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A NOTE ON THE CAHN-HILLIARD EQUATION IN H!(RM)
INVOLVING CRITICAL EXPONENT
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Abstract. We consider the Cahn-Hilliard equation in H 1 (RN ) with two types of critically
growing nonlinearities: nonlinearities satisfying a certain limit condition as |u| — oo and
logistic type nonlinearities. In both situations we prove the H2(R™)-bound on the solutions
and show that the individual solutions are suitably attracted by the set of equilibria. This
complements the results in the literature; see J. W. Cholewa, A.Rodriguez-Bernal (2012).
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1. INTRODUCTION
We consider the Cauchy problem for the Cahn-Hilliard equation

(1.1) u + A%+ Af(z,u) =0, t>0, zeRY,
(1.2) u(0,z) = ug(z), =€ RV,

with initial data in H'(RY). We single out H*(R") as a phase space for (1.1) since,
under some mild assumptions on f, involving even weakly integrable potentials, the

Lyapunov type functional

(1.3) E(u)z%/ﬂw |Vu|2—/RN Flz,u), where F(x,u):/ouf(a:,s)ds
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is well defined in H*(RY). Our concern is the situation when the nonlinear term
satisfies a certain critical growth condition.

In bounded domains, see e.g. [32], [31] and references therein, the past decades
have witnessed an extensive study of the Cahn-Hilliard model, which was originally
derived in [9] as a phenomenological equation describing phase transition problems
in binary metallic alloys. Several variations of the model were also considered, like
multi-component alloys models [20], [12], [26], models with viscosity or inertial terms
[19], [30], [28], [11], [21], Cahn-Hilliard-Oono model [29] and Cahn-Hilliard-Cook
equations [4], [5].

In contrast with the case of bounded domains, merely a few references seem to
deal with the Cahn-Hilliard problem in unbounded domains or in RY; see [8], [7],
[25], [6], [27], [18], [17], [15], [34] in the chronological order.

In [8] the authors were concerned with the existence of an L>°(RY) bound for the
solutions in the case when a nonlinear term grew linear at infinity.

In [7], and then in [25], stability of a particular steady state solution, the so called
kink solution, was considered.

In [6] the viscous model in a channel like unbounded domain in dimensions N = 2,3
was studied with the aid of weighted spaces and the existence of an attractor was
proved.

In [27], and after that in [18], some temporal decay estimates of the solutions have
been reported.

In [17] for the viscous model in the subcritical case the concept of the so called
H-solutions was developed.

In [15] the critical exponent

4

1.4 — 14— N3>3
(1.4) R L

naturally appeared when proving local well posedness of (1.1)-(1.2) in H*(RY)
whereas the analysis of the dissipative mechanism was then carried out in the sub-
critical case g < ge.

Recently, in [34], the 3-dimensional model has been studied in the so called locally
uniform spaces and the existential result has been obtained under suitably chosen
assumptions on f.

In this note we set forth the analysis of (1.1) in the ‘energy’ space H'(RY). Our
goal is to extend from the subcritical to the critical case some of the results obtained
in [15] for the unperturbed Cahn-Hilliard equation (1.1). This includes the global
well posedness in H!(R") and a suitable notion of dissipativeness.

Following [15] we will assume that f: RY x R — R in (1.1) is of the form

(1.5) flz,u) = g(z) + m(z)u + folz,u), x¢€ RY, u e R,
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(1.6) g € L*(RY),
(1.7) fo(2,0) =0, z€R",
(1.8)  fo: RY xR — R locally Lipschitz in u € R uniformly for z € RY

N
(1.9) m € LI (RY)  for some r > 3,7"22,

where the above space L, (RY) is defined, for 1 < r < oo, as

def r

L;J([RN) ={pe Lloc(RN)f ||50||L;,([RN) = SURI?V lellLr(Bey,1)) < o0}
ye

(see e.g. [24], [3]). Also the growth of f will be restricted by the condition

(1.10) Je> 030, 1 <0< 0c Vur,ug € R Ve e RY

|fo(@,u1) — fola, uz)| < clug — ua|(1+ ug |2 + uz]®h),

where g, is as in (1.4).

