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1. INTRODUCTION

In [H] (see also [Q]) the notion of a cohomology of grading-restricted vertex al-
gebras [K, FHL, FLM, F] was introduced. In such formulation, matrix elements are
associated with correlation functions for vertex algebras with formal parameters iden-
tified with local coordinates on the complex sphere [Z]. In [H] a coboundary operator
for chain-cochain double complexes was introduced in terms of rational functions ob-
tained as matrix elements for such vertex algebras. It is natural then to consider
a different construction, when local coordinates for vertex operators are taken on a
complex sphere with multiply sewn handles [Y]. This construction leads to a different
form of coboundary operators and cohomology for a grading-restricted vertex algebra.

In this paper we introduce the cohomology of vertex algebras with coboundary
operators defined by summations of matrix elements associated to multiple a genus g
Riemann surface obtained by multiple sewing g handles to the complex sphere in the
frames of the Schottky uniformization. Recall that correlation functions for a vertex
algebra V' [FHL, FLM, Z] on the torus obtained as a result of sewing a sphere to
itself, one starts from matrix elements

<1v, Y(Ul, 2,’1)...}/(’017 Zn)1V>7

where (v1,...,v,) €V, (21,...,2,) on (O and pass to matrix elements
> oM@, Yw (@,m) Yiv (vi,21). Yiw (v1, 20) Yiw (u,m2) w),
weEW;
k>0

reproducing the trace of product of vertex operators on the torus, where w is dual to w
with respect to a non-degenerate bilinear form (.,.) on W, Yy (v1,21) ... Yiw (v, 2p)
are vertex operators in a V-module W, and 7;, 2 € C are coordinates of points
on the sphere where a handle is attached, and p as introduced above. In contrust
to [H], in this paper we introduce a cohomology theory which is associated on a
different auxiliary space. In case of the construciton of [H], that auxiliary space is the
Riemann sphere, while in our construction it is a genus g Riemann surface formed
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2 A. ZUEVSKY

in the Schottky procedure of multiple sewing handles to the Riemann sphere. Such
methodology is widely used in conformal field theory and as it is usually done in
the procedure of construction of higher genus partition and correlation functions for
vertex operator algebras.

2. RIEMANN SURFACES FROM A SEWN SPHERE

Let us first recall the set up for self-sewing the complex sphere [Y]. Consider the
construction of a torus £ formed by self-sewing a handle to a Riemann sphere %(?).
This is given by Yamada formalism [Y], or so-called p-formalism. Let z1, 2o be local
coordinates in the neighborhood of two separated points p; and p, on the sphere.
Consider two disks

|2a]| < 7a,

for r, > 0 and a = 1, 2. Note that r, ro must be sufficiently small to ensure that the
disks do not intersect. Introduce a complex parameter p where

lp| < rira,
and excise the disks
{20t |2al < lplrs'} € 2O,
to form a twice-punctured sphere

5O = 2O\ | {20t lzal <lplrg}.

a=1,2
We use the convention 1 = 2, 2 = 1. We define annular regions A, C $(9) with
Ao ={za: lplrg" < lza| < 7o}
and identify them as a single region
A == Al =~ -’427
via the sewing relation
2172 = p, (2.1)
to form a torus
£ = SON\{4; UA U A

The sewing relation (2.1) can be considered to be a parameterization of a cylinder
connecting the punctured Riemann surface to itself.

One can also construct a genus g Riemann surface by simultaneous sewing of g
handles to the complex sphere. Now let us recall the Schottky formulation of forming
a genus ¢ Riemann surface. We identify g pairs of annuli centred at A4; € @, for
1 <1 < g, and sewing parameters p; satisfying

(s = AL = A) = pi (2.2)

provided no two annuli intersect.
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We define ¢, ai1, known as Schottky parameters, by

A; +qA_;
aG = —,
1+¢
q
= 9 2.3
X EIE (2.3)

for i = +1. Consider the construction of a torus by sewing a handle to the Riemann
sphere C by identifying annular regions centered at Ay, € C via a sewing condition

