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2SWLPDO�5HSODFHPHQW�6WUDWHJLHV�LQ
+HDW�7UDQVPLVVLRQ�6\VWHPV

-DFHN�$��&XNURZVNL
&(5*(�(,��3UDJXH��&]HFK�5HSXEOLF

)HEUXDU\�����

$EVWUDFW

,Q�WKLV�SDSHU��WKH�LVVXH�RI�PDLQWDLQLQJ�DQ�RSWLPDO�OHYHO�RI�VHUYLFHV�SURYLGHG�E\�KHDW�WUDQVPLVVLRQ
V\VWHPV�ZRUNLQJ�LQ�LQGHILQLWH�WLPH�LV�DQDO\]HG��,Q�VXFK�V\VWHPV��D�VWDEOH�OHYHO�RI�VHUYLFHV�FDQ�EH
SUHVHUYHG�RQO\�LI�SDUWV�RI�WKH�KHDW�WUDQVPLVVLRQ�SLSHOLQHV�DUH�SHULRGLFDOO\�UHSODFHG��,W�LV�VKRZQ
WKDW�WKH�UHSODFHPHQW�SROLFLHV�WKDW�PD[LPL]H�WRWDO�GLVFRXQWHG�QHW�EHQHILWV�LQ�LQGHILQLWH�WLPH�DUH
VWDWLRQDU\��L�H���LQWHUYDOV�RI�WKH�SLSHOLQHV�RI�WKH�VDPH�OHQJWK�KDYH�WR�EH�UHSODFHG�LQ�HDFK�SHULRG��
7KH�SDSHU�SUHVHQWV�PHWKRGV�IRU�GHWHUPLQLQJ�VWDWLRQDU\�UHSODFHPHQW�SROLFLHV�LQ�KRPRJHQHRXV�DQG
QRQ�KRPRJHQHRXV�KHDW�WUDQVPLVVLRQ�SLSHOLQHV��0RUHRYHU��LW�LV�VKRZQ�WKDW��IRU�WKH�SXUSRVH�RI
DQDO\]LQJ�VWDWLRQDU\�UHSODFHPHQW��FRPSOH[�KHDW�WUDQVPLVVLRQ�QHWZRUNV�FDQ�EH�GHFRPSRVHG�LQWR
D�VHW�RI�QRQ�KRPRJHQHRXV�SLSHOLQHV��6XFK�D�GHFRPSRVLWLRQ�VLPSOLILHV�WKH�DQDO\VLV�DQG�PDNHV�WKH
PHWKRGV�SUHVHQWHG�XVHIXO�IRU�LQYHVWLJDWLQJ�KHDW�WUDQVPLVVLRQ�QHWZRUNV�RI�DQ\�VL]H�

$EVWUDNW

9�³OgQNX�MH�DQDO\]RYgQ�SUREOkP�RSWLPgOQm�rURYQÀ�VOX©HE��NWHUk�SRVN\WXMm�V\VWkP\�SÎHQRVX�WHSOD
SUDFXMmFm�Y�QHRPH]HQkP�³DVH��6WDELOQm�rURYHÈ�VOX©HE�Y�WDNRY¬FK�V\VWkPHFK�PÖ©H�E¬W�]DFKRYgQD
MHQ�NG\©�VH�³gVWL�V\VWkPX�SÎHQRVX� WHSOD�SHULRGLFN\�Y\PÀÈXMm�� -H�]GH�SRXNg]gQR�QD�IDNW��©H
Y¬PÀQQk�SRVWXS\��NWHUk�PD[LPDOL]XMm�FHONRYk�GLVNRQWRYDQk�X©LWN\�Y�QHRPH]HQkP�³DVH��MVRX
VWDFLRQgUQm��W]Q���©H�Y�ND©Gk�SHULRGÀ�MH�QXWQk�Y\PÀQLW�VWHMQÀ�GORXKRX�³gVW�SRWUXEm���²OgQHN�XYgGm
PHWRG\�SUR�XU³RYgQm�SRVWXSX�VWDFLRQgUQmFK�Y¬PÀQ�X�KRPRJHQQmFK�D�QHKRPRJHQQmFK��V\VWkPÖ
SÎHQRVX�WHSOD��-H�]GH�WDNk�XNg]gQR��©H�SÎL�DQDO¬]H�VWDFLRQgUQmFK�Y¬PÀQ�PRKRX�E¬W�NRPSOH[Qm
VmWÀ�SÎHQRVX�WHSOD�GHNRPSRQRYgQ\�GR�PQR©LQ\�QHKRPRJHQQmFK�SRWUXEm��7DNRYg�GHNRPSR]LFH
]MHGQRGX§XMH�DQDO¬]X�D�GÀOg�]H�]GH�XYHGHQ¬FK�PHWRG�X©LWH³Q¬�SURVWÎHGHN�N�Y\§HWÎRYgQm�VmWm
SÎHQRVX�WHSOD�OLERYROQ¬FK�YHOLNRVWm�
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,QWURGXFWLRQ

,Q�WKH�EURDG�FODVV�RI�HQJLQHHULQJ�V\VWHPV�SURYLGLQJ�VHUYLFHV�RI�GLIIHUHQW�NLQGV�
VXFK� DV� OLJKWLQJ�� KHDWLQJ� RU� WUDQVSRUWDWLRQ�� WKH� PDLQ� GHWHUPLQDQW� RI� OHDGLQJ
HFRQRPLF�LQGLFDWRUV�LV�WKH�OHYHO�RI�SHUIRUPDQFH�RI�GXUDEOH�HTXLSPHQW��7KLV�OHYHO
XVXDOO\�GHFUHDVHV�ZLWK� WKH� DJH�RI� WKH� V\VWHP�� DQG�� WKHUHIRUH�� D� VWDEOH� IORZ�RI
VHUYLFHV�FDQ�EH�SURYLGHG�RQO\�LI�FHUWDLQ�SDUWV�RI�WKH�HTXLSPHQW�DUH�UHSODFHG�IURP
WLPH�WR�WLPH�E\�QHZ�RQHV��6XFK�UHSODFHPHQWV��RQ�WKH�RQH�KDQG��UHGXFH�WKH�QXPEHU
RI�IDLOXUHV��EXW��RQ�WKH�RWKHU�KDQG��LQGXFH�DGGLWLRQDO�FRVWV�DQG�WKHUHIRUH�KDYH�WR�EH
DQDO\]HG�LQ�DQ�HFRQRPLF�FRQWH[W�

7KH�LVVXH�RI�WKH�PDQDJHPHQW�RI�GXUDEOH�HTXLSPHQW�KDV�EHHQ�IUHTXHQWO\�DQDO\]HG
LQ�WKH�HFRQRPLF�OLWHUDWXUH��$Q�RYHUYLHZ�RI�WKHVH�VWXGLHV�KDV�EHHQ�SUHVHQWHG��IRU
LQVWDQFH��E\�$UURZ�HW�DO����������+DDYHOPR���������DQG�=DEHO���������,PSHWXV�IRU
WKH�GHYHORSPHQW�RI�WKLV�SDUW�RI�HFRQRPLF�WKHRU\�KDV�FRPH�ODUJHO\�IURP�SUDFWLFDO
LVVXHV�VXFK�DV�RSWLPDO�PDLQWHQDQFH�RI�FRPSOH[�HOHFWURQLF�HTXLSPHQW��PRGHUQ
DLUFUDIW��FRPSXWHUV��FRPPXQLFDWLRQ�HTXLSPHQW��VSDFHFUDIW��RSWLPDO�UHSODFHPHQW
LQ� WKH�PLOLWDU\�V\VWHPV��RU�RSWLPDO�PDQDJLQJ�RI� WKH�VWRFN�RI�PDFKLQHV� LQ� WKH
SURGXFWLRQ�VHFWRUV��VHH��H�J���-RUJHQVRQ�HW�DO���������RU�:DJQHU��������

6SDWLDOO\�GLVWULEXWHG�OLQH�WUDQVPLVVLRQ�RU�WUDQVSRUW�V\VWHPV��VXFK�DV�JDV�DQG�RLO
SLSHOLQHV�� HQHUJ\� VXSSO\� OLQHV�� FRQYH\RUV� LQ� PDQXIDFWXULQJ� V\VWHPV�� SRZHU
WUDQVPLVVLRQ� OLQHV�� RU� KHDW� DQG� ZDWHU� SLSHOLQHV�� VWDWH� LPSRUWDQW� FODVVHV� RI
HQJLQHHULQJ� V\VWHPV� DQG� KDYH� EHHQ� DOVR� IUHTXHQWO\� DQDO\]HG� LQ� DQ� HFRQRPLF
FRQWH[W��VHH��IRU�H[DPSOH��9DOTXL��������2VLDGDF]��������'H�:ROI�DQG�6PHHUV�
������

7KH�SUHVHQW�SDSHU�IRFXVHV�RQ�WKH�RSWLPDO�PDQDJHPHQW�RI�GXUDEOH�HTXLSPHQW�LQ
KHDW� WUDQVPLVVLRQ�V\VWHPV�ZKLFK�DUH�XVHG� LQGHILQLWHO\��+RZHYHU�� WKH�PHWKRGV
SUHVHQWHG�FDQ�DOVR�EH�DSSOLHG�WR�RWKHU�NLQGV�RI�WUDQVPLVVLRQ�V\VWHPV��XQGHU�WKH
DVVXPSWLRQ� WKDW� UHSODFHPHQWV� DUH� SHULRGLF�� WKH� WLPH� EHWZHHQ� UHSODFHPHQWV� LV
H[RJHQRXVO\�JLYHQ��DQG�WKH�VHW�RI�FRQGLWLRQV�FRQFHUQLQJ�WHFKQLFDO�FKDUDFWHULVWLFV
LV�VDWLVILHG��

����7KH�+HDW�7UDQVPLVVLRQ�6\VWHP

$�KHDW�WUDQVPLVVLRQ�V\VWHP�FDQ�EH�GHILQHG�DV�D�VHW�RI�LQWHUFRQQHFWHG�SLSHOLQHV�WKDW
OLQN�VSDWLDOO\�GLVWULEXWHG�SRLQWV��D�VRXUFH�RI�WKH�KHDW�HQHUJ\�ZLWK�D�VHW�RI�UHFHLYHUV�
7KH�HOHPHQWV�RI�WKLV�V\VWHP��KHDW�WUDQVPLVVLRQ�SLSHOLQHV��GLIIHU�LQ�WKHLU�WHFKQLFDO
SDUDPHWHUV�� VXFK� DV� LQVXODWLRQ� RU� GLDPHWHU�� DQG�� FRQVHTXHQWO\�� DIIHFW� WKH
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RSHUDWLRQDO�UHOLDELOLW\�RI�WKH�HQWLUH�KHDWLQJ�V\VWHP�GLIIHUHQWO\�

$W�HYHU\�PRPHQW�RI�WKH�V\VWHP�V�SHUIRUPDQFH��WKH�SLSHOLQH�FDQ�EH�LQ�RQH�RI�WZR
H[WUHPH�VWDWHV��JRRG�RU�IDLOHG��:KHQ�WKH�SLSHOLQH�LV�JRRG��LW�SHUIRUPV�SUHFLVHO\
DFFRUGLQJ�WR�VSHFLILFDWLRQ��L�H���LW�WUDQVPLWV�WKH�KHDW�HQHUJ\���ZKHQ�LW�KDV�IDLOHG�
WKHUH�LV�D�EUHDN�LQ�WUDQVPLVVLRQ��)DLOXUHV�RI�WKH�SLSHOLQH�WUDQVIHU�LW�IURP�WKH�JRRG
VWDWH�WR�WKH�IDLOHG��7KH\�FDQ�RFFXU�DW�DQ\�SRLQW�LQ�WKH�SLSHOLQH��L�H���RQ�DQ�DUELWUDULO\
VPDOO�OHQJWK�RI�WKH�OLQH��DQ�LQILQLWH�QXPEHU�RI�IDLOXUHV�FDQ�RFFXU���7KH�RQO\�DFWLRQ
ZKLFK�WUDQVIHUV�WKH�SLSHOLQH�IURP�D�IDLOHG�VWDWH�WR�D�JRRG�VWDWH�LV�D�UHSDLU�ZKLFK
FRQVLVWV�RI�WKH�UHSODFHPHQW�RI�D�VPDOO�SLHFH�RI�IDLOHG�SLSHOLQH�MXVW�DW�WKH�SRLQW
ZKHUH�WKH�IDLOXUH�RFFXUUHG��,W�PHDQV�WKDW�HDFK�UHSDLU�UHQHZV�RQO\�D�YHU\�VPDOO
VHFWLRQ�RI�WKH�SLSHOLQH��7KLV�VHFWLRQ�LV�VR�VKRUW�LQ�FRPSDULVRQ�ZLWK�WKH�OHQJWK�RI
WKH�SLSHOLQH�WKDW�WKH�UHSDLU�GRHV�QRW�FKDQJH�WKH�UHOLDELOLW\�FKDUDFWHULVWLFV�RI�WKH
FRQVLGHUHG�SLSHOLQH�DV�D�ZKROH��6WHSLHQ������D���DV�LV�XVXDOO\�DVVXPHG��+HQFH��IRU
WKH�SXUSRVH�RI�UHOLDELOLW\�DQDO\VLV��WKH�WUDQVPLVVLRQ�OLQH�FDQ�EH�UHSUHVHQWHG�DV�DQ
LQILQLWH� VHTXHQFH� RI� SLHFHV� �UHQHZDEOH� HOHPHQWV�� ZLWK� ]HUR� OHQJWK� �6WHSLHQ�
����D��� 7KH� UHOLDELOLW\� FKDUDFWHULVWLFV� RI� HYHU\� VHSDUDWH� SLHFH� �L�H��� RI� HYHU\
UHQHZDEOH� HOHPHQW�� FDQQRW� EH� PHDVXUHG�� EXW� WKH� UHOLDELOLW\� LQGLFDWRUV� RI� WKH
SLSHOLQH� ZLWK� UHVSHFW� WR� WKH� VWDQGDUG� LQWHUYDO� FDQ� EH� HVWLPDWHG� HPSLULFDOO\
�6WHSLHQ������D��

7KH�PDLQ� UHOLDELOLW\� FKDUDFWHULVWLFV� RI� WKH� OLIHWLPH� RI� WKH� KHDW� SLSHOLQH� LV� WKH
SLSHOLQH�V�IDLOXUH�UDWH�DW�D�JLYHQ�PRPHQW�W��8�W����GHILQHG�DV�WKH�SUREDELOLW\�WKDW�WKH
SLSHOLQH�ZLOO�IDLO�LQ�WKH�LQWHUYDO��W�W���GW��XQGHU�WKH�FRQGLWLRQ�WKDW�LW�VXUYLYHG�XQWLO
PRPHQW�W�

���

ZKHUH�)�W��LV�D�FXPXODWLYH�SUREDELOLW\�IXQFWLRQ�RI�WKH�OLIHWLPH�RI�WKH�KHDW�SLSHOLQH�
DQG�I�W�� �G)�W��GW�LV�LWV�SUREDELOLW\�GHQVLW\�IXQFWLRQ�

,W�KDV�EHHQ�VKRZQ�E\�6WHSLHQ������D������E��WKDW�WKH�OLIHWLPH�RI�KHDW�SLSHOLQHV�LV
GHVFULEHG�E\�D�UDQGRP�YDULDEOH�ZLWK�D�:HLEXOO�GLVWULEXWLRQ��&RQVHTXHQWO\��WKH
IDLOXUH�UDWH�RI�WKH�VWDQGDUG�LQWHUYDO�RI�WKH�SLSHOLQH�LV�VSHFLILHG�E\

���

ZKHUH� "� !� ��� (� !� �� �VHH� )LJXUH� ���� 7KH� HPSLULFDOO\� GHWHUPLQHG� YDOXHV� RI
SDUDPHWHUV� "� DQG� (�� IRU� VRPH� W\SHV� RI� KHDW� SLSHOLQHV� FRPLQJ� IURP� KHDW
WUDQVPLVVLRQ�V\VWHPV�LQ�3RODQG��6WHSLHQ�����D������E���DUH�SUHVHQWHG�LQ�7DEOH���
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)LJXUH��
6KDSHV�RI�WKH�)XQFWLRQV�RI�)DLOXUH�5DWHV�LQ�:HLEXOO�'LVWULEXWLRQ�IRU

$������"������%��"� ����&������"������'��"� ����(��"�!��

7DEOH��
9DOXHV�RI�SDUDPHWHUV�"�DQG�(�RI�:HLEXOO�GLVWULEXWLRQV�GHVFULELQJ�WKH�OLIHWLPH�RI

FRPPRQO\�XVHG�W\SHV�RI�SLSHOLQHV��IRU����P�

1R� +HDW�LQVXODWLRQ 'LDPHWHU
�PP�

" (

�� $VEHVWRV�FHPHQW ��� ��� ����

�� $VEHVWRV�FHPHQW ��� ��� ����

�� $VEHVWRV�FHPHQW �� ��� ����

�� )RDPHG�FRQFUHWH ��� ��� ����

�� )RDPHG�FRQFUHWH �� ��� ����

�� *ODVV�ZRRO ��� ��� ����

�� *ODVV�ZRRO ��� ��� ����

�� )LOO�PDVV ��� ��� ����

�� )LOO�PDVV �� ��� ����

2QH�FDQ�QRWH�WKDW��IRU�HDFK�SDUWLFXODU�W\SH�RI�SLSHOLQH��WKH�YDOXH�RI�SDUDPHWHU�"�LV



�

PD[
�O��O����

j
4

W'�
$W>XW�7W�OW� & FW OW@

JUHDWHU�WKDQ����7KLV�FRUUHVSRQGV�WR�D�YHU\�LQWHQVLYH�DJHLQJ�SURFHVV�FKDUDFWHUL]HG
E\�FXUYH�(�LQ�)LJXUH���

$IWHU�HDFK�IDLOXUH��WKH�SLSHOLQH�LV�UHSDLUHG�E\�UHSODFLQJ�D�SLHFH�RI�LW��7KH�GXUDWLRQV
RI�WKHVH�UHSDLUV�DUH�VWRFKDVWLF�DQG�GHSHQG�RQ�WKH�WHFKQLFDO�FKDUDFWHULVWLFV�RI�WKH
SLSHOLQH� UHSDLUHG� �PRVWO\� RQ� LWV� GLDPHWHU��� DV� ZHOO� DV� RQ� WKH� RUJDQL]DWLRQDO
SURSHUWLHV�RI�WKH�UHSDLU�WHDPV��7KH�HPSLULFDO�DQDO\VLV�VKRZV�WKDW�WKH�GXUDWLRQV�RI
WKHVH�UHSDLUV�FDQ�EH�GHVFULEHG�E\�D�QHJDWLYH�H[SRQHQWLDO�GLVWULEXWLRQ��VHH�6WHSLHQ�
����E��

7R�FRQVLGHU�WKH�SHUIRUPDQFH�RI�WKH�KHDWLQJ�V\VWHP�LQ�GLVFUHWH�WLPH��OHW�XV�GHQRWH
WKH�IDLOXUH�UDWH�RI�D�FHUWDLQ�VWDQGDUG�LQWHUYDO��H�J������P��RI�L�SHULRGV�ROG�SLSHOLQH
DV�8L��L� ������������DQG�DVVXPH�WKDW�WKH�GXUDWLRQ�RI�D�VLQJOH�SHULRG�HTXDOV�RQH�\HDU�
7KH�IDLOXUH�UDWH�8L�LQFUHDVHV�ZLWK�WKH�QXPEHU�RI�SHULRGV��L� �����������FRUUHVSRQGLQJ
WR�WKH�DJHLQJ�SURFHVV��VHH�FXUYH�(�LQ�)LJXUH�����$Q�LQFUHDVH�LQ�WKH�QXPEHU�RI
IDLOXUHV�GHFUHDVHV�WKH�OHYHO�RI�VHUYLFHV�SURYLGHG��$�QDWXUDO�ZD\�WR�LPSURYH�WKH
UHOLDELOLW\�RI�WKH�V\VWHP��L�H���WR�GHFUHDVH�WKH�IDLOXUH�UDWH��LV�WR�XVH�EUHDNV�EHWZHHQ
KHDWLQJ�VHDVRQV�WR�UHSODFH�WKH�ROGHVW�SDUWV�RI�KHDW� WUDQVPLVVLRQ�SLSHOLQHV��7KH
PHWKRG�IRU�GHWHUPLQLQJ�WKH�RSWLPDO�UHSODFHPHQWV�LV�GLVFXVVHG�EHORZ�

����2SWLPDO�5HSODFHPHQW�3ROLF\�IRU�WKH�+RPRJHQHRXV�3LSHOLQH

$VVXPLQJ� WKDW� WKH� UHSODFHPHQW� LV� FDUULHG� RXW� GXULQJ� EUHDNV� EHWZHHQ� KHDWLQJ
VHDVRQV��WKH�REMHFWLYH�RI�WKH�UHSODFHPHQW�SROLF\�LV�WR�ILQG�D�VHTXHQFH��O��O��O�������RI
LQWHUYDOV� RI� WKH� KRPRJHQHRXV� SLSHOLQH� WKDW� KDYH� WR� EH� UHSODFHG� LQ� RUGHU� WR
PD[LPL]H�WKH�WRWDO�GLVFRXQWHG�QHW�EHQHILWV�RYHU�WKH�OLIH�RI�WKH�V\VWHP�DQDO\]HG�

7DNLQJ�LQWR�DFFRXQW�WKDW�WKH�OLIHWLPH�RI�WKH�WUDQVPLVVLRQ�V\VWHP�LV�XQOLPLWHG��WKH
RSWLPDO�SROLF\�FDQ�EH�GHULYHG�IURP�WKH�IROORZLQJ�LQILQLWH�KRUL]RQ��GLVFRXQWHG�
G\QDPLF�SURJUDPPLQJ�SUREOHP��LW�LV�DVVXPHG�WKDW�WKH�SUHYHQWLYH�UHSODFHPHQW�LV
GRQH�EHIRUH�WKH�KHDWLQJ�VHDVRQ��

���

ZKHUH�WKH�PD[LPL]DWLRQ�LV�VXEMHFW�WR�

7W��� �J�7W�OW������ZLWK�7�� �8��� ����

DQG
OW� LV� D� FRQWURO� YDULDEOH� �WKH� OHQJWK� RI� WKH� SLSHOLQH� UHSODFHG� LQ� SHULRG� W�
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W� ������������
7W� LV� D� VWDWH� YDULDEOH� �WKH� IDLOXUH� UDWH� DW� WKH� EHJLQQLQJ� RI� SHULRG� W�

W� �������������
XW�7W�OW�� LV� WKH� QHW� EHQHILW� �WKH� JURVV� EHQHILW� GHULYHG� IURP�RSHUDWLQJ� WKH

SLSHOLQH� OHVV� DQ\� RSHUDWLQJ� FRVWV�� LQ� SHULRG� W� �W� ���������� ZKHQ� WKH
UHSODFHPHQW�OW0>��/@��/�LV�WKH�WRWDO�OHQJWK�RI�WKH�SLSHOLQH�DQDO\]HG��LV
GRQH�LQ�WKLV�SHULRG�DQG�WKH�VWDWH�RI�WKH�SLSHOLQH�DW�WKH�EHJLQQLQJ�RI�WKH
SHULRG�LV�FKDUDFWHUL]HG�E\�7W�

FW�LV�WKH�FRVW�RI�UHSODFLQJ�WKH�XQLW�RI�WKH�SLSHOLQH���P���
$�LV�D�GLVFRXQW�IDFWRU��$0��������

$VVXPLQJ�WKDW�DOO�WKH�SDUDPHWHUV�DUH�VWDWLRQDU\�RYHU�WLPH��WKH�RSWLPDO�VROXWLRQ�WR
DQ�LQILQLWH�KRUL]RQ��GLVFRXQWHG��G\QDPLF�SURJUDPPLQJ�SUREOHP�LV�WLPH�LQYDULDQW
�VHH��IRU�H[DPSOH��6DUJHQW��������&KDSWHU�����7KXV��LQ�WKH�SUREOHP�FRQVLGHUHG��WKH
RSWLPDO�UHSODFHPHQW�SROLF\�LV�VWDWLRQDU\��L�H���O�
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7R�ILQG�O
��FRQVLGHU�D�KRPRJHQHRXV�SLSHOLQH�ZLWK�WRWDO�OHQJWK�/��LQ�ZKLFK�LQWHUYDO
O�LV�UHSODFHG�HDFK�SHULRG��$VVXPH�ILUVW�WKDW�WKH�OHQJWK�RI�WKH�LQWHUYDO�UHSODFHG��O�
EHORQJV�WR�WKH�LQWHUYDO��/���/@��7KXV��HDFK�SHULRG�WKH�SLSHOLQH�FRQVLGHUHG�FRQVLVWV
RI�DQ�LQWHUYDO��O��RI�QHZ�SLSHOLQH��FKDUDFWHUL]HG�E\�IDLOXUH�UDWH�8���DQG�DQ�LQWHUYDO
�/�!�O��RI�RQH�\HDU�ROG�SLSHOLQH��FKDUDFWHUL]HG�E\�IDLOXUH�UDWH�8����&RQVHTXHQWO\�
WKH�IDLOXUH�UDWH�RI��P�RI�VXFK�D�SLSHOLQH�FDQ�EH�GHWHUPLQHG�DV

���

$VVXPLQJ�WKDW�8��DQG�8��DUH�VPDOO�QXPEHUV��WKH�ODVW�WHUP�LQ�WKH�H[SUHVVLRQ�DERYH
FDQ�EH�QHJOHFWHG��DQG��ILQDOO\��WKH�GHSHQGHQFH�RI�WKH�IDLOXUH�UDWH��7��RQ�WKH�OHQJWK
O��ZKHQ�O0�O���/@��RI�WKH�VWDWLRQDU\�UHSODFHPHQW�FDQ�EH�VSHFLILHG�DV

���

6LPLODUO\�

���

���

HWF��6XFFLQFWO\��WKH�H[SUHVVLRQV�DERYH�FDQ�EH�UHSUHVHQWHG�DV

���
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,W� WXUQV�RXW� WKDW� WKH�IDLOXUH�UDWH�7�O�� LV�D�GHFUHDVLQJ�IXQFWLRQ�RI� WKH�VWDWLRQDU\
UHSODFHPHQW��O��RQ�HDFK�LQWHUYDO��/��Q������/�Q@��ZKHUH�Q� �����������)RU�HDFK�VXFK
LQWHUYDO��VSHFLILHG�E\�Q��WKH�IDLOXUH�UDWH��7Q��FDQ�EH�UHSUHVHQWHG�DV�D�OLQHDU�IXQFWLRQ
RI�WKH�OHQJWK�RI�WKH�VWDWLRQDU\�UHSODFHPHQW�O��O0�/��Q����/�Q@����

7Q�O�� �DQ���EQ�O�� ��������������

ZKHUH�DQ��DQ�!����DQG�EQ��EQ������DUH�FRQVWDQWV��IRU�HDFK�IL[HG�YDOXH�RI�Q��GHILQHG
DV�IROORZV�

����

7KLV�LPSOLHV�WKDW��LQ�D�VWHDG\�VWDWH��WKH�IDLOXUH�UDWH��L�H���WKH�VWDWH�YDULDEOH��LV�IXOO\
GHWHUPLQHG� E\� D� VWDWLRQDU\� FKRLFH� RI� O�� L�H���7�O�� �7Q�O��� LI� O0�/��Q����/�Q@�
&RQVHTXHQWO\��LQ�RUGHU�WR�ILQG�WKH�RSWLPDO�OHQJWK�RI�WKH�UHSODFHPHQW��LW�LV�HQRXJK
WR�FRQVLGHU�WKH�IROORZLQJ�RSWLPL]DWLRQ�SUREOHP�

����

ZKHUH�X�7�O��O�� LV� WKH�QHW�EHQHILW� JHQHUDWHG� LQ� HDFK�SHULRG�ZKHQ�D�SUHYHQWLYH
UHSODFHPHQW��O��LV�GRQH�GXULQJ�EUHDNV�EHWZHHQ�KHDWLQJ�VHDVRQV��DQG�F� �F�� �F�� ����
GHQRWHV�WKH�FRVW�RI�UHSODFLQJ�D�XQLW�RI�WKH�SLSHOLQH��

$VVXPLQJ�WKDW�WKH�WRWDO�EHQHILW�JHQHUDWHG�E\�D�KHDWLQJ�V\VWHP�GXULQJ�RQH�SHULRG
ZKHQ�QR�IDLOXUHV�RFFXU��%W��DQG�WKH�DYHUDJH�FRVW�RI�D�VLQJOH�UHSDLU��N��DUH�FRQVWDQW
LQ�HDFK�SHULRG��WKH�QHW�EHQHILW�JHQHUDWHG�LQ�HDFK�SHULRG��X�7�O��O���LV�GHWHUPLQHG�DV
IROORZV�

����

ZKHUH�
%�LV�WKH�WRWDO��JURVV��EHQHILW�JHQHUDWHG�E\�D�KHDWLQJ�V\VWHP�GXULQJ�D�VLQJOH

SHULRG�ZKHQ�QR�IDLOXUHV�RFFXU�
3�7�O���LV�WKH�SUREDELOLW\�WKDW�WKH�V\VWHP�ZRUNV�ZLWKRXW�EUHDNV�GXULQJ�WKH

SHULRG�FRQVLGHUHG��ZKHQ�LQWHUYDO�O�RI�WKH�SLSHOLQH�LV�UHSODFHG�LQ�HDFK
SHULRG�

7�O��LV�WKH�IDLOXUH�UDWH�RI�WKH�SLSHOLQH�ZKHQ�LQWHUYDO�O�LV�UHSODFHG�LQ�HDFK
SHULRG��7�O���5��6�5��VXFK�WKDW�G7�O��GO�����DQG�G

�7�O��GO��!����
N�LV�WKH�DYHUDJH�FRVW�RI�D�VLQJOH�UHSDLU�
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)LQDOO\��WKH�REMHFWLYH�RI�WKH�SUHYHQWLYH�UHSODFHPHQW�LQ�WKH�FDVH�RI�D�KRPRJHQHRXV
SLSHOLQH�FDQ�EH�VSHFLILHG�DV

����

7KH�SUREDELOLW\�3�7�O��� WKDW� WKH�V\VWHP�XQGHU�VWXG\�ZRUNV�ZLWKRXW�IDLOXUHV�� LI
LQWHUYDO�O�LV�UHSODFHG�LQ�HDFK�SHULRG��LV�VSHFLILHG�DV�IROORZV�

����

ZKHUH�WO�7�O���LV�WKH�DYHUDJH�WLPH�LQ�ZKLFK�WKH�SLSHOLQH�WUDQVPLWV�WKH�KHDW�HQHUJ\
�WO� ���7�O����WU�LV�WKH�DYHUDJH�WLPH�RI�D�VLQJOH�UHSDLU��DQG��� ���WU�GHQRWHV�WKH�QXPEHU
RI�UHSDLUV�WKDW�FDQ�EH�GRQH�LQ�D�XQLW�RI�WLPH�

7DNLQJ�LQWR�DFFRXQW�WKDW�

7�O�� �7Q�O�� �DQ���EQO�����LI��O0�/��Q����/�Q@�� ��������������

WKH�REMHFWLYH�IXQFWLRQ��ZKHQ�WKH�OHQJWK�RI�WKH�UHSODFHPHQW�O0�/��Q������/�Q@��IRU
HDFK�IL[HG�YDOXH�RI�Q��Q� �����������FDQ�EH�ZULWWHQ�DV

����

7KH�ILUVW�GHULYDWLYH�RI�WKH�PD[LPL]HG�IXQFWLRQ�ZLWK�UHVSHFW�WR�O��O0�/��Q������/�Q@�
HTXDOV�]HUR��LI

DQG ��������������

7KH�H[SUHVVLRQ�XQGHU�WKH�URRW�LV�QRQ�QHJDWLYH�LI

����

L�H���LI�EQ0��F�N����

7KH�VHFRQG�GHULYDWLYH�RI�WKH�REMHFWLYH�IXQFWLRQ�HTXDOV

����
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DQG�LW�LV�QHJDWLYH�LI
����

7KLV�LPSOLHV�WKDW�DQ�LQWHULRU�PD[LPXP��LQ�WKH�LQWHUYDO��/��Q������/�Q@��Q� ���������
H[LVWV�RQO\�LI

����

RWKHUZLVH�WKH�PD[LPXP�LQ�WKLV�LQWHUYDO�LV�QRW�LQWHULRU��EQ�LV�FRQVWDQW�LQ�WKH�LQWHUYDO
�/��Q�������/�Q@��Q� ����������DQG��FRQVHTXHQWO\��LQ�HDFK�LQWHUYDO�VSHFLILHG�E\�Q��DW
PRVW�RQH�LQWHULRU�PD[LPXP�H[LVWV��

7KH�REMHFWLYH�IXQFWLRQ�LQFUHDVHV�LQ�WKH�LQWHUYDO��/��Q������/�Q@�LI�LWV�ILUVW�GHULYDWLYH
ZLWK�UHVSHFW�WR�O�LV�SRVLWLYH�IRU�DOO�O0�/��Q������/�Q@��L�H���LI��

����

7KH�UDWLR�%�EQ������DQ���EQO�
��LV�DOZD\V�QHJDWLYH��WKHUHIRUH��WKH�LQHTXDOLW\�DERYH�LV

XQGRXEWHGO\�VDWLVILHG�LI��EQN���F��LV�DOVR�QHJDWLYH��L�H���LI�

����

7KH� YDOXHV� RI� FRHIILFLHQWV� EQ� �Q� ����������� DUH� QHJDWLYH� DQG� GHFUHDVH� ZLWK� Q�
7KHUHIRUH��IRU�VXUH��WKHUH�H[LVWV�VXFK�Q� �Q
�VWDUWLQJ�IURP�ZKLFK�EQ�LV�VPDOOHU�WKDQ
�F�N��F�DQG�N�DUH�FRQVWDQW���DQG��FRQVHTXHQWO\��LQ�DOO�LQWHUYDOV�VSHFLILHG�E\�Q�$�Q
�
WKH�REMHFWLYH�IXQFWLRQ�LV�VWULFWO\�LQFUHDVLQJ�

7KLV� LPSOLHV� WKDW�� LQ� RUGHU� WR� ILQG� WKH� PD[LPXP� RI� WKH� REMHFWLYH� IXQFWLRQ
FRQVLGHUHG�� LW� LV�QRW�QHFHVVDU\� WR� DQDO\]H� �PRUH� WKDQ�Q
� LQWHUYDOV�� WDNLQJ� LQWR
DFFRXQW�WKH�LQWHULRU�PD[LPXP��LI�LW�H[LVWV��RU�WKH�ULJKW�ERXQGDU\�RI�WKH�LQWHUYDO
DQDO\]HG��QRWH�WKDW�7�/�Q�� �DQ���EQ/�Q�LQFUHDVHV�ZLWK�Q��L�H���7�/��Q�������!�7�/�Q��
IRU�Q� �����������DQG�WR�FKRRVH�WKH�OHQJWK�RI�WKH�UHSODFHPHQW�ZKLFK�PD[LPL]HV�WKH
YDOXH�RI�WKH�REMHFWLYH�IXQFWLRQ�

)RUPDOO\��LW�FDQ�EH�IRUPXODWHG�DV�WKH�IROORZLQJ�SUREOHP�RI�GLVFUHWH�RSWLPL]DWLRQ�
���

����
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V�W���O0^O��O������OQ
`
ZKHUH

Q
�LV�WKH�VPDOOHVW�QXPEHU�RI�WKH�LQWHUYDO�LQ�ZKLFK�WKH�YDOXH�RI�FRHIILFLHQW�EQ


LV�VPDOOHU�WKDQ��F�N�
OQ��Q� ��������Q


��DUH�GHWHUPLQHG�DV

����

RU

RWKHUZLVH��������������������������������������������������������������������

1RWH� WKDW� OQ� �Q�  � ��������Q

�� DUH� QRW� QHFHVVDULO\� WKH� RSWLPDO� OHQJWKV� RI� WKH

UHSODFHPHQWV�LQ�WKH�LQWHUYDOV�FRQVLGHUHG��1HYHUWKHOHVV��WKH�RSWLPDO�OHQJWK�RI�WKH
UHSODFHPHQW�EHORQJV�WR�WKH�VHW�^O��O������OQ
`��

7KH� UXQQLQJ� WLPH� RI� WKH� DOJRULWKP� IRU� GHWHUPLQLQJ� WKH� RSWLPDO� UHSODFHPHQW
GHSHQGV�RQ�WKH�QXPEHU�RI�LQWHUYDOV�DQDO\]HG��Q
���7DNLQJ�LQWR�DFFRXQW�WKDW�WKH
IDLOXUH�UDWH�LV�GHWHUPLQHG�E\������WKH�LQHTXDOLW\������FDQ�EH�UHSUHVHQWHG�DV

����

1RWH�WKDW�

����

IRU�DOO�"�!����7KXV��WKH�LQHTXDOLW\������LV�DOZD\V�VDWLVILHG�LI�

����

DQG��FRQVHTXHQWO\��LI�

����

7KH�VPDOOHVW�LQWHJHU�YDOXH��ã��VXFK�WKDW�ã�!�Q��HVWLPDWHV�IURP�DERYH�WKH�QXPEHU
RI�LQWHUYDOV�WKDW�KDYH�WR�EH�DQDO\]HG��Q
��L�H���Q
�LV�DOZD\V�VPDOOHU�RU�DW�PRVW�HTXDO
WR�ã���

$V� DQ� H[DPSOH�� FRQVLGHU� /� �����P� RI� WKH� KRPRJHQHRXV� SLSHOLQH� ZLWK� WKH
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GLDPHWHU����PP�DQG�DVEHVWRV�FHPHQW�LQVXODWLRQ��"� ������(� ��������6XSSRVH�WKDW
WKH�WRWDO�EHQHILW�JHQHUDWHG�E\�D�KHDWLQJ�V\VWHP�GXULQJ�D�VLQJOH�SHULRG�ZKHQ�QR
IDLOXUHV�RFFXU��%��HTXDOV�����GROODUV��WKH�DYHUDJH�FRVW�RI�D�VLQJOH�UHSDLU��N��LV����

GROODUV��DQG�WKH�FRVW�RI�UHSODFLQJ�WKH�XQLW�RI�SLSHOLQH��F��HTXDOV����GROODUV��$VVXPH
DOVR�WKDW�WKH�DYHUDJH�WLPH�RI�D�VLQJOH�UHSDLU��WU��HTXDOV���GD\��L�H���������SDUW�RI�WKH
\HDU� ��� ���WU� �������7KH�RSWLPDO� UHSODFHPHQW�SROLF\�FDQ�EH�GHULYHG�IURP�WKH
DQDO\VLV�RI�QR�PRUH�WKDQ�Q
� ����LQWHUYDOV���/��Q������/�Q@��ZKHUH�Q� �������������WKH
VPDOOHVW� LQWHJHU� QXPEHU� VDWLVI\LQJ� LQHTXDOLW\� ������ã� ������ 7KH� YDOXH� RI� WKH
RSWLPDO� UHSODFHPHQW� �O
��HTXDOV�/���� ����P���7KH�FRUUHVSRQGLQJ�YDOXH�RI� WKH
REMHFWLYH�IXQFWLRQ�HTXDOV�����������GROODUV�

����7KH�1RQ�+RPRJHQHRXV�3LSHOLQH

,Q�UHDO�KHDW�WUDQVPLVVLRQ�V\VWHPV��WUDQVPLVVLRQ�OLQHV�FRQQHFWLQJ�WKH�VRXUFH�ZLWK
WKH�UHFHLYHUV�XVXDOO\�FRQWDLQ�QRW�RQH�EXW�VHYHUDO�KRPRJHQHRXV�SLSHOLQHV��,Q�VXFK
V\VWHPV��HDFK�KRPRJHQHRXV�SLSHOLQH�ZRUNV�XQWLO�LWV�RZQ�IDLOXUH��EXW�HYHU\�IDLOXUH
RI�DQRWKHU�SLSHOLQH�SODFHG�EHWZHHQ�LW�DQG�WKH�VRXUFH�DOVR�LQWHUUXSWV�LWV�ZRUN��7KLV
PHDQV�WKDW�WKH�SLSHOLQHV�ZKLFK�DUH�SODFHG�FORVHU�WR�WKH�VRXUFH�LQIOXHQFH�WKH�ZRUN
RI�WKH�SLSHOLQHV�SODFHG�IDUWKHU�IURP�LW�EXW�QRW�YLFH�YHUVD�

$QDORJRXVO\��DV�LQ�WKH�FDVH�RI�KRPRJHQHRXV�SLSHOLQHV��WKH�RSWLPDO�UHSODFHPHQW
SROLF\�IRU�WKH�WUDQVPLVVLRQ�OLQH�ZLWK�-�KRPRJHQHRXV�LQWHUYDOV�FDQ�EH�GHULYHG�IURP
WKH�IROORZLQJ�RSWLPL]DWLRQ�SUREOHP�

����

ZKHUH�WKH�PD[LPL]DWLRQ�LV�VXEMHFW�WR
7��W��� �J�7��W�O��W��� ������������
7��W��� �J�7��W�O��W��� ������������
�����������������

� 7-�W��� �J�7-�W�O-�W��� ������������
ZLWK�7���� �8�����7���� �8����������7-��� �8-���� ������������

O��W�O��W�����O-�W�DUH�WKH�FRQWURO�YDULDEOHV��WKH�OHQJWKV�RI�WKH�SLSHOLQHV�UHSODFHG�LQ
SHULRG�W��W� ������������

7��W�7��W�����7-�W�DUH�WKH�VWDWH�YDULDEOHV��WKH�IDLOXUH�UDWHV�DW�WKH�EHJLQQLQJ�RI
SHULRG�W��W� ������������

XW�7��W�����7��W�O��W�����O-�W�� LV� WKH� QHW� EHQHILW� LQ� SHULRG� W� �W�  � ���������� ZKHQ
UHSODFHPHQWV�OM�W0>��/M@��/M�LV�WKH�WRWDO�OHQJWK�RI�WKH�SLSHOLQH�M��M� ���������-�
DUH�GRQH�LQ�WKLV�SHULRG��DQG�WKH�VWDWHV�RI�WKH�SLSHOLQHV�DW�WKH�EHJLQQLQJ�RI
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WKH�SHULRG�DUH�FKDUDFWHUL]HG�E\�7M�W��M� ���������-��

����

%W�LV�WKH�WRWDO�UHWXUQ�JHQHUDWHG�E\�WKH�V\VWHP�LQ�SHULRG�W�ZKHQ�QR�IDLOXUHV
RFFXU��

3W�7��W�����7-�W�O��W�����O-�W�� LV� WKH� SUREDELOLW\� WKDW� QR� IDLOXUHV� RFFXU� GXULQJ
SHULRG�W�

NM�W�LV�WKH�DYHUDJH�FRVW�RI�D�VLQJOH�UHSDLU�RI�SLSHOLQH�M�LQ�SHULRG�W�
FM�W�LV�WKH�FRVW�RI�UHSODFLQJ�D�XQLW�RI�SLSHOLQH�M��LQ�SHULRG�W��W� �������������
$�LV�D�GLVFRXQW�IDFWRU��$0��������

,I�DOO�WKH�SDUDPHWHUV�DUH�VWDWLRQDU\�RYHU�WLPH��WKH�RSWLPL]DWLRQ�SUREOHP�DERYH�LV
D�W\SLFDO�LQILQLWH�KRUL]RQ�G\QDPLF�SURJUDPPLQJ�SUREOHP��DQG��FRQVHTXHQWO\��WKH
VROXWLRQ�WR�LW�LV�VWDWLRQDU\��L�H���O���� �O���� �O���� ����� �O�


������O-��� �O-��� �O-��� ����� �O-

�

6LPLODU�WR�WKH�FDVH�RI�D�KRPRJHQHRXV�SLSHOLQH��LI�D�VWDWLRQDU\�UHSODFHPHQW�SROLF\
LV�DSSOLHG��WKHQ�WKH�VWDWH�YDULDEOHV�DUH�IXOO\�GHWHUPLQHG�E\�WKH�YDOXHV�RI�VWDWLRQDU\
UHSODFHPHQWV�O��O������O-��7KHUHIRUH��DVVXPLQJ�WKDW�WKH�YDOXHV�RI�%L��NL��FL�DUH�FRQVWDQW
RYHU�WLPH��WKH�RSWLPL]DWLRQ�SUREOHP�FDQ�EH�IRUPXODWHG�DV�IROORZV�

����

ZKHUH

����

�QM� ������������

8M�L�LV�WKH�IDLOXUH�UDWH�RI�SLSHOLQH�M��M� ���������-��LQ�SHULRG�L��L� �����������

6LPLODU�WR�WKH�FDVH�RI�D�VLQJOH�KRPRJHQHRXV�SLSHOLQH��RQH�FDQ�VKRZ�WKDW�WKHUH�H[LVW
QM


� �M�  � ��������-�� VXFK� WKDW� WKH� REMHFWLYH� IXQFWLRQ� LQFUHDVHV� ZLWK� OM� LI
OM0�/M��QM������/M�QM@�� IRU� DOO� QM� !� QM


