

Since d — d is an injective continuous mapping from M into R((NXZ)U{"’})Q,
it is easy to show that there is an injective continuous mapping f : M — M
such that My g) is isometric to the completion of ((N x Z) U {&}, d). Hence,
to prove the theorem, it is sufficient to show that

pcr(d,€) < (exppr(d,e)) — 1
and
par(d,€) <1/4 = pr(d,e) <log(l+ 24pau(d,é))

for every d,e € M.
Assume that (exppr(d,e)) — 1 < ¢ and pick some L : My — M, with
LipL <1+ ¢ and Lip L™! < 14+ ¢. We define a correspondence

R = {(%, &)FU{((i,k),(j,k)) : d(i, L7Y(5)) < 27% e e(L(i),)) < Q—k—le}.

Our aim is to show that |d(a,a’) — é(b,b')| < 2¢ whenever aRb and a'RY.
In the case that a = o’ = & (and so b = 1/ = &), this is trivial. Assume that
a#&=d (andsob# & =1V), and denote a = (i,k),b = (j, k). We want to
show that ||10k+4|+1—|10k+4|—1| < 2e, which is obvious. We obtain the
same conclusion in the case a = & # a’. So, assume that a # & # o’ (and
sob# & #£V), and denote a = (i, k),b = (j,k),d = (i', k'), b = (j/, k). We
want to show that |[10k — 10| + min{1, 2™"{*+}q(i, ")} — |10k — 10K'| —
min{1, 2™nkk" e (5 i)} < 2, which can be slightly simplified to

| min {1,270 g (i, 1)} — min {1,200 e (5, 5] < 2.

Due to the symmetry, it is sufficient to show that the number under the ab-
solute value is less than 2. If 1 < 2min{kA}e(j ) then we just write
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min{1, 2™2kk (7, i)} — 1 < 0 < 2. In the opposite case that 1 >
omin{kkbe (5 31), we write
d(i, ') < d(L7(7), L7H(G") +dG, L7H(5) + (@, L)
<(1+e)e(f,j)+27F e 427K 1
< (1 + €)€(j,j/) +92- min{k,k/}—l8 + 2—min{k,k’}—1€
and
min {1, 206K g (7 1)} — min {1, 200k e (5 51
< 21’nir1{k:,l~::’}d(Z~7 2/) - 2min{k7k’}e(j’ ]/)
< 2min{k,k’}(1 + E)@(j7j/) + 2718 + 2715 _ 2min{k,k’}e(j7j/)
= ok ke e i)+ e <e+e=2e.
By Fact 10, this completes the verification of pGH(cZ, é) <e.

Now, assume that pgm(d,é) < ¢ < 1/4 for some d,e € M. This is
witnessed by a correspondence R C [(N x Z) U {#}]? provided by Fact 10.
We verify first that &Ré, showing that there is no m with mRé& but &.
If mRé, then there are points which have distance to m in (5 — 2,5 + 2¢)
and in (7 — 2,7 + 2¢). If two points have distance in (3,7), then these
points belong to (N x {0}) U {&}. As (5 — 2,5+ 2¢) C (3,7), we obtain
m € (Nx{0})U{&}. The case m € N x {0} is also excluded, since distances
of these points to other points belong to the set [0,1] U {5} U[10, c0), which
is disjoint from (7 — 2e,7 + 2¢).

It follows that

LRRGD) = k=L, (3)
Indeed, we have 2 > 2¢ > [d((i, k), &) — &((j,1), &)| = || 10k + 4| — |101 + 4[|,
and this is possible only if £ = 1.
By (3), the relations

Ry ={(i,j) e N*: (i, k)R(j,k)}, k€L,
are correspondences. Let us show that
iRkj, "Rej & d(i,i') <271 = e(j,5) <d(i,i') + 2%, (4)
Using &((4, k), (', k) < d((i, k), (7', k)) + 2&, we obtain
min {1, 2%e(j, /) } < min {1,2%d(3,7')} + 2¢ < 2%d(i,7") + 2e.

In particular, using d(4,i') < 27%~!  the minimum on the left hand side
is less than 1/2 + 2¢, hence less than 1 and equal to 2¥e(j,j’). Thus, (4)
follows.

Further, we show that

iRij & iR’ = e(,5') < 2"t e, (5)

Using |&((4, k), (§', k")) — d((i, k), (i,k"))] < 2, we obtain |[10k — 10k’| +
min{1, 22{kK e (5 5)} — |10k — 10K'|| < 2¢. That is,

min{1, 27 EF e (5 )} < 2¢,
which gives (5).
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Let us consider the decreasing sequence of correspondences given by

Ri=JRi={0,5) eN*: Gk > 5)((1, k)R, k) }, s=12,...,

k=s
and let us observe that
e-diam(iR?) < 2'7%, d-diam(R}j) < 2'7%. (6)
The first inequality follows from (5), the second one holds due to the sym-

metry.
We claim moreover that

iRyj, IRy & d(iyi') > 2757 = e(h, ) < (1+24e)d(i, @) (7)
Let k € Z be such that 27572 < d(i,i') < 27%=1. We have k < s, and so
iR;j,i R} in particular. Let us pick n,n’ € N such that iRgn, i Ryn’. We
obtain from (4) that e(n,n’) < d(i,i') + 2'~*e. Also, we obtain from (6)
that e(j,n) < 2% and e(j,n’) < 2'7*e. By the triangle inequality,
e(4,7") < d(i,i")+2 Fe4 2t R 2l =Fe = d(i,i")+24-27F 2 < (1424¢)d(3,7),
which gives (7). Let us note that, due to the symmetry, we have also

iRy, IR &ee(fy i) > 27772 = d(i,i') < (1+24e)e(j, 7). (8)

Finally, applying Lemma 21 and using (6), (7) and (8), we obtain pr,(d, e) <
log(1 + 24e).

Theorem 38. The pseudometrics pgg on M and pr, on M are Borel-
uniformly continuous bi-reducible.

Proof. By Theorem 35 and Theorem 36 we get
por <pu (pam | M3) <pu (pr | M3) <. pr.

For the other direction, we use Theorem 37. O

Finally, using an analogous proof, we obtain that “the coarse Lipschitz
distance” on metric spaces is reducible to the Gromov-Hausdorff distance.
We will see later it is actually bi-reducible with it (Theorem 46).

Theorem 39. There is an injective Borel-uniformly continuous reduction
from prr on M to pgg on M.

Proof. Denote by N~ the set {k € Z: k < 0}. For every d € M, we define
a metric d on (N x N7)U {&} by

d((i, k), (j,1)) = |10k — 101| + min {1, 278 q(i, 5)1,

d((i, k), %) = [10k + 4| + 1.
Note that this is the same construction which we used already in the proof
of Theorem 37 with the exception that the underlying set is (N x N7)U{d}
and in the proof of Theorem 37 it is (N x Z) U {&}. Hence, to prove the
theorem, it is sufficient to show that for every € > 0 there are 4; > 0 and
d2 > 0 such that

pcu(d,é) < 61 = prr(d,e) <e
and

puar(d,e) < 2 = par(d,€) < ¢
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for every d,e € M.
By Lemma 30, there exists 6’ > 0 such that

dand e are HL(d')-close = pyr(d,e) <e,
prr(d,e) <8 = dand e are HL(e)-close.