Taking into account the form of f in (1.5) one can also require (9fy/0u)(-,0) =0
(see [15]) however here we omit this because it is not necessary for further consider-
ation.

We remark that with the above assumptions one can view (1.1)—(1.2) as the ab-
stract parabolic problem

(1.11) {“P(?U—Po(fc,u)) — Flu), >0,

u(0) = ug € HY(RY),
where
(1.12) Py = —A: dom(Py) ¢ L*(RY) — L*(RY), dom(Py) = H*(R"),

and that the following local well posedness result then holds (see [15], Corollary 2.3).
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Proposition 1.1. Assume (1.4)—(1.10). Then, for any ug € H'(RY), there is a
unique solution u € C([0,7), H'(R™)) of (1.1)—(1.2) defined on a maximal interval
of existence [0, 7,,) and satisfying

u(t) = e_Aztuo —I—/ e_Az(t_s)(—A)(f(-, u(s)))ds, t €[0,70),
0

or, equivalently,
t
u(t) = e_Aztuo—i—/ (—A)e 27 =) (£(. u(s)))ds, t € [0, 7).
0

Furthermore,

(1.13) u € C((0,70), H*(RN)) nC*((0,70), H*(RY)), s <2,
Au(t) + f(-,u(t) € H*(RY), t€ (0,7y),

and for t € (0,7,,) we have
u + (=A)(=Au — f(z,u)) =0 in L*RN).
As for reaction-diffusion equations and problems with higher order diffusion (see
[14], [2]) in the studies of global solutions of (1.1)—(1.2) the cooperation between

diffusion and reaction terms in the equation becomes crucial. This cooperation is
exhibited in the structure condition

(1.14) vf(x,v) < Clx)v* + D(z)|v|, z€RYN, veR,
where
N
o N o
(1.15) C e L7 (RY), a>max{2,1},
2N
< S(RN — l<sg
0< D e L*(RY), max{l,N+2}\s\2,

and C' is such that

(1.16) Jwo > 0 Vo € HY(RY) /

RN(IWDIQ — C(2)¢%) 2 wollelZa(eny;

that is, the solutions of the linear problem

up = Au+ C(z)u, t>0, v€RY,
u(0) = ug € L2(RY)

are uniformly exponentially decaying as ¢ — oo (see [15], Appendix A).
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Note that assuming (1.4)—(1.10), (1.14)—(1.16) and using the energy (1.3) we obtain
for the solutions of (1.1)—(1.2) the a priori bound of the form

(1.17) [ull 1 gy < c1E(u) + 2 < e1B(uo) + c2

where c1, co are some positive constants (see [15], Lemma 3.5). If, in addition, the
growth of f is restricted to a subcritical case, that is for

(1.18) 0 < e,

then the following result holds (see [15]).

Theorem 1.2. For the Cahn-Hilliard problem (1.1)—(1.2)
(i) the Iocal solution through ug € H*(RY) as in Proposition 1.1 exists globally in
time and the associated semigroup {S(t): t > 0} in H*(RY),

S(tyuo = u(t;ug), t =0, up € HY(RY),
has bounded positive orbits of bounded sets,

(ii) the positive orbit y*(B) of any set B bounded in H'(RY) is immediately
bounded in H?(R™); that is,

S(t)y*(B) is bounded in H*(RY)

for any t > 0,
(iii) the set & of equilibria of {S(t): t > 0},

&= {QO S HQ(RN)5 —Ap = f('asp) in RN}?

is nonvoid and for each ug € H*(RY) and any sequence t, — oo there is
a subsequence {t,, } and an equilibrium ¢ € £ such that

k—o0

u(tn,) =3 ¢ in H (RY) and in H;([RN) for any s < 2,

where the weight is given by p(z) = (1 + |z|*)™" with v > N/2.
Furthermore, if in (1.14) we have, in addition to (1.15),

