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ALMOST-COMPACT AND COMPACT EMBEDDINGS OF
VARIABLE EXPONENT SPACES

D. E. EDMUNDS, A. GOGATISHVILI, AND A. NEKVINDA

ABSTRACT. Let Q be an open subset of RV, and let p, ¢ : Q — [1,00] be
measurable functions. We give a necessary and sufficient condition for the
embedding of the variable exponent space LP() (Q) in LI() (Q) to be almost
compact. This leads to a condition on §2, p and ¢ sufficient to ensure that
the Sobolev space W1P() (Q) based on LP() (Q) is compactly embedded in
e (92) ; compact embedding results of this type already in the literature are
included as special cases.

1. INTRODUCTION

Let Q be an open subset of RY and consider the Lebesgue measure on . If
M C Q is measurable we write |M| for its measure. Let p, ¢ : @ — [1,00] be
measurable. Much attention has been paid in recent years to the variable exponent
space LP() (Q), the space W'P()(Q) of Sobolev type based on LP()(Q) and con-
ditions under which W'?()(Q) is embedded in L) (Q) : we refer to [2, 4, 5] for a
comprehensive account of such matters. The compactness of such an embedding
is addressed here: we give conditions that are sufficent to ensure compactness yet
weak enough for much earlier work on this topic to be included. To do this we
first establish necessary and sufficient conditions for the embedding of LP() () in
L) (Q) to be almost compact.

Let M(€2) be the family of all measurable functions v : Q@ — [—o0, 0]; denote
by xg the characteristic function of a set E C Q. Given any sequence {E,} of
measurable subsets of 2, we write F,, — 0 a.e. if the characteristic functions xg,
converge to 0 pointwise almost everywhere in Q. Let the symbol |u| stand for the
modulus of a function u. We recall the definition of a Banach function space: see,
for example, [1]. A normed linear space (X, ||.||x) is a Banach function space (BFS
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for short) if the following conditions are satisfied:

(1.1)  the norm |lul|x is defined for all u € M(Q), and u € X if and only if
[ull x < oo

) Mullx =l ul [[x for every u € M(Q);

) if 0 < up S wae. in Q, then ||un|x 7 |lullx;

) if E C () is a measurable set of finite measure, then xg € X;

)

for every measurable set E C Q of finite measure |E|, there exists

a positive constant Cg such that / |u(z)|dx < Cgllul|x-
B

If X and Y are Banach function spaces then X is said to be almost-compactly

embedded in Y and we write X < Y if, for every sequence (En),en of measurable
subsets of  such that E, — 0 a.e., we have

lim sup [luxg,|y =0.
0 ju| <1

We believe this notion to have independent interest. Moreover, as we know from
[10], almost compactness results quickly lead to assertions concerning the compact-
ness of the Sobolev embedding.

To explain in a little more detail what is acheived, suppose that €2 is bounded,
peC(Q) andforallz € Q, 1 <p_ <p(z) <ps <N and

(1.6) p(z) =

denote by Wol’p(') (Q) the closure of C§°(Q) in WP (Q). Let I,, (resp. I 40)
stand for the embedding of W1?()(Q) (resp.Wol’p(')(Q)) in LI0)(Q). Then it is

known (see [7]) that I, 40 is compact if there exists € > 0 such that g(z) < p*(x) —
e for all z € Q. In [8] the compactness of I 4o is studied under more general
assumptions: it is supposed that there exists xg € €2, asmall n >0, 0 <! < 1 and
C > 0 such that g (z9) = 2N/(N —2) and

q(z) < 2N ¢

N —2 !
(log 7@*1900‘)

holds for a.e. z €  with |z — x| < 7. Some generalizations of these results are
given in [6] and [9]. In [9] it is assumed that g(x) = p*(z) on a compact set K,
and compactness of I, 40 is established under some restrictions on K and on the
behavior of p*(z) — g(x) far from K. The principal aim of this paper is to establish
compactness of I, , for a wider class of sets K on which ¢ is allowed to have the same
values as p : various examples of Cantor type are given for which this is possible.

First we find a necessary and sufficient condition for this embedding to be al-
most compact and as an application we establish the compactness of the Sobolev
embedding mentioned above under more general conditions than those previously
available.
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2. PRELIMINARIES

Let X and Y be Banach function spaces on an open set € of RY with norms
Il x 5 [IIly respectively. We say that X is embedded in Y, and write X — Y, if
there exists ¢ > 0 such that |lul|, < c¢||lul|y for all w € X. The space X is said to be

compactly embedded in Y, and we write X << Y, if given any sequence {u, },

with each ||u, ||y < 1, there is a subsequence {un(k)} C Y and a point u € Y such
that ||un(k) — UHY — 0.

