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SCHOTTKY VERTEX OPERATOR CLUSTER ALGEBRAS

A. ZUEVSKY

ABSTRACT. Using recursion formulas for vertex operator algebra higher genus
characters with formal parameters identified with local coordinates around marked
points on a Riemann surface of arbitrary genus, we introduce the notion of a ver-
tex operator cluster algebra structure. Cluster elements and mutation rules are
explicitly defined, and the simplest example of a vertex operator cluster algebra
is presented.

1. INTRODUCTION

The theory of cluster algebras is connected to many different areas of mathematics,
e.g., the representation theory of finite dimensional algebras, Lie theory, Poisson geom-
etry and Teichmiiller theory [30, 31, 33]. Among these topics are dilogarithm identities
for conformal field theories [51, 52], quantum algebras [34, 35], quivers [37, 38, 53].
Cluster algebras have numerous applications [22, 23, 24, 25, 30, 31, 18, 39, 51, 52, 11].
Cluster algebras appear in several applications in Conformal Field Theory [11, 51, 52].
It is natural to find an analogue of a cluster algebra structure in the language of ver-
tex operator algebras. In particular, a structure that incorporates non-commutative
nature of vertex operator algebra relations.

In this paper we make use of the higher genus reduction formulas for vertex alge-
bra characters. The recursion properties of vertex operator algebra characters allow
us to introduce an algebraic structure which we call a vertex operator cluster al-
gebra, simultaneously incorporating properties of cluster algebras, non-commutative
nature, and analytical and geometrical features of character function theory of ver-
tex operator algebras on Riemann surfaces. Vertex operator cluster algebra seeds
are defined over non-commutative variables (elements of vertex algebra), coordinates
around marked points on a Riemann surface, and functions depending on a number
of vertex operators. the origin of ordinary cluster algebras arising [18] on Riemann
surfaces.

In Section 5 we recall basic definitions related to cluster algebras. In Section 2
the construction of n-point characters on the Schottky reparameterization of a genus
g Riemann surface is reminded. A short introduction to vertex operator algebras is
given in Appendix 4. Appendix 3 contains the formulation of a vertex operator cluster
algebra structure and Proposition 2 describing the involutivity property of a vertex
algebra setup. Appendix 6 contains a description of the Schottky parameterization

Key words and phrases. Cluster algebras; vertex operator algebras; Riemann surfaces; vertex
algebra characters; Schottky uniformization.



2 A. ZUEVSKY

of a genus g Riemann surface. Appendix 7 describes auxiliary objects and matrices
needed for the Schottky genus g Zhu reduction formula.

2. VERTEX ALGEBRA CHARACTERS AND ZHU REDUCTION FORMULA IN SCHOTTKY
PARAMETERIZATION

In this section we recall [32] the construction and Proposition 1 for vertex operator
algebra character functions on a genus g Riemann surface. In particular, the formal
partition and n-point correlation functions for a vertex operator algebra associated
to a genus g Riemann surface S, are introduced in the Schottky scheme with sewing
relation (6.5). All expressions here are functions of formal variables wyq, p, and
vertex operator parameters. Then we recall the genus g Zhu recursion formula with
universal coefficients that have a geometrical meaning and are meromorphic on a
Riemann surface S, for all (wiq,pa) € €4 (for notations see Appendix 6). These
coefficients are generalizations of the elliptic Weierstrass functions [57].

For a 2¢g vertex algebra V states

b= (b_1,b1;...5b_4;bg),
and corresponding local coordinates
w = (W_1,W1;...;W_g, W),
of points 2g (p_1,p1;...;P—g,Pg) on the sphere Sy, consider the genus zero 2g-point
correlation function
ZO(b,w) =ZO (b_1,w_15b1,wi5.. . 5b_g,w_g; by, w,)
= H p‘(’l"t(l’“)Z(O) (b1, w_1;b1, w15 .. 5bg,w_g; by, wy).

a€Z,
where 7, = {1,2,...,¢}. Let
by = (b1,...,by),
denote an element of a V-tensor product V®9-basis with dual basis
b= (b_1,...,b_y),
with respect to the bilinear form (-,-),, (cf. Appendix 4).
Let w, for a € Z be 2¢ formal variables. One identify them with the canonical

Schottky parameters (see Appendix 6). We can define the genus g partition function
as

2 = 29 (w,p) = 31 2O (b, w), (2.1)
by
for
(w7 p) = (wilapl; cee; wigvpg)'

This definition is motivated by the sewing relation (6.5).

Remark 1. Note that Z‘(,g) depends on p, via the dual vectors b_ as in (4.17). The
genus g partition function for the tensor product Vi ® V5 of two vertex operator
algebras V; and Vs is

(9)  _ 7@ (9
ZV1®V2 - ZV1 ZV2 ’
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Now we recall a formal Zhu reduction expression for all genus g Schottky n-point
character functions. One defines the genus g formal n-point function for n vectors
(v1,...,v,) € V inserted (y1,...,yn) by

Z\(/g)(v’ y) = Z(g) v, Y, w ZZ ’U, y;baw)v (22)

where
ZO (v, y;byw) = ZO (01,415 50, Yns b1, w155 by, wy).
Let U be a vertex operator subalgebra of V' where V' has a U-module decomposition
V= @ W,
acA

for U-modules W, and some indexing set A. Let

g
Wao = ®Waaa

a=1
denote a tensor product of g modules
ZI(/gl (v,y) = Z ZO (v, y; b, w), (2.3)
b,eWq

where here the sum is over a basis {b,} for Wy. It follows that

29 (wv,y) = 3 2y (v,y), (24)
acA
where the sum ranges over o = (ov,...,a4) € A, for A = A®9 . Finally, it is useful

to define corresponding formal n-point correlation differential forms

7 (0,y) = 79 (v,y) dy™' ),

Fi)(v,9) = Zif) (v,9) dy™' ), (2.5)
where

n
dywt(v) _ H dyZVt(Uk)
k=1
Recall notations and identifications given in Appendix 7. Then one has:

Proposition 1. The genus g (n + 1)-point formal differential .7-" (u x;v,y) for a
quasiprimary vector u € U of weight wt(u) = p inserted at a point po, with the coordi-
nate x, and general vectors (v1,...,vy,) inserted at points p1,...,p, with coordinates
(y1,...,Yn) correspondingly, respectively, satisfies the recursive identity

Fé{i) (u, z;v,9)

n
Z 30D Wy (@) FE (01,15 5wl 0k Yk - -5V ) A
k=15>0

z) OV=(u; v, y). (2.6)

i Mte
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Here 009 s given by
0D f(x,y) = 0o f(x,y),
for a function f(z,y), and 009) denotes partial derivatives with respect to x and Y-

The forms Up(x,yx) dyl, given by (7.14), O4(x) is of (7.16), and OY=(u;v,y) of
(7.17).

3. SCHOTTKY VERTEX OPERATOR CLUSTER ALGEBRAS

In this section we formulate Proposition 2 concerning a cluster vertex algebra
associated to a vertex operator algebra in the case of Schottky parameterization of a
genus g Riemann surface. That Proposition clarifies a cluster-like algebra structure for
a vertex operator algebra. Let us fix a strong-type (cf. Appendix 4) vertex operator
algebra V. Chose n + 1-marked points pg and p;, ¢ = 1,...,n on a genus g Riemann
surface formed by the Schottky parameterization (cf. Appendix 6). In the vicinity
of each marked point pg, p; define local coordinates x, y;, with zero at points pg, p;
correspondingly.

Consider n-tuples of arbitrary states v; € V', and corresponding vertex operators

Y(v,y) = (Y(v,91)5- -, Y (Un,9n)),
with coordinates (y1,...,¥y,), around points p;, i = 1,...,n.

Definition 1. We define a vertex operator cluster algebra seed

(v Y(v,9). i (v,9)) . (3.1)
where
FP(0,9) = A (0:9),
(and in particular ]-"‘(,g) (v,y)) is a genus g n-point character function ]-',(Lg)(v, y) (2.5).
The mutation is defined as follows:
Definition 2. For v, we define the mutation v’ of v in the direction k€ 1,...,n as
v = pp(u,m)v = (vi, ..., Fr(u(m))vg, ..., v,), (3.2)

for some m = 0, and V-valued functions Fy(v(m)). Note that due to the property
(4.3) we get a finite number of terms as a result of the action of v(m) on vg, 1 < k < n.
For the n-tuple of vertex operators we define

Y (vy) = m(u,m)Y (v,y)
= (Y(vi,01), .-, Y(Grlu(m)on, yk), - Y (0n, ) s (3:3)
where G (u(m)) are other V-valued functions. For w € V, w € C, the mutation

p(u,z,y) of Fo (v,y),

F9(v,y) = plu,z,y) F9(v,y), (3.4)
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is defined by summation over mutations in all possible directions k, 1 < k < n, with
auxiliary functions f(m, k,z,y), ke 1,..., n:

fr(zg)/(vay)
= Z Z f(m7 kaxa y) ‘F;Lg)(vlayl; cee H’f(u(m))'vkvyk); ceo 3 Uny y’n)7
k=1m=0

+F (u, 750, y). (3.5)

where _7?789 )(u, x;v,y), denotes the higher terms in the genus g Zhu reduction formu-
las (2.6), and Hy(u(m)) are V-valued functions. Then (3.2), (3.3), (3.5) define the
mutation of the seed (3.1).

Definition 3. Definitions 1-2, the genus g Zhu reduction procedure, and involutivity
condition for mutation determine the structure of a genus g vertex operator cluster

algebra ng(,g ) of dimension n. We call the full vertex operator cluster algebra the
union (- cg'w.

Remark 2. Exchange matrix of ordinary cluster algebras is replaced in this construc-
tion with genus g Schottky characters for a vertex operator algebra. These are higher
genus generalizations of matrix elements at genus zero [26], and traces of vertex op-
erator algebra modules at genus one [57].

Using (2.6), we obtain in (3.2), (3.3), and (3.5):

fmkoy) = 0000, (2, yp) dyl,
g

FOu,ziv,y) = ). Oa(z) OF=(u;v,y). (3.6)
a=1

Next we provide an example of the Schottky vertex operator cluster algebra. We
formulate

Proposition 2. For a vertex operator algebra V such that dimVy = 1, k € Z, with
u=1y, weC, and

Fi(u(m)).v = Gg(u(m)).v = &, yu(—1).v,

Hy(u(m)) = u(m),

form =0, and &, , € C, ﬁﬁm =1, depending on u and v, in (3.2), (3.3), and (3.5),
the mutation

n = (/’[/k(lVa _1)7/'”6(1‘/7 _1)»H(1V7$ay)> 5
(v, Y@ ), F (0, ) = 1 (v, Y (0,9), ) (v,1)) (3.7)
defined by (3.2), (3.3), (3.5) is an involution, i.e.,

wop=1Id.
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Proof. According to (4.11) foru =1y € Vy, and vy € V), 1 <k <n,l € Z,
u(—Du(=1).vg : V; > V.
Due to the genus g Zhu reduction formula and (2.6), we have

FO'(0,y) = plly.z,y) F2 (v,9)

n
= Z Z f(m,k‘,a:,y) .FT(Lg)(Ul,Zl;...;lv[m].vk,Z]g;...;’Un,Zn;Tl,TQ,G)
k=1

m=0

+‘%7(zg)(1V7x§v’ y)

= Fi9\ (v z0,9) = FO (v,y). (3.8)
Thus, in this case, the mutation p is an involution. O
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4. APPENDIX: VERTEX OPERATOR ALGEBRAS

A vertex operator algebra [8, 13, 26, 27, 36, 41, 46] is determined by a quadruple
(V,Y,1y,w), where is a linear space endowed with a Z-grading with

V= @ Vrv
T€Z
with dim V,. < oo. The state 1y € V|, 1 # 0, is the vacuum vector and w € V5 is the
conformal vector with properties described below. The vertex operator Y is a linear
map
Y :V —End(V)[[z27"]],

for formal variable z so that for any vector w € V' we have a vertex operator

Y(u,z) = Y u(n)z™" (4.1)

nez

The linear operators (modes) u(n) : V' — V satisfy creativity

Y(u,2)ly = u+ O(z2), (4.2)
and lower truncation
u(n)v = 0, (4.3)
conditions for each u, v € V and n » 0. For the conformal vector w one has
Y(w,z) = Z L(n)z="72, (4.4)
nez

where L(n) satisfies the Virasoro algebra for some central charge C

¢ (m® —m)6m _nldy, (4.5)

[L(m), L(n)] = (m —n)L(m +n) + 15
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where Idy is identity operator on V. Each vertex operator satisfies the translation

property
0,Y (u,z) =Y (L(—1)u, 2). (4.6)

The Virasoro operator L(0) provides the Z-grading with
L(0)u = ru,
for w e V., r € Z. Finally, the vertex operators satisfy the Jacobi identity

16 (2 ) Yl () - 570 (222 Yoy ()
0 —<0

z1— %

=2 ' (10) Y (Y(u, 20)v, 22) . (4.7)
Z2

These axioms imply locality, skew-symmetry, associativity and commutativity condi-

tions:

(21 — 22)VY (u, 21)Y (v, 22) = (21 — 22) VY (v, 22)Y (u, 21), (4.8)
Y (u, 2)v = e*EEVY (v, —2)u,
(20 + 22)NY (u, 20 + 22)Y (v, 22)w = (20 + 22) VY (Y (u, 20)v, 22)w,

(k)Y (v,2) = ¥ (v, 2)ulk) = ¥ (5) V(u(i)e, )24, (4.9)

Jj=0
for u, v, w e V and integers N » 0. For v = 1y one has
Y(lv, Z) = Idv (410)

Note also that modes of homogeneous states are graded operators on V, i.e., for
v E Vk,

v(n) : Vip = Vi k—n—1. (4.11)
In particular, let us define the zero mode o(v) of a state of weight wt(v) = k, i.e.,
v € Vg, as
o(v) = v(wt(v) — 1), (4.12)
extending to V' additively.

Definition 4. Given a vertex operator algebra V', one defines the adjoint vertex
operator with respect to o € C, by

Yi(u,z) = Z:u7(71)z:_"_1

v (eXp <§L(1)) (_%)L(O) u, j) : (4.13)

associated with the formal M&bius map [26]
a

z > —

z
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Definition 5. An element u € V is called quasiprimary if
L(1)u = 0.
For quasiprimary u of weight wt(u) one has
uf(n) = (=)W =W Wy (gt (u) — n — 2).
Definition 6. A bilinear form
(,:VxV—>C,
is called invariant if [26, 44]
Y (u, 2)a, by = {a, Y (u, 2)b), (4.14)

for all a, b, ue V.

Notice that the adjoint vertex operator Y(.,.) as well as the bilinear form ¢.,.),
depend on «. In terms of modes, we have

(u(n)a,by = {a,u’ (n)b). (4.15)

Choosing u = w, and for n = 1 implies

(L(0)a, by = {a, L(0)b).
Thus,
{a,b) =0,
when wt(a) # wt(b).
Definition 7. A vertex operator algebra is called of strong-type if
Vo = Cly,

and V is simple and self-dual, i.e., V is isomorphic to the dual module V' as a V-
module.

It is proven in [44] that a strong-type vertex operator algebra V has a unique
invariant non-degenerate bilinear form up to normalization. This motivates

Definition 8. The form {.,.) on a strong-type vertex operator algebra V' is the unique
invariant bilinear form <{.,.) normalized by

1y,1y)=1.

Given a vertex operator algebra (V,Y(.,.),1,w), one can find an isomorphic vertex
operator algebra (V. Y[.,.], 1,®) called [57] the square-bracket vertex operator algebra.
Both algebras have the same underlying vector space V, vacuum vector 1y, and
central charge. The vertex operator Y7.,.] is determined by

Y[v,z] = Z v[n]z" =Y (qf(o)uqz — 1) .
nez
The new square-bracket conformal vector is
c

O=w-——1
w w 24,
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with the vertex operator
Y@, 2] = 2 L[n]z="2
neZ
The square-bracket Virasoro operator mode L[0] provides an alternative Z-grading
on V, ie., wt[v] = k if
L[0]v = kv,

where wt[v] = wt(v) for primary v, and L(n)v = 0 for all n > 0. We can similarly
define a square-bracket bilinear form (., .)sq.

Next we recall a lemma from [32]. The bilinear form (-, -) of is invertible and that

(u, vy =0,
Let {b} be a homogeneous basis for V' with the dual basis {b}.

Lemma 1. For u quasiprimary of weight p we have

Dlwmp)@b= > b@ (u'(m)b). (4.16)

beV, beVitp—m—1

Remark 3. Suppose that U is a vertex operator subalgebra of V and W < V is a
U-module. For v € U and homogeneous W-basis {w} we may then extend (4.16) to
obtain

Z (u(m)w) W = Z w® (uT(m)ﬁ) .

weWy, wewn#»pfm—l

For the Schottky setup we have the following properties associated to the p-sewing.
For each a € T, let {b,} denote a homogeneous V-basis and let {b,} be the dual basis
with (-, )1, i.e., with p = 1. Define

bog=pt®)b,, ael,, (4.17)

for a formal p,. We then identify p, with a Schottky sewing parameter. Then {b_,}
is a dual basis for the bilinear form (-, -),, with adjoint modes

ul, (m) = (=1 p " u(2p — 2 — m), (4.18)
for w quasiprimary of weight p.

5. APPENDIX: DEFINITION OF A CLUSTER ALGEBRA

Let us first recall the notion of a cluster algebra [19, 20, 21] following of [55].
We consider commutative cluster algebras of rank n. The set of all cluster variables
is constructed recursively from an initial set of n cluster variables using mutations.
Every mutation defines a new cluster variable as a rational function of the cluster
variables constructed previously. Thus, recursively, every cluster variable is a certain
rational function in the initial n cluster variables. These rational functions are Laurent
polynomials [19].

A cluster algebra is determined by its initial seed which consists of a cluster

X =(Z1,...,2Zpn),



10 A. ZUEVSKY

of algebraically independent set of generators, a coefficient tuple

y= (y17~~'ayn)7

and a skew-symmetrizable n x n integer exchange matrix
B = (bi;),
ie., by j = —b;;. The coefficients {y1,...,yn} are taken in a torsion free abelian group
P. The mutation in direction k& defines a new cluster
vhr, =yt H xf’“" +y~ 1_[ x;b’“‘; (5.1)

bk,i>0 bk,i<0

where y* are certain monomials in (y1,...,¥,). Mutations also transform the coeffi-
cient tuple y and the matrix B.

If ¢ is any cluster variable, then u is obtained from the initial cluster & by a
sequence of mutations, then [19] ¢ can be written as a Laurent polynomial in variables
(x1,...,2n), that is,

fl@)=¢]]af, (5.2)
=1

for some d;, where f(x) is a polynomial with coefficients in the group ring ZP of the
coefficient group P. A cluster algebra is of finite type if it has only a finite number
of seeds. In [20] it was shown that cluster algebras of finite type can be classified in
terms of the Dynkin diagrams of finite-dimensional simple Lie algebras.

5.1. Formal definition. Let P be an abelian group with binary operation @, ZP be
the group ring of P, and let QP(x) be the field of rational functions in n variables
with coefficients in QP.

Definition 9. A seed is a triple (x,y,B), where x = {x1,...,2,} is a basis of
QP (z1,...,2n), Yy = {Y1,---,Yn}, is an n-tuple of elements y; € P, and B is a skew-
symmetrizable matrix.

Definition 10. Given a seed

(x,y,B),
its mutation pg(x,y, B) in direction k is a new seed (x',y’, B’) defined as follows.
Let [z] = max(z,0). Then we have B" = (b};) with

b — bij fori =korj=k, (5.3)
ij bij + [_bik]erkj + bk [bkj]+, otherwise. ’
For new coefficients y' = (v}, ...,y ), with
1 .p -
, Y, ifj =k,
= _ 5.4
” [ vy (g @ 1) i 5 # o4
and x =(x1,...,Z,), where
(Y ® 1) zp ) = Uk n el H bl (5.5)

i=1 i=1
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Mutations are involutions, i.e.,
Kk Lk (vaa B) = (XaY7B)'
6. APPENDIX: THE SCHOTTKY UNIFORMIZATION OF RIEMANN SURFACES

In this appendix we recall the Schottky uniformization of Riemann surfaces [32].
Consider a compact marked Riemann surface Sy of genus g, e.g., [17, 48, 15, 7], with
canonical homology basis aq, 8, fora € 7, = {1,2,...,g}. We recall the construction
of a genus g Riemann surface S, using the Schottky uniformization where we sew g
handles to the Riemann sphere

Sy = C=c| J{=},

e.g., [29, 7]. Every Riemann surface can be non-uniquely Schottky uniformized [6].
ForaeZ = {£1,%2,...,tg}, let C, = Sy be 2¢g non-intersecting Jordan curves. For

2€Cq, 2 €C_yq, WeqeC,aeZ,, and g, with
0< |Qa| <1,

let curves be identified by the sewing relation
Z—W_y 2—W,

. = Qq- 6.1
2 =W, z—W_, 4 (6.1)
For a € Z,, Introduce
1 -W_
_ o —-1/2 a
0o =W_o—W,) (1 —w, ) , (6.2)
and
1/2
_ 0
oyt [ Car 6.3
gt a 0 q;1/2 (6.3)
Thus
2 =z
Note that
Ua(W—a) =0,
and
0a(We) = o0,
are, respectively, attractive and repelling fixed points of the map
Z -7 =4q.Z,
for
Z =042,
and
7' =0,7.

Here W_, and W, are the corresponding fixed points for 7,. One identifies the
standard homology cycles a, with C_, and 3, with a path connecting z € C, to

2 = y42,€ C_g.
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and 2’ € C_,.

Definition 11. The genus g Schottky group I' is the free group with generators ~,.
Define

_ -1
V—a = rYa .
The independent elements of I" are reduced words of length k of the form
’y = ’Yal . -'Yak,
where a; # —a;4q foreachi=1,...,k— 1.

Let A(T") denote the limit set of T, i.e., the set of limit points of the action of T on
C. Then
Sg st Qo/F
where
Qo = C — A(I).

We let D < C denote the standard connected fundamental region with oriented bound-
ary curves C,. Define

Wg = Y—gq.00.
Using (6.1) we find

Wa - qawfa
Wy = 2 dal=a 6.4
— (6.4)
for a € Z. where we define ¢_, = ¢q,. Then (6.1) is equivalent to
(2" —w_0)(2 — wa) = pa, (6.5)
with
Qa(Wa - W—a)2
Piqg = ——7———F" 6.6
(6.5) implies
Yoz = W_q + Pa__ (6.7)
2 — Wq

Let A, be the disc with centre w, and radius | pa|%. One chooses the Jordan curve C,
to be the boundary of A,. Then v, maps the exterior (interior) of A, to the interior
(exterior) of A_, since

Va2 — w—allz — wa| = |pal-
The discs A,, Ay are non-intersecting if and only if
1 1
|wa_wb| > |pa|2 +|pb|2a (68)
for all @ # b. One defines €, to be the set
{(wa, w_q, pa)|ae Ty} < C,

satisfying (6.8). We refer to €, as the Schottky parameter space.
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The relation (6.1) is Mdbius invariant for
A B
’7:(0 D>ESL2((C)a

