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1. INTRODUCTION

The paper is devoted to classical solutions of the Robin problem for the Darcy-
Forchheimer-Brinkman system

(1.1) Vp—Av+Av+alvlv+b(v-V)v=F, V.v=1¢ in{,

(1.2) T(v,p)n +hv=g on Of).

Here 2 C R™ is a bounded domain with Ljapunov boundary, ) is a positive number,
a, b and h are Holder continuous functions with h > 0. The stress tensor T'(v,p)
corresponding to the velocity v and the pressure p is given by

N A 1
T(v,p) =2Vv —pl, Vv = §[VV + (V).

The Darcy-Forchheimer-Brinkman system describes flows through porous media
saturated with viscous incompressible fluids, where the inertia of such fluids is not
negligible. The constants A\,b > 0 are determined by the physical properties of a
porous medium. (For further details we refer the reader to the book [27, p. 17] and
the references therein.)

Boundary value problems for the Darcy-Forchheimer-Brinkman system have
been extensively studied in the recent years. The papers [7], [8], [12], [17], [22]
and [25] concern the Dirichlet problem for the Darcy-Forchheimer-Brinkman sys-
tem. The papers [1], [2], [10] and [13] are devoted to transmission problems that
include the Darcy-Forchheimer-Brinkman system. M. Kohr at al. discussed in [11]
the problem of Navier’s type for the Darcy-Forchheimer-Brinkman system. The
mixed Dirichlet-Robin problem and the mixed Dirichlet-Neumann problem for the
Darcy-Forchheimer-Brinkman system (1.1) with b = 0 and ¥ = 0 are studied in
H3/2(Q,R3) x H'/2(Q) (see [11] and [9]). Here @ C R? is a bounded creased do-
main with connected Lipschitz boundary. The paper [11] investigates the Robin
problem (1.1), (1.2) with b = 0 and ¢ = 0 in the space H*(Q,R™) x H*~1(Q),
where 1 < s < 3/2 and 2 C R™ is a bounded domain with connected Lipschitz
boundary, m € {2,3}. The paper [24] is devoted to the Robin problem (1.1), (1.2)
in the Sobolev space W14(Q; R™) x L4(2), where Q C R™ is a bounded domain
with Lipschitz boundary, m € {2,3}, and 3/2 < ¢ < 3.

We begin with the Brinkman system

(1.3) —Av+Av+Vp=f, V.v=9% inQ
1
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with the boundary condition (1.2). This problem has been studied in many pa-
pers, especially for h = 0 (i.e. the Neumann problem for the Brinkman sys-
tem). If Q@ C R™ is a bounded domain with connected Lipschitz boundary and
g € L?(0Q;R™) then there exists a unique solution of the Neumann problem for
the homogeneous Brinkman system in the sense of non-tangential limit. (See [3],
[9], [16], [28].) (Remark that v € WH2(Q;R™) and p € L?*(Q) for such solu-
tion (v,p).) If @ C R™ is a bounded domain with connected Lipschitz bound-
ary, s € (0,1), h € L®(0Q), h > 0, g € H* Y94 R™), o € H*/2(Q) and
f e H53/2 (R™;R™) is supported on €2, then there exists a unique solution of the
problem (1.3), (1.2) in H5FY2(Q;R™) x H*~Y/2(Q). (See [11], [12].) The papers
[29], [30] prove the unique solvability of the Neumann problem for the Brinkman
system in W29(Q;R™) x W14(Q) for a bounded domain Q C R™ with boundary
of class C>!. The paper [21] is devoted to the Robin problem for the Brinkman
system in Sobolev spaces W14(€2; R™) x L4(Q2) on a bounded domain Q C R™ with
Lipschitz boundary. Here one of the following three conditions is fulfilled: 1) g = 2;
2) 0N isof class C' and 1 < ¢ < 00; 3) 2<m < 3 and 3/2 < q< 3.