Definition 2.1. Let X be a BFS. The Sobolev space W!(X) is defined to be the
set of all functions v € M(Q) with
[ullwr(x) = llullx + [[Vulx < oo.

The following proposition is proved in [10], see Theorem 3.2.

Proposition 2.2. Let X,Y, Z be BFSs and assume
WHX)—Y, V<52
Then
WHX) =< Z.
Now, define variable Lebesgue spaces. Let £(€2) denote the set of all measurable

functions p(-) : @ — [1,00). Let p(:) € £(). Define for a function v : @ — R a
modular

21) mpo @) = [ fua)P@da

and define the space LP()(Q) to be the set of all measurable functions u on Q with
a finite norm

el = inf {A > 0 mp (u/2) < 1}
We adopt the notation
plz) -1
plz)
Define for a function u : 2 — R a non-increasing rearrangement v* on [0, 00) by
u*(t) =inf{x > 0;|{z € Q; |u(z)] > A} <t}, (t=0).

p— =inf{p(z); © € Q}, py =sup{p(z); x € Q} and p'(z) =

Lemma 2.3. Let s: Q — R and o > 1. Then (a*V))*(t) = a* @ for all t > 0.
Proof. We can easily write

(*O)*(t) = inf{\ > 0; [{z € % a*® > \}| <t}

= inf{a” > 0; |{z € ; a*@® > a"}| <t}

= inf{a" > 0;|{zx € Q; s(z) > u}| <t}

= f{p>0{z€Q; s(z)>p}<t} — (s7(1)

In [7] (see Theorem 2.8) the following lemma is proved.

Lemma 2.4. Let p, g € £(Q). Then LPO)(Q) — L1C)(Q) if and only if q(x) < p(z)
a.e. in .
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Definition 2.5. We say that p :  — R satisfies a log-Ho6lder condition if there is
¢ > 0 such that

(2.2) lp(z) —p(y)| < —

c
0<|z—y|l <

l\’)\»—t

Injz —y|’

Definition 2.6. We say that Q € C%! if there is a finite number of balls B(xy, ry), k =

1,2,...,m and the same number of bi-Lipschitz mappings T : [0, 1]V ! x [-1,1] —
B(zy, 1) such that for all k € {1,2,...,m},
(i) zx € 09,
(ii) U;cn:1 B(ack,rk) D 01,
(iii) Tx([0,1]V=1 x [-1,0]) = (RN \ Q) N B(xk, %),
(iv) Tx([0,1]¥=1 x [0,1]) = QN B(xk, ),
(v) T1([0,1]N=1 x {0}) = 992 N B(wk, 7).

Let Q € C%! and M C Q be a compact set. Given p(-), q(-) : @ — R we find
conditions on M and, moreover, determine how quickly can ¢(-) tend to p#(-) near
M while preserving the compactness of the embedding of W1P()(Q) in L") ().

3. ALMOST-COMPACT EMBEDDING BETWEEN VARIABLE SPACES

We fix in this section a domain Q C RY and functions p(-), ¢(-) € £(2). Adopt

the notation r(z) = pgf;

Lemma 3.1. Let Q be bounded and q(-) € £(), g+ < 0o0. Then

(3.1) lullgcy < (mgey ()% provided  mg()(u) <1,
(3.2) lullgcy = (Mg (w)) YVa- provided mgy(u) <1,
(33) lullaey < (g (@)1= provided mqey(u) > 1,
(3.4) lullgy = (Mg (u DY provided Mgy (u) = 1.

Proof. Set a = mg(.)(u) and assume a < 1. Then

|u(@)]y () u(@)[ \a@) [ fu(@)]?®
/Q(alm) d”’g/ﬂ(al/qm) de= | = —dr=1

which gives |lul|qc) < a'/%+ and proves (3.1). The assertions (3.2), (3.3) and (3.4)
can be proved analogously. (I

Lemma 3.2. Let Q be bounded and suppose that q(z) < p(z) < py < oo for all
x € Q. If [Jul[py) <1 then

lal%) < | OO gy < lul%5,-

Proof. Assume first 0 < a := ||u||p(,) < 1. Then

(3.5) 1/9('” p() /| PO da.