We claim that it suffices to put 6; = min{3, g—;} and g = 0'.

Assume that pgr(d,€) < d1. This is witnessed by a correspondence R C
[(N x N7) U {&%}]2. Then, using verbatim the same arguments as in the
proof of Theorem 37, the relation Ro = {(i,5) € N?> : (i,0)R(4,0)} is a
correspondence and whenever 1Rgj and i'Rgj’, we have

(i, i) <5 = e(),j) <d(i, i) + 26,
di,i)> 1 = e(j,j) < (1+246)d(i,i);
and similarly for the symmetric situation when the roles of d and e are
changed. In particular, Ry witnesses the fact that d and e are HL(2441)-
close and since 246, < &', we have pyr(d,e) < e.
Assume that pgr(d,e) < d2. Then d and e are HL(e)-close, which is

witnessed by a correspondence R’ C N2. Similarly as in the proof of Theo-
rem 37, we define a correspondence

R={(%&}U{((,k),(j k) : iR'j, k<0}.

Our aim is to show that |d(a,a’) — é(b,b')| < 2¢ whenever aRb and a’RV.
Using verbatim the same arguments as in the proof of Theorem 37, it is
sufficient to show that for a = (¢, k), b = (4, k), o' = (¢, k'), v/ = (j/, k') with
1> omin{kAYe(5 50 iR/ j, i"R'j’ we have

Qmin{k’kl}d(i7 Z,) _ 2min{k,k’}e(j7j/) < 2. (9)
Fix a,a’,b,b' as above. If e(j,5’) < 1, using that R’ witnesses d and e are
H L(¢)-close, we get 22K+ (d(i,4') — e(j,§')) < 2¢. On the other hand, if
e(j,j') > 1, we get 2RI (d(i, i) — e(j, 7)) < 2RI (1 + e)e(j, ') —
e(j,7")) = 2min{kHktee (5, j') < e. Hence, (9) holds and so the correspondence
R witnesses that pgr(d, €) < e. O

3. REDUCTIONS FROM PSEUDOMETRICS ON B TO PSEUDOMETRICS ON M

We start with a reduction from the Banach-Mazur distance to the Lips-
chitz distance. An essential ingredient is Lemma 23.

Theorem 40. There is a Borel-uniformly continuous reduction from ppas
to pr, on M}, where 0 < p < q.

Moreover, the reduction is not only Borel-uniformly continuous, but also
Borel-Lipschitz on small distances.

Proof. Without loss of generality, we assume that p = 2 and ¢ = 15. The
structure of the proof is the following. First, we describe a construction
which to each v € B assigns a metric space M,. Next, we show that for
v, \ € B we have pr(M,, M) < ppm (v, \) and

pr(My, My) <log(5) = ppm(v,A) < 2pr(M,, My).

Finally, we show it is possible to make such an assignment in a Borel way.
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Fix some countable sequence (¢;);en of positive real numbers such that for
every positive real number r > 0 there exists ¢ > 7 such that ¢;-r € (2,9/4).
Also, let m : Q — N\ {1} be some bijection and let < be some linear order on
V. To each v € B we assign a countable metric space M, with the following
underlying set:

VU {PZ?z}ki a=beV,m>7k<m}U
U{fiy: aeVigeQm<m(g} U {zgp: a2,beV,i<3}.

The metric d,, on M, is defined as follows.

e For every a # b € V we set d,(a,b) = 15.
e For every a = b € V, m > 7 we define the number K to be

max{2, min{3, ¢,,,-v(a—b)}}. Then we set dl,(a,p;nl;l) = dy(p;nél,p;nl’f)
.= d,,(pz:bl;m, b) = ng’b.
e For every a € V and q € Q we set dy(a, f1,) =7, d,(fL , f2.) =

a,q a,q’ Jaq
= d,,(fg(qq),qa) = 10.
e Forevery a < b eV we set d,(a, x}l’b) = d, (b, xiﬂb) = dl,(x;b, xib) =
dy(z} 25 ) = (@), a +b) = 5.
o On the rest of M2, we take the greatest extension of d,, defined above

with 15 as the upper bound, which is nothing but the graph metric
(bounded by 15).

We shall call the pairs of elements from M, for which the distance was
defined directly before taking the extension, edges. In order to simplify some

. . k k
notation, whenever we write pgq’(; , where a < b, we mean the element p;n;) .

Also by p;nl’)o we mean the element a, and by pZLl;mH we mean the element

b. We shall call the pairs pZ"l’)k, pZLl;kH neighbors.

Consider two norms v, A € B. Denote the elements of My by V U {qs?l;k :
axbeVim>T7k<m} U {g),: a€V,qeQm<n(q)} U {yfl’b: a=
b € V,i <3} and the numbers max{2, min{3, ¢, - A(a — b)}} by L.

We claim that pr(M,, M)) < ppm(v,A\). If ppap(v,\) < €, by Lemma
23, there exists a surjective Q-linear isomorphism 7" : (V,v) — (V,\) with
IT|IT~| < exp(e). Fix &’ > 0. We may assume that min{||7||, |T7!(|} >
1—¢'. We use T to define a bi-Lipschitz bijection T" : M,, — M,. For every

a €V we set T'(a) = T(a) and for all elements of the form pgfl’)k, g and

¢ ,» with appropriate indices, whenever T'(a) < T(b), we set T’ (p;”l’)k) =
k . N o .
qun(a),T(b), T'(faq) —k g$(a)’q’+?nSkT,(mZ’b) = Yp() ) Similarly, if T(b) <
m, m+1—k,
T(a), we set T/(pa,b ) = 47(b),1(a) T'(fay) = 97Tn(a),q’ Tl(g”tll,b) - y%(b)vT(a)’

T’(;Eib) = y%(b)yT(a) and T/(l‘ib) = y%(b)’T(a). Let us compute the Lipschitz

X
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LT 0y, rv)

constants of T”. If a = b, then obviously i = 1. Otherwise, we have
a,b

L?(a)j(b) ~ max{2, min{3, ¢,,, - A\(T'(a) — T'(b))} }

K N max{2, min{3, ¢,, - v(a — b)}}
< max {1, O LN <ty < g+ 2,

where in the first inequality we used the easy fact that for x,y > 0 we have

% < max{1, 7}. It follows that Lip(7") < ||T'|| +¢'. Indeed, it

follows from the definition of 7" that it maps edges onto edges. Moreover, for
every edge (x,y) € M2 we have dy(T'(x), T'(y)) < (|T|| +&")d,(x,y), so the
same inequality extends to the graph metrics — the extensions of d,, and d on
the whole M, and M) respectively. We obtain in particular that Lip(7T") <
(1T +eNT1||/(1—¢"). Since an analogous inequality holds for Lip((T") 1)
and &’ > 0 was arbitrary, we have pr,(M,, My) < log(||T||||T~!||) < e. Thus,
we conclude that pr(M,, M) < ppum(v, A).