We study by the integral equation method the Robin problem for the homo-
geneous Brinkman system (1.3), i.e. for f = 0 and ¢ = 0. For this reason we
define a Brinkman single layer potential and a Brinkman double layer potential
and gather their properties. We look for a solution of the problem (1.3), (1.2) in
an appropriate linear combination of a single layer potential and a double layer po-
tential. Using boundary properties of potentials we obtain an integral equation on
the boundary of the domain. We show the unique solvability of this integral equa-
tion and then the unique solvability of the problem (1.3), (1.2). Now we are able
to concentrate on the Robin problem for the non-homogeneous Brinkman system.
We prove that for a bounded domain Q C R™ with boundary of class C® with
0<f<a<l Xe(0,00), heClON) with h >0, f € CP(Q;R™), ¥ € CHA(Q)
and g € C?(95; R™) there exists a unique solution (v, p) of the Robin problem (1.3),
(1.2) in the space [C1#(Q;R™) N C2(Q;R™)] x [CP(Q) NC*(2)]. We obtain by the
Fixed point theorem the existence of a classical solution of the Robin problem for

the Darcy-Forchheimer-Brinkman system (1.1), (1.2) with Hélder continuous a and
b.

2. FUNDAMENTAL SOLUTION FOR THE BRINKMAN SYSTEM

We are going to study the Robin problem for the Brinkman system by the integral
equation method. For this reason we need to define a fundamental solution for the
Brinkman system and boundary layer potentials.

Let 0 < A < oo. Suppose that E* = (E;\]) is a matrix function of the type
m x (m+1) and Q* = (Q})i1<j<ms1. We say that (E*, Q") is a fundamental
solution of the Brinkman system (1.3) in R™ if

(2.1) — AE)y + AE} + 0,Q) = 0i500, O1EY; +...0mEp; =0, i,j<m,

(22) = ABN 1 AEN 1+ 0@ =0, DB iy + e OBy i = 0.

Here §p is the unit measure concentrated at 0.

There exists a fundamental solution (E*, Q*) of the system (1.3) such that Ei)‘j,

QJA. are tempered distributions. If E* = (Ef}), O = (Q;‘) form another funda-

mental solution of the system (1.3) such that £}

P\ . . .
P Qj are tempered distributions,
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then E}; — E;\J, Q) — Q? are polynomials. (See [26, Theorem 10.3].) We use the
fundamental solution introduced by W. Varnhorn in [33].
If j €{1,...,m} then

1 z;
Aoy — A _ J
Qj (z) = Ej,m+1(x) = OTnW7
o J do(@) + (Mwp)In ||~ L, m =2,
m+1 do(x) + N wm)(m —2)"Hz|2=™, m > 2,
where w,, is the area of the unit sphere in R™. (See [33, p. 60].)
For A = 0 we obtain the fundamental solution of the Stokes system. If 7,5 €
{1,...,m}, the components of E° are given by
1 0i TiT;
2.3 EY(2) = N o >3
%) e P L
1 1 TiT;
2.4 E%(z) = — < 6;;ln — 4+ 7 =2
( ) z](x) 47T{ J n|1,|+ |£L'2}’ m
(see, e.g., [33, p. 16]). The expression of E* for A > 0 can be found in [33,
Chapter 2]. We omit it for the sake of brevity.
If i, j < 'm then E}5 € C>(R™\ {0}),
(2.5) E}, — EJ; € C(R™)
by [33, p. 66],
(2.6) IVE}(x) — VEj ()] = O(j«[*™™),  |z[—0
by [22, Lemma 4.1]. If A > 0 and f is a multiindex, then
(2.7) PENz) = O]~ V), o — o0

by [15, Lemma 3.1].

3. BRINKMAN BOUNDARY LAYER POTENTIALS

We will look for a solution of the Robin problem for the Brinkman system in the
form of a linear combination of a Brinkman single layer potential and a Brinkman
double layer potential. Let us define these potentials.

We denote Q(z) := (Q%(z),...,Q%(x)) = (Q}(x),...,Q) (x)). By E* we denote
the matrix of the type m x m, where E’f} (z) = El’\](x) for i,j <m.