Denote b = || [u(-)|?)|(.). Then

)\ r(x .
1:/9(“(9”?) ( )dx:A(m>p( ar.
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(o)), .
1:/(61/(1@ [t (@)P@de 1
which is a contradiction. So b < 1. Consequently,
|u(z)]\P() _ |u(z)] \P() |u(z)[\P()
/Q (bl/q+ ) desi= | (bl/q(m)) dos | (bl/q, ) de
which gives b'/%+ > [|ul|,.) = b/~ and finally

el < I TGOl < -

Assume now 0 < Hu||p y < 1. Choose € > 0. Then [|132|[,() < 1 and so,

If b > 1 then

A <l G, <A
1+5 p(-) 1+4+¢ r(-)\ 1+ellpy
Since (1+i)q, > (1+s)q<1> > (1+8)q+ we have
) . _
# |u()|Q( < H ( )‘)q < ’ |u( )| 4 H HQ—
(14¢e)a+ 1+e () 1+ellpe) (1+8)
and
#H ‘ ‘Q( )H > H ( |>q() > ‘ |u()| a+ > ;HUH%
(1+e)e- 1+4+¢ r(-) 1+ellpey 7 (1+e)a+ (")

which proves
(L)~ lull 2y < || uC)1 7 ey < (1 4+2)% 70 [full 1.
Tending € — 0% we obtain
s, < OOy <l
O

Lemma 3.3. Let Q2 be bounded, p(-), q(-) € E(Q), and suppose that q(x) < p(z) <
py < o0 for all x € Q. Assume that for any sequence {Ep}nen of measurable
subsets of Q such that |E,| — 0, we have

IxEllr() = 0.
Then LPO)(Q) < L10) ().
Proof. Let E,, C Q, |E,| — 0. Then by Lemma 3.1 we obtain
Jimsup{[luxs, llgc); lullpey <13
< lim_ sup{max{(mq() (uxe, ), (myc) (wxe, )"} lullpo <13

If |lu|p) <1 we obtain by the Holder inequality and Lemma 3.2

() (uxe, ) /Iu 2)xp, (@)|"dz < ellxp, o)l 1)

< cllxa, v lull %
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This gives

Jim sup{[luxs, [lqc); lullpey <13

. 1 _ 1/q—
< e lim sup{max{ ||, I/ IullZ )™ Ixe, /¢ ulloo b lullpo <13

. 1 1/q-
< e lim max{|lxg, /{5 I, /(5 } = 0.
O
Theorem 3.4. Let Q be bounded, p(-), q(-) € £(Q), and suppose that q(z) < p(z) <
p4 < 00 for all x € Q. Denote s(x) = m. Assume
|
(3.6) / a® Odt < .
0

for alla > 1. Then LPO)(Q) < L1O)(Q).
Proof. Let E,, C Q, |E,| — 0. Assume that there is a > 0 such that

IxE,llr ) = a

for all n. Without loss of generality we can assume « < 1. Then
7' (x) p(x)s(x)
aginf{)\>0;/‘x%@) dxgl}:inf{)\>0;/‘x%(x)’ d:rgl}.
Q Q

Choose 0 < 8 < . Then we obtain by Lemma 2.3

XE, () |P)s) 1 \s@ Eul 1 s ()
n < R = _—
1</Q’ 3 dr < En(ﬁp+) dx ; (ﬁm) dt

Since by the assumption

Enl 1 \s*(b)
/ (—) dt -0 for n — o0
0 5p+

we have a contradiction. So, ||xg,
LiO)(Q).

»(y — 0. By Lemma 3.3 we have L (Q) &
([

We remark that the condition (3.6) was first introduced in Corollary 2.7 of [3].

Lemma 3.5. Let Q be bounded, p(-), q(-) € £(R), and suppose that q(z) < p(z) <
pr < oo for all x € Q. Assume that there exist an o > 0 and a sequence E,, C )
with |Ey,| — 0 such that for alln

IxE, ) = a.

Then LPO)(Q) o L1O)(Q).

Proof. Let E, C Q, |xE,llp) = @ Fix n. Without loss of generality we can
assume « < 1. Set

x5, ()
A=y
r(xz)q(x

||XEn, Hw(.)
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Clearly,
p(x)
|un(m)\p(z)dm: 7XE"(9U,) dr = 7XE"(%) dx
n 2 e 2 lxe, ()
||XE77L () nllr (1)
:/< xe, (z) )T(x)dle
a \Ixe.llr)
Thus
l[unllpey = 1.