Conversely, assume that exp(pr(M,, My)) < 4/3, that is, there exists a
bijection T : M, — M, with Lip(T) < 4/3 and Lip(T~') < 4/3. We will
show that PBM(Va /\) < 2/«7L(MV7 MA).

First we claim that T" maps V' C M, bijectively onto V' C M. Indeed,
the points a € V' C M, are characterized as those points x of M, for which
there exist infinitely many points y € M, with v(x —y) < 3. On the other
hand, the points from M, \ V are characterized as those points x of M,
for which there are at most two points distinct from z of distance less than
4 from z. Since Lip(T) < 4/3, we get T(V) C V and similarly we have
T~Y(V) C V, which proves the claim. We denote by S the induced bijection
between (V,v) and (V,\).

We claim that S is Q-linear. Let us check that it is homogeneous for
all rationals, that is, S(qa) = ¢S(a) for all @ € V and ¢ € Q, which in
particular gives that S(0) = 0. For each a € V C M, and ¢ € Q there

is a path of points a, f;yq, .. .,f;gq),qa. The map T must send this path

to some path T(a),g%(a)’q,, . ,g;((z/){q,,q’T(a). However, ¢’ is determined
by the length of the path which must be the same as the length of the
former path. Therefore ¢’ = ¢ and S(qa) = T'(qa) = ¢T'(a) = ¢S(a). Next,
we show that for a # b € V we have S(a +b) = S(a) + S(b). There
is a “triangle of paths” formed by the points a, b,aj}lb,xg b,atg pa+0. T
must preserve this triangle, so it maps it to a triangle formed b§7/ the points
T(a),T(b), y},(a)’T(b), y%(a)’T(b), y%(a)’T(b), T(a)+T(b). That shows that S(a+
b) =T(a+b)=T(a)+T(b) =S(a)+ S(b).

It remains to compute the Lipschitz constant of S, resp. S~!, as a map
from (V,v) to (V,;A). In order to do it, we claim that for every a =< b,

a#b m>Tand k < m we have T(pZ?l’)k) = q;n(’f) s if Sla) = S(b),

and T(p;'?l’)k) = qgl(g;(la_)k if S(b) < S(a). We only treat the former case,
m’ k'

the other is treated analogously. First observe that T(p::l’)l) = (o)
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for some m' and v/, and ¥ = 1 or k' = m'.

Indeed, pZ’ll’)l is a neigh-
bor of a, so dl,(a,pZ?l’)l) < 3. Therefore dA(S(a),T(pZ?g)l)) < 4, so S(a)
and T(p;'?l’)l) are also neighbors. Analogously, we show that for every 0 <
k < m we have that T(p;%k) and T(pil;kH) are neighbors, which im-
plies that T" indeed maps the ‘path’ a, pZTI;I, pz’f, ey pig,m, b onto the path
S(0): 4550002 95(a), 5007+ 050,50 S )

We are now ready to compute the Lipschitz constants. We do it for S.
Pick some a < b, a # b. We want to compute %. We consider only
the case when S(a) < S(b), the other case is analogous. By the choice of

(¢i)ien, there exists m > 7 such that ¢, - v(a —b) € (2,9/4). It follows that
dy(a,ps") € (2,9/4), so we have
m71 m, . m,l
d,\(S(a),qS(a),S(b)) = d,\(T(a),T(pavbl)) < Lip(T)dy(a,p,; ) <3,
which implies that

dr(S(a).4e(a) s (1)) < Lip(T)dy (a.p3)

A(S(a) = 5(b)) <

That shows that ||S|| < Lip(T). Analogously, we get ||S7Y| < Lip(T~1);
hence, we have ppas(v,\) < 2log max{Lip(T),Lip(T~!)}. Considering all
bi-Lipschitz maps T with Lip(T) < 4/3 and Lip(T~!) < 4/3, we obtain
pBM (v, A) < 2pr (M, My) whenever pr(M,, My) < log(4/3).

Finally, to verify that the map B > v — (M,,d,) is Borel, let us denote
by N the underlying set of M, (which is the same for every v € B). Now it
suffices to fix some bijection ¢ : N — N and check that the distances in M,
depend on distances of v in a continuous (when considering v as a member
of RV way. O

= Lip(T)v(a — b).

Cm Cm

A consequence of the last theorem and Theorem 36 is that the Banach-
Mazur distance is Borel-uniformly continuous reducible to the Gromov-
Hausdorff distance. We will see later it is actually bi-reducible with it.

Corollary 41. We have ppy <Bu PGH-

Next we show that ‘the coarse Lipschitz distance’ on Banach spaces is
reducible to the Gromov-Hausdorff distance. Again, we will see later it is
actually bi-reducible with it (Theorem 46).

The reduction is obtainable already from Theorem 39. However, the proof
which follows is in this concrete case more natural and gives a slightly better
result, that is, the reduction is even Borel-Lipschitz on small distances.

Theorem 42. There is an injective Borel-uniformly continuous reduction
from prr, equivalently pn, on B to pgy on M.

Moreover, the reduction is not only Borel-uniformly continuous, but also
Borel-Lipschitz on small distances.

Proof. To every separable Banach space (X, || - |x) we associate a metric
space (X,dx) whose underlying set is unchanged, and for every z,y € X
we set dx(z,y) = min{||z — y||x,1}. We claim that the map (X, | -||x) —
(X,dx) is the desired reduction.
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Fix some separable Banach spaces X and Y. Suppose first that pgr(X,Y) =
pn(X,Y) < K, for some K > 0, where the first equality follows from Propo-
sition 27. So there exist nets Nx C X and Ny C Y and a bi-Lipschitz map
T : Nx — Ny with logmax{Lip(T),Lip(T!)} < K. Pick any ¢ > 0.
By rescaling the nets Nx and Ny if necessary we may assume (as in the
proof of Proposition 27) the nets are an (a,e)-net, resp. an (a’,e)-net, for
some a,a’ > 0. Since (Nx,dx) and (Ny,dy) belong to ./\/lrlmn(a’a,) we get
from Theorem 36 that pcr((Nx,dx), (Ny,dy)) < (exp(K) — 1)/2. Since
per(X,dx), Nx,dx)) < e, peu((Y,dy),(Ny,dy)) < &, and since ¢ was
arbitrary, we get that pey((X,dx),(Y,dy)) < eXp(é()*l < eXp(Ql)flK when-
ever K < 1.

