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Motto

Closed systems

Clausius:
The energy of the world is constant; its entropy tends to a
maximum.

Open systems

Ergodic hypothesis:

Time averages along trajectories of the flow converge, for
large enough times, to an ensemble average given by a certain
probability measure.




Thermodynamically complete model in fluid mechanics

Mass conservation — equation of continuity

Oro + divk(ou) = 0

Newton’s second law — momentum balance

Ot(ou) 4 dive(ou ® u) + Vip = divyS + of

First law of thermodynamics — energy balance
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Second law of thermodynamics — entropy
Gibbs’ equation
¥Ds = De + pD (1) , § — —entropy
0

Second law of thermodynamics — entropy balance
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Thermodynamic stability hypothesis
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S =ps, (0,S) — Eint = 0e(0, S) is (strictly) convex




Rheology: Navier—Stokes—Fourier system

Newton’s rheological law
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Fourier’s law




Boundary conditions

Physical space

QcC Rd, d =1,2,3 a bounded domain with smooth boundary 9Q2

Boundary velocity: inflow/ouflow boundary conditions

ulpg = ug

Fin:{xeaﬂ‘uB(X)-n<0}, Fout:{x€8Q‘uB(x)~n>0}

Density influx

Internal energy flux

[Qseu/s+q] ‘n=F;gonTliy
q-n=00n 9\ ly




Conservative boundary conditions

No-slip

No (heat) flux

Long—time behavior EF, H. Petzeltova 2007

f = V.F(x) = any (weak) solution tends to equilibrium ast — co

f=f(x) # ViF(x) = EE/ Bg\uf—i—ge} dx — oo as t — o0
Q




Weak solutions

Field equations

0r0 + divk(ou) = 0
Oc(ou) + divy(ou @ u) + Vyp = div,S + of

Ot(0s) + div(osu) + divy (%) > % (S : Viu — a Zxﬁ)

Total energy inequality
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Standard vs conservative—entropy variables

Standard variables

(0,u,¥) used for the field equations in Q

Conservative—entropy variables

(o,u=ug,S), S = ps(o,?) used on MNous

Principal difficulty

The trace of g is not well defined on Ioys!




Weak formulation | — mechanics
Equation of continuity

t=T1 T
[/ op dX] +/ / posug - n dodt +
Q t=0 0 I

/ / poup - n do,dt
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forany 0 <7 < T, and any ¢ € C*([0, T] x Q)
Momentum balance

t=7 T
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Weak formulation Il — total energy

Total energy balance

1 t=T7
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Weak formulation Ill — entropy

Entropy inequality

[/Q 0sp dx] Z; - /OT/Q [gsatgo + osu- Vyip + (%) ~anp] dxdt
+ /T/ pSup - n dodt
0 JTous
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Relative energy

Relative energy in the standard variables

o5 1 _ OH5(3,9 s
E (009 |.9) = Jola—i+Hy(e.9) - 5 (0 5) - Hy(2.7)

Ballistic free energy:

Hy(0.9) = o(e(0,9) ~ Ts(e,9) ).
Relative energy in the conservative—entropy variables

E(g,m,s §,m,§) - E(g,u,z‘} ‘5,6,5)

m = ou, m = gu, S = ge(o,9), S = de(a,7)




Relative energy as a Bregman distance

Relative energy in the conservative—entropy variables

E(om,S |5.m,3)
= E(Q7mvs) 7agym,5E(§7rfﬁ7§) : (Qigamiﬁisig) - E(§7ﬁa7§)

Bregman distance

thermodynamic stability

=
convexity of (9,m,S) — E(g,m,S)
=
E(g,m75 ‘5,:%,5) >0

E(emS |am,5) =0 & (e.mS)=(2.m,5)




Technical hypotheses - EOS

Equation of state

p(o,¥) =

P'(Z) > 0 for any Z > 0,

P(2)
le—>moo Z55 = Poo > 0.

2P(2)-P(2)Z

7 < c forall Z>0.




Technical hypotheses - transport coefficients

Viscosity coefficients

(1 +9") < () < a1+ 9"Y), |1/ (9)] < c for all 9 € [0, 0),

0 < n(®¥) <71+ ") for all ¥ € [0, 0)

Heat conductivity

K(14+9%) < K(9) < R(L+ ) for all ¥ € [0,00)




Technical hypotheses — data

Driving force

fe L~(Q R

Inflow data

o8 € C', 08 >0, ug € C°

Heat (internal energy) flow

sup (5200 + 300 <0

x€lin




Results

Global existence — EF, A. Novotny 2020

There exists a global-in—time weak solution for any finite energy initial
data

Weak—strong uniqueness — EF, A. Novotny 2020

A weak and strong solution solution of the problem with the same
initial/boundary data coincide on the life span of the strong solution

Time periodic solutions — A. Abbatiello, EF 2020

Existence of time periodic solutions for the barotropic problem driven by
time periodic boundary data in the case of a “hard sphere” pressure EOS




