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Abstract

We consider the barotropic Navier—Stokes sytem describing the motion of a viscous com-
pressible fluid interacting with the outer world through general in/out flux boundary condi-
tions. We consider a hard—sphere type pressure EOS and show that all trajectories eventually
enter a bounded absorbing set. In particular, the associated w—limit sets are compact and
support a stationary statistical solution.
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1 Introduction

A rigorous justification of ergodic hypothesis in statistical physics is a fundamental and largely
open problem in mathematical fluid dynamics closely related to understanding of turbulence. The
Navier—Stokes system is a well accepted and widely used model to study these phenomena at the
theoretical level. We consider its variant describing the motion of the density o = o(¢, ) and the
velocity u = u(t, z) of a compressible viscous barotropic fluid:

Oro + div,(ou) = 0,
O¢(ou) + div,(ou ® u) + V.p(e) = div,S(D,u) + g,

(1.1)
with the Newtonian viscous stress tensor

2 1
S(D,u) = p (Vmu +Viu— Ediwu]l) + Adivyul, >0, A >0, D,u= §(ku + V;u) (1.2)

In mathematics, it is customary to supplement (1.1), (1.2) with a kind of conservative boundary
conditions, among which the most popular the no—slip

ulpq =0,

where @ C R? is the physical domain occupied by the fluid. The effect of the “outer world”
is therefore represented by the driving force g that can be taken random in certain models of
turbulence, cf. Yakhot and Orszag [16]. A proper choice of g should incorporate in a “statistically
equivalent manner” the influence of both initial and boundary conditions on the fluid motion,
see [16]. Although this approach has been applied successfully in the context of incompressible
fluids, see e.g. the monograph of Kuksin and Shyrikian [13] and the references therein, the more
complex models of compressible fluids call for a refined treatment. Motivated by [3], we consider
the physically relevant in/out flow boundary conditions

ulon = uy, (1.3)
where u, is a given velocity field. Accordingly, we decompose the boundary

80 = Tin U Tout, T = {a: € 00 ‘ up(e) - n(z) < o}

and prescribe the density (pressure),

Q Tin - Qb (14)
The (modulated) total energy of the fluid reads

/QE (Q,u’ub> dz, E (Q,u‘ub) = Bgyu—ub\%rp(g)] , (1.5)
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where P is the pressure potential,

P'(¢)e — P(o) = p(o). (1.6)

In most of the real world applications, the driving force g is the gradient of the gravitational
potential g = V,G that can be incorporated in the total energy as

—/QG dx.
Q

We are interested in fluid flows with globally bounded energy,

t—o00

limsup/ E (Q,u‘ub> de < & < 0. (1.7)
Q

As shown in [3], any bounded energy trajectory generates an w—limit set in the space of entire
trajectories (defined for ¢t € R) on which the Navier—Stokes system admits a stationary statistical
solution. A stationary statistical solution is a stationary random process

te R (o(t,"),m(t,-)), m = pu,

ranging in a suitable phase space and solving the problem (1.1)—(1.4) almost surely.

The existence of globally bounded trajectories for the Navier—Stokes system (1.1), with the
no-slip boundary conditions, a general (non—potential) driving force g, and the isentropic pressure
law p(p) = ap”, was first established in [5] under rather restrictive assumptions concerning the
adiabatic exponent 7. These were partially relaxed in several papers by Guo, Jiang and Yin [9],
Jiang and Tan [10], Wang and Wang [15].

Boundedness of fluid flows driven by general in/out flux inputs is much more delicate. It is
actually closely related to the existence of (deterministic) stationary solutions to the Navier—Stokes
system that is largely open for the isentropic pressure law p(p) = ap?. Following [4] we consider
the hard—sphere pressure EOS,

p€C'0,2), 0 <p<o00, P(o) >0for0< o<y, Ql_igl_p(g) = 00. (1.8)

The relevant existence theory in the framework of finite energy weak solutions has been developed
recently in [1]. In particular, the existence of global-in—time solutions is established under the
condition that

/ w, -n dS; > 0. (1.9)
B

Our goal is to show that under these circumstances the total energy of the global in time solution
remains bounded as stated in (1.7). Moreover, we show that the constant £ is universal, meaning
the same for all trajectories. This can be rephrased as that the associated dynamical system admits
a bounded absorbing set.