Conversely, suppose that por((X,dx),(Y,dy)) < K, where K < 1/4.
By Lemma 14 there exists a bijection ¢ : X — Y witnessing the Gromov-
Hausdorff distance, i.e. for every z,y € X we have |dx (z,y)—dy (¢(z), d(y))| <
2K (note that although Lemma 14 was stated only for countable dense sub-
sets of perfect metric spaces, by transfinite recursion it can be proved also
for the completions). We aim to show that ¢ is large scale bi-Lipschitz for
(X, ] lx) and (Y,]| - ||y). Pick any z,y € X with ||z —y|/x > 1. Find points
To = T,%1,%9,...,Tn_1,T, = ¥y such that Z?;ol |z — 21| = ||z — v,
n < 3||z — y||x and for every i < n we have ||z; — z;11]] < 1/2. No-
tice that for every i < n we have ||z; — xiy1||x = dx (2, zi+1) < 1/2. So
dy(gb(.%z), ¢(xz+l)) < dx($i,ﬂ?i+1) +2K < 1, therefore ||¢(IZ) — ¢($i+1)||y =
dy (¢(@i), (@it1)) < ||lwi — @it llx + 2K.

Now we compute

n—1
l6(z) = d()lly < Y o) = dlzir)lly < o —ylx +2K 3|z —yx)
=0
= (1 +6K)[lz —ylx.

Along with the analogous computations for ¢! we get that max{Lip;(¢), Lip;(¢~1)} <
1+ 6K, where

. ¢(x) — ¢(y)lly
Lip;(¢) = sup é(z) Iy
z,yeX |z —yllx
lz—yllx>1
Now it suffices to choose some maximal 2-separated set Nx in (X, |- |lx),

which is a net in X. Its image ¢[Nx], denoted by Ny, is a net in Y. Indeed,
we claim that for each x # y € Nx we have ||¢(z) — ¢(y)|ly > 1. Otherwise,
there is z € Y such that ||¢(z) — z||y < 1/2 and ||z — ¢(y)||y < 1/2. This
implies that [}z — yllx < 1 — ¢~ (2)x + 6~ () — yllx < 6(2) — 2lly +
|z — ¢(y)|ly + 4K < 2, a contradiction. Finally, we claim that for every
y € Y we can find y € Ny with ||y — 9|y < 4. Pick any y € Y. Then
there exist 1, 22,73 € X and 2/ € Ny such that max{[|¢ 1 (y) —x1]|x, [|z1—
zo||x, |we—zs|| x, |zs—2'|| x } < 1/2. Sety/ = ¢(a’). We get that |ly—y/|ly <
ly — o(z)lly + [|6(z1) — d(z2)lly + ¢(22) — d(@3)lly + llo(xs) — ¥'lly <
2 + 8K < 4. So we have verified that Ay is a net. It is bi-Lipschitz with
Nx as witnessed by ¢. So we get the estimate pyr (X, | -[x), (V.| lly)) =
on (X, - [1x0), (%] - ) < log(1 + 6K) < 6.



COMPLEXITY OF DISTANCES 27

Finally, we observe that the map (X, | - |x) — (X,dx) can be viewed
as a Borel function from B to M. Recall that elements of B are norms on
a countable infinite-dimensional Q-vector space denoted by V. By fixing a
bijection f : V' — N we associate to each || - || € B a metric d € M such that
for every n,m € N we have d(n,m) = min{1, || f~(n) — f~'(m)||}. This is
clearly Borel. U

Remark 43. Observe that the only geometric property of Banach spaces
that we used in the proof, besides that Banach spaces are cones so that
prr and py agree on them (see Remark 28), was that Banach spaces are
geodetic metric spaces. Clearly, it is sufficient that they are length spaces,
i.e. between every two points x, y there is a path of length d(z,y) 4+, where
e > 0 is arbitrary. Therefore it follows from the proof of Theorem 42 that
there is a reduction from pg (or py) on cones that are length spaces to
pGH on metric spaces.

Finally, we present the proof of the reduction that involves the Kadets
distance.

Theorem 44. There is an injective Borel-uniformly continuous reduction
from px on B to pgg on M.

Moreover, the reduction is not only Borel-uniformly continuous, but also
Borel-Lipschitz on small distances.

We need the following lemma first.

Lemma 45. Let X and Y be two separable Banach spaces and fix countable
dense subsets (x;); and (y;); of the spheres Sx and Sy respectively. Then
pr(X,Y) < e, for some e > 0, implies that there exists a bijection ™ € Soo
such that for every finite F C N and every (6;)icr C {—1,1} we have

|t - | S
eF i€F

Proof. We may suppose that X and Y are subspaces of a Banach space Z
and that we have pg(BX,By) < e. First we claim that for every x € Sx
there exists y € Sy such that ||z — y|| < 2. Analogously, for every y € Sy
there exists such € Sx. Indeed, by definition for every x € Sx there
exists ¥/ € By with ||z — ¢/|| < e. So we can take y = y//||y/|| and we have
ly — ¢/|| <&, so we are done by the triangle inequality. Now since Sx and
Sy are perfect metric spaces, by a back-and-forth argument (see e.g. the
proof of Lemma 14), we get a bijection m € Sy, such that for every i € N we
have [|z; — yr(;)|l < 2. We claim that 7 is as desired.
Take any finite subset F' C N and (0;);er € {—1,1}. Then we have

H > G| — H D S ||| < H > il — yﬂ'(i))H <Yl = vl <
icF i€F ieF i€F

< 2|Fe,

and we are done. O

< 2|F|e.
Y

Proof of Theorem 44. The structure of the proof is the following. First, we
describe a construction which to each separable Banach space X assigns
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a metric space Myx. Next, we show that for every two separable Banach
spaces X and Y we have pgpy(Mx, My) < 2pr(X,Y) and

peu(X,Y) <1 = pr(X,Y) < 17pgu(Mx, My).

Finally, we show it is possible to make such an assignment in a Borel way.

Let X be a separable Banach space. Fix a countable dense subset Dx =
{z; : i € N} C Sx of the unit sphere of X that is symmetric, that is,
for every € Dx we also have —z € Dx. Set Mx = Dx U{ppr: F €
[N]<@\ {0}, k € F'}. We define a metric dx on Mx as follows:

dx (v, 25) = ||vi — 2] x,
dx (vi, prr) = 10 + [|2; — 2| x,

I ZkzeF Tillx . —_—
’F’ ) Z # J E )
dx(pri,pa,j) =20, F#G.

Fix separable Banach spaces X and Y. The space My = Dy U {qr :
F € [NJ<¥\ {0},k € F}, where Dy = {y; : i € N} C Sy is symmetric
countable dense, is constructed analogously as Mx.

