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Preliminaries

@ — <a<bh< oo, X isaBanach space,

@ f:[a,b] = X is on [a,b], if
f(s+):= Iirr51+f(7)ex fors e[a,b), f(t—):= Iirp f(r)eX forte(a,b],

® ATf(s)=f(s+)—f(s), A~F(t)=F(t) — F(t—), AF(t) =F(t+) —f(t—).

@ G=0G(][a,b],X) is the space of functions f:[a,b]— X regulated on [a, b].
(G is a Banach space with respect to the norm ||f|l.c= sup ||f(t)]])-
t € [a,b]

e regulated functions are uniform limits of finite step functions,
e regulated functions have at most countably many points of
discontinuity.
@ BV =BV([a,b],X)= {f: [a,b] — X: var? f < oo} is the space of functions
with on [a,b].



Kurzweil-Stieltjes integral

@ G={6[ab]—(0,1)} are on [a,b].

° P:{P:(D,f), D :{a:a0<al< ©00 <O‘m:b}a 52{517 coog fm}e[37 b]m7 ’E] € [aj—17 a]]}
are of [a, b].

@ P=(D,§)eP is if [aj_1, 5] C (& —9(§),& + (&) forall j.

@ For F:[a,b] »L(X), g:[a,b] = X, P =(D,£) eP define

S(F,dg,P) =Y F(§)[g(eg) —9(ey—1)] -

=1

for each e > 0 there is a gauge § € G such that

b
|:/ Fdlg] <> S(F.dg,P) —1| <<
a

/CCFd[g]:O.

for every ¢ — fine tagged division P.
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@ G={6[ab]—(0,1)} are on [a,b].

° P:{P:(D,f), D :{a:a0<al< ©00 <O‘m:b}a 52{517 coog fm}e[37 b]m7 ’E] € [aj—17 a]]}
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i=1

for each e > 0 there is a gauge § € G such that

b
|:/ dFlg < [s(eF,g,P) —1 <<
a

/Ccd[F]g:O.

for every ¢ — fine tagged division P.




Kurzweil-Stieltjes integral

@ RS U improper integrals € KS, LS c KS,
X=R = KS=PS.

@ F:[a,b] — L(X) and g:[a,b] — X are regulated —

b b
/ F d[g] and / d[F]g exist whenever
a a

one of the functions F, g has a bounded variation.




Uniform Convergence

ASSUME:
@ F, FceG for keN, geBv,
o Fk = F.

THEN : /atFk d[g]:;/atF d[g] on [a,b].

ASSUME:
@ FeBV, g,0¢€G for neN,
@ g=g0

THEN : /t Fdlgk] = /t F d[g] on [a, b].

ASSUME:
@ F,FeG, g,0¢€BV for keN,
@ F=F, o=0
@ o :=sup{var® gy :k eN} < oo.

THEN : /tFk dlok] :i/th[g] on [a, b].




Point Convergence

BOUNDED CONVERGENCE THEOREM

() ASSUME:
@ FeBV, g,0¢€G for keN,
@  gk(t) — g(t) on [a,b],
Q@  ||gk|loo £7* < o0 fork eN.

THEN : /abd[F]gk — /abd[F]g.

(i) AssuME:
@ (geBV, F,FeG for keN,
@ F(t) — F(t) on [a,b],
@ ||Fylloo < 2¢* < oo fork eN.

THEN : /:Fk dfg] —>/abF dg].




Equi-integrability

A sequence {fx, gk} is equi-integrable if:
b
o / fi d[gk] exists for each k € N,
a

@ for every € > 0, there is a gauge ¢ on [a, b] such that

b
/ fic dlok] — S(f, gk, P)| < ¢
a

holds for each §-fine partition P of [a, b] and for every k € N.




Equi-integrability

A sequence {fx, 0k} is if:
b
o / fi d[gk] exists for each k € N,
a

@ for every € > 0, there is a gauge ¢ on [a, b] such that

b
/ fic dlow] — S(fi, dgk, P)| < ¢
a

holds for each é-fine partition P of [a, b] and for every k € N.

| \

Equi-integrability Convergence Theorem

AssuME:  {fx,0x} is equi-integrable,

fu(t) — f(t) and g(t) — g(t) for t € [a,b].

b b
THEN: / f d[g] = lim / fi dlok].
a k—oo /a




Equi-integrability

A sequence {fx, 0k} is if:
b
o / fi d[gk] exists for each k € N,
a

@ for every € > 0, there is a gauge ¢ on [a, b] such that

b
/ fic dlow] — S(fi, dgk, P)| < ¢
a

holds for each é-fine partition P of [a, b] and for every k € N.

v

Equi-integrability Convergence Theorem

AssuME:  {fx,0x} is equi-integrable,

fu(t) — f(t) and g(t) — g(t) for t € [a,b].
THEN: /abf dg] = kimoo /ab fi dlok].

t t

MOREOVER: / fx d[gk] :;/ f d[g] on[a,b] whenever {gx} is uniformly bounded on
a a

[a,b].