Our approach relies on the variant of de Rham—Hodge-Kodaira decomposition of general vector
fields due to Kozono and Yanagisawa [11], [12] applied to a suitable extension of u, inside 2. This
enables us to show that the driving terms in the associated energy balance can be controlled by
dissipation. In general, the size of the aborbing set is finite but increases with increasing Reynolds
number. Note that the problem is more delicate than for the stationary case studied in [4] as
div,(ou) # 0.

The paper is organized as follows. In Section 2, we recall the concept of weak solution, formulate
the principal hypotheses, and state our main result. Section 3 collects all available energy and
pressure estimates. A suitable extension of the boundary vector field u, is constructed in Section
4. The existence of the bounded absorbing set is shown in Section 5. The paper is concluded by
a short discussion on possible extensions of the main result in Section 6.

2 Preliminaries, main results

To avoid technical difficulties, we suppose that Q C R¢, d = 2, 3 is a bounded domain of class C?, in
particular that outer normal vector n is well defined on 0f2. Possible relaxations of smoothness of
0f) will discussed in Section 6. Similarly, we suppose that the boundary data uy, g, are restrictions
of smooth vector fields u, € C?(R%; R?), o, € CL(R?Y) to 0, respectively. We also suppose that
the pressure is given by EOS (1.8). Possible relaxation of these hypotheses will be discussed in
Section 6.

2.1 Global-in—time weak solutions

Definition 2.1 (Global weak solution). We say that (o, u) is a global weak solution of the Navier—
Stokes system (1.1)—(1.4), with the pressure EOS (1.8), in (0,00) x  if:

e (regularity)

0<p<paa. in (0,7) x Q, 0 € Cyearloc((0,00); L)) for any 1 < ¢ < o0,
m = gu € Cueatoe([0, 00); L7771 (Q; RY)),
(1 —w) € Lig (0, 00): Wy (% RY)),
p(0) € Lioe((0,00) x Q);

loc

e (equation of continuity)

/ / [Q@tgo + ou - Vmgo} drdt = / / popup -n d S, (2.1)
0 Q 0 Iin

holds for any test function ¢ € C!((0,00) x (QUTy));



e (momentum equation)

/ /[Qu-8t4p+gu®u:Vﬁp%—p(g)divgp] dxdt—/ /[S(Dxu):vxcp—gg'ap] dx dt
o Jo 0o Jo

(2.2)
holds for any test function ¢ € C1((0,00) x €; R%);
e (energy inequality)
oo 1 [e.e]

—/ atw/ {—g|u—ub|2+P(g)} da:dt—i—/ w/S(Dmu) :Dyu dzdt

0 o l2 0 Q
+ / w/ P(Qb)ub -1 de dt

0 Tin (2.3)

oo 1 o0
< —/ 1/1/ [ou®@u+ p(p)l] : V,u, dedt + —/ w/ ou -V |ul? dodt
0 Q 2 Jo Q
+/ ¢/S(Dxu) - Dyuy dmdt+/ w/gg-(u—ub) dx dt
0 Q 0 Q
holds for any test function ¢ € C}(0, 00), 1 > 0.

The existence of global-in—time weak solutions for the Navier—Stokes system (1.1)—(1.4) in the
framework introduced by Lions [14] for any finite energy initial data was proved in [1] under certain
additional hypotheses imposed on the pressure EOS.

As a matter of fact, the existence proof in [1] asserts only the “integrated” version of the energy
inequality (2.3), namely

UQ Bglu—ubIQJrP(@)] da:IOJr/OT/QS(Dxu) . D,u dzdt

+ / P(Qb)ub -n dS, dt
0o Jri
T 1 T
< —/ /[Qu®u+p(g)]l] :Vew dxdt+—/ /Qu-VI|ub|2 dx dt
o Ja 2J)o Ja

+/ /S(]D)xu) :Dyuy dxdt—i—/ /gg~(u—ub) dz dt.
o Jo o Ja

However, a short inspection of the existence proof in [1] reveals that (2.3) can be established if
suitable estimates yielding equi—integrability of the pressure potential P are available at the level
of approximate solutions. Seeing that

P(o) = P(o) + (0 —0) (P,(Q)_p(g)) —i—Q/g]% dz forany 0 < ¢ < 0 <,



we get

yielding

P
lim sup 202 — . (2.4)
o2 P(o)
Thus the pressure potential P is dominated by the pressure p near the singular value 9. In
particular, the bounds ensuring L!—integrability of p ensure equi-integrability of P(o).