(=) (25) = "

Inverting (2.3) we find that ¢ = C(x) for Catalan series

1—(1—4y)"?
coy = U

3 % <n2f 1) X" (2.5)

n>1

We may similarly construct a general genus g Riemann surface by identifying g pairs

of annuli. For i =1,..., g we define Schottky parameters a+;,q; by
_ Asit+qAx
Aty = ———
1+aq
o _Qi(A—i — A;)? (2.6)
’ (1+q)?> 7 ’
where |¢;| < 1 is again related to the Catalan series (2.5)
qi = C(Xl)?
= P
' (Ai —A_)*

The Schottky sewing condition has the form

z—a_; Z —a;
(z—a* ) (Z’—a—):qi' @1)

The genus ¢ partition function for a VOA V in the canonical sewing scheme in
terms of genus zero 2g-point correlation functions can be expressed as a convergent
series as follows:

ZX(/g)(piﬂA:ti) = <1V7H Z p Z Y Uz, (Uz,Ai)lv>7 (2.8)

i=1n;>0 ULGV(,L)

where T; is dual to v; [Zo, M, T].
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3. MATRIX ELEMENTS IN FUNCTIONAL FORM

In this section, let us recall [H, Q] the functional formulation for matrix elements
for a grading-restricted vertex algebra (see Appendix 6).

Let V be a grading-restricted vertex algebra and W a grading-restricted generalized
V-module. Let W be the algebraic completion of W, that is,

W=]] Wi =W")".
neC

One defines also the configuration space F'C,

Fcn:{(zlaazn+l) 217&'2]717&.]} (31)
A W-valued rational function in (z1,...,z,) with the only possible poles at z; = zj,
i # j is a map
f:F,C — W,
(21, ey2n) = fz1,...,2n), (3.2)
such that for any w’ € W', matrix element
<w/,f(21,...72n)>, (33)
is a rational function in (z1,...,2,) with the only possible poles at z; = z;, i # j.
By a rational function of (z1,..., 2,), one means a function of (z1,...,z2,) of the
form
Plar,. .. 2)
2lyeeey2p) = 2 3.4
f(= ) QCr o) (3.4)
where P(z1,...,2,) and Q(z1, ..., z,) are polynomials in (z1,...,2,).
If the polynomials P(z1,...,2,) and Q(z1,...,2,) have no common factors, then
for a linear factor g(z1,...,2,) of Q(z1,...,2n), one says that f(z1,..., 2z,) has poles
at the set of zeros of g(z1, .. ., z,). The maximal power of g(21,...,2,) In Q(21, ..., 2n)

is called the order of these poles.

By a rational function with the only possible poles at a set of points in C", one
means in [H]| a rational function of the form above such that P(zi,...,2,) and
Q(z1,...,2,) have no common factors, Q(z1,...,2,) is a product of linear factors
whose zeros are contained in that set of points in C™. .

Denote the space of all W-valued rational functions in (21,. .., z,) by Wz If
a meromorphic function f(z1,...,2,) on a region in C™ can be analytically extended
to a rational function in (z1,...,2,), we will use [H, Q] R(f(z1,...,2,)) to denote
this rational function. For each (z1,...,2p,() € Fy41C, v1,...,v, € V, w € W and
w’ € W', we have an element

E(Yw(v1,21) - Y (vn, 20) Yy (w, Q) 1y) € W, (3.5)
given by

<’LU/, E(YW(vb Zl) T YW(Um zn)YV‘I//VV(w7 C)]-V)>
= R((w', Yw(vl, 21) s YW('Ufm Zn)YI/‘I/‘//V(wv <)1V>)7
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where YV‘{,VV(w, () is the intertwining operator. It is a linear map
YW WeV — Wz ),
wev — Yy (w,2)v,
defined by
Yo (w, 2)v = LDV (v, —2)w,

forveVandwe W.
Let ® : V®" — W, . , be a map composable [H, Q] (see Appendix 8) with m
vertex operators. We then define