Consequences of Equi-integrability

Preiss-Schwabik-Kurzweil (PSK) Convergence Theorem

AssuME: dim X <oo,g€BV and f, {fc} are such that
0) inm fi(t) =f(t) forevery te[a,b],

b
(i) /fk dlg] exists for every k €N,
a

£ ro
(i) )jzzl/aj_lfmj d[g]‘ <K < oo

forany / € N, {0o,...,00} € D[a,b] and {m;}/_;CN".

t t
THEN: {f,g} is equi-integrable and /fk d[g] :{/ f d[g].
a a
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If dimX < oo, then Bounded Convergence Theorem follows from PSK Theorem.



Consequences of Equi-integrability

Preiss-Schwabik-Kurzweil (PSK) Convergence Theorem

AssuME: dim X <oo,g€BV and f, {fc} are such that
0) inm fi(t) =f(t) forevery te[a,b],

b
(i) /fk dlg] exists for every k €N,
a

£ ro
(i) )jzzl/aj_lfmj d[g]‘ <K < oo

forany / € N, {0o,...,00} € D[a,b] and {m;}/_;CN".

t t
THEN: {f,g} is equi-integrable and /fk d[g] :{/ f d[g].
a a

If dimX < oo, then Bounded Convergence Theorem follows from PSK Theorem.

Open questions :
@ dimX is not finite,
@ {gk}instead of g.



GLDEs: Existence of solutions

(L) x(t):>?+/td[A]x+f(t)—f(to), tefa,b].



GLDESs: Existence of solutions

(L) x(t):>?+/td[A]x+f(t)f(to), tefa,b].

THEOREM (Schwabik)
ASSUME:

@ AeBV andte][a,b].

° [1—A-A@®)] T eL(X) for te(to,b],

L +A+A(s)]_1 € L(X) for se(a,tp).

THEN: Foreach feG and XX, (L) has 1! solution x €G.




GLDESs: Continuous dependence

Xk (t) = Xk + /t d{A] x + fc(t) — fk(a), tela,b].

X(t) =X+ /td[A]x +f(t)—f(a), tela,b].



GLDESs: Continuous dependence

XK(t)_ik+/td[Ak]x () —fe(@), telab).
X(t) =X+ /td[A]x +f(t)—f(a), tela,b].

A, AeBY, fi,feG, X,XeX forkeN.



GLDESs: Continuous dependence

XK(t)_ik+/td[Ak]x () —fe(@), telab).
X(t) =X+ /td[A]x +f(t)—f(a), tela,b].

A, AeBY, fi,feG, X,XeX forkeN.

THEOREM

ASSUME:

o [I—A-A@M)] TeL(X) for te(a,b],
Ac = A on [a,b], o :=sup{var A, :k eN} < oo,

)
@ x—X, fix=f on [ab].

THEN: X« =X on [a,b].




Opial principle

Xe =Pt xe, x(a) =X,
x' = P(t)X, x(a) =X.

Kurzweil & Vorel, 1957
ASSUME!:
@ ||Pls <p*<oo for keN,

t t
° /Pde:i/Pds.
a a

THEN: x¢ =X on [a,b].

Opial, 1967
ASSUME!

o im M/;Pk ds—/;P ds| (1+||Pk||1>] —o.

THEN: X =x on [a,b].

| \




GLDEs: Opial type result

WO =%+ [ AAIE) L RO k@), tefabl (6L

x(t) = >~<+/td[A]x(s)+f(t)—f(a), tefa,b]. (GL)
a
ASSUME: A eBV, fyeG for keN,
@ AeBV,feBV,XxeX,
@ [I—-A~A(t)] T eL(X) for te(a,b],
o lim (1+ var? A A — Al = 0,

o lim (1+ var? Ak> Ifk — flloo = O.

THEN: (GL) has a unique solution x € BV on [a, b].

MOREOVER: (GLk) has a unique solution xx for k sufficiently large and
Xk = X.