ON
D e L°RN)NL*RY), o> N/2, max{1,N—+2}<s<2,

then
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(iv) there are two ordered extremal equilibria ¢,,, op in HY(RYN), minimal and
maximal, respectively, such that any equilibrium 1 in H'(RY) satisfies

om(7) < P(2) < pu(e), @ €RY,

(v) the order interval [pm,@n]p1(ry) attracts ‘pointwise asymptotic dynamics’
of (1.1) in the sense that for each uy € H'(RY) and any sequence t, — oo,
there is a subsequence {t,,} such that

om(z) < lim u(tn, , z3u0) < oum(x)
k—o0

for a.e. z € RN.

Note that Theorem 1.2 concerns some weak form of dissipativity and that a strong
dissipativity, the one which relies on the asymptotic compactness in H!(R"), cannot
be obtained in general (see [15]). In particular, a global attractor in the sense of [22]
will not generally exist in H'(RY) (see [15], Proposition 4.6).

In what follows our concern will be to ensure validity of Theorem 1.2 in the case
when the critical exponent ¢ = g, appears in the nonlinear term in the equation. We
will thus assume (1.4)—(1.10), (1.14)—(1.16) but not (1.18).

In Section 2 we will consider critical nonlinearities f(x,u) satisfying a certain limit
condition as |u| — oo.

In Section 3 we will discuss critically growing logistic type nonlinearities of the
oc—1

form f(z,u) = g(x) + m(z)u — ulu
In the closing Section 4 we will include some final comments concerning the critical
exponent.

2. CRITICAL NONLINEARITIES SATISFYING A LIMIT CONDITION AS |u| — oo

In this section we will consider nonlinearities satisfying uniformly for z € RV the
limit condition

o) i @S/ 0w, 0)

|u]—o00 |’U,|'QC_1

=0.

Theorem 2.1. Theorem 1.2 applies for critical nonlinearities satisfying the limit
condition as in (2.1).

In the proof of Theorem 2.1 we will use the following three lemmas. To avoid
too many technicalities, instead of (1.9) we will use some stronger local integrability
property of m requiring that
No. N

=—+1.
oc+1 2

(2.2) me L (RY), r>
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Then we will come back to the original assumption (1.9) in Remark 2.5, which closes
this section.

Lemma 2.2. If (1.8), (2.1) hold and fy(-,0) = 0 then, given n > 0, there exist
a positive constant C,, and maps fg,, f, such that

fgl('vo) = f(;?Q(vo) =0,

(2.3) fo(x,v) = fil (z,v) + flh(z,v), =R, veR,

(2.4) fl (x,-) is a Lipschitz map uniformly for x € RY,

and

(25)  |fk(@,v1) = fop(@, v2)] < mlor = val(Jur|® 7" + [v2|®7Y),  wi vz € R

Proof. Fixn > 0, choose s, > 1 such that

9fo

(2.6) ‘g(x,s)’ <ls|ee™t for [s| > s,
and define
folz,v), z € RN, Ju| < sy,
f(?l(xvv) = fO(x75?7)a T e [RNv v > Sy,

folz,—sy), ze€RN, v<—s,
f(;?Q(x7U):fo(xav)_fgl(xav)a xERN7 v e R.

Since fo(z,v) is locally Lipschitz in v € R uniformly for z € RY, choosing L, > 0
as a Lipschitz constant for fy restricted to RY x [—s,;, s,] and using the definition
of fll;, we have that

| (2,v1) — [ (z,00)| < Lylvr —v2|, =€ RN, vy,ve €R.

Considering then the difference [, (z,v1) — fih (2, v2), using the definition of fg,, the
mean value theorem and (2.6) we get (2.5). O
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Lemma 2.3. Besides (1.4)—(1.10) assume the limit condition as in (2.1) and (2.2).
Then for any 1 > 0 there exists C,, > 0 such that F in (1.11) satisfies

[F(v) = Flw)ll =)
< cllo = wllgrs17ee @0y (Co F 1OIG ey + TN )
for any v,w € H'TYec(RN),
Proof. Due to (1.5), (2.3), given n > 0 we have that
Fu) = Fi' () + F5 (u) + Fa(u),

where

Fi(w) = Po(foh(u) +9),  F(u) = Po(fgo( ) and  Fs(u) = Po(m(-)u).