We claim that for every e > 0 with px (X,Y) < € we have par(Mx, My) <
2e. Indeed, fix ¢ > 0 with px(X,Y) < € and use Lemma 45 applied to count-
able dense sequences (z;); and (y;); of the spheres Sx and Sy respectively.
The bijection 7 from Lemma 45 induces a bijection ¢ : Mx — My defined
as follows:

dx(pri,pr;) =15+

(ﬁ(l’ﬂ = Yr(i)s
A(PF3) = el x(5):
We claim that for every x,y € Mx we have |dx (z,y) —dy (¢(x), d(y))| < 4e,
i.e. Mx ~4. My. We consider several cases:

Case 1. (z,y) = (x4, x;) for some i,j € N: then we have

‘dX(l"iva‘j) - dy(yﬂ(i)?yﬂ'(j)” = |sz - :E]'||X - ||y7r(z) - y7r(j)||Y| < e.
Case 2. x = 2;, y = pry, for some i € N, F' C N, k € F: then we have
ldx (zi, pEE) — dy (Yn(i)s Cr(F)n k)| = 170 — 2l x = 1Yri) — Yrie Iy | < 4e.
Case 3. x = prj, y = pry for some F'C N, j # k € F: then we have

1 icrzillx — | 2icr Y=ol
ldx (pFj; ) — Ay (An[F) 2 () Cr[F)m (k)| = -t 7] erZnt)

2|Fle
= 2¢.
|F|
Case 4. z = pr;, y = pg,j, for F #G CN,i € F, j € G: then we have

|dx (PFis PG,5) — dy (Qr[F]#()s GrG),m ()| = 20 — 20 = 0.

Hence, dx ~4. dy and, by Lemma 12, we get pgr(Mx, My) < 2¢ which
proves the claim.

Conversely, suppose now that pcr(Mx, My) < e, where ¢ € (0,1). By
Fact 10 there exists a correspondence R C Mx x My such that for every
x,y € Mx and 2/,y’ € My, if Ra’ and yRy/, then |dx (z,y) —dy (2, y')] <
2¢. Pick some i # j € N, a finite subset F C N, k # k' € F. Set u; = z;,
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U = Tj, U3 = DRk, U4 = Pr - We find elements v1,...,v4 € My such that
u;Rv; for ¢ < 4. We get the following observations:

e Since dx (u1,usz) € [0,2] we get that dy (vi,v2) € [0, 4], so we deduce
that for every n € N and every y € My such that x, Ry we have
Yy = ym for some m € N. Conversely, for every n € N and every
x € Mx such that xRy, we have x = x,, for some m € N.

e Since dx(us,us4) € [15,16] we get that dy (vs,vs) € [13,18]. So we
deduce that for every finite subsets G,G' C Nand [ € G, l' € G,
and every y,y’ € My such that pg;Ry and per yRy’ there are finite
subsets H,H' C N and h € H, h' € H' such that y = pyy, ¥ =
prp and G = G’ if and only if H = H'.

To summarize, R induces a bijection ¢ between Mx \ (z;); and My \ (v;);.
Moreover, for every finite F' C N there is a unique finite set, which we shall
denote by ¢(F), such that ¢ is a bijection between {pr; : ¢ € F} and
{apr); = J € ¢(F)}. For every i € F, by ¢p(i) we shall the denote the
element i € p(F') such that q,py = ¢(pF,)-

On the other hand, R, when restricted on Dx X Dy, is a correspondence
between Dx and Dy witnessing that pgr(Dx,Dy) < €. Since dx | Dx
and dy | Dy are perfect metric spaces, by a back-and-forth argument (see
e.g. the proof of Lemma 14) we construct a bijection ¢’ C R between Dx
and Dy such that |dx(z;, z;) — dy(¢'(x;), ¢'(z;))| < 2e. Taking the union
of the bijections ¢ and ¢ we get a bijection, which we shall still denote
by ¢, between Mx and My such that for every z,y € Mx, |dx(z,y) —
dy (6(z), 6(y))| < 2.

Pick now an arbitrary finite F' C N. We want to estimate the expression

>l - [ ool |

We may suppose I contains at least two elements. Take any 7 # i/ € F and
set G = p(F) and j = @p(i), j' = @p(i’). Since we have dx(pr:,prir) =
15+ > rer 2rllx/|F| and dy (g5, 9G,51) = 154 D opeq yklly /|G|, and more-
over |dx (pri,prir) — dy (9,5, 9a,57)| < 2¢ we get

|2 el =2 wl
keF X keG Y

So we try to estimate

< 2e|F)|.

| S uel, -~ |2 ot |
| keG Y keF Y
Pick any k € F and let k' = pp(k) € G. We have dx(zy,prr) = 10 and
dy (¢(xk), qar) = 10+ ||¢(xk) — ya ||y Therefore, since

ldx (zk, pEg) — dy (B(2k), ac )| = ldx @k, prg) — dy (D(ak), d(PrE)| < 2¢,
we get that ||¢(zx) — yr|ly < 2e. This implies that

|5l - oo,

< 2¢|FY,
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which in turn implies that

|5, [ e,

Note that the last inequality in particular implies that ¢ is almost symmetric.
Pick any x € Dx. Since also —x € Dx, the previous inequality implies

e = zllx = [|o(x) + ¢(—9€)IIY’ = [ = ¢(x) = o(=2)[ly <8e. (10)

Weset E={e€ X: e=qr,q € Q" U{0},x € Dx}and F = {f € Y :
f=qy,q€ QT U{0},y € Dy}. Clearly E and F are Q-homogeneous dense
subsets of X and Y respectively. We define a correspondence Rg C E X F,
in fact a bijection, such that eRgf if and only if there are x € Dx and
q € QT such that e = gz, f = g¢p(z). So for every pair (e, f) such that eRqf
we have |le||x = ||f|ly. We now claim that Rg is such that

‘HZ?M X—HZu; S&s(ZHuin) (11)

i<n
for all (u;); € E and (u}); C F, where for all i < n we have u;Rou.

Fix such a sequence (u;)i<, C E. The corresponding sequence (u}); is
then determined uniquely. First we claim that without loss of generality
we may suppose that (u;)i<n, € Dx. Indeed, by the homogeneity of the
inequality above, we may assume that each u; is a positive integer multiple
of some x € Dy. Since we allow repetitions in the sequence (u;)i<p, each
element of the form kz, where k£ € N and x € Dx can be replaced by k-many
repetitions of the element x.

Next we show how we may approximate the sequence (u;);, in which
we allow repetitions, by a sequence (a;); € Dx in which we do not allow
repetitions. For each i < n, choose some a; € Dx such that ||a; — ui||x < e.
Let (a}); € Dy be the elements such that for all ¢ < n we have a;Roa.
Since by the assumption we have ||lu; — a;l|x — ||u; — al|ly| < 2e, we get
||u; —al|ly < 3e. Notice that for such sequences we get, by the computations

above,
/
‘ X ‘
i<n i<n

This, together with the inequalities |lu; — a;||x < € and ||u] — a}lly < 3¢

implies that
i<n i<n

which proves the inequality (11).

Before we are in the position to apply Lemma 17 we need to guarantee that
Ro is Q-homogeneous. Note that so far it is only closed under multiplication
by positive rationals. This will be fixed in the last step.