Second order measure equations

Let At) = (Q(()t) Pc()t)> . f(t) = (?18) , X=YxY and X= (g) ,

where P,Q € BV ([a,b],L(Y))and g,h € BV([a,b],Y), Y is a Banach space,y,Z € Y.



Let N
At) = (Q(()t) P(()t)) , ft)= (ﬁgg) , X=YxY and X= (%) ,

where P,Q € BV ([a,b],L(Y))and g,h € BV([a,b],Y), Y is a Banach space,y,Z € Y.
Then

x(t) :')Z-}—/td[A]x +1(t) — f(a)

reduces to



Second order measure equations
Let

At) = (Q(()t) Pc()t)> , f(t) = (?18) , X=YxY and X= @) :

where P,Q € BV ([a,b],L(Y))and g,h € BV([a,b],Y), Y is a Banach space,y,Z € Y.
Then
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reduces to

t t
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Let N
At) = (Q(()t) P(()t)) , ft)= (ﬁgg) , X=YxY and X= (%) ,

where P,Q € BV ([a,b],L(Y))and g,h € BV([a,b],Y), Y is a Banach space,y,Z € Y.
Then

x(t):')?—}—/td[A]x—H(t)—f(a)
reduces to
t t
y(t):9+/a diP]z +9(t) — g(a), z(t):2+/a d[Qly + h(t) — h(a)
and [lx — ATA(®t)]"t e L(X) iff

either [Ily —A~Q() A™P()]tel(Y) or [y —ATP{t)A~ Q)] teL(Y)).



Second order measure equations
Consider systems t
Yk (t) = Yk +/ d[Py] z +k(t) — gk(a), }
a

t (Sk)
2 (t) = 7 + / d[Qu] vic + hie(t) — h(a),

- t
y(t) = y+/aa[P]z+g(t)fg(a), } o

t
20)= 7+ [ dRly + h(t) - h(a).



Second order measure equations

Consider systems t
Yk (t) = Yk +/ d[Pk] z + gk (t) — gk (a),
a

t (Sk)
2 (t) = 7 +/ d[Qu] vic + hie(t) — h(a),

- t
y(t) = y+/a d[P]z + g(t) - g(a),

t
20)= 7+ [ dRly + h(t) - h(a).

COROLLARY

M: P,Pk,Q,Qk GBV([a, b]vL(Y))v g7h€BV([a7 b]aY)» gk’hk GG([a, b]vY) yyi ey,
@ [ly —A—Q(t) A~P(t)]~teL(Y) or [ly —A~P(t) A~Q(t)]~teL(Y) for te(a, by,
@ lim vk —¥lly =0, Jm lzx —Zlly =0,

@ lim (1 varg Py +varg Q) (IPk = Plloo + [|Q = Qlloc) =0,

S

@ lim (1+vardPy +var Qc)(llgk — gl + llhk —hllsc ) = 0.

k— oo




Second order measure equations

Consider systems t
Yk (t) = Yk +/ d[Pk] z + gk (t) — gk (a),
a

t
2 (t) = 7 +/ d[Qu] vic + hie(t) — h(a),

(Sk)

- t
y(t) = y+/a d[P]z + g(t) - g(a),

t
20)= 7+ [ dRly + h(t) - h(a).

S

COROLLARY
ASSUME: P, Py, Q,Qx €BV([a,b],L(Y)), g,heBV([a,b],Y), gk,hx €G([a,b],Y) V,Z €Y,
@ [ly —A—Q(t) A~P(t)]~teL(Y) or [ly —A~P(t) A~Q(t)]~teL(Y) for te(a, by,
@ lim vk —¥lly =0, Jm lzx —zlly =0,

@ lim (1 varg Py +varg Q) (IPk = Plloo + [|Q = Qlloc) =0,

@ lim (1+vardPy +var Qc)(llgk — gl + llhk —hllsc ) = 0.

k— oo
THEN:
@ (S) hasaunique solution (y,z)€BV([a,b],Y xY)on [a,b],
@ (Sk) has a unique solution (yx,zx) € G([a,b],Y x Y) on [a,b] for k sufficiently large,
© i (llyk —Ylloc + ll2c — 2[loc) = 0.




Second order measure equations

Meng and Zhang :

dy°+d[,uk(t)]y:0, y(0)297 y'(O):Z k eEN, (Mzk)
where 1y € BV are right-continuous, y,Z € R, y € AC and y* is generalized right-derivative of y.

y°(t) =y'(t) forae. tec[a,b] and y'(t):slijlw

forall t € [a,b). J




Second order measure equations

Meng and Zhang :

dy® +d[u()]y =0, y(0)=y,y*(0) =7, keN, (MZy)
where 1y € BV are right-continuous, y,Z € R, y € AC and y* is generalized right-derivative of y.