Using (2.5) and repeating the proof of [15], Lemma B.2, we obtain

[F3 (v1) = F3 (v2) | -2 ()
2c—1

e—1
< enllvr — U2||H1+1/EU(RN)(”UI||H1+1/QC(RN) + ||U2||§{1+1/QC(RN))~

On the other hand, from (2.4) we get

1F (v1) = F 2) | 2wy = [(Po +1d) T Po(feh (- v1) = £ (- v2))l| L2 ey
<l for o) = foi (s U2)||L2(RN)
g CLnHUl — 'UQHLZ([RN) cL ||U1 — U2||H1+1/QF(RN)
-1 e—1
< H'Ul - U2||H1+1/QC(RN)(CL7] + C77||U1||§p+1/gc(RN) + C77||U2||§[1+1/QC(RN))-
To deal with F3 let us denote by @Q; the open cube in R centered at i € ZV and

having unitary edges parallel to the axes. Then RY = |J Q;, Q;N Qj=0fori#j
€N
and we have

()| |vr — vaf* = Z )P Jv1 = vaf?
RN

i€ZN
Z Hm| L7™(Qs )””1 U2||L2v/(v 2(Q) X c||m| L7, (RN) Z [[vr — U2||H1+1/QL(Q )
ieZN ic7ZN

where, following (2.2), Hélder’s inequality and the embedding H'/2+1/(22:)(Q;) —

L?>/(r=2)(Q;) were used. Due to [2], Lemma 2.4, > |jv; — UQH%{HUQC(Q) can be
i€ZN ’
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bounded by a multiple of ||v; — vg||fql+1/gu(RN) and hence we get

[ Fs(v1) — Fa(va)ll g-2(revy = [|(Po +1d) " Po(mwy — mwa) || 2wy
< cf|m(vr — v2)|lL2ryy < €llor — vallgre/ee @y

A ~ c— c_l
<o = vl vsee ) @4 ELy + nl[or |55 oy + nllva S3h o o)
The result now follows easily. O

Lemma 2.4. If the assumptions of Lemma 2.3 hold then Proposition 1.1 applies
and the solution therein satisfies the blow-up H'(R™)-alternative; namely,

either 7,, =oc or limsup [u(t; uo)| g1 ryy = o0
t—=Tug

Furthermore, given R > 0, a ball By (gny(vo, R) in HY(RY) of radius R > 0
around vo € HY(RN) and any 0 < 0 < g.c = 1/4, ug € BHl(RN)(UO,R) we have that

t9||u(t;UQ)HH1+49(RN) —0 ast—0T.
Also,
t9||u(t;u01) - ’U,(t;’u,og)HH1+4e(RN) < C/H'U,()l — UOQHHl(RN)
whenever t € [0,79], 0 < 0 < 9.6 = 1/4 and uo1,uo2 € By (rvy(vo, R).

Proof. By Lemma 2.3 there are ¢ > 0, ¢ = 1/(40.) and, given n > 0, there
exists C, > 0 such that

| F(v) — F(w) || g—s+ece mny
—1

-1
<cllv - w||H1+4E(RN)(Cn + 77HU||§)'-11+45(RN) + 77||7«UH§{1+45([RN))

for any v,w € H'*t4(RY). Recall also that the scale of fractional power spaces,
{E* a € R}, associated with the linear main part operator Pg in (1.11)—(1.12), is
given by

E“ :H4“(RN) for —1<a<l1.

Following [10], Definition 2.1, the right hand side F in (1.11) can be thus viewed
as an almost critical e-regular map relative to spaces X' = E'/* and X = E~3/4,
Consequently, application of [10], Theorem 2.1, gives the result. O
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Proof of Theorem 2.1. Part (i) follows from (1.17) and Lemma 2.4.