Remark 2.2 (Energy inequality). It is easy to see that the energy inequality (2.3) is independent
of the specific extension of the boundary velocity u, inside 2. Indeed, plugging ¥ (uj — u?),

w € Ccl(0,00>, U-IHBQ = uz%|8§27

as a test function in (2.2) and ¥5(Jug|? — [uj|?) as a test function in (2.1) we get
/ / [gu. (v} —u})o + §g(|u},|2 — [uf]?)op + ou @ u : V,(up —ui)y + p(o)div,(ug — u§)¢] dz dt
0o Jo

- / / [SD) : V(0 — 1) — om - (u] — u) — ou- V. (ulf? — i) dea
0 Q

2.2 Geometry of the physical space
We suppose that Q C R? be a bounded domain with C°° boundary,
o =ur,y, IinT; =0, (2.5)

where I'; are connected components of 0€2, and I'y is the boundary of the unbounded complement
of Q in R?. We suppose

O<Qb<50n1—‘in7

/ub'nde:O,izl,...,n,/ub-ndSz>O.
r;

1)

(2.6)

2.3 Main result

Having collected the necessary preliminary material we are ready to state the main result.

Theorem 2.3 (Existence of bounded absorbing set). Let Q C RY, d = 2,3 be a bounded domain
of class C>. Suppose that the boundary data oy, W, satisfy (2.6) and that g € L>(Q; RY).
Then there is o, such that

limsup/Q Bg|u|2 + P(Q)} () dz < En, (2.7)

t—o00
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T+1
limsup/ lHUH?,Vl,z(Q;Rd) —i—/p(g) dx} dt <€ (2.8)
Q

T—o0 T

for any global-in—time solution (o, u) of the Navier—Stokes system (1.1)—(1.4) specified in Definition
2.1.

As observed in (2.4), the pressure potential P is dominated by the pressure p near the singular
value ¢ but not vice versa. P may even stay bounded while p blows up for o " %.

The rest of the paper is devoted to the proof of Theorem 2.3.
3 Energy and pressure estimates

In this section we collect the energy and pressure estimates available for the weak solutions of the
Navier—Stokes system.

3.1 Energy inequality

We start by rewriting the energy inequality (2.3) in the form:

[ [en-wi+ p@)] j [ [ 6D - 5@ @ D) s

T+t
+/ / P(oy)up -n dS, dt
T 1—‘in

T+t
< _/ / [o(u—up) @ (u—w) +p(p)]] : Vyu, dadt
TIT N T+1
+/ / 0g - (u—w) dzdt - / / S(D,up) : (Dyu —Dyuy) dedt
T Q T Q

T+t
— / / ou, ® (u—uy) : V,yu, dodt.
T Q
(3.1)

Due to convexity of the energy functional

m|*

1
§Qlu—ub|2+P(9) = —m-u, + olw|* + P(o)

with respect to the conservative variables (o, m) that are weakly continuous in time, the energy
inequality (3.1) holds for a.a. 7> 0 and all 7 > 0.



Consequently, under the hypotheses of Theorem 2.3, we may use Korn—Poincaré inequality and
boundedness of ¢ to deduce

1 t=T+r1 L T+t
U [Mu —w P@} dx} L w0
Q T

t=T

(3.2)

TH4T

< —/ /[Q(H—ub)®(u—ub)+p(9)ﬂ] Vo dadt + 7w (0, |8l [[usllwiee)
T Q

where the symbol w denotes a generic function that is bounded for bounded arguments. Note
carefully that (3.2) holds for any extension of u, inside €.

3.2 Pressure estimates

To derive estimates of the pressure p, we recall the so—called Bogovskii operator:

B:Lg(Q)E{fELq(Q)‘ /f dx_O}%WOl’q(Q,Rd), 1 <qg< o0,
Q

see e.g. Galdi [6, Chapter 3].
For ® € L(2), we consider B[®], v € C1(0,00) as a test function in the momentum equation

(2.2):
/Ooo@/)/ﬂp(g)@ dxdt:—/ooof)t;b/ﬂgu.g[q)] de di

—/Ooow/ggu®u:vx8[q>} dz dt (3.3)
+/OOO@Z)/QS(]D$u):VxB[<I>] dxdt—/owzp/ﬂgg-zs[@} der dt

As the momentum pu is weakly continuous in time, we may infer that

o p(0)® dzdt= | [ ou-B[®] d o
T Q Q t=T

T+t T+t
_ / / pucu:V,B[®] dedt+ / / S(Dyu): V.B[®] drdt  (34)
T Q Q

T+T '
—/ /Qg-B[q)] dz dt
T Q

for any T'> 0, 7 > 0.