B, @ @B ) VI W

Zm4n)
by
(I)(E‘(/ll)lv Q@ E\(/l:l)lv)(vl ® @ Umgn—1)
— (P(E‘(/l;l])_v(vl ® - ®7)ll) ® -
In
®E\(/;1)V (Va1 @ @ Vbl +1,))- (3.6)

Finally, for ( € C we introduce the special action of an F-element of the form
(3.5) on ® by adding of intertwining operators with formal parameters associated to
coordinates of insertion of a handle to the sphere:

E ((Ulv Zl) ®...0 (Umv Zm)§ w, C) o (I)(Um-H Q- Um+n)) (Zm+1a ) Zm+n)
= R((1w, Yw(v1,21) ..., Yw (U 2m) (3.7)
YV‘I//VV((I’(UW-&-I ® ® Umtn))(Zma1s -« Zm-&-n)YVIVyV (w,{)1y, —C¢)1y))).

This action provides passing from a matrix element to the trace on sewn sphere. Note
that this action can be combined with (3.6) (see (4.2)). The action (3.7) allows to
define the coboundary operators for bicomplexes constructed for grading-restricted
vertex algebras. The idea is to use E-operators involved in [H, Q] in order to define
coboundary operators on the self-sewn sphere in terms of original matrix elements.

4. SCHOTTKY COHOMOLOGY OF A GRADING-RESTRICTED VERTEX ALGEBRA

In this section in addition to [H, Q], we define the multiple sewn cohomology
(associated to the Schottky univformization of a genus g Riemann surface) for a
grading-restricted vertex algebra. One can define an action of S, on the space
Hom(V®™ W, . ..) of linear maps from

VO = Wz
by
((@)) (1 @ @ vp) = 0 (P(Vo(1) @+ @ Vg(n)))s
for o € Sy, and (v1,...,v,) € V. We will use the notation o;, .. ;, € Sy, to denote the

the permutation given by oy, . ;. (j) =14; for j=1,...,n.
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Recall the definition of shuffles [H]. For n € Nand 1 < s <n —1, let J, s be the
set of elements of S,, which preserve the order of the first s numbers and the order of
the last n — s numbers, that is,

Ins={0€ S, |o(l) < - <oa(s), o(s+1)<---<o(n)}.

Elements of J,;s are called shuffles. Let J.! = {0 | 0 € Jp;s}.

Let V be a grading-restricted vertex algebra and W a V-module. For ﬁxe@v m, and
n € Zy, let C (V,W) be the vector spaces of all linear maps from V™ — W, .~
composable with m vertex operators, satisfying the L(—1)-derivative property and
the L(0)-conjugation property, and such that

> (D)o (@(v,0) @ - @ Vo)) = 0. (4.1)

o€Jnk
Let C° (V,W) = W. Then we have
Crn(V, W) C G, (V,W).

Let us denote

ED = E((wp,n1.p) ® (v1,21); Wp, N2.p),
E® = E((@p, 771,p)§ Wp, 772,17)7
On+1,1,...,n E(l) = (_1)n+1E ((@pv"h,p) ® (vn+172n+1);wp’n27p) :
We then formulate
Proposition 1. For coordinates 01 ,, n2, € Cp=1,...,g, of points on the complex

sphere, and arbitrary (; € C, i =1,...,n and let u, € V be such that

lim Y 1w = w,.
nllglo (Upﬂh) w Wy

Then the operator 87, (p1, ..., Pg;M2,1---M2.g)

oo = ﬁ 3 p’;{limo[E(l)o@

Ni,p—
p=1 wpEW(p); P
k>0

+ Z(_DZE(Z) ° ‘I’(E‘(/Z;)lv(vu 2 = Gi3 Vit1, Ziv1 — i)
i=1

+ (*1)n+10n+1,1,...,n EW o <I>H , (4.2)
for ® € C.(V, W), defines a coboundary operator for the chain bicomplex

O (V,W) = Crth (V, W),
et o, =0, (4.3)

(here we omit the dependence on (p1,...,pg) and (N2,1...,1M2,9))-
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In (4.2) dagger means the dual vertex operator with respect to the bilinear form
on W. With coboundary operator (4.2) one defines the n-th Schottky cohomology
H! (V,W) of the bicomplex (C7(V,W), ") with the spaces C (V, W) composable
with m vertex operators to be

H(V,W) = ker 6 /im 6.2

Remark 1. Using modifications of (4.2) we are able to construct the spectral sequences
for grading-restricted vertex operator algebra complexes which can be used in various
cohomology construction, in particular, on orbifolds [V1, V2].