Let now € C R™ be a bounded open set with Lipschitz boundary. If g €
C(0Q,R™) then the single layer potential (E}g, Qong) with the density g for the
Brinkman system (1.3) is given by

EAg(x) = / ENa — y)g(y) do(y),

o
Qag(z) = | Q(r—y)g(y) do(y).
o

Then EJg € C®(R™\0Q,R™), Qqg € C®(R™\ Q) and VQog— AEAg+AE)g =
0, V-Ejg=0in R™\ 9.
Set )
Kj(z,y) = —T,(EMy — 2), Q(y — 2))n%(y).
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Remark that

m \T; —Yi)\Tj — Y )T — 'IlQ
(31) e et

Wm

(see for example [16, p. 38, 39, 132]). For ¥ € C(9Q,R™) define in R™ \ 9Q the
velocity part of the double layer potential with density ¥ by

(3.2) (Dy¥)(x) := n Kj(z,y)¥(y) do(y),

and the corresponding pressure part by

(3.3) (W) (x) = /8 Ty ()W () o).
If m > 2 then

m(y — ) - nf n x —yl2—m
(o) = o { -~y - )220 20) ool B ey}

m

If m = 2 then

(o) = 5= { -

=) 200 (1, LY gy
r—y

ly — x4 ly — x[?

(See [33, pp. 61-62].) One has DY® € C>=(R™ \ 9Q,R™), [I{¥ € C>®(R™ \ 00Q)
and VIIQW — ADAW + ADA® = 0, V- DAY = 0 in R™ \ 99

Proposition 3.1. Let @ C R™ be a bounded open set with boundary of class
Ch* 0 < B <a<1land0 < X\ < oco. Then Qq : CPOR™) — CA(Q),
E} : CP(OS;R™) — CHA(Q;R™) and EY — EY : CP(O;R™) — CH(Q;R™) are
bounded linear operators.

Proof. For A = 0 see [20, Lemma 3.12].
Let now A > 0. Fix ¥ € CA(0;R™). Then EJ®, EQW¥ € C(R™;R™) by [34,
Theorem 2.3]. Define the distributions F1, ..., Fy, by

(Fj; o) 1:/ U do.
19]9)

Set F = (Fy,...,F,). Since EQW¥ = E* « F, properties of fundamental solutions
give
~AE)® + \EJ® — VQq¥ =F,

~AE)® —VQq¥ =F.
Subtracting
A(EQ® — EQW) = \EJW.

Since E{® € C(R™;R™) and (EJ¥ — EQ W) € C(R™; R™), [23, Proposition 3.18.1]
gives that (EQW® — EQW) € CH(Q;R™). If f, — f in C#(0Q; R™), then E)fy(x) —
Ef.(z) — Ejf(z) — EXf(x) for all z € Q. The Closed graph theorem forces that
EJN—EQ : CP (0, R™) — CH(Q;R™) is a bounded operator. Since C1:@(Q;R™) —
CLA(Q;R™), the operator E} : C#(9Q; R™) — CLA(Q; R™) is bounded. O



4. BOUNDARY INTEGRAL OPERATORS

If we study boundary behavior of potentials at boundary then crucial role is
played by the integral operators Kq » and Kslz, - Let us define them.

Let © C R™ be an open set with compact Lipschitz boundary and 0 < A < co.
For ¥ € C(0Q,R™) and = € 99 define

Ko ¥(x) == lim Ko (x,y)®(y) do(y),
ENO J90\ B(xse)

Ko \¥(z) := lim Ej(y,2)¥(y) do(y),
eNo0 O\ B(x;€)

where B(x;€) = {y; |z — y| < €}

Lemma 4.1. Let Q C R™ be a bounded open set with boundary of class CH,
0<a<l1and0<)\<oo. Then there exists a constant C such that

(4.1) [K3(z,y)| < Clz —y[*TH7™, 2y € 00

Proof. If A =0 then (4.1) holds by (3.1) and [23, Lemma 1.17.9].
Let now A > 0. According to (2.6) there exists a constant Cy such that
[Kd(w,y) = Ko(z.y)| < Cile —y*™™, 2,y € 00.
This and the inequality (4.1) for A = 0 give (4.1) for general A. O

Lemma 4.2. Let Q C R™ be a bounded open set with boundary of class CH* with
0<a<land0<A<oo. If ¥ €C(ON,R™) and x € 0N then

(4.2) Koa¥(z) = » Kj(z,y)¥(y) do(y),

(4.3) Ko 2 () = ., K(y, 2)®(y) do(y)

are well defined. The operators Ko x and K, , are bounded on C(0S;R™).