4 Extending boundary vector fields

We construct a suitable extension of the boundary vector field wu, inside (2.

4.1 First extension

First observe that the outer component of the boundary I'y contains at least one extremal point
xg € [y, specifically,

Qn Tz = To, Where 7, denotes the tangent plane to OS2 at x.
Without loss of generality, we may assume that
QC{r: 2! <)} and 29 = [3,0,...,0], 7o = 20 + R
Consider a function

) 0if 2 <0,
XE) = X'(z) >0for 2 >0’

together with a vector field
vi(z) = X [x(z' — 25 +6),0,...,0].

It is easy to check that
00
D, v = 0 0 0f, div,v) =\ (2" —z} +0).
00

Next, we choose § > 0 small enough so that

r,=0,i=1,....n, v, #0,

0
Vi

and then A > 0 large enough so that

/V2~ndSm—/ u,-n ds, > 0.
Fo l—‘0

0
up, = Wy + vy,

Finally, we set

where w;, = u, — v, and

/ w,-ndS, =0foralli=0,1,...,n,
I (41)
D,v) >0, there is an open set B C Q, |B| > 0, i%f(divxvg) >D >0.
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4.2 Extension of the vector field w,

As wy, satisfies (4.1), we can use lemma by Galdi [6, Lemma IX.4.1] (see also the decomposition
theorem of Kozono and Yanagisawa [11, Proposition 1]) to write

w;, = curl z, in (),

where z;, is smooth provided wy, is smooth.
Next, we report the following result by Galdi [6, Lemma II1.6.1,Lemma I11.6.2]: For each ¢ > 0,
there exists a function d. € C*°(£2) enjoying the following properties:

|d.| <1, d.(x) =1 for all z in an open neighborhood of 9€2; (4.2)
([ ]
d.(z) = 0 whenever dist[x, 0] > &; (4.3)
* €
|IDSd.(z)| < c—————, |a| =1,2, 0<e< 1, z€Q; (4.4)
dist!™ [z, 9Q]
where the constant is independent of e.
Finally, we extend u, as
w = curl(d.zy) + V. (4.5)

5 Bounded absorbing set — proof of the main result

Going back to the inequality (3.2) and using the decomposition (4.5), the integral on the right—hand
side may be handled as

_/T +7 /Q [o(u— ) @ (u—) + p(o)]] : Vyui dadt
—— [ [t ) @ (a4 plo): T} o
T+r
— / / [o(u—u;) ® (u—u;) + p(o)]] : Vycurl(dez,) dzdt

T+7 T+r |u —u ’2
< D/ / ) dx dt—{—g/ / —— b _dist?(z, 0Q)|Vcurl(d.z)| dz dt,
dist?(z, 09)

where the open set B has been identified in (4.1).
Recalling Hardy—Sobolev inequality

|11—lli‘2 < el12
. o 9 1= e
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and the properties of d., specifically (4.4), we may fix ¢ > 0 small enough so that inequality (3.2)
reduces to

1 t=T+1 M T+7 T+t
{/ {iglu—ua?—i—P(g)] dx] +Z/ Hu_uiH?}V(},Q(Q;Rd) dt+D/ /p(g) dx dt
Q t=T T T B

< 1w (0, [I8ll Lo, [[ugllnre)
(5.1)

for any € > 0.
Finally, evoking the pressure estimates (3.4), we get, following the same line of arguments,

/TTH/QP(Q)(I) drdt < [/Q o(u— ) - B[] dx] ;ZJFT

T+T (52)
el ®) [ 0 A 7 @05 e, @)
for any
o e LI(Q), /(I) dz = 0.
0
Now, in (5.2) we choose ® € Li°(€2) such that ®|g\ g = 1 to obtain
T+1 t=T+T
/ / dxdt<[/ o(u — ) - B[®] dx}
o’ “ =T (5.3)

T+t T+7
e ®) [ =il 4t o @ e, )+ [ [ b)) dra

T
Thus, going back to (5.1), for all 6 > 0 small enough,

1 t=T+7 m T+7 T+
U [—Q|U—ui|2+P(Q)] dx} +—/ o — w512 . dt+6/ / ) dadt
al2 t=T 8 Jr

t=T+1

<2 | [ o)) Blo] aa] (@ Il 05l 0)
Q t=T

(5.4)

Seeing that P(p) ~ p(o) for 0 /o (see (2.4)) we obtain the desired conclusion.