Set R = Ro U —Ro, where —Rg = {(x,9) : (—2)Ro(~¥)}. Now R is
clearly Q-homogeneous. Pick now an arbitrary sequence (u;)i<, C E and

the sequence (u}); C F such that for all i < n we have u;Ru;. For each
i < n, pick u € F such that u;Rou;. Either u! = u}, or by (10) we get

< 4e|F.

Y

< 4en.
Y

< 8en,
Y
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|lu! — ul]ly < 8e|luil]|x. From these inequalities and from (11), which gives

us
‘HZWX—HD%’ <8e( Y ullx),
i<n i<n i<n

we get the estimate

ISl [l | = 0 S
i<n i<n i<n

The application of Lemma 17 then gives us that pg(X,Y) < 17¢.

Y

Y

It remains to see that it is possible to find an injective and Borel map
f : B — M such that f(X) is isometric to (Mx,dx) for every X € B.
Each Banach space X is coded as a norm || - ||x € B which is defined on a
countable infinite-dimensional vector space over QQ denoted by V. First we
need to select in a Borel way a countable dense symmetric subset of Sx.
Pick D C V '\ {0} such that D contains exactly one element of {tv: ¢t > 0}
for every v € V'\ {0}. Fix some bijection g : D — N and define a metric d’y
on N as follows: for n,m € N we set

(n) g (m) H
n)lx gt m)lixllx

) = |

This corresponds to selecting a countable dense symmetric subset of Sx
with the metric inherited from || - ||x. Clearly, the assignment | - [|x —
d’y is injective and Borel. Then we only add to N a fixed countable set
{prpr: F € INJ<¥\ {0},k € F} and define the metric dx on the union of
these two countable sets using the norm || - || x. Finally, we reenumerate this
countable set so that dx is defined on N, and so belongs to M. That is
clearly one-to-one and Borel. O

4. REDUCTIONS FROM PSEUDOMETRICS ON M TO PSEUDOMETRICS ON BB

This section is devoted to the proof of the following result.

Theorem 46. There is an injective Borel-uniformly continuous reduction
from pgg on /\/li/2 to each of the distances pK,pBM,pL,pU,pN,ng on B.

Moreover, for the distances px and ppur, the reduction is not only Borel-
uniformly continuous, but also Borel-Lipschitz.

The definition of our reduction is based on a simple geometric idea of
renorming of the Hilbert space f5. However, the proof that the idea works
is technical and splits into many steps.

Let us denote by e, the sequence in ¢ that has 1 at the n-th place and
0 elsewhere. Let us moreover denote

Cnm = i(en +em), {n,m}e[N].

V2

The following fact can be verified by a simple computation.
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Lemma 47. For {n,m},{n’,m'} € [N]?, we have

llenm — enmlle, =1 if [{n,m}n{n’,m'}| =1,
”emm + 6”’#”'”42 = \/g if |{n7 m} N {TL/, m/}| =1,
llenm £ enrmlle, = V2 if {n,m},{n’,m'} are disjoint.

Hence, the set of all vectors te, ,, is 1-separated.

Let us fix numbers o and ¢ such that

200
1 < —.
<a<a+ = 199

For every f: [N]> = [0, 1], we define an equivalent norm | - || s on ¢5 by
1
Jelly = sup ({llzlle.} U {ﬁ (a8 fn,m)) | + | 0 £ m})

for x = ()52, € £2. This is an equivalent norm indeed, as —= \xn + x| =
l(z,enm)| < ||x||e,, and consequently
200

<

—|zlle,, x € Lo
Let us define

Pom={acts: oll, < \}5 a4 8- fn.m) - (o +2m) .

It follows from the following lemma that any non-zero x € £5 belongs to at
most one set P, ;.

Lemma 48. Let us denote h =a+ 6 - f(n,m). If ||x||¢, = 1, then
2(h=1)

HAIS Pn,m <~ ”x - eﬂ,mez < h

In particular,

1
€ P, = — < —.
Z n,m ”m en,m”@ = 10

Proof. We compute

2(h—1) 2(h —1)
HCE — 6n7mH62 S T = HCUH%Q — 2<$,€n7m> —+ H6n7m||%2 S T
2
& 2(x, enm) > 7
1
& — h-(xp+xm) >1
\/5 ( n m)
S rvelPum
; : 200 2(h—1) 1
Finally, since h < a+ 9 < 199, we have \/ =5— < 15. O

Our proof of Theorem 46 is based on the following technical lemma.

Lemma 49. Let f,g : [N* = [0,1]. If pr((2, ]| - [l5), (¢, | - lg)) < n for
some n satisfying 0 < n < ﬁ,n < % e n < (1 — 7) then

(67

ar € SooV{n,m} € | ’g n),m(m)) — f(n,m)| < < 7.

m\w
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Due to the assumption of the lemma, we can pick a Banach space Z and
isometries I : (fa,] - ||f) = Z and J : (fa, ] - ||g) — Z such that

Z
P (I(Biez, 1)) T (Biea 1)) < 71
We need to prove the following claim first.

Claim 50. For every {n,m} € [N]?, there are {k,l} € [N]* and s € {—1,1}
such that

1
HIen,m —s-Jegy 5 < -
and, moreover,
3

Proof. We prove the claim in eight steps. Let us fix {n,m} € [N]? and keep
the notation h = a+4- f(n, m) throughout the proof. Analogously as above,
we define

Qui={zets: o), < \}i Aot 8-k, D) - (a + ) ).

1. step: We show that there is x orthogonal to ey, such that ||z|,, =1
and ||[Iz — +£Jeg ||z > 5 for all k # [. This is an easy consequence of the
fact that the vectors £Jey; are 1-separated (which follows from Lemma 47
and from || - ||g > || - ||¢,). Indeed, let E C ¢3 be a two-dimensional subspace
orthogonal to €y,,,. Let us pick z € Sg. If [Tz — £Jey ||z > 3 for all k,1,
we are done. In the opposite case, there is a point w = Jey; or w = —Jey
for which ||z — w||z < 3. Since I(Sg) is a closed curve in Z with diameter
at least 2, we can find 2’ € Sp such that ||[I2’ —w|z = 5. Then 2’ works, as
the distance of Iz’ to other vectors is at least 1 —% by the triangle inequality.