Proof. In (4.2) w, € Wy, p=1,...,9, and w, are corresponding dual to w, with
respect to a non-degenerate non-vanishing bilinear form on W, and 0 p, 12, € C are
complex coordinates of g pair of points on the sphere where g cylinders are attached
to form a genus g Riemann surface in Schottky procedure (see Appendix 2). Let
V1, Unt1 € V,and (21,...,2n41) € Fr11C, and ® € C(V, W), and let us denote

Q1 = PU1®---@vp)(21,-..,20),
Q= P @ @1 ® (Yv(vi,2i — G)Yv(vig1, ziy1 — G)1v) (4.4)
QVito @ @ Unt1) (21, -+ 2im15Cis Zit2y -+ s Zntl),
Dopr1 = Pa®- - @vpt1)(22, .- s Znt1)--

We consider (4.2) with the action defined in (3.7)

Im®(v1 @+ @ Vpy1) (215 -+ Znt1)

g
= I | E Pﬁ [ lim [R((1w, Yw (up, mp)Yw (v1, 21 — m2)
’I’]Lpﬁo
p=1 wpEW(p);
k=wt(wp)>0

Yy (@o 1Yy (wp, m2.p) 1y, —12,5)1v))
+ > (=) R((Lw, Vit (3 (wp, n2.p) 1y, —12,)1v)))
=1
+(=1)" M R((Aw, Yw (@1, m1p) Y (Vnt1, Zng1 — N2,p)
Yiry (@1, Yy (w,n2,5) 1y, —n2,5)1v)))] ] -

Note that due to

Yv (vi, 20 — G) Yv (Vig1, zig1 — G)1v = Yv (s, 20 — 2i41)Vig1,
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in (4.4), the last expression is independent of ¢;. When we take {; = z;41 for i =
1,...,n, we obtain

g
o =T1 5 o |l RO (),

p=1 wpeW(y)
k>0
—maL(~1 L(-1
Yw (v1, 21 — m2,p)e” P ( )‘1’2,n+16"2 1)

+ Z(,1)i6*7iz,pL(*1)@iem,pL(*l)
i=1

+(_1)n+1YW(’Un+17 Zn4+1 — 7724;)6_"2'1”[/(_1)

e Wi (v, —m)wp)] . (45)

By performing the summation for all w, € W) to obtain trace function over W.
Using the L(—1) property (7.1) of maps ® we finally find

g

5&@(111 - 'Un+1))(zlv .- "Z”‘H) = H ZPZ

p=1k>0
Tryy [Yw (v1, 21 — M2p) P2nt1

+3 (1) @+ (— 1) Vg (Va1 201 — m2,p) B1a)-
=1

Let us now prove the convergence of (4.2). For that purpose we make a connection
with the proofs of Propositions (4.1) and (4.4) in [T] stating convergence for a similar
expression for a genus g n-point correlation function in the case of the Heisenberg
vertex operator algebra. In order to prove the convergence of (4.5) let us use the
construction of Schottky uniformization of the Riemann sphere to form a genus g
Riemann surface as a auxillary space defining the differential (4.5). In this regard,
let us associate the pairs of complex variables 7 p, 11, to local coordinates of pairs
of points on the Riemann sphere. Each pair of coordinates describes two points to
which a hangle corresponding to 1 < p < g in (4.5) is attached.

According to the expression of 7, (4.5) and the definition of a W-valued rational
function (3.2), the differential 4}, is given by the power series in p,, 1 < p < g, with
converging [H] W-valued rational functions as coefficients. Each coefficient in (4.5) is
given by the function

0 Fpr(z1,- s Znt1,M2.p)
Zy e ag) = P R (46)
where F), and @, are polynomials in (21, ..., Zn+1,72,). Thus, we can represent (4.5)
in the following form
g
@ =TID" 0k 200, 21 2 (4.7)

p=1k>0
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Recall [FHL, Z] uw; € U, 1 < i < n inserted at points with local coordinates z; the
ordinary n-point correlation function on a Riemann surface is defined by

AS (ug,215. 3 Un, 2n) = Ly, Y(u1,21) ... Y(un, 20)1y),

where (-, -) is a invariant bilinear form on U, and Z©) (uy, 21;. .. ;up, 2,) it is given by
a rational function of z;. In [T] the genus g n-point correlation function is defined for
a vertex operator algebra which has the form

g
Z(g) (Uh 213+ 3Un, Zn) = H Z pgt(bP)Z(O) (ulvzl; c o3 Un,y Zns b7p7 Y—p, bp>yp)7
p=1k>0

where y_p,, yp € C. For each k > 0, 1 < p < g, we find a set of the Heisenberg
vertex algebra U element by, i € Uy, its dual bypk, 1 < p < g, and u;pi € U,
1<i<n+1, k>0, such that the the right hand side of expression (4.7) is equal to
a genus g n + 1 point function (41) of [T], i.e.,
9 —

H ZP’; Z,()?;i(ul,p,k,zu e U Lpoks g1 D1p ks Tps D2.p ks M2,p)-

p=1k>0
Using the MacMahon Master Theorem (2.1), and the Theorem (3.3) (the convergence
of a infinite determinant depending on 11y, 72,5, 1 < p < g, and p,), it is proven in
Propositions (4.1) and (4.5) of [T] that the last expression is convergent. Thus, (4.5)
is also convergent.

Now let us prove, using the Schottky uniformization, that the limiting function of
the convergent sum (4.7) is analytically extendable to a W-valued function defined
on the configuration space FC,11 = {(#1,..., 2n+1) : 2i # 2,4 # j}. The element
® € O (V,W) is defined on the configuration space FC,. Due to the property of the

original differential operator 47, of [H], for every w, € W(;), each summand in (4.7)

; : (0) . b
defines a rational function Z j(u1p ks 2153 Unt1,pks Znt15 OLpkes Mps D2pk 12,p)

on the configuration space FC, 1.

Let us identify the formal parameters (z1, ..., z,41) with local coordinates on the
initial Riemann sphere where summands over k in (4.5) are defined. Chose pairs of
points with local coordinates in the sewing handle annulus (as described in Section 2)
given by complex parameters 1 p, 72, 1 < p < g, for insertion of g handles. Recall
the sewing relation (2.2) for (Section 2) for the Schottky uniformization parameters,
identifying the annuli for each handle. By the construction, it is assumed that annular
regions are not intersecting. Let U, be open domains in the first annulu of 1 <p < g
pairs. The sewing relation (2.2) identifies coordinates on U, on the second annuli.
Thus, the sewing relation (2.2) defines the extention of the function given by (4.5)
on domains covering the original Riemann sphere to domains covering the resulting
genus g Riemann surface. Now let z; and z; be any pair of n + 1 parameteres of
the function (4.5) satisfying the configuration space FC,; condition (3.1) on the
original Riemann sphere. Let z, and zg corresponding parameters for the extention
of (4.5) on the genus g Riemann surface resulting from the Schottky uniformization.
By substituting (z;, z;) and (z],2}) into (2.2) and expressing for (2},2}), we obtain
that z; = z; which contradicts the configuration space F'C,,41 condition (3.1). We
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infer that the Schottky uniformization preserves the condition for configuration space
for coordinates for the whole (4.7). Thus, the Schottky uniformization defines an
analytic continuation for W-valued function given by the action (4.5) on the whole
resulting Riemann surface. Similar, considerations prove that the limiting function

of (4.5) is a W-valued rational function with the only possible poles at z; = Zj,
1 <4< j<n+1 Indeed, due to properties of the initial differential §;),, the
summands Z(O)(vl, 213+ Unt1%n+1; 12,p) in (4.5) have only possible polew at z; = z;,

1 <i<j<mn+1. As above, using the sewing condition (2.2) it follows that only
poles at z; = z;-, 1 <i<j<mn+1,can appear for the W-valued function resulting
from (4.5).

By Proposition 3.10 of [H] (see Appendix 9 in this paper), the summand in (4.5) is
composable with m — 1 vertex operators and has the L(—1)-derivative property and
the L(0)-conjugation property. Thus the operators §7, (®) also satisfy these properties,
and 67,® € C™ML(V,W) and 67, is a map with image in C™"%(V,W). The shuffle
condition (4.1) insures [H] that ¢/ (®) € C7, and 47, is indeed a map whose image
is included in the kernel of §7,.%.C"*. The proof of (4.3) is then provided by
cancellation of combinations of E-elements as in [H] in the summands of (4.5) in
(4.2). O

5. CONCLUSIONS

The notion of multiple sewn Schottky cohomology for grading-restricted vertex
algebras is constructed in order to enrich the structure of cohomology of vertex alge-
bras. We propose new formula for the coboundary operators depending on g sewing
parameters and leading to another sophisticated structure of cohomology spaces. Tak-
ing into account the above definitions and construction, we would like to develop a
theory [G] of characteristic classes for vertex algebras.
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6. APPENDIX: GRADING-RESTRICTED VERTEX ALGEBRAS AND MODULES

In this section, we recall [H, Q] the definitions of grading-restricted vertex algebra
and grading-restricted generalized module. The description is over the field C of
complex numbers. A vertex algebra (V, Yy, 1y ), [K] consists of a Z-graded complex
vector space V = HnGZ Vin), where dimV(,,) < oo for each n € Z, a linear map
Yy : V — End(V)[[z, 27Y]], for a formal parameter z and a distinguished vector 1y .
For each v € V, the image under the map Yy is the vertex operator Yy (v,z) =
> ez v(n)z7" 1 with modes (Yy ), = v(n) € End(V), where Yy (v,2)1 = v + O(z2).

We recall here definitions introduced in [H, Q]. A grading-restricted vertex algebra
satisfies the following conditions:
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rading-restriction condition: For n € Z, dimV{,) < oo, and when n is

1) Gradi tricti diti F Z, dim V) d wh i
sufficiently negative, V{,) = 0.

(2) Lower-truncation condition for vertex operators: For w,v € V, Yy (u,z)v
contain only finitely many negative power terms, that is, Yy (u, z)v € V((2))
(the space of formal Laurent series in « with coefficients in V' and with finitely
many negative power terms).

entity property: Let 1y be the identity operator on V. en Yy(l,z) = 1y.
3) Identity Let 1y be the identi V. Then Yy (1 1
(4) Creation property: For v € V, Yy (u,2)1 € V[[z]] and limg_,¢ Yy (u, 2)1 = u.
(5) Duality: For uy,uz,v € V, v € V' =][, 5V}, the series
(W', Yy (u1, 21)Yv (uz, 22)v),
(v, Yv (uz, 22) Yy (u1, 21)v),
(W', Yy (Yv (u1, 21 — 22)uz, 22)0),
are absolutely convergent in the regions |z1| > |22 > 0, |22| > |z1] > 0,
|z2] > |21 — 22| > 0, respectively, to a common rational function in z; and zo
with the only possible poles at 21,20 = 0 and 21 = 25.