Proceeding next as in [15], Lemma 5.1, we observe via Lemma 2.4 that the positive
orbits of bounded subsets of H!(R") are immediately bounded in H*(R") for any
s < 2. Similarly to [15], Lemma 5.2, we then obtain the H?(R” )-bound of the orbits
stated in part (ii).

Once we have the H2(R")-bound of the orbits, the proof of parts (iii)—(v) in
Theorem 1.2 follows the same lines as in [15]. d

Remark 2.5. Condition (2.2) is not necessary and can be replaced by (1.9). This
requires however a longer argument involving the decomposition of F into a sum of
g;-regular maps F;, ¢ = 1,2, 3, with different parameters ¢; (see [1], Theorem 2.2).
This is a matter we do not pursue here.

3. CRITICALLY GROWING LOGISTIC TYPE NONLINEARITIES

In this section we consider critically growing logistic type nonlinearities
(3.1) f(x,u) = g(@) + m(z)u —ulu/®t, zeRY, ueR.
We thus focus now on the problem (1.1)—(1.2) with f as in (3.1).

Theorem 3.1. Theorem 1.2 applies for (1.1)—(1.2) with critically growing logistic
type nonlinearities.

The following observation concerning the abstract counterpart of (1.1)—(1.2) will
be useful.

Lemma 3.2. If (3.1) holds with g., g, m as in Section 1, that is

N+2 N
(3.2) QC:—+, ge L*(RY) and me Ly(RY), r> =, r>2,

N -2 2
then, given € < 1/4 close enough to 1/4, the nonlinear term F in (1.11) can be
viewed as a Lipschitz map from H'*4¢(R¥) into H~2(R"), Proposition 1.1 applies

and the solution therein satisfies the blow up H'**¢(R™)-alternative; namely,

(3.3) either T,, =00 or limsup |[u(t;uo)| g1+4e @y = o0
t—=Tug

Proof. Weremark that the solution in Proposition 1.1 is constructed as in [15],
Appendix B, and the Lipschitz property in the statement follows from [15], Re-
mark B.4. Since via (1.13) the solution enters H2(RY) — H*4¢(RY) the blow up
H1t4(RN)-alternative thus holds as in [23], Theorem 3.3.4. O
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Below we will derive a uniform in time H?(R" )-estimate away from ¢ = 0. Note
that once this estimate is known then parts (i)—(ii) in Theorem 1.2 hold true due to
(3.3) and (1.17). The proof of parts (iii)—(v) follows then the same lines as in [15].

Lemma 3.3. If f is as in (3.1)—(3.2) then the solutions of (1.1)—(1.2) are a priori
bounded in H?(R™) uniformly in time away from t = 0 and for initial conditions in
bounded subsets of H'(R™); namely, given ||uq|| g1 (zrvy < R and 7 > 0 there exists
a positive constant M (R, T) such that

(3-4) lu@®)| a2 @ry < M(R,7), t>7.
Proof. From (1.1) and (3.1) we obtain

d
(3.5) EHV(AU + FCuN 2z @y = 2V (Au+ f( ), V(Au + fi (5 u)u)) 2@y
=2(=A(Au+ f(-,u)), Aug + fo, (-, w)ue) 2y
= 2<ut, Aut =+ f;(, u)ut>L2([RN)

<=2 Va3 +2 (o)
[RN

Applying [15], Lemma A.5, we have

1
/RN m(z)ui < §||Vut||2L2(RN) + c1yollucllge gy

and, using (1.1),

(3.6) 01/2Hut”%2(uze1v) = cryafue, —A(Au+ f(,u))) L2wny)
= c1/2(Vuy, V(Au + f(-,u))) 2 (rvy

1 1
< S IVullZe@y + 56l V(Au+ £ ) [ Fa @y
From (3.5)—(3.6) we then get
d
(3.7) Vet )@y < e pllV(Au+ f( )@y,

where, due to [15] (3.9) and (3.11),

68) [ 19Ut ), = Blu(s) - E(ult) < E(u) + 2
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with constants c1, ¢z as in (1.17). Since (3.7) yields that for s < ¢+ 7
IV(Au+ f(u)(t+7) 2w

t+7
<T@t )Ny + o [ IV(+ S0 Brgany,
integrating with respect to s € (t,¢ + 7) and using (3.8) we obtain

E(u0)+c—2>, £>0, 7>0.