They proved that the weak* convergence puyx — u



Second order measure equations

Meng and Zhang :

dy® +d[u()]y =0, y(0)=y,y*(0) =7, keN, (MZy)
where p € BV are right-continuous, ¥,Z € R, y € AC and y* is generalized right-derivative of y.
They proved that the weak* convergence puyx — u
pk —* p in BVR[O,1] iff:

pk (1) — p(1),
vard u < a* < oo for k€N,

B B8
/ K dt—»/ updt  forall [a, 8] C [0, 1].

o
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Second order measure equations

Meng and Zhang :

dy® +d[u()]y =0, y(0)=y,y*(0) =7, keN, (MZy)
where 1y € BV are right-continuous, y,Z € R, y € AC and y* is generalized right-derivative of y.

They proved that the weak* convergence puyx — p yields

Yk =Y, Yo — Y*® inweak* topology and y;¢ (1) — y*(1).
(Sk) reduce to (MZy) when

[a,b] =[0,1], X =R, Py(t)=t, Qu(t)=pu(t), g,y are constantand x, = (yi,yi) -

Similarly, (S) reduces to
dy® +dut)]y =0, y(0)=y,y*(0)=2 (M2)

[a,b]=[0,1], X =R, P(t)=t, Q(t)=p(t), g,h are constant and x:(y,y‘)T.



Second order measure equations

Meng and Zhang :

dy® +d[u()]y =0, y(0)=y,y*(0) =7, keN, (MZy)
where 1y € BV are right-continuous, y,Z € R, y € AC and y* is generalized right-derivative of y.

They proved that the weak* convergence puyx — p yields

Yk =Y, Yo — Y*® inweak* topology and y;¢ (1) — y*(1).

(Sk) reduce to (MZy) when
[a,b] =1[0,1], X =R, Py(t)=t, Qx(t) =k (t), gk, hx are constant and xy = (yk,yk')T.
Similarly, (S) reduces to
dy*® +d[u(t)]y =0, y(0)=y,y*(0)=2 M2)

[a,b]=[0,1], X =R, P(t)=t, Q(t)=p(t), g,h are constant and x:(y,y‘)T.

Our COROLLARY yields

M ([ = Ylloo + 1% = ¥*lloc) = 0.
whenever

lim (21 + varg pu)ll s — plloo = O.
k—oo
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Time scale calculus

Time scales : nonempty and closed subset T of R.
Forward jump operator
t if t=supT.

If o(t)=t and t <supT, then t is said to be right-dense .
f : T — Ris rd-continuous , if it is regulated on T and continuous at all right-dense points in T.

o(t) = {lnf ((t,b]NT) ifteTand t<supT,

A couple of functions § = (6., dr) positive on [a,b]NT isa A—gauge on [a,b]NT if
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Time scale calculus

Time scales : nonempty and closed subset T of R.

Forward jump operator :
B {inf ((t,b]NT) ifteTand t<supT,
ag =

t if t=supT.

If o(t)=t and t <supT, then t is said to be right-dense .
f : T — Ris rd-continuous , if it is regulated on T and continuous at all right-dense points in T.
A couple of functions § = (6., dr) positive on [a,b]NT isa A—gauge on [a,b]NT if

o(t) <t+g(t) for t € [a,b]NT.
(D, ¢) is atagged division of [a,b] N T if

§={&, - &} and & €lai1,4)NT forie{l,...,v(D)}.
If 6 = (6,0r) isagauge on [a,b]NT, then (D,¢) is d-fine if

[ai—1,ci] C[& —0L(&), & +or(&)] foralli.
DEFINITION (Kurzweil-Stielties A-integral)
Let f,g:[a,b]NT — R, then .

= /e1 fAg (KS A-integral )

iff for every € > 0 there is a gauge ¢ such that
v(D)
’ Z f(&)[9(ei) — 9(ei—1)] — I‘ < e for all 6—fine tagged divisions (D,¢) of [a,b]NT.
i=1




Time scale calculus

Put &(t):=inf ([t,b]NT) for t € [a,b].



Time scale calculus

Put
¢ is nondecreasing, left-continuous and

ATEF() = {

o(t)—t ifteT,
0 otherwise.