Proof. According to Lemma 4.1 there exists a constant C' such that (4.1) holds.
The rest is a consequence of [18, Theorem 2.22]. O

Lemma 4.3. Let Q C R™ be a bounded open set with boundary of class C1,
0<B<a<land0<\<oco. If® ecCPONR™) and z € 09 then

(4.4) T(EAR (), QaW(2)n (=) = J¥(=) — K W (2).

Proof. For A > 0 see [31, Theorem 2.3]. Let now A = 0. Then EQW¥ € C1#(Q;R™),
QoW € C?(Q) by Proposition 3.1. This forces T(EQW.Qq®)n® € C(0Q;R™). The
relation (4.4) holds for almost all z € 99 by [11, Lemma 3.1]. Since ¥ — K¢, (¥ €
C(0;R™) by Lemma 4.2, we deduce that (4.4) is true for all z € 9. O

Proposition 4.4. Let Q2 C R™ be a bounded open set with boundary of class CH®,
0<pf<a<land0<\<oo. Then the operators

(4.5) K CP(0Q,R™) — CP(0Q,R™),

(4.6) Khx— Kb : CP(OQ,R™) — C*(0Q,R™)

are bounded.
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Proof. If ¥ € C?(0Q, R™) then
1
(4.7) Ko\¥ = 5¥ - T(Ey®,Qq¥)n”

by (4.4). The mapping ¥ + T(EJW¥,QqW¥) is bounded from C?(99,R™) to
CA(0Q,R™ x R™) by Proposition 3.1. Since n € C*(9Q;R™) C CP (0 R™),
23, Lemma 1.16.8] and (4.7) give that K, , is a bounded operator on CP (00, R™).

(4.8) Ko — Koo = T(E), Qo)n® — T(Eg, Qo)n® = T(E) — Ej,0)n

by (4.7). Proposition 3.1 gives that T(E — E},0) is a bounded mapping from
CA(OQ,R™) to C*(0Q, R™ x R™). Remember that n? € C*(9Q;R™). According
to [23, Lemma 1.16.8] and (4.8) we infer that the operator (4.6) is bounded. O

We want to prove compactness of the operator K, , on the space Ch(OQ,R™).
For this we need the following auxiliary lemmas:

Lemma 4.5. Let Q C R™ be a bounded open set with boundary of class C* and
0<a<l. IfO< B <1 then Kqg is a compact operator on CP(92, R™).

Proof. V. Maz’ya, M. Mitrea and T. Shaposhnikova proved in [21, p. 232] that Kq o
is a compact operator on some scale of Besov spaces including Bg°’°°(aﬂ, R™). Re-
member that B> (99, R™) = C#(99,R™). (See for example [32, §3.5.3, Theorem]
or [31, §2.5.7, Theorem)].) |

Lemma 4.6. Let f € C'(R™\ {0}) with |Vf(z)] < Ci|z|*. Then there exists a
constant Co such that |f(z) — f(y)| < Calz — y||z|™ for |x| > 2|z —y|.

Proof. Let |x| > 2|x — y|. Then there exists z in the interval xy such that f(z) —
f(y) = (z—y) - Vf(2). Since 1|z| < |2] < 2|z| we infer that
[f(2) = fW)| = [(z —y) - Vf(2)] < Crlz —y[[(1/2)* + (3/2)%]]|*.
(I
Lemma 4.7. Let Q C R™ be a bounded open set with boundary of class C® and

0<f <a<l. Then Koo+ K{q: L®(0Q,R™) — C°(0Q,R™) is a bounded
operator.

Proof. (3.1) yields

Wm |':E - y|m+2

W —y )\ — _nQ _an
(49) [KS(z,y) + KOy, )]sy — -7 @ =)@ —yi)(@ = v) - (n7{y) = n7(@))

If z,y € 0N then [n}(z) — n®(y)| < M;|r — y|® for some constant M;. Therefore
there exists a constant Cy such that