(6) Ly (0)-bracket formula: Let Ly (0) : V — V be defined by Ly (0)v = nv for
v € V(). Then

L (0), Yo (0] = Yo (v (0)0, ) + 2 Yi (0, 2),

forveV.
(7) Ly (—1)-derivative property: Let Ly (—1) : V — V be the operator given by
Ly (—1)v = Res,z " *Yy (v,2)1 = Y{_9)(v)1,
for v € V. Then for v € V,
d
%Yv(u,x) =Yv(Ly(-1)u,z) = [Ly(-1), Yv (u, x)]. (6.1)

We denote (v) = k for v € V(). One also defines a special operation o(v) = v(yty—1)-
One also has

Yv(1ly,z) =1, ;%Y(u,z)lv = u.

Correspondingly, a grading-restricted generalized V-module is a vector space W
equipped with a vertex operator map

Yw : VoW — Wz Y,
u@w — Yw(u,z)w= Z(YW)n(u)w:zf"*1
ner
and linear operators Ly (0) and Ly (—1) on W satisfying the following conditions:

(1) Grading-restriction condition: The vector space W is C-graded, that is, W =
Ll.cc W(n), such that W, = 0 when the real part of n is sufficiently negative.

(2) Lower-truncation condition for vertex operators: For u € V and w € W,
Yw (u, z)w contain only finitely many negative power terms, that is, Yy (u, z)w €

W((x))-
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(3) Identity property: Let 1y be the identity operator on W. Then Yy (1,z) =
lw.
(4) Duality: For uj,up € V,we W, w' e W =1], ., W(*n), the series

(w', Yw (u1, 21)Yw (ug, 22)w),
(W', Yw (ua, 22)Yw (u1, 21)w),
(w', Yo (Yv (u1, 21 — 29)ug, 22)w)
are absolutely convergent in the regions |z1| > |z2] > 0, |22] > |z1] > 0,
|z2| > |21 — 22| > 0, respectively, to a common rational function in z; and 29

with the only possible poles at z1,2: = 0 and z1 = z5.
(5) Lw (0)-bracket formula: For v € V,

d
[LW(O)a YW(Ua Z‘)] = YW(L(O)U7 ],‘) —+ x%YW(Ua Jf)
(6) Lw (0)-grading property: For w € W(,), there exists N € Z, such that
(Lw (0) —n)Nw = 0.
(7) Lw(—1)-derivative property: For v € V,
d
o Yw(u,2) = Yw (Lv (=Du, @) = [Lw (1), Yiv (u, 2)].

Note also the L(—1)-translation property [K] of vertex operators which we will make
use later

Y (u, z) = e SFED Yy (u, 2 + €)es LD, (6.2)
where ¢ € C.

7. APPENDIX: PROPERTIES OF MATRIX ELEMENTS FOR GRADING-RESTRICTED
VERTEX ALGEBRA

Let us recall some facts about matrix elements for a grading-restricted vertex
algebra [H, Q]. For a function of V®" inside the matrix element, L(—1)-derivative
property means

0

8—%@/, (Y(Ul R vn))(zl, .. 7Zn)>

= <w'7 (Y(Ul R QU1 & Lv(—l)’l}i R Vig1 ® - ®Un))(21, L. ,Zn)>,

fori=1,...,n,v1,...,v, € Vand w' € W’ and (ii)

( 0 +...+5> (W', (Y (01 @ @ 0,)) (21, -+, 2n))

921 Ozn,
= (W, Ly ()Y (01 ® - @ vn)) (21, .-, 2n)),
and vy,...,v, € V, w' € W’'. Note that since Ly (—1) is a Weiéht-one operator on

W, for any z € C, e*2w(=1) is a well-defined linear operator on W.
One has [H, Q] the following property. Let Y be a linear map having the L(—1)-
derivative property. Then for vy,...,v, € V, w' € W', (21,...,2,) € F,C, z € C
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such that (21 + z,...,2, + 2) € F,,C,
(W, e W ED(Y (0 @ @) (21, -+, 20))
=(w,(Y(v1 @ - @uvp))(z1+ 2,..., 20 + 2)), (7.1)
and for vy,...,v, €V, w' € W, (21,...,2,) € F,,C, z € C and 1 < ¢ < n such that
(21, Zic1, 2i + 2, Zit1, - - -, 2n) € F,C,

the power series expansion of

(W, (Y(01 @+ @) (215« oy 2im15 2 + 2, Zit 15 -+ 2n)), (7.2)
in z is equal to the power series
W, (Y01 ® - @01 eV @uip1 @ -+ @ vn)) (215 -+, 2n))s (7.3)

in z. In particular, the power series (7.3) in z is absolutely convergent to (7.2) in the
disk |Z| < min#j{\zi — Z]|}

8. APPENDIX: DEFINITION OF MAPS COMPOSABLE WITH VERTEX OPERATORS

Next we give a definition of a map composable [H, Q] with vertex operators. For

a V-module W = [[y.c Wiy and x € C, let P, : W — W(,, be the projection from

W to Wiy Let @ : Venr — W,, . .. bealinear map. For m € N, ® is said [H, Q] to
be composable with m vertex operators if the following conditions are satisfied:

(1) Let l3,...,l, € Zy such that Iy +---+ 1, =m+n, v1,...,Vmtn € V and

w' € W'. Set
l;
v, = (E\(/ )(vll+"'+li—1+1 & - @Vl 1+ 1))
(zll+"'+li—1+1 = Giyeees RlytHlio1+l — CZ)

(8.1)
for i = 1,...,n. Then there exist positive integers N(v;,v;) depending only
on v; and v; for 4,5 =1,...,k, i # j such that the series

Z <w/7(¢'(Pr1\I'1®"'®Prnqln))(<17-~-aCn)>a
T1yeeey ' €L

is absolutely convergent when

2ttt p — Gl 204y bg — Gl <G — G
fori,j=1,...,k i#jandforp=1,...,[; and ¢ =1,...,l;. and the sum
can be analytically extended to a rational function in 21, ..., 2m+n, indepen-
dent of (i,...,(,, with the only possible poles at z; = z; of order less than
or equal to N(v;,v;) ford,j=1,... .k, i #j.

(2) For vi,...,Umyn €V, there exist positive integers N(v;,v;) depending only
on v; and v; for é,j =1,...,k, i # j such that for v’ € W’,

> W (B (01 ® - © v
6eC

Po((®(vm+1 ® @ Umtn)) (Zmt 1, - - 5 Zmtn))) (215 - -+ 2m))
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is absolutely convergent when z; # z;, ¢ # j |z| > |z, >0 fori=1,...,m
and k = m+ 1,...,m + n and the sum can be analytically extended to a
rational function in z1,..., Zm4n with the only possible poles at z; = z; of

orders less than or equal to N(v;,v;) fori,5 =1,...,k, i # j.

9. APPENDIX: PROPERTIES OF MAPS COMPOSABLE WITH A NUMBER OF VERTEX
OPERATORS

Here we recall proposition 3.10 from [H]:

Proposition 2. Let ® : V& — Wzl, .z, be composable with m vertex operators.
Then we have:

(1) For p < m, ® is composable with p vertex operators and for p,q € Z4 such
thatp+q <m andly,...,l,, € Zy such thatly+---+1, =p+n, Po(Ey, (ll) 1®

- ® E‘(/l”)l) and E‘(,g) op+1 @ are composable with q vertex operators.

(2) Forp,q € Zy such thatp+q < m, l,...,l, € Z4 such thatly+---+1, = p+n
and k1,...,kp1n € Z4 such that ki + -+ kpyn = ¢+ +n, we have

(q) (E(ll) . E(l ))) (E(kl) .. ®E(k.p+n))
=do (E(’“l+ +kz1>® ®E<kz1+ g1t +kp+7,)).

(3) Forp,q € Z such thatp+q <m andly,... 1, € Zs such thatly+---+1, =
p+n, we have

B 0g41 (@0 (B, ©- - @ BYY))) = (B 0g41 ®) 0 (By, ®- ® EY)).

(4) For p,q € Z such that p+ q < m, we have
EP opi1 (BE 0411 ®) = ELT 0,1 411 @.
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