Then by Lemma 3.1 we obtain

sup{lluxz, [lo¢); llullpey <1} = min{(mq(~)(“”XE")>1/q+’ (mq(')(unXE"»l/%}
Further
q(x)
O r( )11( )
IxE. Il
_ / L%dx—\\m I / Xl e, »/<'>/ L%d
x|, IXE Ny 2 [IXE, [l

= |xe, () = Q.

v ()
-\
w(-)/ (XE"( ) > dz = ||x=&,
o \Ulxz, I

sup{||luxz, lq¢); lullpey < 1}

Then

in{ (Mg (unx )%, (Mg (unxe, )9}

> m
> mln{al/qhal/q*} — ol/a-
which proves the lemma. ([

Lemma 3.6. Let E C 2, g:Q — [0,00) and assume that
inf{g(x);x € E} > sup{g(x);z € Q\ E}.
Then
(9xe)*(t) = g" ()X (0,121 ()-
Proof. Trivial. O

Theorem 3.7. Let Q be bounded, p(-), q(-) 6 E(Q), and suppose that q(z) < p(z) <
py < 0o for all x € Q. Denote s(x) = W Assume that there is a > 1 such
that

[/
(3.7) / a® ®dt = 0o
0

Then LPO(Q) o L1O)(Q).
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Proof. Define E,, = {x € Q;s(x) > n}. Assume for a moment that there exists ng
such that |E,,| = 0. Then

(0) = ———

s(x) = ————
p(z) —q(x)

almost everywhere and so we have for any a > 1

ol o
/ a® Odt < / a™dt = a™|Q| < oo
0 0

which is a contradiction with the assumption. So, |E,| > 0 for all n. Fix n and
assume

< nyg

_ 1
(3.8) ma{llxe, 1% Iee %)} < -
Then

(@)
oo e [ () [ (m
o \lxzllre o \ lxe. 73

. s(z)
2/ _ dx)/ a*@dz.
: (max{||XEn|f/+(.)7 ||XEn||]rJ’(-)}>

s(x)

n

Now, by the definition of E,, we have that s(z) > n on E, and s(z) < n on Q\ E,,.
This gives us a*®) > a™ on E,, and a**) < a" on Q \ E,,. Then we have by Lemma
3.6

(@ xm, ()" () = (@) (O)x 5.0 () = @ Dx(0,15,) ()
which gives with (3.9)

1Y
13 [ aWde= [ @@, @de = [ (@O, () @
E Q 0

n

o L 1Bl
= /0 a®( )X(07|En‘)(t)dt = /0 a® O t)dt = 0o

which is a contradiction. So, our assumption (3.8) is false and we have

B 1
mas{lxs, I Ioce, 1)} > -

which yields

X, () > min{a™ P+ a7/} == b > 0.
Thus, we have ||xg, [l+() = b > 0 for any n and Lemma 3.5 gives us LP()(Q) &
LIO)(Q). O

Consider a special case. Let K C Q be compact with |K| = 0. Denote dg(x) =
dist(z, K). Set
(3.10) K(t) ={z € Q;dk(z) < t}.
Denote

(3.11) o(t) = |K(t)], t € [0, diam(Q)].
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Let w : [0,diam(Q2)] — R be a decreasing continuous non-negative function, wy :=
w(diam(€2)). Let w™! denote the inverse function to w.

Lemma 3.8. Let Q2 be bounded, p(-), ¢(-) € E(Q), and suppose that q(x) < p(z) <
Pt < oo for all x € Q. Assume that there is ¢ > 0 such that

1
@) = =)

(o)
/ ow (y))a¥dy < oo for all a > 1.

0

<cw(dg(x)), = € Q,

Then LPO) () <> L1O(Q).
Proof. Let a > 1. Then

9]
/ a® Wt = / a*@dx < / a4 (@) gy — /Oo |{$;acw(dK(w)) > A}HdA
0 Q Q 0

@0 0o

_ / |{x;acw(dx(z)) > A} dA +/ |{x;acw(dx(w)) > A}dA
0 acwo

=a*“ Q| + clna/ [{a; a5 (@) > g9} |qV dy

wo
[ere}

= (0] +ena [ (i) > Hlady

wo
o]

=a®°|Q| + clna/ {z;dk(2)) < w_l(y)}|acydy

wo
[e e}

=a®°|Q| + clna/ ow (y))a%dy < .