2. step: We denote

1 h?—1 1 h?—1

L A N e
It is easy to see that
Ip+lls = llp-llg =1.
Let us choose ¢4 and ¢— with ||¢+||g < 1,]/g—|lg < 1, satisfying
I1p+ = Jaillz <n,  [Ip- = Jg-llz <n.
3. step: We show that

g+ + -l
2

Since ||(Ip+ + Ip-)/2 = (Ja+ + Jq-)/2|z < n, we have

>1-n.

la+ +a-llg _ Hl(
2 2

As |len,ml||f = h, the desired inequality follows.
4. step: We show that

1 1
JactJ), > e+ 1), =n = [penn] =

la+ — a-llg = lla+ — a-lle>
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as g+ — q— does not belong to any Q4 ;. Let us denote
1

and z = .
[[wle,

U.

h
U = ———— - — J_
=1 )
Then

|Ju — Ie|z = |(Jas = Ja) — (Ips — Ip-),

h
2/h—1
D U W (e S S

W1 vie—1 "= Va =1 "0
by an assumption of Lemma 49. By the choice of x (1. step), we obtain for
all k # [ that
lu — Zenlly = 1w — £epillz > [Tz — £epillz — = > & — = = 2.
’ ’ ’ 10—2 10 5
Also, it is easy to check that

11
ulle, =11 < 55 + 75

199 10
i e ol <l <110 b S8 el bt
and [[ulle, > 55+ [1ullg > 200 (12l s — 16) = 200 (Izlle: = 15) = 200- (1 —16) >

1— (155 + 15)-

Since z = u — (||ulle, — 1)z and ||z||¢, = 1, we obtain for all k # [ that
199 2 1 1 1
2005 99+ 18) * T
By Lemma 48, z does not belong to £();;. The same holds for ¢y —¢q_, as
it is a multiple of z.

5. step: We show that

o= endlle, > llu—Eerille, = 1w, = 1z, >

lar +aq-lle, 1
_ = = .
2 p

By the parallelogram law,
lg+ + a-IIZ, + lla+ — a-1IZ, = 2lla+ 117, +2lla-1I7, < 2lla+ 7 + 2llg-I; < 4.

Using the conclusion of the previous step,

Vh2 =1
lar—a-lley = llar—a-lg > llp+—p-1ls =21 > lp+—p—|le,—2n = 22,
h? -1 h2 —1 h? -1 1
— 2 . —_— . . 2 . —_— . —_—
lg+ —a-lle, >4 —5— =8 ———— n+dn" >4 —5— =87
and
h2—1 1 4 1 1 2

The desired inequality follows.
6. step: We realize that ¢, + ¢— belongs to some Q; or —Q;. In the
opposite case, we obtain ||¢+ + ¢—||g = [l¢+ + ¢—||¢, and

+q_ +q_ 1 1
< la+ +4 Hg: g+ + q-|le, < 4n<—+n,
2 2 h «

which is disabled by an assumption of Lemma 49.

1
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7. step: Let g4 + g— belong to s - Qk;, where s € {—1,1}. We show that

1
Hlen,m —s-Jegy 7 < -
for such k,l and s. If we denote
1
(a4 +q-),

“@= —
lat + a-Ile.
then a belongs to s - Qy; as well. Lemma 48 provides
1
la—s-exille, < 10’
and so 000 1
|Ja—s-Jegillz =la—s-erllqg < 109 10"

Since ||(Ips + Ip-)/2 — (Jat + Jq-)/2|lz <1 < 155, We obtain

1 lla+ + a1l 1
.y ) _ 72J H <
Hh En,m 2 “llz = 100
and
1 1 Tq
e I P R L1
Since |len,mllf = h, ||lalle, =1 and
las+alles - 199 Jlgs +a-lly _ 199 199 99
W T 4=l o 227 N9 T A2llg o 297 g oy s 2000 22
2 = 200 2 200 1™ > 300 100
we obtain
1 199 99y 200
Tepm—Jdally < — + (h—1 (1—7-7)-7
IZenm = Jalz < 755+ (h = 1) + 200 100/ 199
and

||Ien,m — S~ Jek,lHZ S ||I€n7m — JCLHZ + ”JCL— S - JekJHZ

el (o1 90y 20 20 1
100 199 200 100/ 199 199 10
1
< =.
7

8. step: Let ¢4 + g— belong to Qi or —Qg,;. We show that
3

for such k and . If we denote h' = a+ - g(k,l), then the elements of £Qy
fulfill

1
wlly = NG B wg +w] =B [(w,epg)| S B lwlle,,  w e £Qpy.
We obtain
g+ +a-llg _ ., llar+a-]l 1
1< Tl g N9+ T e h’-<— )
< 2 = 2 < ntm)
and so

h-(1—=n)<h(1+hn).
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It follows that
200 200

d- —glk.))=h—-—HK <hn-1+H)< —.(14+=2—2).
(f(n,m) — g(k, 1)) <hn- (L4 i) < T (14 Tgg) 7 < 3,

which provides the desired inequality. U

Proof of Lemma 49. For every {n,m} € [N]?, Claim 50 provides X(n,m) €
[N]? and s(n,m) € {—1,1} such that
1

HIen,m — s(n,m) - Jeg(n’m)Hz < -

and, moreover,
3
Let us make a series of observations concerning ¥(n,m) and s(n,m).
(a) If {n,m} and {n’,m’} have exactly one common element, then the
same holds for X(n,m) and X(n/,m’). Indeed, using Lemma 47, we can
compute

Hs(n, m) " €% (n,m) — S(n,a m/) “ €5 (n/;m/) £5

< HS(TL, m) *€2(n,m) — S(TL,, m,) * €5 (n/,m!)

1 1 200 1 1

— et =< —-14+=+= 2

lenm —ewmlly 747 < o5 177 <V2

Hs(n, m) - es(nm) — s(n’,m’) - esy(n’ m’)

199

% : Hs(nv m) * €2 (n,m) — s(nlv m/) " €5 (n/,m!)
>199 (H I 1 1)>199 (1 1 1>>0

—_ e —_ e / / —_—_ — — —_— _— — —

200 \!"rm AT T ) = 900 7T
and it is sufficient to apply Lemma 47 again (in fact, we obtain also s(n,m) =
s(n’,m')).

(b) If {n,m} and {n',m’} are disjoint, then the same holds for ¥(n,m)
and X(n/,m’). This can be shown by the same method as above. This time,
we have ||€nm — €n m|le, = V2 and

9

Lo

>

g

200 1 1
V244 < V3
e < o9 f+7+7 V3,

HS(H, m) " €5 (n,m) — S(H/v m,) T e (n/;m/)

199 1 1
[, m) - exsumy = s('sm) - esrn |, > 555 - (V2= =) > 1.
(c) For every n € N, there is m(n) € N such that 7(n) € X(n,m) for all
m # n. Assume the opposite and pick distinct p, ¢ different from n. By (a),

we can denote the elements of ¥(n,p) and X(n, q) by a,b, ¢ in the way that
Y(n,p) ={a,b}, X(n,q) ={a,c}.

By our assumption, there is m # n such that a does not belong to 3(n,m).
Then the only possibility for ¥(n,m) allowed by (a) is

Y(n,m) = {b,c}.

Pick some r different from n, m, p,q. Then there is no possibility for ¥(n, r)
allowed by (a). Indeed, no set has exactly one common element with all sets

{a,b},{a,c} and {b,c}.
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(d) The function 7 is injective. Indeed, assume that n # m and pick
distinct p, ¢ different from n and m. Then 7(n) and 7w (m) belong to the sets
Y(n,p) and X(m, q) that are disjoint by (b).

(e) As 7 is injective, we have X(n,m) = {m(n), 7(m)} for all {n,m}, and

we can write )

<7

[Zenm = s(m.m) - Teay aml, < =

and 5
fn,m) = g(m(n), m(m)) < = -n.