� �M� ���������-��� DQG�� FRQVHTXHQWO\�� WKDW� WKH
PD[LPXP� RI� WKH� REMHFWLYH� IXQFWLRQ� FDQ� EH� GHWHUPLQHG� �DQDO\WLFDOO\� RU� XVLQJ
QXPHULFDO�PHWKRGV��RQ�D�ILQLWH�QXPEHU�RI�WKH�LQWHUYDOV�

7KH� FUXFLDO� SRLQW� RI� WKH� DQDO\VLV� LV� WKH� GHWHUPLQDWLRQ� RI� WKH� SUREDELOLW\
3�7��O���7��O�������7-�O-���RI�WKH�ZRUNLQJ�VWDWH�RI�WKH�V\VWHP�XQGHU�VWXG\��7DNLQJ�LQWR
DFFRXQW�WKDW�



��

C�D�VWDWLRQDU\�UHSODFHPHQW�SROLF\�PDNHV�WKH�IDLOXUH�UDWH�FRQVWDQW�� L�H��� LW
FRQYHUWV� WKH�:HLEXOO� GLVWULEXWLRQ� RI� WKH� OLIHWLPH� RI� HDFK� KRPRJHQHRXV
SLSHOLQH�LQWR�D�QHJDWLYH�H[SRQHQWLDO�GLVWULEXWLRQ��DQG
C�WKH�UHSDLU�WLPH�LV�D�UDQGRP�YDULDEOH�ZLWK�QHJDWLYH�H[SRQHQWLDO�GLVWULEXWLRQ�

WKLV� SUREDELOLW\� FDQ� EH� GHWHUPLQHG� XVLQJ� WKH� 0DUNRY� FKDLQV� WHFKQLTXH� �VHH
.OHLQURFN�� ������ IRU� GHWDLOV��� 7KH� FRUUHVSRQGLQJ�PHWKRG� IRU� GHWHUPLQLQJ� WKH
SUREDELOLW\�RI�WKH��JRRG��VWDWH�RI�WKH�QRQ�KRPRJHQHRXV�SLSHOLQH�DV�WKH�IXQFWLRQ
RI�WKH�VWDWLRQDU\�UHSODFHPHQWV�O��O������O-�LV�SUHVHQWHG�EHORZ�

,I�WKH�LQGLFDWRU�RI�WKH�VWDWH�RI�WKH�KRPRJHQHRXV�SLSHOLQH�M��M� ���������-��LV�GHQRWHG
DV

����LI�WKH�KRPRJHQHRXV�SLSHOLQH�M�LV�UHSDLUHG�
DM� � ������������
������9 ����RWKHUZLVH�

WKHQ�WKH�VWDWHV�RI�WKH�KHDW�WUDQVPLVVLRQ�V\VWHP�ZLWK�-�KRPRJHQHRXV�SLSHOLQHV�FDQ
EH�GHVFULEHG�E\�WKH�YHFWRUV�6P� ��D��D������D-���DM0^���`��M� ���������-���6XEVFULSWV�P
�P� ��������-��ZKLFK�LGHQWLI\�WKH�VWDWHV��6P��DUH�VSHFLILHG�DV�P� �1E������ZKHUH�1E�LV
D�GHFLPDO�UHSUHVHQWDWLRQ�RI�WKH�ELQDU\�QXPEHU�VSHFLILHG�E\�WKH�VHTXHQFH�D��D������D-
RI�HOHPHQWV�RI� WKH�FRUUHVSRQGLQJ�YHFWRU��(DFK�VWDWH� �6P��P� ����������

-��FDQ�EH
UHSUHVHQWHG� DV� D� SRLQW� LQ� D� -�GLPHQVLRQDO� (XFOLGHDQ� VSDFH� ZLWK� FRRUGLQDWHV
�D��D������D-���7KXV��WUDQVLWLRQV�IURP�WKH�RQH�VWDWH�WR�DQRWKHU�DUH�SRVVLEOH�RQO\�LI
WKHVH�VWDWHV�GLIIHU�E\�RQO\�RQH�FRRUGLQDWH��L�H���LI�WKH�(XFOLGHDQ�GLVWDQFH�EHWZHHQ
WKHVH�VWDWHV�HTXDOV�RQH���)RUPDOO\��WKH�VWDWH�WUDQVLWLRQ�UDWH�GLDJUDP�RI�WKH�0DUNRY
FKDLQ�ZKLFK�FRUUHVSRQGV�WR�WKH�QRQ�KRPRJHQHRXV�SLSHOLQH�ZLWK�-�KRPRJHQHRXV
LQWHUYDOV�LV�VSHFLILHG�E\�WKH�GLUHFWHG�JUDSK�

*� ��6�'�X��� ��������������

ZKHUH�
6�LV�D�VHW�RI�YHUWLFHV�ZKLFK�LV�HTXDO�WR�WKH�VHW�RI�VWDWHV�

6� �̂ 6���6��������6�-����
'�LV�D�VHW�RI�GLUHFWHG�DUFV��'d6�­�6���VXFK�WKDW�WKH�DUF��6P�6]��EHORQJV�WR�'

LQ�WKH�WZR�IROORZLQJ�FDVHV�
����LI�WKH�YHFWRUV�GHVFULELQJ�VWDWHV�6P�DQG�6]�GLIIHU�RQO\�E\�WKH�YDOXH�RI

RQH�FRRUGLQDWH��VD\�\���#\#-���DQG�P�!�]�
����LI�YHFWRUV�GHVFULELQJ�VWDWHV�6P�DQG�6]�GLIIHU�RQO\�E\�WKH�YDOXH�RI�RQH

FRRUGLQDWH� �VD\� \�� �#\#-��� WKH� ILUVW� \� FRRUGLQDWHV� RI� WKH� YHFWRU
FRUUHVSRQGLQJ� WR� VWDWH� 6P� HTXDO� ]HUR� �L�H��� D� � D� ��� �D\ ����� DQG
P���]�

X�LV�D�WUDQVLWLRQ�UDWH�IXQFWLRQ�WKDW�DVVLJQV�WKH�IROORZLQJ�QXPEHUV�WR�WKH�DUFV
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�6P�6]����6P�6]�0'��RI�JUDSK�*�

����\��LI��6P�6]��LV�D�VXEMHFW�WR�WKH�FDVH���X�6P�6]��� ������������9��7\��LI��6P�6]��LV�D�VXEMHFW�WR�WKH�FDVH���

7KH� VWDWH�WUDQVLWLRQ�UDWH� GLDJUDPV� IRU� SLSHOLQHV� ZLWK� -� ���� -� ���� DQG� -� ��
KRPRJHQHRXV�OLQHV�DUH�SUHVHQWHG�LQ�)LJXUH���
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)LJXUH��
6WDWH�7UDQVLWLRQ�5DWH�'LDJUDP�IRU�D�1RQ�+RPRJHQHRXV�3LSHOLQH

ZLWK��D��-� �����E��-� �����F��-� ���+RPRJHQHRXV�,QWHUYDOV
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X�6P�6]� �

7KH�YHFWRU�RI�VWDWLRQDU\�SUREDELOLWLHV�B� ��>B��B������B�-@��ZKHUH�BP�LV�WKH�VWDWLRQDU\
SUREDELOLW\� WKDW� WKH� V\VWHP� FRQVLGHUHG� LV� LQ� VWDWH� P� �P� ����������-��� FDQ� EH
FDOFXODWHG�IURP�WKH�IROORZLQJ�V\VWHP�RI�OLQHDU�HTXDWLRQV�

4�B� �� �������������

����

ZKHUH�PDWUL[�4�LV�WKH�LQILQLWHVLPDO�JHQHUDWRU�RI�WKH�0DUNRY�SURFHVV�

R X4� ��TP�] ������P�]� ����������-�� ��������������H N
ZKHUH�HOHPHQWV�RXWVLGH�WKH�PDLQ�GLDJRQDO�TP�]��Pû]��DUH�UDWHV�RI�WUDQVLWLRQ�IURP
VWDWH�6P�WR�VWDWH�6]��L�H���TP�]� �X�6P�6]����P�]� ����������

-��Pû]���ZKLOH�WKH�HOHPHQWV
RQ�WKH�PDLQ�GLDJRQDO�TP�P�PDNH�WKH�VXP�RI�HOHPHQWV�RI�HDFK�URZ�HTXDO�WR�]HUR��L�H��

����

7KH�HTXDWLRQV�VSHFLILHG�E\�WKH�ILUVW�H[SUHVVLRQ�DUH�OLQHDUO\�GHSHQGHQW��WKXV�RQH�RI
WKHP�VKRXOG�EH�QHJOHFWHG�

7KH� SUREDELOLW\� RI� VWDWH� 6��������������� L�H��� WKH� SUREDELOLW\� WKDW� WKH� QRQ�
KRPRJHQHRXV�SLSHOLQH�WUDQVPLWV�WKH�KHDW�HQHUJ\��LV�GHWHUPLQHG�DV

B�� �GHW�+
���GHW�+��� ��������������

0DWULFHV�+�DQG�+��DUH�VSHFLILHG�DV�IROORZV�

R X+� ��KP�] ������P�]� ����������-�� ��������������H N
ZKHUH

�������������LI�P� ��-�
KP�]� ��������������9��TP�]�����RWKHUZLVH�

DQG

R X+�� ��K�
P�] ������P�]� ����������

-�� ��������������H N
ZKHUH
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P�]� ��������������9��KP�]����RWKHUZLVH�

7KH�H[SUHVVLRQ������UHSUHVHQWV�WKH�SUREDELOLW\�WKDW�WKH�QRQ�KRPRJHQHRXV�SLSHOLQH
ZRUNV�ZLWKRXW�DQ\�EUHDNV�GXULQJ�WKH�SHULRG�FRQVLGHUHG��DV�D�IXQFWLRQ�RI�WKH�IDLOXUH
UDWHV� RI� WKH� KRPRJHQHRXV� SLSHOLQHV�� DQG�� FRQVHTXHQWO\�� DV� D� IXQFWLRQ� RI� WKH
VWDWLRQDU\�UHSODFHPHQWV�OM��M� ��������-��VHH�&XNURZVNL��������IRU�GHWDLOV���1RWH�WKDW�
LQ� WKH� UHDO� ZRUOG�� HYHQ� LQ� ODUJH� KHDW� WUDQVPLVVLRQ� QHWZRUNV�� WKH� QXPEHU� RI
KRPRJHQHRXV�LQWHUYDOV��-��LQ�QRQ�KRPRJHQHRXV�SLSHOLQHV�LV�XVXDOO\�VPDOO��VHH
6HFWLRQ�����DQG��FRQVHTXHQWO\��GHWHUPLQDWLRQ�RI�WKH�SUREDELOLW\�B��LV�UHODWLYHO\
VLPSOH�

.QRZLQJ�WKH�UHODWLRQVKLS�EHWZHHQ�WKH�OHQJWKV�RI�WKH�VWDWLRQDU\�UHSODFHPHQWV�DQG
WKH�SUREDELOLW\� WKDW� WKH� QRQ�KRPRJHQHRXV�SLSHOLQH�ZRUNV�ZLWKRXW� DQ\�EUDNHV
GXULQJ�WKH�SHULRG�FRQVLGHUHG�

3�7��O���7��O�������7-�O-��� �B�� �GHW�+
���GHW�+��� ��������������

WKH�OHQJWKV�RI�WKH�RSWLPDO�VWDWLRQDU\�UHSODFHPHQWV�FDQ�EH�GHWHUPLQHG�E\�ILQGLQJ
WKH�VROXWLRQ�WR�WKH�PD[LPL]DWLRQ�SUREOHP�VSHFLILHG�DW�WKH�EHJLQQLQJ�RI�WKLV�VHFWLRQ�
+RZHYHU��IRU�FRPSOH[�SLSHOLQHV��L�H���IRU�ODUJH�QXPEHU�RI�KRPRJHQHRXV�LQWHUYDOV��
D�QXPHULFDO�DQDO\VLV�KDV�WR�EH�DSSOLHG��VHH�&XNURZVNL��������IRU�DQ�H[DPSOH��

����+HDW�7UDQVPLVVLRQ�1HWZRUNV

7KH�KHDW�WUDQVPLVVLRQ�SLSHOLQHV�FRQVLGHUHG�LQ�WKH�SUHYLRXV�VHFWLRQV�DUH�XVXDOO\
LQFOXGHG�LQWR�QHWZRUNV�ZKHUH�PDQ\�UHFHLYHUV�DUH�FRQQHFWHG�ZLWK�RQO\�RQH�VRXUFH
RI�KHDW�HQHUJ\��$�VLPSOH�FDVH�RI�D�KHDW�WUDQVPLVVLRQ�QHWZRUN��WKUHH�UHFHLYHUV�DQG
ILYH�LQWHUYDOV�RI�KRPRJHQHRXV�WUDQVPLVVLRQ�OLQHV��LV�SUHVHQWHG�LQ�)LJXUH�����

,Q� VXFK� D� QHWZRUN� HYHU\� UHFHLYHU� LV� FRQQHFWHG� ZLWK� WKH� VRXUFH� E\� D� VHW� RI
KRPRJHQHRXV�SLSHOLQHV�=T��T� ���������4��ZKHUH�4�GHQRWHV�WKH�QXPEHU�RI�UHFHLYHUV��

$Q�RSWLPDO�VWDWLRQDU\�UHSODFHPHQW�SROLF\�IRU�WKH�KHDW�WUDQVPLVVLRQ�QHWZRUN�FDQ
EH�GHULYHG�IURP�WKH�IROORZLQJ�RSWLPL]DWLRQ�SUREOHP�

����

ZKHUH
����
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QM ' ������� � M ' �������� - �

)LJXUH��
$�6LPSOH�6WUXFWXUH�RI�D�+HDW�7UDQVPLVVLRQ�1HWZRUN

%T�GHQRWHV�WKH�UHWXUQ�JHQHUDWHG�E\�FRQQHFWLRQ�T�LQ�D�VLQJOH�SHULRG�ZKHQ�QR
IDLOXUHV�RFFXU��

3T�7��O���7��O�������7-�O-���LV�WKH�SUREDELOLW\�WKDW�FRQQHFWLRQ�T�ZRUNV�GXULQJ
WKH� SHULRG� FRQVLGHUHG�� LI� WKH� LQWHUYDOV� O��O������O-� DUH� UHSODFHG� LQ� HDFK
SHULRG�

7M�OM��GHQRWHV� WKH�IDLOXUH�UDWH�RI�SLSHOLQH�M�� LI� WKH�VWDWLRQDU\�UHSODFHPHQW
HTXDOV�OM��

NM�LV�WKH�DYHUDJH�FRVW�RI�D�VLQJOH�UHSDLU�RI�SLSHOLQH�M��
FM�LV�WKH�DYHUDJH�FRVW�RI�UHSODFHPHQW�RI�RQH�XQLW�RI�SLSHOLQH�M��
/M�LV�WKH�OHQJWK�RI�SLSHOLQH�M�
M� VSHFLILHV� WKH� KRPRJHQHRXV� SLSHOLQH� �M� ���������-�� -� LV� WKH� QXPEHU� RI

KRPRJHQHRXV�SLSHOLQHV�LQ�WKH�QHWZRUN�FRQVLGHUHG��

7KH�SUREDELOLWLHV�3T� �T� ���������4���DV� IXQFWLRQV�RI� WKH� OHQJWKV�RI� WKH� UHSODFHG
LQWHUYDOV��FDQ�EH�GHULYHG�IURP�WKH�0DUNRYLDQ�DQDO\VLV�RI�WKH�WUDQVPLVVLRQ�QHWZRUN�
+RZHYHU��WKH�DQDO\VLV�RI�WKH�QHWZRUN�ZLWK�-�LQWHUYDOV�RI�KRPRJHQHRXV�SLSHOLQHV
OHDGV�WR�D�0DUNRY�FKDLQ�ZLWK��-�VWDWHV��DQG��FRQVHTXHQWO\��WR�D�V\VWHP�RI��-�OLQHDU
HTXDWLRQV��7KH�VROXWLRQ�WR�WKLV�V\VWHP�JLYHV�H[SUHVVLRQV�IRU�WKH�SUREDELOLWLHV�3T
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�T� ���������4���EXW��LQ�JHQHUDO��LI�WKH�QXPEHU�RI�LQWHUYDOV�RI�KRPRJHQHRXV�SLSHOLQHV
LQ�WKH�QHWZRUN�LV�ODUJH��VXFK�DQ�DQDO\VLV�IDFHV�VHULRXV�FRPSXWDWLRQDO�SUREOHPV�
7KHVH�SUREOHPV�FDQ�EH�DYRLGHG�LI�HYHU\�FRQQHFWLRQ�VRXUFH�UHFHLYHU�VSHFLILHG�LQ
WKH�QHWZRUN�LV�DQDO\]HG�VHSDUDWHO\��W\SLFDOO\�HDFK�FRQQHFWLRQ�FRQWDLQV�RQO\�D�IHZ
KRPRJHQHRXV�LQWHUYDOV���$�GHFRPSRVLWLRQ�RI�WKH�QHWZRUN�LV�SRVVLEOH��EHFDXVH�WKH
SUREDELOLW\��3T��WKDW�UHFHLYHU�T��T� ���������4��ZRUNV�GXULQJ�WKH�SHULRG�FRQVLGHUHG
GHSHQGV�RQO\�XSRQ�WKH�IDLOXUH�UDWHV�RI�WKH�KRPRJHQHRXV�SLSHOLQHV�WKDW�FRQQHFW
UHFHLYHU�T�ZLWK�WKH�VRXUFH��L�H���XSRQ�WKH�SLSHOLQHV�WKDW�EHORQJ�WR�WKH�VHW�=T���7KLV
LPSOLHV� WKDW� WKH� SUREDELOLWLHV� 3T� �T� ���������4��� DV� IXQFWLRQV� RI� WKH� OHQJWKV� RI
LQWHUYDOV�RI�KRPRJHQHRXV�SLSHOLQHV�UHSODFHG�LQ�HDFK�SHULRG��FDQ�EH�GHULYHG�IURP
WKH�DQDO\VLV�RI�VHSDUDWHG�QRQ�KRPRJHQHRXV�SLSHOLQHV�VSHFLILHG�E\�WKH�VHWV�=T��DV
LQ�6HFWLRQ�����DQG�WKH�OHQJWKV�RI�RSWLPDO�UHSODFHPHQWV�FDQ�EH�FRPSXWHG�IURP�WKH
DQDO\VLV�RI�WKH�DERYH�RSWLPL]DWLRQ�SUREOHP��D�QXPHULFDO�H[DPSOH�RI�WKLV�DQDO\VLV
LV�SUHVHQWHG�LQ�&XNURZVNL���������,W�WXUQV�RXW�WKDW�WKH�FRPSOH[LW\�RI�DQDO\VLV�LV
GHWHUPLQHG�QRW�E\�WKH�QXPEHU�RI�KRPRJHQHRXV�SLSHOLQHV�LQ�WKH�QHWZRUN��EXW�E\
WKH�PD[LPXP�QXPEHU�RI�SLSHOLQHV�LQ�D�VLQJOH�FRQQHFWLRQ�VRXUFH�UHFHLYHU�

&RQFOXVLRQ

$� VWDEOH� OHYHO� RI� VHUYLFHV� SURYLGHG� E\� KHDW� WUDQVPLVVLRQ� V\VWHPV� FDQ� EH
PDLQWDLQHG�RQO\�LI�VRPH�SDUWV�RI�GXUDEOH�HTXLSPHQW��KHDW�WUDQVPLVVLRQV�SLSHOLQHV�
DUH�SHULRGLFDOO\� UHSODFHG��7KH�SDSHU�VKRZV� WKDW� WKH�UHSODFHPHQW�SROLF\�ZKLFK
PD[LPL]HV� WRWDO� GLVFRXQWHG� QHW� EHQHILWV� LQ� WKH� FDVH� ZKHQ� WKH� V\VWHP� ZRUNV
LQGHILQLWHO\�LV�VWDWLRQDU\��L�H���WKDW�LQWHUYDOV�RI�SLSHOLQHV�RI�WKH�VDPH�OHQJWK�KDYH
WR�EH�UHSODFHG�LQ�HDFK�SHULRG��

,Q�WKH�VLPSOHVW�KHDW�WUDQVPLVVLRQ�V\VWHP��D�VLQJOH�KRPRJHQHRXV�SLSHOLQH���WKH
RSWLPDO� OHQJWK� RI� WKH� LQWHUYDO� UHSODFHG� FDQ� EH� GHWHUPLQHG� WKURXJK� D� VLPSOH
SUREOHP�RI�GLVFUHWH�RSWLPL]DWLRQ��2SWLPDO�UHSODFHPHQW�SROLFLHV�LQ�FRPSOH[�KHDW
WUDQVPLVVLRQ�V\VWHPV�FDQ�EH�HDVLO\�FRPSXWHG�QXPHULFDOO\�XQGHU�WKH�FRQGLWLRQ�WKDW
WKH� SUREDELOLWLHV� RI� WKH� ZRUNLQJ� VWDWH� RI� WKH� QRQ�KRPRJHQHRXV� SLSHOLQHV
FRQQHFWLQJ�WKH�VRXUFH�ZLWK�WKH�UHFHLYHUV�DUH�VSHFLILHG�DV�IXQFWLRQV�RI�WKH�OHQJWKV
RI� WKH� LQWHUYDOV� UHSODFHG�� 6WDWLRQDU\� UHSODFHPHQW� DQG�� FRQVHTXHQWO\�� DQ
H[SRQHQWLDOO\�GLVWULEXWHG�WLPH�EHWZHHQ�IDLOXUHV��ZKHQ�WKH�UHSODFHPHQW�SROLF\�LV
DSSOLHG��DOORZ�XV�WR�GHWHUPLQH�WKHVH�SUREDELOLWLHV�ZLWK�WKH�KHOS�RI�WKH�0DUNRY
FKDLQ�WHFKQLTXH�

2SWLPDO�UHSODFHPHQW�SROLFLHV�IRU�KHDW�WUDQVPLVVLRQ�QHWZRUNV�FDQ�DOVR�EH�IRXQG
QXPHULFDOO\��EDVHG�RQ�H[SUHVVLRQV�IRU�SUREDELOLWLHV�RI�WKH�QHWZRUN�V�VWDWHV��7KHVH
SUREDELOLWLHV� FDQ� EH� GHULYHG� IURP� WKH� 0DUNRY� FKDLQ� RI� WKH� ZKROH� QHWZRUN�
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+RZHYHU��WKH�FRPSOH[LW\�RI�WKH�DQDO\VLV�VLJQLILFDQWO\�GHFUHDVHV�LI�WKH�QHWZRUN
FRQVLGHUHG�LV�GHFRPSRVHG�LQWR�D�VHW�RI�FRQQHFWLRQV��QRQ�KRPRJHQHRXV�SLSHOLQHV
OLQNLQJ�WKH�VRXUFH�ZLWK�WKH�UHFHLYHUV���DQG�WKH�H[SUHVVLRQV�IRU�WKH�FRUUHVSRQGLQJ
SUREDELOLWLHV�DUH�GHULYHG�LQ�D�VHW�RI�VHSDUDWH�PRGHOV��6XFK�D�GHFRPSRVLWLRQ�PDNHV
WKH�PHWKRGV�SUHVHQWHG�LQ�WKH�SDSHU�XVHIXO�IRU�WKH�DQDO\VLV�RI�UHSODFHPHQW�SROLFLHV
LQ�KHDW�WUDQVPLVVLRQ�QHWZRUNV�RI�DQ\�VL]H�



��

5()(5(1&(6

$UURZ��.�� -���6��.DUOLQ��DQG�+��6FDUI�� HGV��������6WXGLHV� LQ� WKH�0DWKHPDWLFDO
7KHRU\�RI�,QYHQWRU\�DQG�3URGXFWLRQ��6WDQIRUG��&$��6WDQIRUG�8QLYHUVLW\�3UHVV�

&XNURZVNL��-��$���������2SWLPDO�0DQDJLQJ�RI�'XUDEOH�(TXLSPHQW�LQ�+HDW�(QHUJ\
7UDQVSRUW� 6\VWHPV��� 7$(*��9LHQQD�8QLYHUVLW\� RI� (FRQRPLFV�	�%XVLQHVV
$GPLQLVWUDWLRQ��:6*�'LVFXVVLRQ�3DSHUV��1R�����

'H�:ROI��'��DQG�<��6PHHUV���������2SWLPDO�'LPHQVLRQLQJ�RI�3LSH�1HWZRUNV�ZLWK
$SSOLFDWLRQ� WR� *DV� 7UDQVPLVVLRQ� 1HWZRUNV��� &25(� 'LVFXVVLRQ� 3DSHUV�
1R�������

+DDYHOPR��7��������$�6WXG\�LQ�WKH�7KHRU\�RI�,QYHVWPHQW��&KLFDJR��8QLYHUVLW\�RI
&KLFDJR�3UHVV�

-RUJHQVRQ��'��:���-��-��0F&DOO��DQG�5��5DGQHU��������2SWLPDO�5HSODFHPHQW�3ROLF\�
$PVWHUGDP��1RUWK�+ROODQG�3XEOLVKLQJ�&RPSDQ\�

.OHLQURFN��/��������4XHXLQJ�6\VWHPV��9RO�����7KHRU\��1HZ�<RUN��-RKQ�:LOH\�
2VLDGDF]��$��-��������6LPXODWLRQ�DQG�$QDO\VLV�RI�*DV�1HWZRUNV��/RQGRQ��(��DQG

)��1��6SRQ�
6DUJHQW��7��-��������'\QDPLF�0DFURHFRQRPLF�7KHRU\��&DPEULGJH��0$��+DUYDUG

8QLYHUVLW\�3UHVV�
6KDPLU��8���������2SWLPDO�'HVLJQ�RI�2SHUDWLRQ�RI�:DWHU�'LVWULEXWLRQ�6\VWHPV��

:DWHU�5HVRXUFHV�5HVHDUFK�������������
6WHSLHQ�� -��&���:�� 6PDJD�� DQG�0��6WU]HOHFNL�� ������ �:S¥\Z� VH]RQRZRÐFL� QD

]DZRGQRÐ±�VLHFL�FLHSOQHM���&LHS¥RZQLFWZR�2JU]HZQLFWZR�:HQW\ODFMD����������
6WHSLHQ�� -�� &�� ����D�� �2FHQD� IXQNFML� QLH]DZRGQRÐFL� VLHFL� FLHSOQ\FK��

&LHS¥RZQLFWZR�2JU]HZQLFWZR�:HQW\ODFMD�������������
���������E���0RGHOH�QLH]DZRGQRÐFL�L�F]DVX�WUZDQLD�DZDULL�VLHFL�FLHSOQ\FK��

&LHS¥RZQLFWZR�2JU]HZQLFWZR�:HQW\ODFMD������������
9DOTXL� 9LGDO�� 5�� 9�� ������ �'HVLJQ� RI� D� 3LSHOLQH� 5RXWH��� 0DWKHPDWLFDO

3URJUDPPLQJ�6WXG\�����������
:DJQHU��+��0��������3ULQFLSOHV�RI�2SHUDWLRQV�5HVHDUFK�ZLWK�$SSOLFDWLRQV� WR

0DQDJHULDO�'HFLVLRQV��(QJOHZRRG�&OLIIV��1-��3UHQWLFH�+DOO��,QF�
=DEHO��(���������(IILFLHQW�$FFXPXODWLRQ�RI�&DSLWDO�IRU�WKH�)LUP���(FRQRPHWULFD

�����������


