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THE PRODUCT OF W-SPACES

A. ZUEVSKY

Abstract. Let V be a grading-restricted vertex algebra, W be its module, W

be the algebraic complection of W , and Wz1,...,zn be the space of rational dif-
ferential forms in (z1, . . . , zn). Using geometric interpretation in terms of sewing

two Riemann spheres with a number of marked points, we introduce a product of

elements of two spaces Wx1,...,xk and Wy1,...,yn , and study its properties. The
product takes values in Wx1,...,xk;y1,...,yn . We prove that the product is defined

by an absolutely convergent series. In applications, we consider a product of ele-

ments of two spaces Ck
m(V,W) and Cn

m′ (V,W) of chain-cochain double complex
associated to a grading-restricted vertex algerba V coherent with the differential

of the complex. We prove that the product brings about a map to the space

Ck+n
m+m′ (V,W), and satisfy an analogue of Leibniz formula.

1. Introduction

The problem of defining a product of W-spaces (and in particular, Cnm(V,W)-
spaces) is very important for the cohomology theory of vertex algebras, continual
Lie algebras, the theory of integrable models, as well as for further applications to
cohomologies of smooth manifolds [11]. A cohomology theory for grading-restricted
vertex algebras was introduced in [6] (see also [10]). Vertex algebras, generalizations
of ordinary Lie algebras, are essential in conformal field theory. [3], and it is a rapidly
developing field of studies. Algebraic nature of methods applied in this field helps
to understand and compute the structure of vertex algebra characters [1–3, 8, 14].
On the other hand, the geometric side of vertex algebra characters is in associating
their formal parameters with local coordinates on a complex variety. Depending on
geometry, one can obtain various consequences for a vertex algebra and its space of
characters, and vice-versa, one can study geometrical property of a manifold by using
algebraic nature of a vertex algebra attached.

For purposes [11] of construction of cohomological invariants of vertex algebras it
is important to define product of elements of chain-cochain double complex spaces.
In that direction, an extremely difficult question of composability with vertex op-
erators occur. The composability of a map with vertex operators represents by it
own a convergence problem. For vertex operator operator algebras and modules, the
convergence is a consequence of Jacobi identity. For the cohomology theory of vertex
algebras, one has to assume that the chain-cochains are composable with vertex oper-
ators which assumes the convergence. Especially when we want to compute calculate
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2 A. ZUEVSKY

the cohomology of a vertex algebra, we have to deal with the convergence problem
first. In case of grading-restricted vertex algebras [6], the difficulty is that chain-
cochains are not represented by vertex or intertwining operators. The techniques for
vertex operators or intertwining operators in general do not work. The aim of this
paper is to Thus we have to develop such new techniques.

For products of spaces of chain-cochains, we propose to involve the geometrical pro-
cedure [13] of sewing of Riemann surfaces as auxiliary model spaces in a geometrical
interpretation of algebraic products of spaces associated to vertex algebras. Simi-
lar to various other structures in the theory of vertex operator algebras, this is not
be usual associative product. The product that occur is parametrized by a nonzero
complex number ε identified to the complex parameter of the sewing procedure we
involve. More generally, the product is constructed from two Riemann spheres with
a collection of marked points, and local coordinates vanishing at these points. The
same scheme works, for example, for tensor products of modules which are in fact
parametrized by such geometric objects. Because of this, the existence of such prod-
ucts involves the convergence. In addition to that, a vertex operator algebra must
satisfy some conditions in order for such convergence to hold.

In this paper we introduce the product of W-spaces of rational differential forms
for a grading-restricted vertex algebra [6] For the construction of double complexes
(cf. Sectionapplication, [6]) we make use of linear maps from tensor powers of V to
the space Wz1,...,zn to define cochains in vertex algebra cohomology theory. For that
purpose, in particular, to define the coboundary operator, we have to compose chain-
cochains with vertex operators. However, as mentioned in [6], the images of vertex
operator maps in general do not belong to algebras or their modules. Such objects
belong to corresponding algebraic completions which constitute one of the most subtle
features of the theory of vertex algebras. Because of this, we might not be able to
compose vertex operators directly. In order to overcome this problem,one we first
writes a series by projecting an element of the algebraic completion of an algebra
or a module to its homogeneous components. Then we compose these homogeneous
components with vertex operators, and take formal sums. If such formal sums are
absolutely convergent, then these operators can be composed and can be used in
constructions.

The plan of the paper is the following. In Section 2 we recall [6, 10] the definition
of the space of W-valued rational forms for a grading-restricted vertex algebras, and
remind properties of their elements. In Section 3 we introduce a product for elements
of two Wz1,...,zn -spaces. In Section 4 we study properties of the resulting product.
In Section 5 we recall the definition and properties [6] of spaces Cnm(V,W) for the
chain-cochain double complex for a grading-restricted vertex algebra. In Section 6
we define the product for Cnm(V,W)-spaces and study its properties. In Section 7
we consider the particular case of a short exceptional complex associated to certain
Cnm(V,W) subspaces. In Appendixes we provide the material needed for construction
of the product forW-spaces. In Appendix 8 we recall the notion of a quasi-conformal
grading-restricted vertex algebra and its modules. In Appendix 9 we describe the
geometric procedure of forming a Riemann sphere by sewing two initial Riemann
spheres. Finally, Appendix 10 contains the proof of Proposition 10.
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2. Spaces of W-valued rational forms

2.1. W-valued rational functions. We define the configuration spaces:

FnC = {(z1, . . . , zn) ∈ Cn | zi 6= zj , i 6= j},
for n ∈ Z+. Let V be a grading-restricted vertex algebra, and W a a grading-restricted
generalized V -module. By W we denote the algebraic completion of W ,

W =
∏
n∈C

W(n) = (W ′)∗.

Let w′ ∈W ′ be an arbitrary element ofW ′ dual toW with respect to a non-degenerate
bilinear form 〈., .〉 on W .

Definition 1. A W -valued rational function in (z1, . . . , zn) with the only possible
poles at zi = zj , i 6= j, is a map

f : FnC → W,

(z1, . . . , zn) 7→ f(z1, . . . , zn),

such that for any w′ ∈W ′,
R(z1, . . . , zn) = R (〈w′, f(z1, . . . , zn)〉) , (2.1)

is a rational function in (z1, . . . , zn) with the only possible poles at zi = zj , i 6= j.

In this paper, such a map is called W -valued rational function in (z1, . . . , zn) with
possible other poles. The space ofW -valued rational functions is denoted byW z1,...,zn .

Here R(.) denotes the following (cf. [6]). Namely, if a meromorphic function
f(z1, . . . , zn) on a region in Cn can be analytically extended to a rational function in
(z1, . . . , zn), then the notation R(f(z1, . . . , zn)) is used to denote such rational func-
tion. Note that the set of a grading-restricted vertex algebra elements (v1, . . . , vn)
associated with corresponding (z1, . . . , zn) play the role of non-commutative parame-
ters for a function f in (2.1). Let us introduce the definition of a Wz1,...,zn -space:

Definition 2. We define the space Wz1,...,zn of W z1,...,zn -valued rational forms F
with each vertex algebra element entry vi, 1 ≤ i ≤ n of a quasi-conformal grading-
restricted vertex algebra V tensored with power wt (vi)-differential of corresponding
formal parameter zi, i.e.,

F (v1, z1; . . . ; vn, zn)

= Φ
(
dz

wt (v1)
1 ⊗ v1, z1; . . . ; dzwt (vn)

n ⊗ vn, zn
)
∈ Wz1,...,zn . (2.2)

The reason why vertex algebra elements (v1, . . . , vn) are supplied in (2.2) by powers
of differentials of corresponding formal parameters is explained in Appendix 10 where
we recall a part of the proof given in [11]. We have

Proposition 1. The form (2.2) is invariant with respect to elements

(ρ1(z1, . . . , zn), . . . , ρn(z1, . . . , zn)) ,

of the group Autz1,...,znO(n), i.e., under the changes

zi 7→ z′i = ρi(z1, . . . , zn),



4 A. ZUEVSKY

of formal parameters (z1, . . . , zn). �

2.2. Properties of rational functions for W-valued elements. Let V be a
grading-restricted vertex algebra and W a grading-restricted generalized V -module
(cf. Appendix 8). Let us recall some definitions and facts about matrix elements for
a grading-restricted vertex algebra [6]. If a meromorphic function f(z1, . . . , zn) on
a domain in Cn is analytically extendable to a rational function in (z1, . . . , zn), we
denote this rational function by R(f(z1, . . . , zn)).

Definition 3. For n ∈ Z+, a linear map

F(v1, z1; . . . ; vn, zn) = V ⊗n →Wz1,...,zn ,

is said to have the LV (−1)-derivative property if

(i) ∂ziF(v1, z1; . . . ; vn, zn) = F(v1, z1; . . . ;LV (−1)vi, zi; . . . ; vn, zn), (2.3)

for i = 1, . . . , n, (v1, . . . , vn) ∈ V , w′ ∈W , and

(ii)
n∑
i=1

∂ziF(v1, z1; . . . ; vn, zn) = LW (−1).F(v1, z1; . . . ; vn, zn), (2.4)

with some action ”.” of LW (−1) on F(v1, z1; . . . ; vn, zn).

Note that since LW (−1) is a weight-one operator on W , for any z ∈ C, ezLW (−1)

is a well-defined linear operator on Wz1,...,zn . In [6] we find the following

Proposition 2. Let F be a linear map having the LW (−1)-derivative property. Then
for (v1, . . . , vn) ∈ V , (z1, . . . , zn) ∈ FnC, z ∈ C such that (z1 + z, . . . , zn + z) ∈ FnC,

ezLW (−1)F (v1, z1; . . . ; vn, zn) = F(v1, z1 + z; . . . ; vn, zn + z), (2.5)

and and 1 ≤ i ≤ n such that

(z1, . . . , zi−1, zi + z, zi+1, . . . , zn) ∈ FnC,
the power series expansion of

F(v1, z1; . . . ; vi−1, zi−1; vi, zi + z; vv+1, zi+1; . . . vn, zn), (2.6)

in z is equal to the power series

F
(
v1z1; . . . ; vi−1, zi−1; ezLV (−1)vi, zi; vi+1, zi+1; . . . ; vn, zn

)
, (2.7)

in z. In particular, the power series (2.7) in z is absolutely convergent to (2.6) in the
disk |z| < mini6=j{|zi − zj |}.

One states

Definition 4. A linear map

F : V ⊗n →Wz1,...,zn

has the LW (0)-conjugation property if for (v1, . . . , vn) ∈ V , (z1, . . . , zn) ∈ FnC, and
z ∈ C×, such that (zz1, . . . , zzn) ∈ FnC,

zLW (0)F (v1, z1; . . . ; vn, zn) = F
(
zLV (0)v1, zz1; . . . ; zLV (0)vn, zzn

)
. (2.8)
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One defines the action of Sn on the space Hom(V ⊗n,Wz1,...,zn) of linear maps from
V ⊗n to Wz1,...,zn by

σ(F)(v1, z1; . . . ; vn, zn) = F(vσ(1), zσ(1); . . . vσ(n), zσ(n)), (2.9)

for σ ∈ Sn, and (v1, . . . , vn) ∈ V . We will use the notation σi1,...,in ∈ Sn, to denote
the permutation given by σi1,...,in(j) = ij , for j = 1, . . . , n.

Finally, the following result was proved in [2]:

Proposition 3. For (v1, . . . , vn) ∈ V , w ∈W and w′ ∈W ′,

〈w′, YW (v1, z1) . . . YW (vn, zn)w〉,

is absolutely convergent in the region |z1| > . . . > |zn| > 0 to a rational function

R(〈w′, YW (v1, z1) . . . YW (vn, zn)w〉),

in (z1, . . . , zn) with the only possible poles at zi = zj, i 6= j, and zi = 0. The following
commutativity holds: for σ ∈ Sn,

R(〈w′, YW (v1, z1) . . . YW (vn, zn)w〉)
= R(〈w′, YW (vσ(1), zσ(1)) . . . YW (vσ(n), zσ(n))w〉).

3. Product of spaces of W-valued forms

3.1. Motivation and geometrical interpretation. The structure of Wz1,...,zn-
spaces is quite complicated and it is difficult to introduce algebraically a product
of its elements. In order to define an appropriate product of two Wz1,...,zn -spaces we
first have to interpret them geometrically. Basically, aWz1,...,zn -space must be associ-
ated with a certain model space, the algebraicW-language should be transferred to a
geometrical one, two model spaces should be ”connected” appropriately, and, finally,
a product should be defined.

For two Wx1,...,xk
- and Wy1,...,yn-spaces we first associate formal complex param-

eters in the sets (x1, . . . , xk) and (y1, . . . , yn) to parameters of two auxiliary spaces.
Then we describe a geometric procedure to form a resulting model space by combining
two original model spaces. Formal parameters ofWz1,...,zk+n

should be then identified
with parameters of the resulting space.

Note that according to our assumption, (x1, . . . , xk) ∈ FkC, and (y1, . . . , yn) ∈
FnC. As it follows from th definition of the configuration space FnC in Subsection
2.1, in the case of coincidence of two formal parameters they are excluded from FnC.
In general, it may happen that some number r of formal parameters of Wx1,...,xk

coincide with some r formal parameters of Wy1,...,yn . Thus, we require that the set
of formal parameters (z1, . . . , zk+n−2r) for the resulting model space would belong to
Fk+n−2rC. This leads to the fall off of the total number of formal parameters for
the resulting model space Wz1,...,zk+n−2r

. In what follows we consider the case when
all formal parameters (x1, . . . , xk) differ from formal parameters of (y1, . . . , yn). This
singular case is then can be treated similar to the ordinary one in lower dimension.



6 A. ZUEVSKY

3.2. Definition of the product for W-valued rational forms. Recall the defini-
tion (8.15) of the intertwining operator given in Appendix 8. We then formulate

Definition 5. For an arbitrary set of a grading-restricted vertex algebra V elements
(v1, . . . , vn), (v′1, . . . , v

′
n) ∈ V , and F(v1, x1; . . . ; vk, xk) ∈ Wx1,...,xk

, F(v′1, y1; . . . ; v′n, yn),
∈ Wy1,...,yn , introduce the ε-product

·ε :Wx1,...,xk
×Wy1,...,yn →Wx1,...,xk;y1,...,yn , (3.1)

for (x1, . . . , xk; y1, . . . , yn) ∈ Fk+nC. For arbitrary w′ ∈W ′, the product is associated
to the form

R(x1, . . . , xk; y1, . . . , yn; ε)

=
∑
l∈Z

εl
∑
u∈Vl

〈w′, YWWV (F(v1, x1; . . . ; vk, xk), ζ1) u〉

〈w′, YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉, (3.2)

via (2.1), parametrized by ζ1, ζ2 ∈ C. The sum is taken over any Vl-basis {u}, where
u is the dual of u with respect to a non-degenerate bilinear form 〈. , .〉λ, (8.28) over
V , (see Appendix 8).

By the standard reasoning [2,14], (3.2) does not depend on the choice of a basis of
u ∈ Vl, l ∈ Z. In the case when multiplied forms F do not contain V -elements, i.e.,
for Φ, Ψ ∈ W, (3.2) defines the product Φ ·ε Ψ associated to a rational function:

R(ε) =
∑
l∈Z

εl
∑
u∈Vl

〈w′, YWWV (Φ, ζ1) u〉〈w′, YWWV (Ψ, ζ2) u〉, (3.3)

which defines F(ε) ∈ W via R(ε) = 〈w′,F(ε)〉. As we will see in Section 5, Definition
5 is also supported by Proposition (8).

Remark 1. Note that due to (8.15), in Definition 5, and in (3.2) in particular, it
is assumed that F(v1, x1; . . . ; vk, xk) and F(v′1, y1; . . . ; v′n, yn) are composable with
the V -module W vertex operators YW (u,−ζ1) and YW (u,−ζ2) correspondingly (see
Section 5 for the definition of composability). The product (3.2) is actually defined by
sum of products of matrix elements of ordinary V -module W vertex operators acting
on Wz1,...,zn elements. In what follows we will see that, since u ∈ V and u ∈ V ′

are connected by (8.29), ζ1 and ζ2 appear in a relation to each other. The form of
the product defined above is natural in terms of the theory of chacaters for vertex
operator algebras [3, 12,14].

3.3. Convergence of the ε-product and existence of corresponding rational
form. In order to prove convergence of a product of elements of two spacesWx1,...,xk

andWy1,...,yn of rationalW-valued forms, we have to use a geometrical interpretation
[8,13]. Recall that aWz1,...,zn -space is defined by means of matrix elements of the form
(2.1). For a vertex algebra V , this corresponds [2] to a matrix element of a number
of V -vertex operators with formal parameters identified with local coordinates on
a Riemann sphere. Geometrically, each space Wz1,...,zn can be also associated to a
Riemann sphere with a few marked points, and local coordinates vanishing at these
points [8]. An extra point can be associated to a center of an annulus used in order
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to sew the sphere with another sphere. The product (3.2) has then a geometric
interpretation. The resulting model space would also be associated to a Riemann
sphere formed as a result of sewing procedure. In Appendix 9 we describe explicitly
the geometrical procedure of sewing of two spheres [13].

Let us identify (as in [1,3,8,12–14]) two sets (x1, . . . , xk) and (y1, . . . , yn) of complex
formal parameters, with local coordinates of two sets of points on the first and the
second Riemann spheres correspondingly. Identify complex parameters ζ1, ζ2 of (3.2)
with coordinates (9.1) of the annuluses (9.3). After identification of annuluses Aa and
Aa, r coinciding coordinates may occur. This takes into account case of coinciding
formal parameters. In this way, we construct the map (3.1).

As we will see in the next subsection, the product is defined by a sum of products
of matrix elements [2] associated to each of two spheres. Such sum is supposed to
describe a W-valued rational differential form defined on a sphere formed as a result
of geometrical sewing [13] of two initial spheres. Since two initial spacesWx1,...,xk

and
Wy1,...,yn are defined through rational-valued forms expressed by matrix elements of
the form (2.1), it is then proved (Proposition 4), that the resulting product defines
a Wx1,...,xk;y1,...,yn-valued rational form by means of an absolute convergent matrix
element on the resulting sphere. In the next subsections we prove the existence
of such rational form, and absolute convergence of corresponding matrix element.
The complex sewing parameter, parametrizing the module space of sewin spheres,
parametrizes also the product of W-spaces.

In this subsection and the next section we formulate the results of this paper for
the ε-product of W-spaces.

Proposition 4. The product (3.2) of elements of the spaces Wx1,...,xk
and Wy1,...,yn

corresponds to an absolutely converging in ε rational form with only possible poles at
xi = xj, yi′ = yj′ , and xi = yj, 1 ≤ i, i′ ≤ k, 1 ≤ j, j′ ≤ n.

Proof. In order to prove this proposition we use the geometrical interpretation of
the product (3.2) in terms of Riemann spheres with marked points (see Appendix
9). We consider two sets of vertex algebra elements (v1, . . . , vk) and (v′1, . . . , v

′
k), and

two sets of formal complex parameters (x1, . . . , xk), (y1, . . . , yn). Formal parameters

are identified with local coordinates of k points on the Riemann sphere Σ̂
(0)
1 , and n

points on Σ̂
(0)
2 , with excised annuluses Aa (see definitions and notations in Appendix

9). Recall the sewing parameter condition ζ1ζ2 = ε (9.4) of the sewing procedure.
Then, for (3.2) we obtain

〈w′,F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉
=
∑
l∈Z

εl
∑
u∈Vl

〈w′, YWWV (F(v1, x1; . . . ; vk, xk), ζ1) u〉

〈w′, YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2) u〉 (3.4)

=
∑
l∈Z

εl
∑
u∈Vl

〈w′, eζ1 LW (−1) YW (u,−ζ1) F(v1, x1; . . . ; vk, xk)〉

〈w′, eζ2 LW (−1) YW (u,−ζ2) F(v′1, y1; . . . ; v′n, yn)〉.
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Recall from (9.1) (see Appendix 9) that in two sphere ε-sewing formulation, the
complex parameters ζa, a = 1, 2 are coordinates inside identified annuluses Aa, and
|ζa| ≤ ra. Therefore, due to Proposition 3 the matrix elements

R̃(x1, . . . , xk; ζ1) = 〈w′, eζ1 LW (−1) YW (u,−ζ1) F(v1, x1; . . . ; vk, xk)〉, (3.5)

R̃(y1, . . . , yn; ζ2) = 〈w′, eζ2 LW (−1) YW (u,−ζ2) F(v′1, y1; . . . ; v′n, yn)〉, (3.6)

are absolutely convergent in powers of ε with some radia of convergence Ra ≤ ra,
with |ζa| ≤ Ra. The dependence of (3.5) and (3.6) on ε is expressed via ζa, a = 1, 2.
Let us rewrite the product (3.2) as

〈w′,F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉
=
∑
l∈Z

εl (〈w′,F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn)〉)l

=
∑
l∈Z

∑
u∈Vl

∑
m∈C

εl−m−1 R̃m(x1, . . . , xk; ζ1) R̃m(y1, . . . , yn; ζ2), (3.7)

as a formal series in ε for |ζa| ≤ Ra, where and |ε| ≤ r for r < r1r2. Then we apply
Cauchy’s inequality to coefficient forms (3.5) and (3.6) to find∣∣∣R̃m(x1, . . . , xk; ζ1)

∣∣∣ ≤M1R
−m
1 , (3.8)

with

M1 = sup
|ζ1|≤R1,|ε|≤r

∣∣∣R̃(x1, . . . , xk; ζ1)
∣∣∣ .

Similarly, ∣∣∣R̃m(y1, . . . , yn; ζ2)
∣∣∣ ≤M2R

−m
2 , (3.9)

for

M2 = sup
|ζ2|≤R2,|ε|≤r

∣∣∣R̃(y1, . . . , yn; ζ2)
∣∣∣ .

Using (3.8) and (3.9) we obtain for (3.7)

|(〈w′,F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn〉)l|

≤
∣∣∣R̃m(x1, . . . , xk; ζ1)

∣∣∣ ∣∣∣R̃m(y1, . . . , yn; ζ2)
∣∣∣

≤M1 M2 (R1R2)
−m

. (3.10)

Thus, for M = min {M1,M2} and R = max {R1, R2}, such that

|Rl(x1; . . . , xk; y1, . . . , y
′
n; ζ1, ζ2)| ≤MR−l+m+1. (3.11)

Thus, we see that (3.2) is absolute convergent as a formal series in ε is defined for
|ζa| ≤ ra, and |ε| ≤ r for r < r1r2, with extra poles only at xi = yj , 1 ≤ i ≤ k,
1 ≤ j ≤ n. �

Now we show the existence of appropriate Wx1,...,xk;y1,...,yn -valued rational form
corresponding to the absolute convergent rational form R(x1, . . . , xk; y1, . . . , yn; ε)
defining the ε-product of elements of the spaces Wx1,...,xk

and Wy1,...,yn .
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Lemma 1. For all choices of elements of the spaces Wx1,...,xk
and Wy1,...,yn there

exists an element F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε) ∈ Wx1,...,xk;y1,...,yn such
that the product (3.2) converges to

R(x1, . . . , xk; y1, . . . , yn; ε) = 〈w′,F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉.

Proof. In the proof of Proposition 4 we proved the absolute convergence of the product
(3.2) to a rational form R(x1, . . . , xk; y1, . . . , yn; ε). The lemma follows from complete-
ness of Wx1,...,xk;y1,...,yn and density of the space of rational differential forms. �

As we see, the ε-product is parametrized by a non-zero complex parameter ε, and
a collection of points on auxiliary spheres with formal parameters vanishing at these
points. We then have

Definition 6. For fixed sets (v1, . . . , vk), (v′1, . . . , v
′
n) ∈ V , (x1, . . . , xk) ∈ C, (y1, . . . , yn)

∈ C, we call the set of all Wx1,...,xk;y1,...,yn -valued rational forms F(v1, x1; . . . ; vk, xk
; v′1, y1; . . . ; v′n, yn; ε) defined by (3.2) with the parameter ε exhausting all possible
values, the complete product of the spaces Wx1,...,xk

and Wy1,...,yn .

4. Properties of the W-product

In this section we study properties of the product F(v1, x1; . . .; vk, xk; v′1, y1; . . .;
v′n, yn; ε) of (3.2). Since we assume that (x1, . . . , xk; y1, . . . , yn) ∈ Fk+nC, i.e., coinci-
dences of xi and yj are excluded by the definition of Fk+nC. We have

Definition 7. We define the action of ∂l = ∂zl = ∂/∂zl , 1 ≤ l ≤ k + n, the differ-
entiation of F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε) with respect to the l-th entry of
(x1, . . . , xk; y1, . . . , yn) as follows

〈w′, ∂lF(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉
=
∑
m∈Z

εm
∑
u∈Vm

〈w′, ∂δl,ixi Y
W
WV (F(v1, x1; . . . ; vk, xk), ζ1) u〉

〈w′, ∂δl,jyj YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉. (4.1)

Proposition 5. The product (3.2) satisfies the LV (−1)-derivative (2.3) and LV (0)-
conjugation (2.8) properties.
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Proof. By using (2.3) for F(v1, x1; . . . ; vk, xk) and F(v′1, y1; . . . ; v′n, yn), we consider

〈w′, ∂lF(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, ∂δl,ixi Y
W
WV (F(v1, x1; . . . ; vk, xk), ζ1) u〉

〈w′, ∂δl,jyj YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, ∂δl,ixi YW (u,−ζ1)F(v1, x1; . . . ; vk, xk)) u〉

〈w′, ∂δl,jyj YW (u,−ζ2)F(v′1, y1; . . . ; v′n, yn)〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, YWWV

(
∂
δl,i
xi F(v1, x1; . . . ; vk, xk), ζ1

)
u〉

〈w′, YWWV

(
∂
δl,j
yj F(v′1, y1; . . . ; vn, yn), ζ2

)
u〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, YWWV

(
F(v1, x1; . . . ; (LV (−1))

δl,i vi, xi; . . . ; vk, xk), ζ1

)
u〉

〈w′, YWWV

(
F(v′1, y1; . . . ; (LV (−1))

δl,j v′j , yj ; . . . ; v
′
n, yn), ζ2

)
u〉

= 〈w′,F(v1, x1; . . . ; (LV (−1))l ; . . . ; v
′
n, yn; ε)〉, (4.2)

where (LV (−1))l acts on the l-th entry of (v1, . . . ; vk; v′1, . . . , v
′
n). Summing over l we

obtain

k+n∑
l=1

∂lF(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉

=
k+n∑
l=1

〈w′,F(v′1, x1; . . . ; (LV (−1)) ; . . . ; v′n, yn; ε)〉

= 〈w′, LW (−1).F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉. (4.3)

Due to (2.8), (8.5), (8.29), (8.30), and (8.13), we have

〈w′,F(zLV (0)v1, z x1; . . . ; zLV (0)vk, z xk; zLV (0)v′1, z y1; . . . ; zLV (0)v′n, z yn; ε)〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, YWWV

(
F(zLV (0)v1, z x1; . . . ; zLV (0)vk, z xk), ζ1

)
u〉

〈w′, YWWV

(
F(zLV (0)v′1, z y1; . . . ; zLV (0)v′n, z yn), ζ2

)
u〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, YWWV

(
zLV (0)F(v1, x1; . . . ; vk, xk), ζ1

)
u〉

〈w′, YWWV

(
zLV (0)F(v′1, y1; . . . ; v′n, yn), ζ2

)
u〉
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=
∑
m∈Z

εm
∑
u∈Vm

〈w′, eζ1LW (−1)YW (u,−ζ1) zLV (0)F(v1, x1; . . . ; vk, xk)〉

〈w′, eζ2LW (−1) YW (u,−ζ2) zLV (0)F(v′1, y1; . . . ; v′n, yn)〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, eζ1LW (−1)zLV (0)YW

(
z−LV (0)u,−z ζ1

)
F(v1, x1; . . . ; vk, xk)〉

〈w′, eζ2LW (−1) zLW (0) YW

(
z−LV (0)u,−z ζ2

)
F(v′1, y1; . . . ; v′n, yn)〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, eζ1LW (−1)zLW (0)z−wtu YW (u,−z ζ1)F(v1, x1; . . . ; vk, xk)〉

〈w′, eζ2LW (−1) zLW (0) z−wtu YW (u,−z ζ2)F(v′1, y1; . . . ; v′n, yn)〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, zLW (0)eζ1LW (−1)YW (u,−zζ1)F(v1, x1; . . . ; vk, xk)〉

〈w′, zLW (0)eζ2LW (−1)YW (u,−zζ2)F(v′1, y1; . . . ; v′n, yn), 〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, zLW (0) YWWV (F(v1, x1; . . . ; vk, xk), zζ1) u〉

〈w′, zLW (0) YWWV (F(v′1, y1; . . . ; v′n, yn), zζ2)u〉

=
∑
m∈Z

εm
∑
u∈Vm

〈w′, zLW (0) YWWV (F(v1, x1; . . . ; vk, xk), ζ ′1) u〉

〈w′, zLW (0) YWWV (F(v′1, y1; . . . ; v′n, yn), ζ ′2)u〉

= 〈w′,
(
zLW (0)

)
.F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉.

With (9.4), we obtain (2.8) for (3.2). �

Remark 2. As we see in the last expressions, the LV (0)-conjugation property (2.8)
for the product (3.2) includes the action of zLV (0)-operator on complex parameters
ζa, a = 1, 2.

We also have

Proposition 6. For generic elements vi, v
′
j ∈ V , 1 ≤ i ≤ k, 1 ≤ j ≤ n, of a quasi-

conformal grading-restricted vertex algebra, the product (3.2) is canonincal with re-
spect to the action of the group Autx1,...,xk;y1,...,ynO(k+n) of k+n-dimensional changes

(x1, . . . , xk; y1, . . . , yn) 7→ (x′1, . . . , x
′
k; y′1, . . . , y

′
n)

= (ρ1(x1, . . . , xk; y1, . . . , yn), . . . , ρk+n(x1, . . . , xk; y1, . . . , yn)), (4.4)

of formal parameters.

Proof. Note that due to Proposition 1

F(v1, x
′
1; . . . ; vk, x

′
k) = F(v1, x1; . . . ; vk, xk),

F(v1, y
′
1; . . . ; vn, y

′
n) = F(v1, y1; . . . ; vn, yn).
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Thus,

〈w′,F(v1, x
′
1; . . . , ; vk, x

′
k; v′1, y

′
1; . . . ; v′n, y

′
n; ε)〉

=
∑
l∈Z

εl
∑
u∈Vl

〈w′, YWWV (F(v1, x
′
1; . . . ; vk, x

′
k), ζ1) u〉

〈w′, YWWV (F(v′1, y
′
1; . . . ; v′n, y

′
n), ζ2)u〉

=
∑
l∈Z

εl
∑
u∈Vl

〈w′, YWWV (F(v1, x1; . . . ; vk, xk), ζ1) u〉

〈w′, YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉
= 〈w′,F(v1, x1; . . . , ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉.

Thus, the product (3.2) is invariant under (4.4). �

In the geometric interpretation in terms of auxiliary spaces, the definition (3.2)
depends on the choice of insertion points pi, 1 ≤ i ≤ k, with local coordinated xi on

Σ̂
(0)
1 , and p′i, 1 ≤ j ≤ k, with local coordinates yj on Σ̂

(0)
2 . Suppose we change the

the distribution of points among two Riemann spheres. We formulate the following

Lemma 2. For a fixed set (ṽ1, . . . , ṽn) ∈ V , of vertex algebra elements, the ε-product
F(ṽ1, z1; . . . ; ṽn, zn; ε) ∈ Wz1,...,zn ,

·ε :Wz1,...,zk ×Wzk+1,...,zn →Wz1,...,zn , (4.5)

remains the same for elements F(ṽ1, z1; . . . ; ṽk, zk) ∈ Wz1,...,zk and F(ṽk+1, zk+1; . . .
; ṽn, zn) ∈ Wzk+1,...,zn , for any 0 ≤ k ≤ n.

Remark 3. This Lemma is important for the formulation of cohomological invariants
associated to grading-restricted vertex algebras on smooth manifolds [11]. In case
k = 0, we obtain from (4.6),

·ε :W ×Wz1,...,zn →Wz1,...,zn . (4.6)

Proof. Let ṽi ∈ V , 1 ≤ i ≤ k, ṽj ∈ V , 1 ≤ j ≤ k, and zi, zj are correspond-
ing formal parameters. We show that the ε-product of F(ṽ1, z1; . . . ; ṽk, zk) and
F(ṽk+1, zk+1; . . . ; ṽn, zn), i.e., the Wz1,...,zk+n

-valued differential form

F((ṽ1, z1; . . . ; ṽk, zk); (ṽk+1, zk+1; . . . ; ṽn, zn); ζ1, ζ2; ε) (4.7)

is independent of the choice of 0 ≤ k ≤ n. Consider

〈w′,F(ṽ1, z1; . . . ; ṽk, zk; ṽk+1, zk+1; . . . ; ṽn, zn; ζ1, ζ2; ε)〉
=
∑
l∈Z

εl
∑
u∈Vl

〈w′, YWWV (F(ṽ1, z1; . . . ; ṽk, zk), ζ1) u〉

〈w′, YWWV (F(ṽk+1, zk+1; . . . ; ṽn, zn), ζ2)u〉. (4.8)

On the other hand, for 0 ≤ m ≤ k, consider∑
l∈Z

εl
∑
u∈Vl

〈w′, YWWV (F(ṽ1, z1; . . . ; ṽm, zm), ζ1) u〉

〈w′, YWWV

(
F(ṽm+1, z

′
m+1; . . . ; ṽk, z

′
k; ṽk+1, z1; . . . ; ṽn, zn), ζ2

)
u〉

= 〈w′,F(ṽ1, z1; . . . ; ṽm, zm; ṽm+1, z
′
m+1; . . . ; ṽk, z

′
k; ṽk+1, zk+1; . . . ; ṽn, zn)〉.
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The last is the ε-product (3.2) of F(ṽ1, z1; . . . ; ṽm, zm) ∈ Wz1,...,zm and F(ṽm+1, z
′
m+1;

. . .; ṽk, z
′
k; ṽk+1, z1; . . .; ṽn, zn) ∈ Wz′m+1,...,z

′
k;z1,...,zn

. Let us apply the invariance

with respect to a subgroup of Autz1,...,zk+n
O(n), with (z1, . . . , zm) and (zk+1, . . . , zn)

remaining unchanged. Then we obtain the same product (4.8). �
Next, we formulate

Definition 8. We define the action of an element σ ∈ Sk+n on the product of
F(v1, x1; . . . ; vk, xk) ∈ Wx1,...,xk

, and F(v′1, y1; . . . ; v′n, yn) ∈ Wy1,...,yn , as

〈w′, σ(F)(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉
= 〈w′,F(vσ(1), xσ(1); . . . ; vσ(k), xσ(k); v

′
σ(1), yσ(1); . . . ; v

′
σ(n), yσ(n); ε)〉

=
∑
u∈V
〈w′, YWWV

(
F(vσ(1), xσ(1); . . . ; vσ(k), xσ(k)), ζ1

)
u〉

〈w′, YWWV

(
F(v′σ(1), yσ(1); . . . ; v

′
σ(n), yσ(n)), ζ2

)
u〉. (4.9)

5. Double complex spaces Cnm(V,W)

In [6] (see also [10]) a cohomology theory for grading-restricted vertex algebras was
introduced. In particular, spaces Cnm(V,W), n ≥ 0, m ≥ 0, and differentials δnm, for
chain-cochain double complex (Cnm(V,W), δnm) were introduced. In this section we
recal the definition and properties of Cnm(V,W), [6].

5.1. E-elements. For w ∈W , the W -valued function given by

E
(n)
W (v1, z1; . . . ; vn, zn;w) = E(ωW (v1, z1) . . . ωW (vn, zn)w),

where an element E(φ) is a W -valued rational function, φ ∈ W is given by (see
notations for ωW (., .) in Section 5.3)

E(φ) = R(〈w′, φ〉).
One defines

E
W ;(n)
WV (w; v1, z1; . . . ; vn, zn) = E

(n)
W (v1, z1; . . . ; vn, zn;w),

where E
W ;(n)
WV (w; v1, z1; . . . ; vn, zn) is an element of W z1,...,zn . For (z1, . . . , zn, ζ) ∈

Fn+1C, (v1, . . . , vn) ∈ V , and w ∈W , set

E
(n,1)
W (v1, z1; . . . ; vn, zn;w, ζ) = E

(
YW (v1, z1) . . . YW (vn, zn) YWWV (w, ζ)1V

)
.

One defines

F ◦
(
E

(l1)
V ; 1 ⊗ . . .⊗ E

(ln)
V ; 1

)
: V ⊗m+n →W z1,...,zm+n

,

by

(F ◦ (E
(l1)
V ; 1 ⊗ . . .⊗ E

(ln)
V ; 1))(v1 ⊗ . . .⊗ vm+n−1)

= E(F(E
(l1)
V ;1(v1 ⊗ . . .⊗ vl1)⊗ . . .

⊗E(ln)
V ;1 (vl1+...+ln−1+1 ⊗ . . .⊗ vl1+...+ln−1+ln))),

and
E

(m)
W ◦0 F : V ⊗m+n →W z1,...,zm+n−1 ,
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is given by

(E
(m)
W ◦0 F)(v1 ⊗ . . .⊗ vm+n)

= E(E
(m)
W (v1 ⊗ . . .⊗ vm;F(vm+1 ⊗ . . .⊗ vm+n))).

Finally,

E
W ;(m)
WV ◦m+1 F : V ⊗m+n →W z1,...,zm+n−1 ,

is defined by

(E
W ;(m)
WV ◦m+1 F)(v1 ⊗ . . .⊗ vm+n) = E(E

W ;(m)
WV (F(v1 ⊗ . . .⊗ vn); vn+1 ⊗ . . .⊗ vn+m)).

In the case that l1 = . . . = li−1 = li+1 = 1 and li = m−n− 1, for some 1 ≤ i ≤ n, we

will use F ◦i E(li)
V ; 1 to denote F ◦ (E

(l1)
V ; 1 ⊗ . . .⊗E

(ln)
V ; 1). Note that our notations differ

with that of [6].

5.2. Maps composable with vertex operators. Let us recall the definition of
maps composable with a number of vertex operators [6].

Definition 9. For a V -module

W =
∐
n∈C

W(n),

and m ∈ C, let
Pm : W →W(m),

be the projection from W to W(m). Let

F : V ⊗n →Wz1,...,zn ,

be a linear map. For m ∈ N, F is called [6, 10] composable with m vertex operators
if the following conditions are satisfied:

1) Let l1, . . . , ln ∈ Z+ such that l1 + . . . + ln = m + n, v1, . . . , vm+n ∈ V , and
w′ ∈W ′. Set

Ψi = E
(li)
V (vk1 , zk1 − ζi; . . . ; vki , zki − ζi; 1V ), (5.1)

where

k1 = l1 + . . .+ li−1 + 1, . . . , ki = l1 + . . .+ li−1 + li, (5.2)

for i = 1, . . . , n. Then there exist positive integers Nn
m(vi, vj) depending only on vi

and vj for i, j = 1, . . . , k, i 6= j such that the series

Inm(F) =
∑

r1,...,rn∈Z
〈w′,F(Pr1Ψ1; ζ1; . . . ;PrnΨn, ζn)〉, (5.3)

is absolutely convergent when

|zl1+...+li−1+p − ζi|+ |zl1+...+lj−1+q − ζi| < |ζi − ζj |, (5.4)

for i, j = 1, . . . , k, i 6= j and for p = 1, . . . , li and q = 1, . . . , lj . The sum must be ana-
lytically extended to a rational function in (z1, . . . , zm+n), independent of (ζ1, . . . , ζn),
with the only possible poles at zi = zj , of order less than or equal to Nn

m(vi, vj), for
i, j = 1, . . . , k, i 6= j.
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2) For v1, . . . , vm+n ∈ V , and (z1, . . . , zn+m) ∈ C there exist positive integers
Nn
m(vi, vj), depending only on vi and vj , for i, j = 1, . . . , k, i 6= j, such that for

arbitrary w′ ∈W ′, and such that the series

J nm(F) =
∑
q∈C
〈w′, E(m)

W

(
v1, z1; . . . ; vm, zm;Pq(F(vm+1, zm+1; . . . ; vm+n, zm+n)

)
〉,(5.5)

is absolutely convergent when

zi 6= zj , i 6= j,

|zi| > |zk| > 0, (5.6)

for i = 1, . . . ,m, and k = m+ 1, . . . ,m+n, and the sum can be analytically extended
to a rational function in (z1, . . . , zn+m) with the only possible poles at zi = zj , of
orders less than or equal to Nn

m(vi, vj), for i, j = 1, . . . , k, i 6= j,.

In [6], we the following useful proposition is proven:

Proposition 7. Let F : V ⊗n → Wz1,...,zn be composable with m vertex operators.
Then we have:

(1) For p ≤ m, F is composable with p vertex operators and for p, q ∈ Z+

such that p + q ≤ m and l1, . . . , ln ∈ Z+ such that l1 + . . . + ln = p + n,

F◦(E(l1)
V ; 1⊗. . .⊗E

(ln)
V ; 1) and E

(p)
W ◦p+1F are composable with q vertex operators.

(2) For p, q ∈ Z+ such that p+q ≤ m, l1, . . . , ln ∈ Z+ such that l1+. . .+ln = p+n
and k1, . . . , kp+n ∈ Z+ such that k1 + . . .+ kp+n = q + p+ n, we have

(F ◦ (E
(l1)
V ; 1 ⊗ . . .⊗ E

(ln)
V ; 1)) ◦ (E

(k1)
V ; 1 ⊗ . . .⊗ E

(kp+n)
V ; 1 )

= F ◦ (E
(k1+...+kl1 )

V ; 1 ⊗ . . .⊗ E
(kl1+...+ln−1+1+...+kp+n)

V ; 1 ).

(3) For p, q ∈ Z+ such that p+q ≤ m and l1, . . . , ln ∈ Z+ such that l1+ . . .+ ln =
p+ n, we have

E
(q)
W ◦q+1 (F ◦ (E

(l1)
V ; 1 ⊗ . . .⊗ E

(ln)
V ; 1)) = (E

(q)
W ◦q+1 F) ◦ (E

(l1)
V ; 1 ⊗ . . .⊗ E

(ln)
V ; 1).

(4) For p, q ∈ Z+ such that p+ q ≤ m, we have

E
(p)
W ◦p+1 (E

(q)
W ◦q+1 F) = E

(p+q)
W ◦p+q+1 F .

Finally, in [6] we find the proof of the following. Let now Pn : W → W(n), for
n ∈ C be the projection from W to W(n).

Proposition 8. For k, l1, . . . , ln+1 ∈ Z+ and v
(1)
1 , . . . , v

(1)
l1
, . . . , v

(n+1)
1 , . . . , v

(n+1)
ln+1

∈
V , w ∈W , and w′ ∈W ′, the series∑

r1,...,rn∈Z,rn+1∈C
〈w′, E(n,1)

W

(
Pr1(E

(l1)
V (v

(1)
1 , z

(1)
1 ; . . . ; v

(1)
l1
, z

(1)
l1

; 1V , z
(0)
1 )); . . . ;

Prn(E
(ln)
V (v

(n)
1 , z

(n)
1 ; . . . ; v

(n)
ln
, z

(n)
ln

; 1V , z
(0)
n ))

Prn+1
(E

(ln+1)
W (v

(n+1)
1 , z

(n+1)
1 ; . . . ; v

(n+1)
ln+1

, z
(n+1)
ln+1

;w, z
(0)
n+1))

)
〉, (5.7)
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converges absolutely to

〈w′, E(n)
W (v

(1)
1 , z

(1)
1 + z

(0)
1 ; . . . ; v

(1)
l1
, z

(1)
l1

+ z
(0)
1 ; . . . ;

v
(n+1)
1 , z

(n+1)
1 + z

(0)
n+1; v

(n+1)
ln+1

, z
(n+1)
ln+1

+ z
(0)
n+1;w))〉,

when 0 < |z(i)p | + |z(j)q | < |z(0)i − z(0)j | for i, j = 1, . . . , n + 1, i 6= j, p = 1, . . . , li,
q = 1, . . . , lj.

5.3. Definition of Cnm(V,W)-spaces. In this subsection we recall the definition of
spaces Cnm(V,W) given in [6] for a grading-restricted vertex algebra V . First, recall
the definition of shuffles. Let Sl be the permutation group. For l ∈ N and 1 ≤ s ≤ l−1,
let Jl;s be the set of elements of Sl which preserve the order of the first s numbers
and the order of the last l − s numbers, that is,

Jl,s = {σ ∈ Sl | σ(1) < . . . < σ(s), σ(s+ 1) < . . . < σ(l)}.

The elements of Jl;s are called shuffles, and we use the notation

J−1l;s = {σ | σ ∈ Jl;s}.

For a set of n elements (v1, . . . , vn) of a grading-restricted vertex algebra V , we
consider linear maps

F (v1, z1; . . . ; vn, zn) : V ⊗n →Wz1,...,zn (5.8)

(see Section 2 for the definition of a Wz1,...,zn space). Note that similar to considera-

tions of [1], (2.2) can be treated as Autz1,...,zn O(n) -torsor of the product of groups
of formal parameter transformations. In what follows, according to definitions of Ap-
pendix 2, when we write an element F of the space Wz1,...,zn , we actually have in
mind corresponding matrix element 〈w′,F〉 that absolutely converges (in a certain
domain) to a rational form-valued function R(〈w′,F〉). Quite frequently we will write
〈w′,F〉 which would denote a rational W-valued form. In notations, we would keep
tensor products of vertex algebra elements with wt -powers of z-differentials when it
is inevitable only.

Later in the next section we prove, that for arbitrary vi ∈ V , 1 ≤ i ≤ n, with
formal parameters zi an element (2.2) as well as the vertex operators

ωW (vi, zi) = YW

(
dz

wt (vi)
i ⊗ vi, zi)

)
, (5.9)

are invariant with respect to the action of the group Autz1,...,zn O(n) In (5.9) we
mean the ordinary vertex operator (as defined in Appendix 8) not affecting the tensor
product with corresponding differential.

In [6] one finds:

Proposition 9. The subspace of Hom(V ⊗n,Wz1,...,zn) consisting of linear maps hav-
ing the LV (−1)-derivative property, having the LV (0)-conjugation property or being
composable with m vertex operators is invariant under the action of Sn. �

We next have
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Definition 10. For arbitrary set of vertex alebra elements vi, vj ∈ V , and formal
complex parameters zi, zj , 1 ≤ i ≤ n, 1 ≤ j ≤ m, n ≥ 0, m ≥ 0, we denote by
Cnm(V,W), the space of all linear maps (5.8)

F(v1, z1; . . . ; vn, zn) : V ⊗n →Wz1,...,zn , (5.10)

composable with a m of vertex operators (5.9) with vertex algebra elements vj , with
formal parameters zj . We assume also that (2.2) satisfy LV (−1)-derivative (2.3),
LV (0)-conjugation (2.8) properties, and the symmetry property with respect to action
of the symmetric group Sn:∑

σ∈J−1
n;s

(−1)|σ|F
(
vσ(1), zσ(1); . . . ; vσ(n), zσ(n)

)
= 0. (5.11)

In [11] we prove the following

Proposition 10. For a quasi-conformal grading-restricted vertex algebra V and its
module W , the definition (10) is canonical, i.e., invariant with respect to the group
of n-dimensional transformations

(z1, . . . , zn) 7→ (z′1, . . . , z
′
n) = (ρ1(z1, . . . , zn), . . . , ρn(z1, . . . , zn)),

of formal parameters zi, 1 ≤ i ≤ n.

In Appendix 10 we recall the proof of Proposition 10.

Remark 4. The condition of quasi-conformality is necessary in the proof of invariance
of elements of the spaceWz1,...,zn with respect to a vertex algebraic representation (cf.

Appendix 8) of the group Autz1,...,zn O(n). In what follows, we will always assume
the quasi-conformality of V when it concerns the spaces Cnm(V,W).

5.4. Coboundary operators. In this subsection we recall [6] the definition of the
coboundary operator for the spaces Cnm(V,W),

δnmF =

n∑
i=1

(−1)i F (ωV (vi, zi − zi+1) vi+1)

+ ωW (v1, z1) F(v2, z2; . . . ; vn, zn)

+ (−1)n+1ωW (vn+1, zn+1) F(v1, z1; . . . ; vn, zn). (5.12)

Note that it is assumed that the coboundary operator does not affect dz
wt (vi)
i -tensor

multipliers in F . In [6] the following proposition is proved

Proposition 11. The operator (5.12) obeis

δnm : Cnm(V,W)→ Cn+1
m−1(V,W), (5.13)

δn+1
m−1 ◦ δnm = 0, (5.14)

0 −→ C0
m(V,W)

δ0m−→ C1
m−1(V,W)

δ1m−1−→ . . .
δm−1
1−→ Cm0 (V,W) −→ 0, (5.15)

i.e., provides the chain-cochain complex (Cnm(V,W), δnm). �
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6. Application: the product of Cnm(V,W)-spaces

In this section we consider an application of the material of Section 3 to double
complex spaces Cnm(V,W), (Definition 10) described in previous section. We introduce
the product of two double complex spaces with the image in another double complex
space coherent with respect to the original differential (5.12), and the symmetry
property (5.11). We prove the canonicity of the product, and derive an analogue of
Leibniz formula.

Definition 11. For F(v1, x1; . . . ; vk, xk) ∈ Ckm(V,W), and F(v′1, y1; . . . ; v′n, yn) ∈
Cnm′(V,W) the product

F(v1, x1; . . . ; vk, xk) ·ε F(v′1, y1; . . . ; v′n, yn) 7→ F (v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε) ,

is a Wx1,...,xk;y1,...,yn -valued rational form

〈w′,F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉
= 〈w′,F(v1, x1; . . . ; vk, xk) ·ε F(v′1, y1; . . . ; v′n, yn)〉
=
∑
u∈V
〈w′, YWWV (F(v1, x1; . . . ; vk, xk), ζ1) u〉

〈w′, YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2) u〉, (6.1)

defined by (3.2).

Remark 5. Let t be the number of common vertex operators the mappings F(v1, x1;
. . .; vk, xk) ∈ Ckm(V,W) and F(v′1, y1; . . . ; v′n, yn) ∈ Cnm′(V,W), are composable with.
Similar to the case of common formal parameters, this case is separately treated with
a decrease to m+m′ − t of number of composable vertex operators. In what follows,
we exclude this case from considerations.

The action of σ ∈ Sk+n on the product F (v1, x1; . . . ; vk, xk ; v′k+1,y1; . . .; v′n, yn; ε
(6.1) is given by (2.9). We then have

Proposition 12. For F(v1, x1; . . . ; vk, xk) ∈ Ckm(V,W) and F(v′1, y1; . . . ; v′n, yn) ∈
Cnm′(V,W), the product F (v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε) (6.1) belongs to the

space Ck+nm+m′(V,W), i.e.,

·ε : Ckm(V,W)× Cnm′(V,W)→ Ck+nm+m′(V,W).

Proof. In Proposition 4 we proved that F (v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε) ∈
Wx1;,...,xk;y1,...,yn . It is clear that

·ε : Ck. (V,W)× Cn. (V,W)→ Ck+nl (V,W),

for some l. First, we show that (5.11) for σ ∈ Sk+n,∑
σ∈J−1

k+n;s

(−1)|σ|F
(
vσ(1), xσ(1); . . . ; vσ(k), xσ(k); v

′
σ(1), yσ(1); . . . ; v

′
σ(n), yσ(n)

)
= 0.
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For arbitrary w′ ∈W ′, we have∑
σ∈J−1

k+n;s

(−1)|σ|〈w′,F
(
vσ(1), xσ(1); . . . ; vσ(k), xσ(k); v

′
σ(1), yσ(1); . . . ; v

′
σ(n), yσ(n))

)
〉

=
∑

σ∈J−1
k+n;s

(−1)|σ|
∑
u∈V
〈w′, YWWV

(
F(vσ(1), xσ(1); . . . ; vσ(k), xσ(k)), ζ1

)
u〉

〈w′, YWWV

(
F(v′σ(1), yσ(1); . . . ; v

′
σ(n), yσ(n)), ζ2

)
u〉

=
∑
u∈V

∑
σ∈J−1

k+n;s

(−1)|σ|〈w′, eζ1LW (−1) YW (u,−ζ1) F(vσ(1), xσ(1); . . . ; vσ(k), xσ(k))〉

〈w′, eζ2LW (−1) YW (u,−ζ2) F(v′σ(1), yσ(1); . . . ; v
′
σ(n), yσ(n))〉

=
∑
u∈V
〈w′, eζ1LW (−1) YW (u,−ζ1)

∑
σ∈J−1

k;s

(−1)|σ|F(vσ(1), xσ(1); . . . ; vσ(k), xσ(k))〉

〈w′, eζ2LW (−1) YW (u,−ζ2) F(v′σ(1), yσ(1); . . . ; v
′
σ(n), yσ(n))〉

+
∑
u∈V
〈w′, eζ1LW (−1) YW (u,−ζ1) F(vσ(1), xσ(1); . . . ; vσ(k), xσ(k))〉

〈w′, eζ2LW (−1) YW (u,−ζ2)
∑
σ∈J−1

n;s

(−1)|σ|F(v′σ(1), yσ(1); . . . ; v
′
σ(n), yσ(n))〉 = 0,

since, J−1k+n;s = J−1k;s×J−1n;s, and due to the fact that F(v1, x1; . . . ; vk, xk) and F(v′1, y1;

. . .; v′n, yn) satisfy (2.9).
Next, we show that F (v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε) (6.1) is composable

with m + m′ vertex operators. Recall that F(v1, x1; . . . ; vk, xk) is composable with
m vertex operators, and F(v′1, y1; . . . ; v′n, yn) is composable with m′ vertex operators.
For F(v1, x1; . . . ; vk, xk) we have:

1) Let l1, . . . , lk ∈ Z+ such that l1 + . . .+ lk = k +m, and v1, . . . , vk+m ∈ V , and
arbitrary w′ ∈W ′. Set

Ψi = E
(li)
V (vk1 , xk1 − ζi; . . . ; vki , xki − ζi; 1V ), (6.2)

where

k1 = l1 + . . .+ li−1 + 1, . . . , ki = l1 + . . .+ li−1 + li, (6.3)

for i = 1, . . . , k. Then the series

Ikm(F) =
∑

r1,...,rk∈Z
〈w′,F(Pr1Ψ1; ζ1; . . . ;PrkΨk, ζk)〉, (6.4)

is absolutely convergent when

|xl1+...+li−1+p − ζi|+ |xl1+...+lj−1+q − ζi| < |ζi − ζj |, (6.5)

for i, j = 1, . . . , k, i 6= j and for p = 1, . . . , li and q = 1, . . . , lj . There exist positive
integers Nk

m(vi, vj), depending only on vi and vj for i, j = 1, . . . , k, i 6= j, such that
the sum is analytically extended to a rational function in (x1, . . . , xk+m), independent
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of (ζ1, . . . , ζk), with the only possible poles at xi = xj , of order less than or equal to
Nk
m(vi, vj), for i, j = 1, . . . , k, i 6= j.
For F(v′1, y1; . . . ; v′n, yn) we have:

1’) Let l′1, . . . , l
′
n ∈ Z+ such that l′1 + . . . + l′n = n + m′, v′1, . . . , vn+m′ ∈ V and

arbitrary w′ ∈W ′. Set

Ψ′i′ = E
(l′

i′ )

V (v′k′1 , yk
′
1
− ζ ′i′ ; . . . ; v′k′i′ , yk′i′ − ζ

′
i′ ; 1V ), (6.6)

where

k′1 = l′1 + . . .+ l′i′−1 + 1, . . . , k′i′ = l′1 + . . .+ l′i′−1 + l′i′ , (6.7)

for i′ = 1, . . . , n. Then the series

Inm′(F) =
∑

r′1,...,r
′
n∈Z

〈w′,F(Pr′1Ψ′1; ζ ′1; . . . ;Pr′nΨ′n, ζ
′
n)〉, (6.8)

is absolutely convergent when

|yl′1+...+l′i′−1
+p′ − ζ ′i′ |+ |yl′1+...+l′j′−1

+q′ − ζ ′i′ | < |ζ ′i′ − ζ ′j′ |, (6.9)

for i′, j′ = 1, . . . , n, i′ 6= j′ and for p′ = 1, . . . , l′i and q′ = 1, . . . , l′j . There exist
positive integers Nn

m′(v
′
i′ , v
′
j′), depending only on v′i′ and v′j′ for i, j = 1, . . . , n, i′ 6= j′,

such that the sum is analytically extended to a rational function in (y1, . . . , yn+m′),
independent of (ζ ′1, . . . , ζ

′
n), with the only possible poles at yi′ = yj′ , of order less

than or equal to Nn
m′(v

′
i′ , v
′
j′), for i′, j′ = 1, . . . , n, i′ 6= j′.

Now let us consider the first condition of Definition 9 of composability for the
product (6.1) of F(v1, x1; . . . ; vk, xk) and F(v′1, y1; . . . ; v′n, yn) with a number of vertex
operators. Then we obtain for F (v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε) the following.
We redefine the notations for the set

(v′′1 , . . . , v
′′
k ; v′′k+1, . . . , v

′′
k+m; v′′k+m+1, . . . , v

′′
k+n+m+m′ ; vn+1, . . . , v

′
n+m′)

= (v1, . . . , vk; vk+1, . . . , vk+m; v′1, . . . , v
′
n; v′n+1, . . . , v

′
n+m′),

(z1, . . . , zk; zk+1, . . . , zk+n) = (x1, . . . , xk; y1, . . . , yn),

of vertex algebra V elements. Introduce l′′1 , . . . , l
′′
k+n ∈ Z+, such that l′′1 + . . .+ l′′k+n =

k + n+m+m′. Define

Ψ′′i = E
(l′′

i′′ )

V (v′′k′′1 , zk
′′
1
− ζ ′′i′′ ; . . . ; v′′k′′

i′′
, zk′′

i′′
− ζ ′′i′′ ; 1V ), (6.10)

where

k′′1 = l′′1 + . . .+ l′′i′′−1 + 1, . . . , k′′i′′ = l′′1 + . . .+ l′′i′′−1 + l′′i′′ , (6.11)

for i′′ = 1, . . . , k + n, and we take

(ζ ′′1 , . . . , ζ
′′
k+n) = (ζ1, . . . , ζk; ζ ′1, . . . , ζ

′
n).

Then we consider

Ik+nm+m′(F) =
∑

r′′1 ,...,r
′′
k+n∈Z

〈w′,F(Pr′′1 Ψ′′1 ; ζ ′′1 ; . . . ;Pr′′k+n
Ψ′′k+n, ζ

′′
k+n)〉, (6.12)

and prove it is absolutely convergent with some conditions.
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The condition

|zl′′1 +...+l′′i−1+p
′′ − ζ ′′i |+ |zl′′1 +...+l′′j−1+q

′′ − ζ ′′i | < |ζ ′′i − ζ ′′j |, (6.13)

of absolute convergence for (6.12) for i′′, j′′ = 1, . . . , k + n, i 6= j and for p′′ =
1, . . . , l′′i and q′′ = 1, . . . , l′′j , follows from the conditions (6.5) and (6.19). The action

of eζLW (−1) YW (., .), a = 1, 2, in

〈w′, eζ1LW (−1) YW (u,−ζ)
∑

r1,...,rk∈Z
F(Pr1Ψ1; ζ1; . . . ;PrkΨk, ζk)〉,

〈w′, eζ2LW (−1) YW (u,−ζ̃)
∑

r′1,...,r
′
n∈Z

F(Pr′1Ψ′1; ζ1; . . . ;Pr′kΨ′n, ζ
′
n)〉,

does not affect the absolute convergency of (6.4) and (6.8). We obtain∣∣Ik+nm+m′(F)
∣∣ =

=

∣∣∣∣∣∣
∑

r′′1 ,...,r
′′
k+n∈Z

〈w′,F(Pr′′1 Ψ′′1 ; ζ ′′1 ; . . . ;Pr′′k+n
Ψ′′k+n, ζ

′′
k+n)〉

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
u∈V
〈w′, YWVW (

∑
r1,...,rk∈Z

F(Pr1Ψ1; ζ1; . . . ;PrkΨk, ζk), ζ)u〉

〈w′, YWVW (
∑

r′1,...,r
′
n∈Z

F(Pr′1Ψ′1; ζ ′1; . . . ;Pr′nΨ′n, ζ
′
n), ζ̃)u〉

∣∣∣∣∣∣
≤
∣∣Ikm(F)

∣∣ |Inm′(F)| .
Thus, we infer that (6.12) is absolutely convergent. Recall that the maximal orders
of possible poles of (6.12) are Nk

m(vi, vj), N
n
m′(v

′
i′ , v
′
j′) at xi = xj , yi′ = yj′ . From

the last expression we infer that there exist positive integers Nk+n
m+m′(v

′′
i′′ , v

′′
j′′) for i,

j = 1, . . . , k, i 6= j, i′, j′ = 1, . . . , n, i′ 6= j, depending only on v′′i′′ and v′′j′′ for i′′,

j′′ = 1, . . . , k + n, i′′ 6= j′′ such that the series (6.12) can be analytically extended
to a rational function in (x1, . . . , xk; y1, . . . , yn), independent of (ζ ′′1 , . . . , ζ

′′
k+n), with

extra possible poles at and xi = yj , of order less than or equal to Nk+n
m+m′(v

′′
i′′ , v

′′
j′′),

for i′′, j′′ = 1, . . . , n, i′′ 6= j′′.
Let us proceed with the second condition of composability. For F(v1, x1; . . . ; vk, xk) ∈

Ckm(V,W), and (v1, . . . , vk+m) ∈ V , (x1, . . . , xk+m) ∈ C, we have

2) For arbitrary w′ ∈W ′, the series

J km(F) =
∑
q∈C
〈w′, E(m)

W

(
v1, x1; . . . ; vm, xm;Pq(F(vm+1, xm+1; . . . ; vm+k, xm+k

)
〉,

(6.14)

is absolutely convergent when

xi 6= xj , i 6= j,

|xi| > |xk′ | > 0, (6.15)
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for i = 1, . . . ,m, and k′ = m+1, . . . , k+m, and the sum can be analytically extended
to a rational function in (x1, . . . , xk+m) with the only possible poles at xi = xj , of
orders less than or equal to Nk

m(vi, vj), for i, j = 1, . . . , k, i 6= j.
2’) For F(v′1, y1; . . . ; v′n, yn) ∈ Cnm′(V,W), (v′1, . . . , v

′
n+m′) ∈ V , and (y1, . . . , yn+m′) ∈

C, the series

J nm′(F) =
∑
q∈C
〈w′, E(m′)

W

(
v′1, y1; . . . ; v′m′ , ym′ ;

Pq(F(v′m′+1, ym′+1; . . . ; v′m′+n, ym′+n))
)
〉, (6.16)

is absolutely convergent when

yi′ 6= yj′ , i′ 6= j′,

|yi′ | > |yk′′ | > 0, (6.17)

for i′ = 1, . . . ,m′, and k′′ = m′ + 1, . . . , n + m′, and the sum can be analytically
extended to a rational function in (y1, . . . , yn+m′) with the only possible poles at
yi′ = yj′ , of orders less than or equal to Nn

m′(v
′
i′ , v
′
j′), for i′, j′ = 1, . . . , n, i′ 6= j′.

2”) Thus, for the product (6.1) we obtain (v′′1 , . . . , v
′′
k+n+m+m′) ∈ V , and (z1, . . . ,

zk+n+m+m′) ∈ C, we find positive integers Nk+n
m+m′(v

′
i, v
′
j), depending only on v′i and

v′′j , for i′′, j′′ = 1, . . . , k + n, i′′ 6= j′′, such that for arbitrary w′ ∈W ′. First we note

Lemma 3.∑
q∈C
〈w′, E(m+m′)

W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k+n, zm+m′+k+n

))
〉

=
∑
u∈V
〈w′, E(m)

W

(
vk+1, xk+1; . . . ; vk+m, xk+m;

Pq

(
YWWV (F(v1, x1; . . . ; vk, xk), ζ1) u

))
〉

〈w′, E(m′)
W

(
v′n+1, yn+1; . . . ; v′n+m′ , yn+m′ ;

Pq

(
YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2) u

))
〉.

Proof. Consider∑
u∈V
〈w′, E(m+m′)

W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
YWWV

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k, zm+m′+k), ζ1

)
u
))
〉

〈w′, E(m+m′)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
YWWV

(
F(v′′m+m′+k+1, zm+m′+k+1; . . . ;

v′′m+m′+k+n, zm+m′+k+n), ζ2
)
u
))
〉
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=
∑
q∈C

∑
u∈V
〈w′, E(m+m′)

W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
eζ1LW (−1) YW

(
u,−ζ1) F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k, zm+m′+k)

) )
〉

〈w′, E(m+m′)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
eζ2LW (−1) YW

(
u,−ζ2) F(v′′m+m′+k+1, zm+m′+k+1; . . . ;

v′′m+m′+k+n, zm+m′+k+n)
) )
〉.

The action of exponentials eζaLW (−1), a = 1, 2, of the differential operator LW (−1),
and W -module vertex operators YW (u,−ζ1) , YW (u,−ζ2) shifts the grading index q
of Wq-subspaces by α ∈ C which can be later rescaled to q. Thus, we can rewrite the
last expression as

=
∑
q∈C

∑
u∈V
〈w′, E(m+m′)

W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

eζ1LW (−1) YW

(
u,−ζ1

)
Pq+α

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k, zm+m′+k)

))
〉

〈w′, E(m+m′)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

eζ2LW (−1) YW

(
u,−ζ2

)
Pq+α

(
F(v′′m+m′+k+1, zm+m′+k+1; . . . ; v′′m+m′+k+n, zm+m′+k+n)

))
〉

=
∑
q∈C

∑
u∈V
〈w′, E(m+m′)

W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

YWWV

(
Pq+α

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k, zm+m′+k)

)
, ζ1

)
u〉

〈w′, E(m+m′)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

YWWV

(
Pq+α

(
F(v′′m+m′+k+1, zm+m′+k+1; . . . ; v′′m+m′+k+n, zm+m′+k+n),−ζ2) u

)
〉

=
∑
q∈C

∑
w̃∈W

〈w′, E(m+m′)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ; w̃

)
〉

∑
u∈V
〈w′, YWWV

(
Pq+α

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k, zm+m′+k),−ζ1) u

))
〉

〈w̃′, E(m+m′)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ; w̃

)
〉

〈w′, YWWV

(
Pq+α

(
F(v′′m+m′+k+1, zm+m′+k+1; . . . ; v′′m+m′+k+n, zm+m′+k+n),−ζ2) u

))
〉
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=
∑
q∈C
〈w′, E(m+m′)

W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq+α

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k, zm+m′+k;

v′′m+m′+k+1, zm+m′+k+1; . . . ; v′′m+m′+k+n, zm+m′+k+n)
)
〉.

Now note that, according to Proposition 6, as an element of Wz1,...,zk+n+m+m′

〈w′, E(m+m′)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq+α

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k, zm+m′+k;

v′′m+m′+k+1, zm+m′+k+1; . . . ; v′′m+m′+k+n, zm+m′+k+n)
)
〉, (6.18)

is invariant with respect to the action of σ ∈ Sk+n+m+m′ . Thus we are able to use
this invariance to show that (6.18) is reduced to

〈w′, E(m+m′)
W

(
v′′k+1, zk+1; . . . ; v′′k+1+m, zk+1+m; v′′n+1, zn+1; . . . ; v′′n+1+m′ , zn+1+m′ ;

Pq+α

(
F(v′′1 , z1; . . . ; v′′k , zk; v′′k+1, zk+1; . . . ; v′′k+n, zk+n)

))
〉

= 〈w′, E(m+m′)
W

(
vk+1, xk+1; . . . ; vk+1+m, xk+1+m; v′n+1, yn+1; . . . ; v′n+1+m′ , yn+1+m′ ;

Pq+α

(
F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn)

)
〉.

Similarly, since

〈w′, E(m)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
YWWV

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k, zm+m′+k), ζ1

)
u
))
〉,

〈w′, E(m′)
W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
YWWV

(
F(v′′m+m′+k+1, zm+m′+k+1; . . . ; v′′m+m′+k+n, zm+m′+k+n), ζ2

)
u
))
〉.

correspond to elements ofWz1,...,zm+m′+k
andWzm+m′+k+1,...,zm+m′+k+n

, we use Propo-
sition 6 again and obtain

〈w′, E(m)
W

(
vk+1, xk+1; . . . ; vk+m, xk+m;Pq

(
YWWV (F(v1, x1; . . . ; vk, xk), ζ1) u

))
〉

〈w′, E(m′)
W

(
v′n+1, yn+1; . . . ; v′n+m′ , yn+m′ ;Pq

(
YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2) u

))
〉,

correspondingly. Thus, the assertion of Lemma follows. �

Under conditions

zi′′ 6= zj′′ , i′′ 6= j′′,

|zi′′ | > |zk′′′ | > 0, (6.19)
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for i′′ = 1, . . . ,m+m′, and k′′′ = m+m′ + 1, . . . ,m+m′ + k + n, let us introduce

J k+nm+m′(F) =
∑
q∈C
〈w′, E(m+m′)

W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k+n, zm+m′+k+n); ε)

)
〉. (6.20)

Using Lemma 3 we obtain

|J k+nm+m′(F)|

=

∣∣∣∣∣∣
∑
q∈C
〈w′, E(m+m′)

W

(
v′′1 , z1; . . . ; v′′m+m′ , zm+m′ ;

Pq

(
F(v′′m+m′+1, zm+m′+1; . . . ; v′′m+m′+k+n, zm+m′+k+n); ε)

)
〉
∣∣∣

=

∣∣∣∣∣∣
∑
q∈C

∑
u∈V
〈w′, E(m)

W

(
vk+1, xk+1; . . . ; vk+m, xk+m;

Pq

(
YWWV (F(v1, x1; . . . ; vk, xk), ζ1) u

))
〉

〈w′, E(m′)
W

(
v′n+1, yn+1; . . . ; v′n+m′ , yn+m′ ;

Pq

(
YWWV (F(v′1, y1; . . . ; v′n, yn), ζ2) u

))
〉
∣∣∣

≤
∣∣J km(F)

∣∣ |J nm′(F)| ,

where we have used the invariance of (6.1) with respect to σ ∈ Sm+m′+k+n. According
to Proposition 8 J km(F) and J nm′(F) in the last expression are absolute convergent.

Thus, we infer that J k+nm+m′(F) is absolutely convergent, and the sum (6.12) is analyt-
ically extendable to a rational function in (z1, . . . , zk+n+m+m′) with the only possible
poles at xi = xj , yi′ = yj′ , and at xi = yj′ , i.e., the only possible poles at zi′′ = zj′′ ,

of orders less than or equal to Nk+n
m+m′(v

′′
i′′ , v

′′
j′′), for i′′, j′′ = 1, . . . , k′′′, i′′ 6= j′′. This

finishes the proof of the proposition. �

Now we prove the following

Corollary 1. For F(v1, x1; . . . ; vk, xk) ∈ Ckm(V,W) and F(v′1, y1; . . . ; v′n, yn) ∈ Cnm′(V ,
W), the product

F (v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)

= F(v1, x1; . . . ; vk, xk) ·ε F(v′1, y1; . . . ; v′n, yn), (6.21)

is canonical with respect to the action

(x1, . . . , xk; y1, . . . , yn) 7→ (x′1, . . . , x
′
k; y′1, . . . , y

′
n)

= (ρ1(x1, . . . , xk; y1, . . . , yn), . . . , ρk+n(x1, . . . , xk; y1, . . . , yn)), (6.22)

of elements the group Autx1,...,xk;y1,...,yn O(k+n).
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Proof. In Subsection 4 we have proved that the product (3.2) belongs toWx1,...,xk;y1,...,yn ,

and is invariant with respect to the group Autx1,...,xk;y1,...,yn O(k+n). Similar as in
the proof of Proposition 10, vertex operators ωV (vi, xi), 1 ≤ i ≤ m, composable with
F(v1, x1; . . . ; vk, xk), and vertex operators ωV (vj , yj), 1 ≤ j ≤ m′, composable with
F(v′1, y1; . . . ; v′n, yn), are also invariant with respect to (ρ1(x1, . . . , xk; y1, . . . , yn), . . .,
ρk+n(x1, . . . , xk; y1, . . . , yn)) ∈ Autx1,...,xk;y1,...,yn O(k+n). �

Since the product of F(v1, x1; . . .; vk, xk) ∈ Ckm(V,W) and F(v′1, y1; . . . ; v′n, yn) ∈
Cnm′(V,W) results in an element of Ck+nm+m′(V,W), then, similar to Proposition 9 [6],
the following corollary follows directly from Proposition (12) and Definition 8:

Corollary 2. For the spaces Wx1,...,xk
and Wy1,...,yn with the product (3.2) F ∈

Wx1,...,xk;y1,...,yn , the subspace of Hom(V ⊗n,Wx1,...,xk;y1,...,yn) consisting of linear maps
having the LW (−1)-derivative property, having the LV (0)-conjugation property or be-
ing composable with m vertex operators is invariant under the action of Sk+n.

Finally, we have the following

Corollary 3. For a fixed set (v1, . . . vk; vk+1, . . . , vk+n) ∈ V of vertex algebra ele-
ments, and fixed k + n, and m+m′, the ε-product F(v1, z1; . . . ; vk, zk; vk+1, zk+1; . . .
; vk+n, yk+n; ε),

·ε : Ckm(V,W)× Cnm′(V,W)→ Ck+nm+m′(V,W),

of the spaces Ckm(V,W) and Cnm′(V,W), for all choices of k, n, m, m′ ≥ 0, is the

same element of Ck+nm+m′(V,W) for all possible k ≥ 0.

Proof. In Proposition 4 we have proved that the result of the maps belongs to
Wx1,...,xk;y1,...,yn , for all k, n ≥ 0, and fixed k + n. As in proof of Proposition 12,
by checking conditions for the forms (6.4) and (6.8), we see by Proposition 7, the
product F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn) is composable with fixed m+m′. �

6.1. Coboundary operator acting on the product space. In Proposition 12 we
proved that the product (6.1) of elements of spaces Ckm(V,W) and Cnm′(V,W) belongs

to Ck+nm+m′(V,W). Thus, the product admits the action ot the differential operator

δk+nm+m′ defined in (5.12). The co-boundary operator (5.12) possesses a variation of
Leibniz law with respect to the product (6.1). Indeed, we state here

Proposition 13. For F(v1, x1; . . . ; vk, xk) ∈ Ckm(V,W) and F(v′1, y1; . . . ; v′n, yn) ∈
Cnm′(V,W), the action of δk+nm+m′ on their product (6.1) is given by

δk+nm+m′ (F(v1, x1; . . . ; vk, xk) ·ε F(v′1, y1; . . . ; v′n, yn))

=
(
δkmF(v1, x1; . . . ; vk, xk)

)
·ε F(v′1, y1; . . . ; v′n, yn)

+(−1)kF(v1, x1; . . . ; vk, xk) ·ε (δnm′F(v′1, y1; . . . ; v′n, yn)) . (6.23)

Remark 6. Checking (5.12) we see that an extra arbitrary vertex algebra element
vn+1 ∈ V , as well as corresponding extra arbitrary formal parameter zn+1 appear
as a result of the action of δnm on F ∈ Cnm(V,W) mapping it to Cn+1

m−1(V,W). In
application to the ε-product (6.1) these extra arbitrary elements are involved in the

definition of the action of δk+nm+m′ on F(v1, x1; . . . ; vk, xk) ·ε F(v′1, y1; . . . ; v′n, yn).
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Proof. According to (5.12), the action of δk+nm+m′ on F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′k, yn; ε)
is given by

〈w′, δk+nm+m′ F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉

= 〈w′,
k∑
i=1

(−1)i F(v1, x1; . . . ; vi−1, xi−1; ωV (vi, xi − xi+1)vi+1, xi+1; vi+2, xi+2;

. . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉

+
n∑
i=1

(−1)i 〈w′,F
(
v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′i−1, y1−1;

ωV
(
v′i, yi − yi+1; ) v′i+1, yi+1; v′i+2, yi+2; . . . ; v′n, yn; ε

)
〉

+〈w′, ωW (v1, x1) F(v2, x2; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉

+〈w, (−1)k+n+1ωW (v′n+1, yn+1) F(v1, x1; . . . ; vk, xk; v′1, y1; . . . ; v′n, yn; ε)〉

=
∑
u∈V
〈w′,

k∑
i=1

(−1)i YWVW (F(v1, x1; . . . ; vi−1, xi−1; ωV (vi, xi − xi+1)vi+1, xi+1;

vi+2, xi+2; . . . ; vk, xk), ζ1)u〉〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

+
∑
u∈V

n∑
i=1

(−1)i 〈w′, YWVW (F (v1, x1; . . . ; vk, xk), ζ1)u〉

〈w′, YWVW (F(v′1, y1; . . . ; v′i−1, yi−1;

ωV
(
v′i, yi − yi+1; ) v′i+1, yi+1; v′i+2, yi+2; . . . ; v′n, yn), ζ2)u〉

+
∑
u∈V
〈w′, YWVW (ωW (v1, x1) F(v2, x2; . . . ; vk, xk), ζ1)u〉

〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

+
∑
u∈V
〈w′, YWVW ((−1)k+1ωW (vk+1, xk+1) F(v1, x1; . . . ; vk), ζ1)u〉

〈w′, YWVW (F(xk; v′1, y1; . . . ; v′n, yn), ζ2)u〉
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−
∑
u∈V
〈w′, (−1)k+1〈w′, YWVW (ωW (vk+1, xk+1) F(v1, x1; . . . ; vk, xk), ζ1)u〉

〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉
+
∑
u∈V
〈w′, YWVW (F(v1, x1; . . . ; vk, xk), ζ1)u〉

〈w′, YWVW (ωW (v′1, y1) F(v′2, y2; . . . ; v′n, yn), ζ2)u〉∑
u∈V
〈w′, YWVW (F(v1, x1; . . . ; vk, xk), ζ1)〉

〈w′, YWVW (ωW (v′1, y1)F(v′2, y2; . . . ; v′n, yn), ζ2)〉

=
∑
u∈V
〈w′, YWVW (δkmF(v1, x1; . . . ; vk, xk), ζ1)u〉

〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉
+(−1)k

∑
u∈V
〈w′, YWVW (F (v1, x1; . . . ; vk, xk), ζ1)u〉

〈w′, YWVW (δnm′F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

= 〈w′, δkmF(v1, x1; . . . ; vk, xk) ·ε 〈w′,F(v′1, y1; . . . ; v′n, yn)〉
+(−1)k〈w′,F (v1, x1; . . . ; vk, xk) ·ε δnm′F(v′1, y1; . . . ; v′n, yn)〉,

since, ∑
u∈V
〈w′, (−1)k+1YWVW (ωW (vk+1, xk+1) F(v1, x1; . . . ; vk, xk), ζ1)u〉

〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

=
∑
u∈V
〈w′, (−1)k+1eζ1LW (−1)YW (u,−ζ1) ωW (vk+1, xk+1) F(v1, x1; . . . ; vk, xk)〉

〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

=
∑
u∈V
〈w′, (−1)k+1eζ1LW (−1)ωW (vk+1, xk+1)YW (u,−ζ1) F(v1, x1; . . . ; vk, xk)〉

〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

=
∑
u∈V
〈w′, (−1)k+1 ωW (vk+1, xk+1 + ζ1) eζ1LW (−1)YW (u,−ζ1) F(v1, x1; . . . ; vk, xk)〉

〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

=
∑
v∈V

∑
u∈V
〈v′, (−1)k+1 ωW (vk+1, xk+1 + ζ1)w〉

〈w′, eζ1LW (−1)YW (u,−ζ1) F(v1, x1; . . . ; vk, xk)〉
〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉
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=
∑
u∈V
〈w′, eζ1LW (−1)YW (u,−ζ1) F(v1, x1; . . . ; vk, xk)〉∑

v∈V
〈v′, (−1)k+1 ωW (vk+1, xk+1 + ζ1)w〉〈w′, YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

=
∑
u∈V
〈w′, YWVW (F(v1, x1; . . . ; vk, xk), ζ1)u 〉

〈w′, (−1)k+1 ωW (vk+1, xk+1 + ζ1) YWVW (F(v′1, y1; . . . ; v′n, yn), ζ2)u〉

=
∑
u∈V
〈w′, YWVW (F(v1, x1; . . . ; vk, xk), ζ1)u 〉

〈w′, (−1)k+1 ωW (vk+1, xk+1 + ζ1) eζ2LW (−1)YW (u,−ζ2) F(v′1, y1; . . . ; v′n, yn)〉

=
∑
u∈V
〈w′, YWVW (F(v1, x1; . . . ; vk, xk), ζ1)u 〉

〈w′, (−1)k+1 eζ2LW (−1) YW (u,−ζ2) ωW (vk+1, xk+1 + ζ1 − ζ2) F(v′1, y1; . . . ; v′n, yn)〉

=
∑
u∈V
〈w′, YWVW (F(v1, x1; . . . ; vk, xk), ζ1)u〉

〈w′, YWVW (ωW (v′1, y1) F(v′2, y2; . . . ; v′n, yn), ζ2)u〉,

due to locality (8.7) of vertex opertors, and arbitrarness of vk+1 ∈ V and xk+1, we
can always put

ωW (vk+1, xk+1 + ζ1 − ζ2) = ωW (v′1, y1),

for vk+1 = v′1, xk+1 = y1 + ζ2 − ζ1. �

Finally, we have the following

Corollary 4. The multiplication (6.1) extends the chain-cochain complex (5.13)–
(5.15) structure to all products Ckm(V,W)× Cnm′(V,W), k, n ≥ 0, m, m′ ≥ 0. �

Corollary 5. The product (6.1) and the product operator (5.12) endow the space
Ckm(V,W) × Cnm(V,W), k, n ≥ 0, m, m′ ≥ 0, with the structure of a bi-graded
differential algebra G(V,W, ·, δnm). �

7. Example: exceptional complex

In addition to the double complex (Cnm(V,W), δnm) provided by (5.13)–(5.15), there
exists an exceptional short double complex (C2

ex(V,W), δ2ex). In [6] we have

Lemma 4. For n = 2, there exists a subspace C0
ex(V,W)

C2
m(V,W) ⊂ C2

ex(V,W) ⊂ C2
0 (V,W),

for all m ≥ 1, with the action of coboundary operator δ2m defined. �
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Let us recall some facts about the exceptional complex [6]. Consider the space
C2

0 (V,W). It consist of Wz1,z2-elements with zero vertex operators composable. The
space C2

0 (V,W) contains elements of Wz1,z2 so that the action of δ20 is zero. Never-
theless, as for J nm(Φ) in (5.5), Definition 9, let us consider sum of projections

Pr :Wzi,zj →Wr,

for r ∈ C, and (i, j) = (1, 2), (2, 3), so that the condition (5.5) is satisfied for some
elements similar to the action (5.5) of δ20 . Separating the first two and the second two
summands in (5.12), we find that for a subspace of C2

0 (V,W) (which we denote as
C2
ex(V,W)), for v1, v2, v3 ∈ V , and arbitrary w′ ∈W ′, ζ ∈ C, the following elements

G1(z1, z2, z3)

=
∑
r∈C

(
〈w′, E(1)

W (v1, z1;Pr (F (v2, z2 − ζ; v3, z3 − ζ))〉

+〈w′,F
(
v1, z1;Pr

(
E

(2)
V (v2, z2 − ζ; v3, z3 − ζ; 1V ) , ζ

)
〉
)

=
∑
r∈C

(
〈w′, ωW (v1, z1) Pr (F (v2, z2 − ζ; v3, z3 − ζ))〉

+〈w′,F (v1, z1;Pr (ωV (v2, z2 − ζ)ωV (v3, z3 − ζ) 1V ) , ζ)〉
)
,

(7.1)

and

G2(z1, z2, z3)

=
∑
r∈C

(
〈w′,F

(
Pr

(
E

(2)
V (v1, z1 − ζ, v2, z2 − ζ; 1V )

)
, ζ; v3, z3

)
〉

+〈w′, EW ;(1)
WV

(
Pr (F (v1, z1 − ζ; v2, z2 − ζ) , ζ; v3, z3)〉

)
=
∑
r∈C

(
〈w′,F (Pr(ωV (v1, z1 − ζ)ωV (v2, z2 − ζ)1V , ζ)); v3, z3)〉

+〈w′, ωV (v3, z3) Pr (F (v1, z1 − ζ; v2, z2 − ζ))〉
)
, (7.2)

are absolutely convergent in the regions

|z1 − ζ| > |z2 − ζ|,
|z2 − ζ| > 0,

|ζ − z3| > |z1 − ζ|,
|z2 − ζ| > 0,

where zi, 1 ≤ i ≤ 3. These functions can be analytically extended to rational form-
valued functions in z1 and z2 with the only possible poles at z1, z2 = 0, and z1 = z2.
Note that (7.1) and (7.2) constitute the first two and the last two terms of (5.12)
correspondingly. According to Proposition 7 (cf. Appendix 5.2), C2

m(V,W) is a
subspace of C2

ex(V,W), for m ≥ 0, and F ∈ C2
m(V,W) are composable with m vertex

operators. Then we have
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Definition 12. The coboundary operator

δ2ex : C2
ex(V,W)→ C3

0 (V,W), (7.3)

is defined by

δ2exF = 〈w′, ωW (v1, z1) F (v2, z2; v3, z3)〉
− 〈w′,F (ωV (v1, z1) ωV (v2, z2)1V ; v3, z3)〉

+〈w′,F(v1, z1; ωV (v2, z2) ωV (v3, z3)1V )〉
+〈w′, ωW (v3, z3) F (v1, z1; v2, z2)〉, (7.4)

for arbitrary w′ ∈W ′, F ∈ C2
ex(V,W), (v1, v2, v3) ∈ V and (z1, z2, z3) ∈ F3C.

In [6] we also find

Proposition 14. The operator (7.4) provides the chain-cochain complex

δ2ex ◦ δ12 = 0,

0 −→ C0
3 (V,W)

δ03−→ C1
2 (V,W)

δ12−→ C2
ex(V,W)

δ2ex−→ C3
0 (V,W) −→ 0. (7.5)

�

Since

δ12 C
1
2 (V,W) ⊂ C2

1 (V,W) ⊂ C2
ex(V,W),

the second formula follows from the first one, and

δ2ex ◦ δ12 = δ21 ◦ δ12 = 0.

For elements of the spaces C2
ex(V,W) we have the following

Corollary 6. The product of elements of the spaces C2
ex(V,W) and Cnm(V,W) is

given by (6.1),

·ε : C2
ex(V,W)× Cnm(V,W)→ Cn+2

m (V,W), (7.6)

and, in particular,

·ε : C2
ex(V,W)× C2

ex(V,W)→ C4
0 (V,W).

Proof. The fact that the number of formal parameters is n + 2 in the product (6.1)
follows from Proposition (4). Consider the product (6.1) for C2

ex(V,W) and Cnm(V,W).
It is clear that, similar to considerations of the proof of Proposition 12, the total
number m of vertex operators the product F is composable to remains the same. �
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8. Appendix: Grading-restricted vertex algebras and their modules

In this section, following [6] we recall basic properties of grading-restricted vertex
algebras and their grading-restricted generalized modules, useful for our purposes in
later sections. We work over the base field C of complex numbers.

Definition 13. A vertex algebra (V, YV ,1V ), (cf. [9]), consists of a Z-graded complex
vector space

V =
∐
n∈Z

V(n), dimV(n) <∞,

for each n ∈ Z, and linear map

YV : V → End (V )[[z, z−1]],

for a formal parameter z and a distinguished vector 1V ∈ V . The evaluation of YV
on v ∈ V is the vertex operator

YV (v) ≡ YV (v, z) =
∑
n∈Z

v(n)z−n−1, (8.1)

with components (YV (v))n = v(n) ∈ End (V ), where YV (v, z)1V = v +O(z).

Definition 14. A grading-restricted vertex algebra satisfies the following conditions:

(1) Grading-restriction condition: V(n) is finite dimensional for all n ∈ Z, and
V(n) = 0 for n� 0;

(2) Lower-truncation condition: For u, v ∈ V , YV (u, z)v contains only finitely
many negative power terms, that is,

YV (u, z)v ∈ V ((z)),

(the space of formal Laurent series in z with coefficients in V );
(3) Identity property: Let IdV be the identity operator on V . Then

YV (1V , z) = IdV ;

(4) Creation property: For u ∈ V ,

YV (u, z)1V ∈ V [[z]],

and

lim
z→0

YV (u, z)1V = u;

(5) Duality: For u1, u2, v ∈ V ,

v′ ∈ V ′ =
∐
n∈Z

V ∗(n),

where V ∗(n) denotes the dual vector space to V(n) and 〈 ., .〉 the evaluation

pairing V ′ ⊗ V → C, the series

〈v′, YV (u1, z1)YV (u2, z2)v〉, (8.2)

〈v′, YV (u2, z2)YV (u1, z1)v〉, (8.3)

〈v′, YV (YV (u1, z1 − z2)u2, z2)v〉, (8.4)
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are absolutely convergent in the regions

|z1| > |z2| > 0,

|z2| > |z1| > 0,

|z2| > |z1 − z2| > 0,

respectively, to a common rational function in z1 and z2 with the only possible
poles at z1 = 0 = z2 and z1 = z2;

(6) LV (0)-bracket formula: Let LV (0) : V → V , be defined by

LV (0)v = nv, n = wt (v),

for v ∈ V(n). Then

[LV (0), YV (v, z)] = YV (LV (0)v, z) + z
d

dz
YV (v, z), (8.5)

for v ∈ V .
(7) LV (−1)-derivative property: Let

LV (−1) : V → V,

be the operator given by

LV (−1)v = Reszz
−2YV (v, z)1V = Y(−2)(v)1V ,

for v ∈ V . Then for v ∈ V ,

d

dz
YV (u, z) = YV (LV (−1)u, z) = [LV (−1), YV (u, z)]. (8.6)

In addition to that, we recall here the following definition (cf. [1]):

Definition 15. A grading-restricted vertex algebra V is called conformal of central
charge c ∈ C, if there exists a non-zero conformal vector (Virasoro vector) ω ∈ V(2)
such that the corresponding vertex operator

YV (ω, z) =
∑
n∈Z

LV (n)z−n−2,

is determined by modes of Virasoro algebra LV (n) : V → V satisfying

[LV (m), LV (n)] = (m− n)LV (m+ n) +
c

12
(m3 −m)δm+b,0 IdV.

Definition 16. A vector A which belongs to a module W of a quasi-conformal
grading-restricted vertex algebra V is called primary of conformal dimension ∆(A) ∈
Z+ if

LW (k)A = 0, k > 0,

LW (0)A = ∆(A)A.
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8.1. Grading-restricted generalized V -module.

Definition 17. A grading-restricted generalized V -module is a vector spaceW equipped
with a vertex operator map

YW : V ⊗W → W [[z, z−1]],

u⊗ w 7→ YW (u,w) ≡ YW (u, z)w =
∑
n∈Z

(YW )n(u,w)z−n−1,

and linear operators LW (0) and LW (−1) on W satisfying the following conditions:

(1) Grading-restriction condition: The vector space W is C-graded, that is,

W =
∐
α∈C

W(α),

such that W(α) = 0 when the real part of α is sufficiently negative;
(2) Lower-truncation condition: For u ∈ V and w ∈W , YW (u, z)w contains only

finitely many negative power terms, that is, YW (u, z)w ∈W ((z));
(3) Identity property: Let IdW be the identity operator on W . Then

YW (1V , z) = IdW ;

(4) Duality: For u1, u2 ∈ V , w ∈W ,

w′ ∈W ′ =
∐
n∈Z

W ∗(n),

W ′ denotes the dual V -module to W and 〈 ., .〉 their evaluation pairing, the
series

〈w′, YW (u1, z1)YW (u2, z2)w〉, (8.7)

〈w′, YW (u2, z2)YW (u1, z1)w〉, (8.8)

〈w′, YW (YV (u1, z1 − z2)u2, z2)w〉, (8.9)

are absolutely convergent in the regions

|z1| > |z2| > 0,

|z2| > |z1| > 0,

|z2| > |z1 − z2| > 0,

respectively, to a common rational function in z1 and z2 with the only possible
poles at z1 = 0 = z2 and z1 = z2.

(5) LW (0)-bracket formula: For v ∈ V ,

[LW (0), YW (v, z)] = YW (LV (0)v, z) + z
d

dz
YW (v, z);

(6) LW (0)-grading property: For w ∈W(α), there exists N ∈ Z+ such that

(LW (0)− α)Nw = 0; (8.10)

(7) LW (−1)-derivative property: For v ∈ V ,

d

dz
YW (u, z) = YW (LV (−1)u, z) = [LW (−1), YW (u, z)]. (8.11)
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The translation property of vertex operators

YW (u, z) = e−z
′LW (−1)YW (u, z + z′)ez

′LW (−1), (8.12)

for z′ ∈ C, follows from (8.11). For a ∈ C, the conjugation property with respect to
the grading operator LW (0) is given by

aLW (0) YW (v, z) a−LW (0) = YW (aLW (0)v, az). (8.13)

For v ∈ V , and w ∈W , the intertwining operator

YWWV : V →W,

v 7→ YWWV (w, z)v, (8.14)

is defined by

YWWV (w, z)v = ezLW (−1)YW (v,−z)w. (8.15)

8.2. Group of automorphisms of formal parameters. Let us recall some further
facts from [1] relating generators of Virasoro algebra with the group of automorphisms
in complex dimension one. Let us represent an element of Autz O(1) by the map

z 7→ ρ = ρ(z), (8.16)

given by the power series

ρ(z) =
∑
k≥1

akz
k, (8.17)

ρ(z) can be represented in an exponential form

f(z) = exp

(∑
k>−1

βk z
k+1∂z

)
(β0)

z∂z .z, (8.18)

where we express βk ∈ C, k ≥ 0, through combinations of ak, k ≥ 1. A representation
of Virasoro algebra modes in terms of differential operators is given by [9]

LW (m) 7→ −ζm+1∂ζ , (8.19)

for m ∈ Z. By expanding (8.18) and comparing to (10.1) we obtain a system of
equations which, can be solved recursively for all βk. In [1], v ∈ V , they derive the
formula

[LW (n), YW (v, z)] =
∑
m≥−1

1

(m+ 1)!

(
∂m+1
z zm+1

)
YW (LV (m)v, z), (8.20)

of a Virasoro generator commutation with a vertex operator. Given a vector field

β(z)∂z =
∑
n≥−1

βnz
n+1∂z, (8.21)

which belongs to local Lie algebra of Aut O(1), one introduces the operator

β = −
∑
n≥−1

βnLW (n).

We conlclude from (8.21) with the following
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Lemma 5.

[β, YW (v, z)] =
∑
m≥−1

1

(m+ 1)!

(
∂m+1
z β(z)

)
YW (LV (m)v, z). (8.22)

The formula (8.22) is used in [1] in order to prove invariance of vertex operators
multiplied by conformal weight differentials in case of primary states, and in generic
case.

Let us give some further definitions:

Definition 18. A conformal grading-restricted vertex algebra is a conformal vertex
algebra V , such that it module W is equipped with an action of the Virasoro algebra
and hence its Lie subalgebra Der0 O(n) given by the Lie algebra of Aut O(n).

Definition 19. A grading-restricted vertex algebra V -module W is called quasi-
conformal if it carries an action of local Lie algebra of Aut O such that commutation
formula (8.22) holds for any v ∈ V , the element LW (−1) = −∂z, as the translation
operator T ,

LW (0) = −z∂z,
acts semi-simply with integral eigenvalues, and the Lie subalgebra of the positive part
of local Lie algebra of Aut O(n) acts locally nilpotently.

Recall [1] the exponential form f(ζ) (8.18) of the coordinate transformation (8.16)
ρ(z) ∈ Aut O(1). A quasi-conformal vertex algebra posseses the formula (8.22),
thus it is possible by using the identification (8.19), to introduce the linear operator
representing f(ζ) (8.18) on Wz1,...,zn ,

P (f(ζ)) = exp

(∑
m>0

(m+ 1) βm LV (m)

)
β
LW (0)
0 , (8.23)

(note that we have a different normalization in it). In [1] it was shown that the action
of an operator similar to (8.23) on a vertex algebra element v ∈ Vn contains finitely
many terms, and subspaces

V≤m =
m⊕

n≥K

Vn,

are stable under all operators P (f), f ∈ Aut O(1). In [1] they proved the following

Lemma 6. The assignment

f 7→ P (f),

defines a representation of Aut O(1) on V ,

P (f1 ∗ f2) = P (f1) P (f2),

which is the inductive limit of the representations V≤m, m ≥ K.

Similarly, (8.23) provides a representation operator on Wz1,...,zn .
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8.3. Non-degenerate invariant bilinear form on V . The subalgebra

{LV (−1), LV (0), LV (1)} ∼= SL(2,C),

associated with Möbius transformations on z naturally acts on V , (cf., e.g. [9]). In
particular,

γλ =

(
0 λ
−λ 0

)
: z 7→ w = −λ

2

z
, (8.24)

is generated by

Tλ = exp (λLV (−1)) exp
(
λ−1LV (1)

)
exp (λLV (−1)) ,

where

TλY (u, z)T−1λ = Y

(
exp

(
− z

λ2
LV (1)

)(
− z
λ

)−2LV (0)

u,−λ
2

z

)
. (8.25)

In our considerations (cf. Appendix 9) of Riemann sphere sewing, we use in particular,
the Möbius map

z 7→ z′ = ε/z,

associated with the sewing condition (9.4) with

λ = −ξε 1
2 , (8.26)

with ξ ∈ {±
√
−1}. The adjoint vertex operator [2, 9] is defined by

Y †(u, z) =
∑
n∈Z

u†(n)z−n−1 = TλY (u, z)T−1λ . (8.27)

A bilinear form 〈., .〉λ on V is invariant if for all a, b, u ∈ V , if

〈Y (u, z)a, b〉λ = 〈a, Y †(u, z)b〉λ, (8.28)

i.e.

〈u(n)a, b〉λ = 〈a, u†(n)b〉λ.

Thus it follows that

〈LV (0)a, b〉λ = 〈a, LV (0)b〉λ, (8.29)

so that

〈a, b〉λ = 0, (8.30)

if wt(a) 6= wt(b) for homogeneous a, b. One also finds

〈a, b〉λ = 〈b, a〉λ.

The form 〈., .〉λ is unique up to normalization if LV (1)V1 = V0. Given any V basis
{uα} we define the dual V basis {uβ} where

〈uα, uβ〉λ = δαβ .
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9. Appendix: A sphere formed from sewing of two spheres

The matrix element for a number of vertex operators of a vertex algebra is usually
associated [2, 3, 12] with a vertex algebra character on a sphere. We extrapolate
this notion to the case of Wz1,...,zn spaces. In Section 3 we explained that a space
Wz1,...,zn can be associated with a Riemann sphere with marked points, while the
product of two such spaces is then associated with a sewing of such two spheres
with a number of marked points and extra points with local coordinates identified
with formal parameters of Wx1,...,xk

and Wy1,...,yn . In order to supply an appropriate
geometric construction for the product, we use the ε-sewing procedure (described in
this Appendix) for two initial spheres to obtain a matrix element associated with
(3.1).

Remark 7. In addition to the ε-sewing procedure of two initial spheres, one can
alternatively use the self-sewing procedure [13] for the sphere to get, at first, the
torus, and then by sending parameters to appropriate limit by shrinking genus to
zero. As a result, one obtains again the sphere but with a different parameterization.
In the case of spheres, such a procedure consideration of the product of W-spaces so
we focus in this paper on the ε-formalizm only.

In our particular case ofW-values rational functions obtained from matrix elements

(2.1) two initial auxiliary spaces we take Riemann spheres Σ
(0)
a , a = 1, 2, and the

resulting space is formed by the sphere Σ(0) obtained by the procedure of sewing

Σ
(0)
a . The formal parameters (x1, . . . , xk) and (y1, . . . , yn) are identified with local

coordinates of k and n points on two initial spheres Σ
(0)
a , a = 1, 2 correspondingly. In

the ε sewing procedure, some r points among (p1, . . . , pk) may coincide with points
among (p′1, . . . , p

′
n) when we identify the annuluses (9.3). This corresponds to the

singular case of coincidence of r formal parameters.
Consider the sphere formed by sewing together two initial spheres in the sewing

scheme referred to as the ε-formalism in [13]. Let Σ
(0)
a , a = 1, 2 be to initial spheres.

Introduce a complex sewing parameter ε where

|ε| ≤ r1r2,

Consider k distinct points on pi ∈ Σ
(0)
1 , i = 1, . . . , k, with local coordinates (x1, . . . , xk) ∈

FkC, and distinct points pj ∈ Σ
(0)
2 , j = 1, . . . , n, with local coordinates (y1, . . . , yn) ∈

FnC, with

|xi| ≥ |ε|/r2,

|yi| ≥ |ε|/r1.

Choose a local coordinate za ∈ C on Σ
(0)
a in the neighborhood of points pa ∈ Σ

(0)
a ,

a = 1, 2. Consider the closed disks

|ζa| ≤ ra,

and excise the disk

{ζa, |ζa| ≤ |ε|/ra} ⊂ Σ(0)
a , (9.1)
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to form a punctured sphere

Σ̂(0)
a = Σ(0)

a \{ζa, |ζa| ≤ |ε|/ra}.

We use the convention

1 = 2, 2 = 1. (9.2)

Define the annulus

Aa = {ζa, |ε|/ra ≤ |ζa| ≤ ra} ⊂ Σ̂(0)
a , (9.3)

and identify A1 and A2 as a single region A = A1 ' A2 via the sewing relation

ζ1ζ2 = ε. (9.4)

In this way we obtain a genus zero compact Riemann surface

Σ(0) =
{

Σ̂
(0)
1 \A1

}
∪
{

Σ̂
(0)
2 \A2

}
∪ A.

This sphere form a suitable geometrical model for the construction of a product of
W-valued rational forms in Section 3.

10. Appendix: the proof of Proposiiton 10

In this Appendix we recall [11] the proof of Proposiiton 10, namely, we prove that
Definition 3 is independent of the choice of formal parameters. Let us first recall
definitions required for that. Let

Autz1,...,zn O(n) = AutC[[z1, ..., zn]],

be the group of formal automorphisms of n-dimensional formal power series algebra
C[[z1, . . . , zn]].

The Z-grading on W is given by the operator LW (0) bounded from below,

W =
⊕
k>k0

Wk,

for some k0 ∈ Z. Since the vector fields zk+1∂z with k ∈ N act on W as the operators
−LW (k) of degree −k, the action of the Lie subalgebra Der+ O(n) is locally nilpotent.
Furthermore, z∂z acts as the grading operator LW (0), which is diagonalizable with
integral eigenvalues. Thus, the action of Der O(n) on a conformal vertex algebra V
can be exponentiated to an action of Autz1,...,zn O(n).

We write an element of Autz1,...,zn O(n) as

(z1, . . . , zn)→ ρ = (ρ1, . . . , ρn),

ρi = ρi(z1, . . . , zn),

for i = 1, . . . , n, where ρi are defined by elements of m ∈ O(n)

ρi(z1, . . . , zn) =
∑

i1≥0,...,in≥0,∑n
j=1

ij≥1

a(i1,...,ik)z
i1
1 . . . zikk , a(i1,...,ik) ∈ C (10.1)
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and the images of ρi, i = 1, . . . , n, in the finite dimensional C-vector space m/m2 are
linearly independent. Let us denote

v = (v1 ⊗ . . .⊗ vn) ,

z = (z1, . . . , zn) ,

wi = ρi(z1, . . . , zn),

w = (w1, . . . , wn).

The natural object that turns to be invariant with respect to the action of the group
Autz1,...,zn O(n) is given by the matrix element of the n-vector

〈w′,Φ (v, z dz)〉 = 〈w′,
[
Φ
(
v1, z1 dzi(1); . . . ; vn, zn dzi(n)

)]
〉, (10.2)

containing n F-entries, where i(j) denotes the cyclic permutation of (1, . . . , n) starting
with j. In the main text we use (2.2) which is related to (10.4). Due to (2.8), (10.4)
can be written in the form

〈w′,Φ (dz v) (z)〉 = 〈w′,
[(
dzi(J)

)−L(0)W
Φ

(((
dzi(J)

)L(V )
0 v

)
(z)

]
〉

= 〈w′,
[(
dzi(J)

)−L(0)W
Φ
((
dzi(J)

)wt (vJ )
v
)

(z)
]
〉,

coherent with the one-dimensional case of [1] and containing wt (v)-differentials. The
idea to use torsors [1] is to represent the action of ρ (10.1) of the group Autz1,...,zn O(n)

on formal parameters z in vectors (v, z) to the action by V -operators on vertex algebra
states v. Recall the standard representation of the Virasoro mode [9]

zm+1
j ∂zj 7→ −Lm, m ∈ Z.

In order to represent the action of the group Autz1,...,zn O(n) on the variables (z1, . . . , zn)

of F (10.4) on (v1, . . . , vn), we have to transfer (as in n = 1 case of [1]) to an expo-

nential form of (10.1). The coefficients β
(j)
r1,...,rn ∈ C are recursivly found [5] in terms

of coefficients a
(i)
r1,...,rn of (10.1). We introduce the linear operators

R(ρ1, . . . , ρn) : V ⊗n → V ⊗n,

and define the action

Φ (v,w dw) = R(ρ1, . . . , ρn) Φ (v, z dw) . (10.3)

Proof. Consider the vector

Φ =
[
Φ
(
v1, w1 dwi(1); . . . ; vn, wn dwi(n)

)]
. (10.4)

Note that

dwj =

n∑
i=1

∂ρj
∂zi

dzi, ∂ziρj =
∂ρj
∂zi

, (10.5)
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(as in [1], we skip the complex conjugated part dzi). By definition (10.3) of the action
of Autz1,...,zn O(n), and due to (10.5) by rewriting dwi, we have

Φ(v,w dw) = R(ρ1, . . . , ρn)
[
Φ
(
v1, z1 dwi(1); . . . ; vn, zn dwi(n)

)]
= R(ρ1, . . . , ρn)Φ

v1, z1 n∑
j=1

∂jρi(1) dzj ; . . . ; vn, zn

n∑
j=1

∂jρi(n) dzj

 .
By using (2.3) and linearity of the mapping Φ, we obtain from the last equation

Φ (v,w dw) =
[
Φ
(
v1, z1 dzi(1); . . . ; vn, zn dzi(n)

)]
, (10.6)

with

R(ρ1, . . . , ρn) =
[
∂̂Jρi(I)

]
=


∂̂Jρi1(I)
∂̂Jρi2(I)
. . .

∂̂Jρin(I)

 . (10.7)

The index operator J takes the value of index zj of arguments in the vector (10.6),
while the index operator I takes values of index of differentials dzi in each entry
of the vector Φ (10.4). Thus, the index operator i(I) = (iI , . . . , in(I)) is given by
consequent cycling permutations of I. Taking into account the property (2.3), we
define the operator

∂̂Jρa = exp

− ∑
(r1...rn),

n∑
i=1

ri≥1

rJ β
(a)
r1,...,rn ζ

r1
1 . . . ζrJJ . . . ζrnn L(W )−1

 , (10.8)

which contains index operators J as index of a dummy variable ζJ turning into zj ,

j = 1, . . . , n. (10.8) acts on each argument of mappins Φ in the vector Φ (10.4).
Due to the definition of a grading-restricted vertex algebra, the action of operators
R (ρ1, . . . , ρn) for i = 1, . . . , n, on v ∈ V results in a sum of finitely many terms.
Similar to [1], for n = 1, one proves

Lemma 7. The mappings

ρ(z1, . . . , zn) 7→ R (ρ1, . . . , ρn) ,

for i, j = 1, . . . , n, define a representation of Autz1,...,zn O(n) on V ⊗
n

by

R (ρ ◦ ρ′) = R (ρ) R (ρ′) ,

for ρ, ρ′ ∈ Autz1,...,zn O(n).

We then conclude with [
Φ(v1, z1 dz1; . . . ; vn, . . . , zn dzn)

]
. (10.9)

Thus the vector Φ (10.4) is invariant, i.e.,

Φ (v,w dw) = Φ (v, z dz) . (10.10)
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Recall that the construction of the double complex spaces Cnm(V,W) assumes that
Φ ∈ Cnm(V,W) is composable with m vertex operators. In one-dimensional complex
case, [1] they proved that a vertex operator multiplied to the wt (vi)-power of the

differential YW (vi, zi) dz
wt (vi)
i is invariant with respect to the action of the group

Autzi O(1). Here we prove that YW (vi, zi)dz
wt (vi)
i is invariant with respect to the

change of the local coordinates zi 7→ wi(z1, . . . , zn).

Let (z1, . . . , zn) be an open ball D
(n)
z0 of local formal coordinates around a fixed-

value z0 of (z1, . . . , zn). Define a wt (vi)-differential on D
(n)
z0 with values in End (W )z0

as follows: identify End (W )z0 with End W using the formal parameters (z1, . . . , zn),
and set

ωi,x = YW (vi, zi) dz
wt (vi)
i .

Let

(w1, . . . , wn) = (ρ1(z1, . . . , zn), . . . , ρn(z1, . . . , zn)) ,

be another set of formal parameters on an n-dimensional ball D
(n)
z0 . Let us express

the set of wt (vi)-differentials on D
(n),×
z0

YW (vi, wi) dw
wt (vi)
i ,

i = 1, . . . , n, in terms of of the parameters (z1, . . . , zn). We would like to show that

it coincides with the set of wt (vi)-differentials YW (vi, wi) dz
wt (vi)
i .

Recall the notion of torsors (Section 8). Consider a vector (vi, z1, . . . , zn) ∈ Wz0

with vi ∈ V . Then the same vector equals(
R−1i (ρ1, . . . , ρn) vi, w1, . . . , wn

)
,

i.e., it is identified with

R−1i (ρ1, . . . , ρn) vi ∈ V,
using the formal parameters (w1, . . . , wn). Here Ri (ρ1, . . . , ρn) is an operator rep-
resenting transformation of zi → wi, as an action on V . Therefore if we have an
operator on Wz0 which is equal to a Aut O(n)-torsor S under the identification
End Ww0 ∈ End W using the formal parameters (w1, . . . , wn), then this opera-
tor equals

Ri (ρ1, . . . , ρn) S R−1i (ρ1, . . . , ρn) ,

under the identification End Wz0 ∈ End W (i) using the combined parameters

(vi, z1, . . . , zn). Thus, in terms of (vi, z1, . . . , zn), the differential YW (vi, wi) dw
wt (vi)
i

becomes

YW (vi, zi) dz
wt (vi)
i = Ri(ρ) YW (vi, ρ(z1, . . . , zn)) R−1i (ρ) dw

wt (vi)
i .

According to Definition (10), elements Φ are composable with m vertex operators.
Thus we see that (10.4) is a canonical object of Cnm(V,W). We have proved that
elements of the spaces Cnm(V,W) are independent on the choice of formal parameters.

�
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