wo

By Theorem 3.4 we have LP() () < L10)(Q). O

4. EXAMPLES OF CANTOR SETS

Let {a }ren be a given sequence of positive real numbers with

(4'1) Z ap = 1.
k=1

Construct a generalized Cantor set by the following process. Set Ky = [0,1]. Omit
in the first step from Ky a centered interval of length a; to obtain a set K;. We
write

1-— 1 1-— 1
KlzKo\( 2@17 +a1):{0’ al]U[ + aq

2 2 2

In the second step we omit from Jy and J; centered intervals of length as/2 to
obtain K5. Then

l—ai—as 1—ay1+as 34+a1—as 3+ay+as
KQ:Kl\(( 2 22 )U( 22 22 ))

1—a; —as l—ai+as 1—a; 1+a1 3+a1 —as 3+ a1+ as
=[o Jul S ] Jul 1]
|: 22 22 2 2 22 22
= JO0UJ01UJ10UJ11.

,1:| = JoUJl.
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We follow this process step by step to obtain sets K,. Then K, consists of 2"
intervals J,, a € {0,1}". Clearly,

n

(4.2) | = 2*”(1 —Zak).

k=1
Set
K= ﬂ K,.
n=1
Clearly, K is a compact set and for each n
K| < |Knl

which gives with (4.2)

n

K< Y |Ja|:2"2_"(1—2ak>:1—zn:ak.
k=1

ae{0,1}n k=1
Using (4.1) we have
|K|=0.
Now, we will be interested in the behavior of the function |K(t)|.
Lemma 4.1. The function |K(-)| is non-increasing and lim;_o, |K(t)| = 0.

Proof. The monotonicity of |K(-)| is clear. Moreover, K(t) N\, K and K(1) < o0
since K is compact. It is easily seen that lim;_,o, |K(t)| = 0. O

Lemma 4.2. For each n € N let ry,, &, be given by
rp,=1— Z ak;
k=1
n = 2—”(1 _ ak> — 9y,

Then

Trn < |K(5n)| < Ary.
Proof. Clearly, e, = |J,| for @ € {0,1}" and so,

K(en) D U Ja

ae{0,1}"
which gives
K= Y ol =2"0 =7
ae{0,1}"

For the right-hand inequality, denote by M the set of all endpoints of intervals J,,
a € {0,1}"™. The number of these points is 2(1 4+ 2 4 2% +--- +2"71) = 2(2" — 1)
and

K(e,) C U (x —en,x+en).
xeM
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Then
<Y 26, =2(2" — 1)2e, <42%, = 4y,
reM
O

One important case is obtained by choosing ay = % where a > 0. When

(a+1
a = 2 we obtain the classical Cantor set.

Lemma 4.3. Let ap = (aaj_%;k and set

~ In(gfe)

ln(2(a+1))
Then there are positive constants cq,cs such that

cet’ < |K(t)| < eot?, t € [0, diam(Q)].

Proof. Let ¢ = ;%7. Then s = (q/2) Clearly,

e
o (a+ 1Dk \a+1 -

k:l

n

—9n

a—+ 1
and
_ _ 9
'rnJrl = (qTn, 5n+1 - §€n~

It is easy to see that 0 < s < 1.
Fix t € [ent1,€n). By Lemmas 4.1 and 4.2 we know that

(4.3) qrn = g1 < |K(en)| < K] < [K(en)| < drn.
Since q/2e, <t < &5, we have

Ing/2+nlng/2 =1nq¢/2+1ne, <Int <lne, =nlng/2
which gives

Int Int —Ing/2
SN ———5—
Ing/2 Ing/2

This implies that

Ing Int Int—Ingq/2 1 In g
tha/2 = qinarz <r, < q Wz == tha/z

Q

By (4.3) we obtain

4
qt’ < |K()| < = t°.
q

We recall the definition of the Riemann function

= ikfs, s>1
k=1
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Lemma 4.4. Let ap, = ’g{g) Then there are positive constants cy,ca such that

C1
7 SIK(@)] <

(In(e/t))>~
Proof. Clearly,

C2

1”31°°

It is easy to see that

1 1 oo e

((s)(s = 1)(n+ 1)1 g(s)/nﬂf” ds <1y
1>, A

<@/7; v _C(S)(Sfl)nsfl.