[Ko(z,y) + Kgy,2)] < Cile —y[**™™ 2,y € 99
Hence there is a constant Ms such that
(4.10) [ 18+ Kd0)| doty) < Mar®
B(z;r)NoQ
for each x € 9Q and r > 0. (See [23, Lemma 1.26.1].) So,
(Ko + Ko0)f(2)] < Collf[|L=@0mm) Yz €09



for some constant Cs.
If ||[f] 2 9;rm) < 1 and @,z € 9 with |z — 2| > 1 then

(Koo + Kqo)f(x) = (Koo + Kq)f(2)] < 202 < 203[a — 2|7
According to Lemma 4.6 there exists a constant M3 such that
(4.11) lw|w|™™ % — Y u| T2 < Ms|w — ul|w|T™ for |w| > 2|w — ul

for each multiindex v with |y| = 3. If z,y,z € 9Q with |y — 2| > 2|z — 2| =
2|(z —y) — (z — y)|, then (4.9) and (4.11) yield

1K (2, y) + Koy, 2)]ij — [Ko (2, y) + Koy, 2))iy| < %Ix —y|' "% (2) —n(2)|

L (i —yi)(zj —y)@z—y) (5 —yi)(z —y)z—y) n?(z) — n%(y)|
Wm |z — y|mt2 |z —y|m+2
< M~z =y = 2| 4 My~ |z — 2] |2 — y| T Myl -yl
Wm Wm
Therefore
Cslz —z|*  Cslz — 2|

o=yl e g

(4.12) [[Kg(2,y) + Koy, @)] = [Kq(z,9) + Koy, 2)]| <

for some constant C.
Suppose that [|f|| ;= @orm) < 1 and z,z € 0Q with 0 < |2 — 2| < 1. According
to (4.10) and (4.12)

(Kao + Kb 0)E() — (Koo + Kby o)f(2)] < / K82, 9)
B(z;2|x—z|)NoQ

(0. 2)] dotw) + [ KS(e.0) + K (0. 2)] doty)
B(z;2|z—z|)NoQ

+f (K8 () + K0, 2)) — (K8 () + K8y, 2))] do(y)
OO\ B(z;2|z—z|)

< Mylr — 2" + / K (2, ) + K8 (v, 2)| do(y)
B(z;3|z—2z|)NoN

Cslz — z|* Cslz — 2|
+/ < _ gylm—1 + _ ylm—«a da(y)
OO\ B(z;2|z—z2]) |z =yl |z =yl

< 5M2|x—z|”‘+03\:v—z|ﬁ/ |x—y|1*m+a*ﬁ do(y)
00\ B (a:]2—2])

+Cs|z — z|ﬁ/ |z —y[F =P do(y)
OO\ B(z;2|z—z]|)

<z —2|f [5M2 + 03/ e N T da(y)} < Cale—z)
o0
with Cy4 independent on x and z (see [23, Lemma 1.26.1]). O

Theorem 4.8. Let Q C R™ be a bounded open set with boundary of class CH* and
0< B <a<l. Suppose that 0 < A < co. Then KS’]’)\ is a compact operator on
Ch (00, R™).
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Proof. Koo+ Kgqq: L*(0Q,R™) — CP(9Q,R™) is a bounded operator by Lemma
4.7. Since CP(0Q,R™) — L>(9Q,R™) compactly by [18, Theorem 7.4], the oper-
ator Ko+ K¢ is compact on CA (09, R™). Thus Koo = (Kao+ Kqg) — Kao
is a compact operator on C?(992, R™) by Lemma 4.5.

The operator K, , — K¢ : CP (O, R™) — C*(02, R™) is bounded by Proposi-
tion 4.4. Since C*(98, R™) — CA(9Q, R™) compactly by [18, Theorem 7.4], the op-
erator K(, \ — K¢ ¢ is compact on C#(9Q, R™). Hence K¢, , = (K¢ —K{ o) +K§
is compact on C%(9Q, R™). O

5. ROBIN PROBLEM FOR THE BRINKMAN SYSTEM

In this section we study the Brinkman system (1.3) with the Robin boundary
condition (1.2). First we study the homogeneous Brinkman system, i.e. with f =0
and ¢ = 0.

Let © C R™ be a bounded domain with boundary of class C**, 0 < f < a <
1 and A € (0,00). If 9 is connected then we shall look for a solution of the
problem in the form of a single layer potential (EJ®, Qq®) with ® € CP(0Q; R™).
Unfortunately, it is not possible for {2 with disconnected boundary because

/nQ.E§¢d0:0
C

for each component C' of 9Q2. Therefore we shall look for a solution in the form of
a modified single layer potential. Let G(1),...,G(k) be all bounded components of

R™\ . Fix open balls B(j) such that B(j) C G(j). According to [6, Lemma 1.5.19]
there exists ©® € C>(R™;R™) such that ® -n® > 0 on 9Q. If & € CP(9R™), we
define the modified Brinkman single layer potential with density ® by

k
By® = E® + ) (/ © @ da> Djy;n®Y,
=1 \JoG0)

k
Qu® = Qa® + ) (/ e do—> I ;")
j 9G(j)

i=1
(If 99 is connected then Eé@ = EJ® and QA?fI) =Qa®.)
Theorem 5.1. Let Q C R™ be a bounded domain with boundary of class C*®,
0<B<a<1and\c (0,00). Let h € CP(ON) with h > 0.
(1) For ® € CP(9S;R™) define

. 1
Ton® = hEGD + 3@ Ko \®

k
+Z (/ 6.2 da) T(Dj\g(j)nB(J),Hg(j)nB(J))nQ.
j=1 0G(j)
Then Té"h is an isomorphism on CP(9Q; R™).
(2) Suppose that g € CP(O;R™), £ =0, ¥ =0. Put
(5.1) P .= (T()\,h)

! g, V= Eé@, pi= ngﬁ
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Then (v,p) is a unique solution of the Robin problem (1.3), (1.2) in the
space [CHP(Q;R™) N C2(Q;R™)] x [CPA(Q) NCH(Q)]. Moreover,

(5.2) IVilers@) + Ipllcs @ < Cliglles a0
where C' does not depend on g.

Proof. Kg , is a compact operator in CP(0Q;R™) by Theorem 4.8. The opera-
tor £y : CO(OQ;R™) — C1P(9Q;R™) is bounded. (It is an easy consequence of
Proposition 3.1.) Therefore £ is a compact operator on C%(9%; R™) by [18, Theo-
rem 7.4]. Define the operator H by Hw := hw. Then H is a bounded operator on
CP (% R™) by [23, Lemma 1.16.8]. So, HE} is a compact operator on C?(9Q; R™).
Denote by I the identity operator. The operator 7'(2\7,1 — HE?Z — %I + KS/),A is finite-
dimensional and therefore compact. Since the operator Té,h — %I is compact in
CA(0Q; R™), the operator Ta’h is Fredholm with index 0 in C%(9Q;R™). The op-
erator TS) , 1s one to one by [24, Theorem 9.2]. Hence TS) 5, is an isomorphism on
CA(OQ; R™).

Suppose now that g € C#(9;R™), f =0, ¥ = 0. Let ®, v and p be given by
(5.1). Since E}, Q} € C*(R™\ {0}), we infer that v € C*°(Q;R™) and p € C*(Q).
Moreover, (1.3) holds true. The invertibility of TS’ 5, and Proposition 3.1 give that
v € CYA(;R™), p € CP(Q) and the estimate (5.2) holds with some constant C.
The boundary condition (1.2) is satisfied by Lemma 4.3.

We now show the uniqueness of a classical solution of the problem (1.3), (1.2).
Let (v,p) € [CHP(QR™) NCHLR™)] x [CP(Q2) N CH(Q)] be a solution of the prob-
lem (1.3), (1.2) with f =0, . = 0and g = 0. If z € 9Q, a > 0, denote the
non-tangential approach region of opening a at the point x by

To(z) :={y € Q; |z —y| < (1 + a)dist(y, 0Q)}.

According to [35, Theorem 1.12] there is a sequence of domains ; with boundaries
of class C*° such that the following assertions hold:
. ﬁj c Q.

e There are a > 0 and homeomorphisms A; : 9Q — 0€2;, such that A;(y) €
I, (y) for each j and each y € 00 and sup{|ly — A;(y)|;y € 9Q} — 0 as
J — o0.

e There are positive functions w; on 92 bounded away from zero and infinity
uniformly in j such that for any measurable set E C 0,

/ wj do = / 1 do,
E A4 (E)

and so that w; — 1 point-wise a.e. and in every L*(0€), 1 < s < occ.
e The normal vectors to €, n(A;(y)), converge point-wise a.e. and in every
L5 (09), 1 < s < 00, to n(y).
Lebesgue lemma yields
0= / v - [T(v,p)n® + hv] do = / h|v|? do + lim v-T(v,p)n do.
o0 o0 i—=oo Jaq,

According to the Green formula (compare [33, p. 14] or [24, §3])

0:/ hiv[? da—i—llim/ TV + AWV dz
89 i=ee Ja,
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:/ hlv? da+/(2|¢v|2+A|v|2) dz.
oN Q

Therefore v = 0. Since 0 = —Av + Av + Vp = Vp, there exists a constant ¢ such
that p = ¢. But 0 = T'(v,p)n®? + hv = —en®? on 9. This forces that ¢ = 0 and
thus p = 0. (I

Now we are able to solve the Robin problem for the non-homogeneous system
(1.3).

Theorem 5.2. Let Q C R™ be a bounded domain with boundary of class C*®,
0<B<a<land )€ (0,00). Let h € C5(0Q) with h > 0. Then there exists
a constant C such that the following holds: If £ € CP(Q;R™), ¥ € CYA(Q) and
g € CP(O;R™), then there exists a unique solution (v,p) of the Robin problem
(1.3), (1.2) in the space [CTF(Q;R™) NC2(KR™)] x [CP(Q) NCH(Q)]. Moreover,

(53 IVllers + IPlesa < € (I8lleson + I€lca@ + 1¥llcram)) -

Proof. The uniqueness follows from Theorem 5.1. -
Choose a bounded domain w with smooth boundary such that 2 C w. According
to [5, Lemma 6.37] there exists ) € C1'%(w) with compact support in w such that

¥ =1 in  and
[¥llerswy < Crll¥llersq)
where the constant C; depends only on 2, w and 3. Denote

CS"’O‘(D) ={p e C¥*@); =0 on dw}.
Then the Laplace operator is a continuous injective operator from CS’B (@) onto
CY8(w). (See [19, Lemma 3.10].) Therefore it is an isomorphism. So, there exists
a solution ¢ € C>#(w) of
Ap =1 inw, =0 on Jw.
Moreover.
lelleze @) < Coll¥llersw)
where Cy depends only on w and 3. Put w := V. Then w € C>#(Q), V- w =
Ap =1 in Q and
[Wllez.@) < mMCLC2|[Y]le1.6 ()
According to [25, Theorem 2.2] there exists a unique solution
(u,q) € [CMP(R™) NC2 (U R™)] x [CP(Q) nCH ()]
of the problem
—Au+ A u+Vg=f+Aw—-Aw, V-u=0 in Q,
u=0 on 09, /qdm:O.
Q
Moreover,

||uHc1,ﬁ(§) + ||(I||cﬁ(§) < Csf + Aw — )‘WHCﬁ(ﬁ)v

where C3 depends only on €2, 8 and A. According to Theorem 5.1 there exists a
unique solution

(@,9) € [CYP(QR™) NC2H(QR™)] x [C7(@) ()]
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of the problem
—-Au+Au+Vi=0, V-u=0 in Q,
T(,§)n" + hii =g — T(u+w,q)n? — h(u+w).
Moreover,
”ﬁHclﬁ(ﬁ) + ||C7||cﬂ(§) < Cyllg—T(u+w,qn” — h(u+ w)llcs a9,

where Cy depends only on 2, 8, A and h. Put v=w+u+1u, p=¢+4. Then (v,p)
is a solution of (1.3), (1.2). Moreover, the estimate (5.3) holds with C' depending
only on Q, 8, A and h. ([l

6. DARCY-FORCHHEIMER-BRINKMAN SYSTEM

Theorem 6.1. Let Q C R™ be a bounded domain with boundary of class C*%,
0<pB<a<land)e (0,00). Let h € CP(9Q) with h > 0 and a,b € C*(Q).
Then there exist 6,¢,C € (0,00) such that the following holds: If g € CP(9;R™),
F € CP((;R™), ¢ € CHP(Q) and

(6.1) Igllcs o) + IFllcs@ + 1¥llcrs @) <9,

then there exists a unique solution (v,p) € [CVP(Q;R™) N C3(Q;R™)] x [CA(Q) N
CH(Q)] of the Robin problem for the Darcy-Forchheimer-Brinkman system (1.1),
(1.2) such that