(2,2, Wa, a) = (72,72, vWa, 4a),
giving an SLy(C) action on €, as follows

with

7t (Was pa) =
(Awy + B) (Cw—_q + D) — p, AC Pa
(Cwy + D) (Cw_o + D) — pa C?” ((Cwg + D) (Cw_q + D) — pa C2)* )

(6.9)
Definition 12. One defines the Schottky space as
6, = ¢,/SLy(C),
This provides a natural covering space for the moduli space of genus g Riemann
surfaces (of dimension 1 for g = 1 and 3g — 3 for g > 2).
7. APPENDIX: COEFFICIENT FUNCTIONS IN THE ZHU REDUCTION FORMULA

For purposes of the formula (2.6) we recall here certain definitions [32]. Define a
column vector

X = (Xa(m)),
indexed by m > 0 and a € Z with components
Xa(m) = pa ® 3. ZO( . ;u(m)ba, wa;..), (7.1)
by

and a row vector
p(fL‘) = (pa(x,m)),
for m > 0,a € Z with components
Pa(z,m) = pa% 6(0’7”)1#1(70) (z,wq). (7.2)
Introduce the column vector
G = (Ga (m)),
for m > 0,a € Z, given by

G =3 N0 al) 2 (1, y15 - uli) 0k, Y - Vs ),

k=1;>0

where ¢(y) = (ga(y;m)), for m = 0, a € Z, is a column vector with components

m+1

dalyim) = (=1)Ppa > 0O (w_a,y), (7.3)

and
R = (Rap(m,n)),
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for m, n = 0 and a, b € Z is a doubly indexed matrix with components

mt2l
2

_1\p - 5 (m,n) (0) _
( 1) pa pba '(/)p (w—aawb)a G/# ba

Rab(m7n) = m4n+1 (74)
(=D)Ppa 2 &M (w—_q), a = —b,
where
2p—2
En(y) =D, 0" fuly) 0y, (7.5)
=0
1 2p—2
i (@, y) = oy D fela)y, (7.6)
£=0

for any Laurent series fy(x) for £ = 0,...,2p — 2. Define the doubly indexed matrix
A = (Agp(m,n)) by

Aap(m,n) = 6m,n+2p—10ab- (7.7)
Denote by N
R = RA,
and the formal inverse (I — R)~! is given by

(1 - 1?2)71 - Y R* (7.8)

k=0
Define x(x) = (xa(z;¢)) and

O(U; v, y) = (Oa(u; V,Y; 6))7
are finite row and column vectors indexed by a € Z, 0 < £ < 2p — 2 with
_t N ~
Xa(23€) = pa * (p(x) + P(2)(I — R) "' R)a(0), (7.9)
0all) = 0u(; 0,350) = pi Xa(0), (7.10)

and where

Yp(z,y) is defined by
Volw,y) = v (@,y) + B@) (I - B (). (7.11)

For each a € Z, we define a vector
Bu(2) = (Ba(z;0)),
indexed by 0 < ¢ < 2p — 2 with components
Oa(@;0) = Xa(@; 0) + (=1)Pph " " xala; 20 — 2 = 0). (7.12)
Now define the following vectors of formal differential forms
P(a) = p() da?,
Qy) = qly) dy' 7, (7.13)
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with R
P(z) = P(x)A
Then with
Uy (@,y) = Yy(a,y) dz? dy' ™, (7.14)
we have
Uy(x,y) = O (z,y) + P(x)(I - B)7'Q(y). (7.15)
Defining
Oq(x;0) = O04(x; 0) da®, (7.16)
and
Ou(u; v, y; £) = 04 (u; v, 5 £) dy™ ), (7.17)

Remark 4. The O4(x), and ¥, (z,y) coefficients depend on p = wt(u) but are other-
wise independent of the vertex operator algebra V. Note that for a 1-point function,
(2.6) implies

g
FP () = Y] Ou(w) Oa(u). (7.18)
a=1
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