6 Concluding remarks

As we have seen, validity of Theorem 2.3 depends essentially on the hypothesis (2.6) strongly
reminiscent of the so—called Leray’s condition, see e.g. Galdi [7]. A short inspection of the proof
reveals that Theorem (2.3) remains valid if

u, = curl z, + uj in Q, (6.1)

11



where
D,u) > 0, i%f (div,uy) > 0 for some non-empty open set B C 2. (6.2)

Of course, Theorem 2.3 holds under the general hypothesis (1.9) as soon as (2 is simply connected.
Note that the conclusion of Theorem 2.3 may fail in the case

/ u,-n dS, <0.
a0

Indeed, for I'y, = 092, o, > 0, we get
/Q(t,') dz - 0 ast — oo
Q

in contrast with o <.
In the case of the isentropic EOS p(p) = ap?, the arguments are hampered by the lack of control
over the convective term
—o(u—w) ® (u—wy) : V,u,

on the right—hand side of the energy inequality (3.2). The easy case D,u, > 0 is treated in [3].

6.1 Total mass conservation, tangential boundary velocity

An interesting situation occurs when the boundary field u, is tangential to 0€2. Obviously,

/ u,-n dS, =0,
oN

in this case and Theorem 2.3 does not apply. Note that such a scenario causes Taylor instability
in turbulence theory, where the fluid is excited by one or more rotating bodies, see e.g. Davidson

[2]-
First observe that, in accordance with Kozono and Yanagisawa [11], the vector field u;, admits
an extension

u; = curl(d.z)

as in (4.5). Consequently, following the line of arguments used in Section 5 we arrive at the
inequality

1 t=T++T1 m T+1
[ / [59111 ~upf P(gﬂ dx} [ T R g 8t < 7 @l Tl
t=T
(6.3)

Next, we derive refined pressure estimates based on the fact that u - n|sqg = 0. We consider
1 1
‘P2¢8 0~ 17 Qdﬂ? >¢€Cc(0>oo>
192] Ja

12



as a test function in the momentum balance (2.2). After a straightforward manipulation, we deduce

T+7 1 1 t=T+41
p(o) o — — de} dxdt:{/gu-B[g——/gdx} dx}
AN ECI ) 0 0
T+T
/ /gu B[div,(ou)] dzdt
T Q

TH41 1
/ /Qu®u Vv.B |:Q— 0 dx} dz dt (6.4)
v Jo 19[ Jo

T+

+/ /S :V {Q——/de] dx dt
v Ja €2 Jq
T+t
08 - B{Q— 0 dx} dz dt

-, o,

At this stage, we recall that B : L — VVO1 " is a bounded linear operator for any 1 < ¢ < oo, and,
in addition,

1B[diva V]l .4 N IVl Lrurey 1 <1 < oo if divev € LY(Q), v-nlpg =0,

see Geissert, Heck, and Hieber [8]. Consequently, all the integrals on the right—hand side may be
controlled by the dissipation term in (6.3) exactly as in Section 5.
Finally, as the total mass M is a constant of motion, and, consequently

M 1/ b oo
o= | e dz<p,
Q9] Jq

[ w0 [g—ﬁfgg dx] a2 [ ple) s — (o)

which yields the following result.

Theorem 6.1 (Impermeable boundary). Let Q C R?, d = 2,3 be a bounded domain of class C>.
Suppose that g € L>(2; RY), and that the boundary velocity satisfies

we get

uy - n’aQ =0.

Then there is Eo such that

imsup [ (Sl 4 Plo)] 1) ao <,
Q

t—o00

T+1
limsup/ {||u||12/vl,2(Q;Rd)+/p(g) dx} dt <&
Q

T—o0 T
for any global-in—time solution (o, u) of the Navier—Stokes system (1.1)—(1.4) specified in Definition
2.1.
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