PROPOSITION (Slavik)
AssUME: f,g:[a,b]nT —R" and f =f on [a,b]NT.
THEN:

b b_
/ f(t)Ag(t) exists < / f(t) dlo(3(t))] exists

and, in such a case,

b b_
/a H(t) Ag(t) = / (1) dlaG(1))-




Dynamical equations on time scales

Consider equation
t
YO =y(0)+ [ fy(s)9)as fortet, ©)
a

where tHeT, f:R"xT —-R" and y:T — R".



Dynamical equations on time scales

Consider equation
t
YO =y(0)+ [ fy(s)9)as fortet, ©
a
where tHeT, f:R"xT —-R" and y:T — R".

THEOREM (Slavik)

AssUME:a,b €T, ty € [a,b]NT, BCR", f:B x ([a,b]NnT) —R", f:B x [a,b] - R" and

fy,t) =f(y,t) for (y,t) € B x ([a,b] N T).
THEN:

@ if y:[a,b] N T —R" is a solution of (D) on [a,b] N T, then x =y o5 is a solution of

x(t) = x(to) + /tt?(x(s),s) d[e(s)] fortela,b]. (G)

@ If x:[a,b] — R" satisfies (G), then there is a solution y of (D) suchthatx =y o 5.




Linear dynamical equations on time scales

LetP:[a,b]NnT — L(R") and q:[a,b]NT —R". Then

t
y(t)=Y(to)+/t [P(s)y(s)+a(s)] As, tefab]nT,

is equivalent (in the above sense) to (LD)
t

x(t) = X(to) +/ d[A(s)] x(s) + b(t) — b(tp) forte[a,b], (LG)
fo

where A(t):/ttP d[] and b(t):/ttq d[&].

0
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x(t) = X(to) +/ d[A(s)] x(s) + b(t) — b(tp) forte[a,b], (LG)
to

where A(t):/ttP d[] and b(t):/ttq d[z] -
0 iftegT,
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Linear dynamical equations on time scales

LetP:[a,b]NnT — L(R") and q:[a,b]NT —R". Then

t
y(t)=Y(to)+/t [P(s)y(s)+a(s)] As, tefab]nT,

(LD)

is equivalent (in the above sense) to
t

x(t) = X(to) +/ d[A(s)] x(s) + b(t) — b(tp) forte[a,b], (LG)
to

h t t
where A(t):/ P d[5] and b(t):/ q d[5].
to fo
) 0 ift¢ T
. + = ’
A, b are left-continuous, ATA(t) {P(t) (o) —1) ifteT,

THEOREM
ASSUME:
@ P and q are Kurzweil A-integrable on [a,b] N T,
@ (1 +P(t)(co(t) —t)) isinvertible fort € [a,tp) N T,
@ there is a Kurzweil A-integrable function m : [a,b] N T — R such that

t) to
‘/ P(s)As‘ g/ m(s) As for ti,t, € [a,b]NT with t; <t5.
ty t

THEN: (LD) has a unique solutiony : [a,b] N T — R".




Linear dynamical equations on time scales

y(t) =y +/at [P(s)y(s)+a(s)] As, tefab]nT, (LD)

y(t) =i + / [Pe(5)y(s) + ()] As, tefab]nT. (LDY)

COROLLARY
ASSUME:

P, Px:[a,b] N T — L(R"), q, gk:[a,b] N T —R" for k € N are rd-continuous in [a,b] N T,

ak= sup [Pc(lan+ sup flak(®)len for keEN,
t€fa,b]NT te€fa,b]NT

a,

Jim 5~ Flln =0,

lim  sup H/;(Pk(s) P(s)) ASH

1+ak] =0,
k—o0 tefa,b)NT L(RM)
t
lim  sup H/(qk( —q(s) )ASH an [1+ak] =0.
k—ootefa,b)nT I Ja L(R"M)

THEN: (LD) has a solution y, (LDy) has a solution y, for k € N sufficiently large and

Jm - sup lyi(t) —y(t)llen = 0.
—° tefa,b]NT
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Introduction
Functions of bounded variation
Absolutely continuous functions
Regulated functions
Riemann-Stieltjes integral

Kurzweil-Stieltjes integral

(included: existence of the integral, integration by parts, absolute integrability, convergence theorems, integration over
elementary sets, relation to the Perron-Stieltjes integral, relation to the Lebesgue-Stieltjes integral)

Generalized linear differential equations

(included: existence and uniqueness of solutions, a priori estimates of solutions, continuous dependence of solutions on
parameters, fundamental matrices, variation of constants formula)

Miscellaneous additional topics

(included: functionals on spaces of regulated functions, adjoint classes of Kurzweil-Stieltjes integrable functions,
distributions, generalized elementary functions, integration on time scales, dynamic equations on time scales)
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