1+ c%/27'(
C1

(3.9) [[V(Au+ f(u)(t+7) |72 mny <

On the other hand, using injectivity of Py in (1.12) (see [15], Lemma 3.1) and rewrit-
ing (1.1) as

Po_lut = Au+ f(-,u) = Au+ g(x) + m(z)u — ulu|%?
we obtain with the aid of Young’s inequality that

(310) ||Au||%2(RN) = (Au, Au)Lz(RN)
= (Au, Py tuy — g — mu + ulul® ) L2 ry

= <A’U,, Au + f(, u)>L2(RN) — <A’U,7 g>L2(RN)
gc—1>

— <A’U,, m’U,>L2(RN) + (Au, u|u L2(RN)

< LIV, + V(A0 FC ) s, + Al g,
+lgl2aqam) + 7180w, + lmulZagam)
Concerning the last term in (3.10) we have from [15], Lemma A.1, that
lmul| L2~y < cflul| ga@yy  for some o € (0,1)
and hence, by interpolation (see [33], §2.4.2 (11), §1.9.3 (3)) and Young’s inequality,

2(l—« 1
(311)  lmul3aqany < cllulFsam Tl 2453 < 18R, + evjoolulagy)

Combining (1.17), (3.10) and (3.11) we get

1 1
8y < (3 +er/aa) (1 Bluo) + )
+ [V(Au + f(z, u))||2L2(RN) + ||9||%2(RN)-
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Application of (3.9) now leads to the estimate

1 1
ZHAU(t + T)||%2(RN) < (Z + 01/470() (CIE(UO) + 02)

1+C% 27— Co
TG (E(uo) n E> + 19122,

T

which together with (1.17) gives the result. O

Let us now discuss briefly that the solution in Proposition 1.1 will often possesses
some more regularity properties than mentioned therein. For example, if for F in
(1.11) we have that

(3.12)  F is Lipschitz continuous on bounded sets from H?(RY) into L?(RY)

then, following [23], [13], the solution u of (1.1)—(1.2) through uy € H?(RY) will
exist in the class C([0, Ty, ), H*(RY)) and, in addition,

(3.13) u € C((0,7y,), H{(RM) N CL((0, 7y, ), H¥(RY)), s < 4.

Since the solution through ug € H'(R") in Proposition 1.1 enters H2(R" ), assuming
(3.12) we obtain that (3.13) holds for such solution as well.

Concerning f as in (3.1) we finally remark that (3.12) will hold if e.g. N = 3,
g € H?*(R?) and m € BUC(R?) has bounded partial derivatives of order less or
equal two. In this sample case the solutions through ug € H*(RY) will then possess
the regularity properties stated in (3.13).

4. CLOSING REMARKS

In the case of the critical exponent ¢ = g, it remains generally unknown whether
the blow up H'(R¥")-alternative holds; that is whether an H!(RY)-estimate of the
solutions implies their global existence. This was shown to hold true for nonlinearities
satisfying the limit condition (2.1) but not for logistic type nonlinearities as in (3.1).

Due to the properties of the energy functional (1.3) observe that for arbitrarily
fast growing logistic type nonlinearities f(z,u) = g(z) + m(z)u — u|u|®~! one can
formally obtain a uniform in time H'(R™) N Let1(RN)-estimate of the solutions.
Also, analogously to Lemma 3.3, one can then derive the H?(RY)-bound. Nonethe-
less, the local well posedness in H'(R™) as in Proposition 1.1 applies only for ¢ not
exceeding o, and faster growing nonlinearities necessitate a separate treatment (see
e.g. [16] and [34]).
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