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Motivation

Rudolf Clasius
1822–1888

Basic principles of thermodynamics of closed systems
The energy of the world is constant; its entropy tends to a
maximum

Turbulence - ergodic hypothesis for open systems

Time averages along trajectories of the flow converge, for large
enough times, to an ensemble average given by a certain prob-
ability measure

Andrey
Nikolaevich
Kolmogorov
1903–1987



Weak version of ergodic hypothesis

Dynamical system

U(t, ·) : [0,∞)× X → X

Ergodic hypothesis

1

T

∫ T

0

δU dt → V in P [Cloc([0,∞);X )]

V invariant measure or stationary solution

1

T

∫ T

0

F (U) dt →
∫

F (V) dV

F Borel measurable on Cloc([0,∞);X )

Krylov–Bogolyubov method

1

Tn

∫ Tn

0

F (U) dt →
∫

F (V) dV

for some Tn →∞



Barotropic Navier–Stokes system

Field equations

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +∇xp = divxS(∇xu) + %∇xF + %g

Constitutive equations

barotropic pressure–density EOS p = p(%)

Newton’s rheological law

S = µ

(
∇xu +∇t

xu− 2

d
divxuI

)
+ ηdivxuI, µ > 0, η ≥ 0

Gravitational and external force

%g, ∇xF , F = F (x)

Energy

E(%,m) ≡ 1

2

|m|2

%
+ P(%)− %F , P ′(%)%− P(%) = p(%), m = %u



Energetically open system - boundary conditions

In/out flow boundary conditions

u = ub on ∂Ω

Γin =
{
x ∈ ∂Ω

∣∣∣ ub(x) · n(x) < 0
}
, Γout =

{
x ∈ ∂Ω

∣∣∣ ub(x) · n(x) ≥ 0
}

Density (pressure) on the inflow boundary

% = %b on Γin

Energy balance

d

dt

∫
Ω

1

2
%|u− ub|2 + P(%) dx +

∫
Ω

S : ∇xu dxdt

+

∫
Γin

P(%b)ub · n dSx +

∫
Γout

P(%)ub · n dSx

= (≤)−
∫

Ω

[%u⊗ u + p(%)I] : ∇xub dx +
1

2

∫
Ω

%u · ∇x |ub|2 dxdt

+

∫
Ω

S : ∇xub dxdt +

∫
Ω

%∇xF · (u− ub) dx



Energetically open system - stochastic forcing

Homogeneous/periodic boundary conditions

u|∂Ω = 0, or Ω = T d

Stochastic forcing

%g ≈ %
∞∑
k=1

Fk(x , %, u)dWk

W = {Wk}∞k=1 cylindrical Wiener process

|Fk(x , %, u)|+ |∇%,uFk(x , %, u)| ≤ fk(1 + |u|α) for some α ∈ [0, 1)∑
k≥0

f 2
k <∞



Abstract setting

George Roger
Sell
1937–2015

Space of entire trajectories

T = Cloc(R;X ), t ∈ (−∞,∞)

ω–limit set

ω[U(·,X0)] ⊂ T

ω[U(·,X0)] =
{

V ∈ T
∣∣∣ U(·+ tn,X0)→ V in T as tn →∞

}
Necessary ingredients

Dissipativity – ultimate boundedness of trajectories

Compactness – in appropriate spaces



Dissipativity in the sense of Lewinson

Bounded absorbing set – deterministic case

lim sup
t→∞

∫
Ω

E (%,m) dx ≤ E∞

Bounded absorbing set – stochastic case

lim sup
t→∞

E
[(∫

Ω

E (%,m) dx

)m]
≤ E∞

boundedness of m moments m ≤ 4

Harp sphere pressure EOS

p ∈ C [0, %) ∩ C 1(0, %), p′(%) ≥ 0 for % > 0, lim
%→%−

p(%) =∞



Asymptotic compactness

Generating sequence

%n = %(t + τn), mn = m(t + τn)

Convergence in the trajectory space (deterministic case)

%n → %, mn → m in Cloc,weak(R, L2(Ω)× L2(Ω;Rd))

Convergence in law in the stochastic case (Skorokhod representation
theorem)

%n ≈ %̃n → %, mn ≈ m̃n → m in Cloc,weak(R, L2(Ω)× L2(Ω;Rd)) a.s.

The limit solution

%,m is a solution of the Navier–Stokes system

Principal problem

compactness of {%n} − no information on the “initial data”



Vanishing oscillation defect, I

Compactness of densities:

%n ≡ %(·+ Tn)→ % in Cweak,loc(R; Lγ(Ω))

%n log(%n)→ % log(%) ≥ % log(%)

oscillation defect: D(t) ≡
∫

Ω

% log(%)− % log(%) dx ≥ 0

Renormalized equation:

∂t(% log(%)) + divx(% log(%)u) + %divxu = 0

d

dt
D +

∫
Ω

[
%divxu− %divxu

]
dx = 0, 0 ≤ D ≤ D, t ∈ R

Lions’ identity

%divxu− %divxu = p(%)%− p(%) % ≥ 0



Vanishing oscillation defect, II

Crucial differential inequality

d

dt
D + Ψ(D) ≤ 0, 0 ≤ D ≤ D, t ∈ R

Ψ ∈ C(R), Ψ(0) = 0, Ψ(Z)Z > 0 for Z 6= 0

⇒

D ≡ 0
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