(6.2) IVllcrs@) <e
Moreover,
63)  IVlers@ + Ipllesim < € (lglleron + Flles + ¥ lesm ) -

Ifg € CO(OR™), F € CA(;R™), ¢ € CHP(Q), v € CHO (4 R™)NC2(Q;R™) and
peCi@)nc(a),

(6.4a) VP—AV+al¥[f + AW +b(¥-V)v=F, V-v=1 inQ,
(6.4b) T, +hv =g  on 00
and [|Vl|¢1.5 @) <€, then
V= llers @ +Ip—Ples @ < C (||g — &lles o0y + IF = Fllcamy + 14 — 1Z”cl,ﬁ(ﬁ)) -
Proof. For u € CHP(Q; R™) define
Dgpu :=alulu+b(u- V)u.
According to [25, Lemma 3.1 and Lemma 3.2] there exists a constant C; such that
(6.5) ||Dabu||cﬁ(§) < 01||u|\§1,a(§)7

(6.6) [Dapv — Dabu”cﬁ(ﬁ) <Cifv— u”clﬁ(ﬁ) [”VHCLﬁ(ﬁ) + ||uHCl,ﬁ(ﬁ):| .

For each g € C#(0;R™), f € CP(;R™) and ¢ € C1A(Q) there exists a unique
solution (v,p) € [CLA(;R™)NC2(Q;R™)] x [CP(2) NCH()] of the Robin problem
(1.3), (1.2). Moreover,

67 IVlewsm + Iolles < Co (Ielesion + Ifls + lerom)
where Cy depends only on €2, § and h. (See Theorem 5.2.)
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Remark that (v,p) is a solution of (1.1) if (v,p) is a solution of (1.3) with
f=F — Dygyv. Put

1 €
= 6= ——.
TG+ )(Cyt 1) 2(Cy + 1)

If (v,p), (v,p) € [CLP(Q;R™)NC2 (4 R™)] x [CP(Q) NCY(Q)] are solutions of (1.1),
(1.2) and (6.4) with (6.2) and [|V||¢1.5q) < €, then

IV =¥llera@y + 1P = Bllesm) < Ca(llg = Elles o) + IF = Flls )
+llv - Tz)Hclﬁ(ﬁ) +1DabV = Da¥leoay) < Co(llg — &lles o)

+||F - FH(}B(E) + ”"/’ - 1/~J||c1,ﬁ(§) + 26Cl“" - {'”Clﬁ(ﬁ))'

Since 201 Cae < 1/2 we get subtracting 2eC1Ca||[v — V| ¢1.5(g) from the both sides

v —lessy + 0~ Blls ) < 202 (g~ Elleniom + IF—Fllesgey + e —Fllcusim)
Therefore a solution of (1.1), (1.2) satisfying (6.2) is unique. Putting p =0, 2 = 0,
F=0,v=0and g =0, we obtain (6.3) with C' = 2C}.

Denote X := {v € C'?(Q,R™); Vlgis@ < € Fix g € CA(O;R™), F €
CO(;R™) and ¢ € CHA(Q) satisfying (6.1). For v € X there exists a unique
solution (u¥,p¥) € [CHP(Q; R™)NC2 (4 R™)] x [CP(2)NC(Q)] of the Robin problem
(1.3), (1.2) with f = F — Dgv. Remember that (u¥,pY) is a solution of (1.1) if
and only if u¥ = v. According to (6.7)

10 ller.s ) < Co |lglleson + I llers@) + IFllea) + 1 DasVlleag | -
By virtue of (6.1) and (6.5)
||uv||cl,g@) < O90 + Cy 04 €2
As C36 + C5C1€% < €, we infer u¥ € X. If w € X then
[0’ —u%lers@) < CollDapV = DapWlles ) < Co2Cr2€(|w —vlles g

by (6.7) and (6.6). Since C3C12¢ < 1, the Fixed point theorem ([4, Satz 1.24]) gives
that there exists v € X such that u¥ = v. So, (u¥,pVY) is a solution of (1.1), (1.2)
in [CHA(Q;R™) NC2(Q;R™)] x [CP () NCH(N)] satisfying (6.2). O
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