(f) Due to the symmetry, there is an injective function £ : N — N with
the property that

| Jers — 8" (k, 1) - Teey ey ||, < =
and

gk, 1) = F(E(R), E00) <5 -

for all {k,!} and for a suitable s'(k,l) € {—1,1}.
(g) We have w(£(k)) = k for every k and, consequently, 7 is surjective.
Let k£ € N be given. For every [ # k, we obtain

[ens — 8" (k, D)s(E(R), €(D) - extemymeanll,
HJekl—s(k l)- Ieg HZ

+ 150k D1 eewy.e) = S(f(k)’f(l)) Tex(e el
1 1
<zt
Due to Lemma 47, this is possible only if {k,l} = {7({(k)),n(£{(1))} and
s'(k,1)s(€(k),&(1) = 1. If we pick distinct I3 and Iy different from k, then

ke {m(§(k)),m(&())} N{m(&(k)), m(£(l2))} = {m(5(k))}-

(h) We check that 7 works. We already know that 7 € Sy, and 71 = €.
Thus, we obtain

g(m(n),m(m)) — f(n,m) = g(x(n), 7(m)) — f(§(m(n)),&(x(m))) < 2”

for every {n,m} € [N]?. Finally, combining this with an above inequality,
3
o (m), wm)) — . m)] < 2 -1,

which completes the proof of the lemma. O

Proof of Theorem 46. During the proof, we make no difference between a
metric f € ./\/l%/2 and the corresponding function f : [N — [1/2,1]. For
femi /o We can thus consider the norm | - ||; defined above. It is clear
that there is an injective Borel mapping from M% /2 into B such that the

image of f is isometric to (f2, || - || ¢) (it is sufficient to restrict the norm ||- |
to V).

To prove the first part of the theorem, we show a series of inequalities that
illustrates that the Gromov-Hausdorff distance of M; and M, and all the
involved distances between (¢a, ||-||f) and (£, ||-||4) are uniformly equivalent.
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(1) We show that

pam (2, || - 15), (B2, | - [lg)) < Cpar(My, My)
for every f,g € M%/z' If paa(My, My) > %, then

200 200
pinat (€2 - 11): (f2. |1 - 1)) < 2log (T35 ) < 2108 (Tg5) - 4eci(My, My).

Assuming pga(My, My) < i, we pick r with pgr(My, My) < r < %. Since
f,9 € My, and pgu (Mg, My) < p/2 for p=1/2, Lemma 13 provides 7 € Su
such that

|9(n(n), m(m)) = f(n,m)| <2r, {n,m} € [NJ.
Let us consider the isometry 1" : f3 — ¢ which maps e;, to ex(,). For z € f3,
we have

172y = sup ({ITalle,} U {jﬁ (8- g(k,D) - [(Tw) + (Ta)l  k £1})
= sup ({llzlle,} U {;5 (8- glm(n),m(m)) - [on + @l 0 £ m}),

and so

Tl — ll2ll] < sup{ji 8 [g(mln), w(m)) = Fn,m)| - + | 1 £ )

<620 - e,
It follows that |[Tz|y < (1 + 207)[|z|f and ||z||f < (1 4+ 207)||Tx,.
obtain ppar((fa, || - || £), (Lo, || - llg)) < 2log(1 + 267) < 2-26r. As r could be
chosen arbitrarily close to pgr (Mg, My), we arrive at

pn (O, || [ly), (42, 1+ llg)) < 40pcr (My, My).
Therefore, the choice C' = max{8log(23), 4} works.
(2) It is easy to check that

20N (62, 11 1), (2, 1+ Mlg)) < pur (b2 ]I - ||f),(€2, I-1lg)

< 2p1 (62,1 - 1), (L2, - lg)) < Pt (2 [ 1I5), (€2, 1 - Ml4))

for every f,g € M1/2-
(3) By [10, Proposition 2.1], we have

ng((gQ, 1 1p)s (B2, - 1lg)) < 2o (L, 11 £)s(€2,01-l9)) — 1

for every f,g € M%/z.
(4) There is a function ¢ : (0,1] — (0, 1] with lim._,o ¢(¢) = 0 such that

prc (€11 1), (B2, 1 19)) < Cop (o (G2, - 1) (.- 1))

for every f,g € M% /20 Considering any 0 < r < 1, a function provided

by [18, Theorem 3.6] (denoted f there) works. Indeed, if we adopt some
notation from [18], then [18, Theorem 3.7] provides

pic ((Ca, [+ 11p): (€2, 11 1g)) < C(r) - mo (L, [l - 115)) - dr (L2, [ - 115, (B2, 1 - [lg))

< C(r) - a0 - mo(62) - o (P (L2 - 1), 2,11 1))



COMPLEXITY OF DISTANCES 39

(5) We show that

pGH(vaMg) < CPK((E% || : ”f)v (627 H : ||9))
for every f,g € M%/Q. Let us denote

m{ L LYol Iy

100010 o 2\ a

dsz((£2,HHf),(gg,HHg)), Nmax = 5

If d > Nmaa, then

1

par(Myp, Mg) <1< -d.

Thmax
Assuming d < Mpmaz, We pick d < 7 < Nmaz. Then Lemma 49 can be
applied, and we obtain f ~s. g for ¢ = % . % -7n. By Lemma 12, we get
par (Mg, My) < % . % -711. As 1 can be chosen arbitrarily close to d, we arrive

at

1 3
per (Mg, My) < 55 &
It follows that the choice C' = max{ﬁ, 2} works.

Finally, concerning the moreover part of the theorem, it remains to notice
that

prc (G2, [ Ml )s (@2 1+ Mlg)) < pmna (€2, 1+ 115)s (82, 11+ Nlg))

by [27, Proposition 6.2] (or [10, Proposition 2.1]), and it is sufficient to use
the inequalities proven in (1) and (5). O

5. CONCLUDING REMARKS

The following diagram summarizes the reducibility results we have proved
in this paper and includes also the reducibility results proved in [8]. By pg,
we denote the pseudometric induced by the universal orbit equivalence re-
lation E¢ discussed in [8, Section 5]; by pg. a4 we denote the CTR orbit
pseudometric given in [8, Section 3, Example 2], by puni we mean the
universal analytic pseudometric which exists by [8, Theorem 6]; all the re-
maining pseudometrics are explained in this paper. The reducibilities which
are not explicitly mentioned in the diagram are not known to us.

R—

NB7U SB,U
—
pGH, pcH | My PK > PBM

par | MY, par | M}

B SB,u

or | M3, pr, puL o? <Bu
| Puniv I

We believe there is enough space for investigating other reductions. The
interested reader can find many more distances for which their exact place
in the reducibility diagram is not known. This includes the uniform distance
puU, or distances that we mentioned in [8, Section 3] but left untouched, such
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as the completely bounded Banach-Mazur distance or e.g. the orbit version
of the Kadison-Kastler distance.
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