This gives for n > 2

gl-s < Tntl | gos o Ent1 1
~X /r‘n ~ b) ~X En ~ 2
Fix t € [en41,€n]. Then
(4.4) 2!, = Tog1 < K (eng1)| < JK(#)] < [K(en)| < 4ry.

‘We know

which gives
27" (n+1)'* 27"plms
OICE VIO
and consequently
1 2 npl=s i< 2 npl=s .
25251 ((s)(s —1) ~ T ((s)(s— 1)
So, there are constants by, by such that

127"t <t < b2 Mt S,

It yields
Inby —nIn2—(s—1)n <Inby —nln2—(s—1)Inn
<Int
<lnby —nIn2—(s—1)lnn <lnby —nln2
and so
In(by/t) <n< ln(bg/t).
In2+s-—1 In2
Then
4 4(In2 +s—1)571 2
K(t < 4rn = < <
s {6 =D S Tl — Dna /) < Tnle/)
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Finally,
4 1 n s—1 ]
> > =
|K(t)| =z T'n41 =2 C(S)(S — 1)(7’L+ 2)371 = C(S)(S — 1) (n+ 2) ns—1
. 1 (n2)! _
Z 56— Dt 7 5 E) (s — ) I/ e/
U

Lemma 4.5. Define a function n(s) = > po m, s > 1. Choose aj, =

1
n(s) (R D) In® (b 1) -

cer(Inn(b/t))'~* < |K(1)] < ca(Inln(b/t))' .

Proof. The proof is analogous to the previous one. Clearly,

By the integral criterion we have estimate

o0
1
Ty = 3 , En =277,
" k:z:ml(kJrl)ln (k+1)" ™" "
1 1
7 ST S T, =2
2e—-1)In°" " n (e—1)In*  "n

Fix t € [en41, €n). Then

1

2(e — 1)27+1In* Y (n + 1)

< 2_n_1rn+1 = En+1 <t<e, = 2_nrn <

Then there are positive constants c1, ca and b such that

1
(e—1)2nIn*'n’

Since 2"t1 In*"! (n+1) is comparable with 2 In®~" n for large n we can take positive
contant by, by such that

(4.5)

by bo
2nIn®"tp StS

By Lemma 4.2 we have

(4.6)

Tn+1 < ‘K(t)‘ g T'n

and so there are two positive constants dy, dy with

By (4.5) we obtain
Inb; —nln2—(s—1)Inlnn <Ilnt <lnbs —nln2—(s—1)Inlnn

dq
<K ()] <
In*'n K (?)] In

da

which gives for some constants L1, Lo

So

This implies

= oonps!

s—1

n

n

b
Lin<nln2+(s—1)Inlnn < ln?z,

by

ln? <nln2+ (s—1)Inlnn < Lan.
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Finally we can find ¢q, ¢ and b such that
ci(Inln(b/t)) = < |K(t)] < co(InIn(b/t)) 5.
O

All Cantor sets are constructed on an interval [0, 1] so far. But we can construct
Cantor sets in [0,1]" as a cartesian product. But having |K(t)] = ¢(t) we have
IKN#)] < K@Y < N (t). In Lemmas 4.3, 4.4 and 4.5 we essentially get nothing
new, the behavior of ¢(t) stays qualitatively the same.

5. EXAMPLES OF ALMOST COMPACT EMBEDDINGS

Example 5.1. Let Q be bounded, p(-), q(-) € £(f2), and suppose that g(z) <
p(z) < py < oo forall z € Q. Let K C Q be compact and let ¢ be given by
(3.11). Suppose that p(t) < Ct® for some C > 0 and s € (0, N]. Assume that
P 1 [wp, 00) — (0,00) satisfies

(i) % is decreasing;

(i) Jim (1) = oo

o In(1/dg (x))
(iif) s(z) = srtemy < BZdee) -

Then LPO)(Q) < L10(1).

Proof. Let a > 1. Set w(t) = 112((11%)) Clearly, s(z) < w(dg(z)) by (iii). Using (ii)

we have

w(t) 1
= for ¢ .
W/ et T
Since w is decreasing by (i) on (0,1/wg) we can take an inverse function and write
t=w(y), y € [w(1/wp),00). Then

(5.1) (1w (y)) = m — 0 for y — oo.

This gives us
1 Y R A
In - = wil(y) =e P/ Tw)
w(y)  ¥(1/w N (y))
and consequently

[fww*@mﬁw<c/

0 wo

SR R ® y(na- = )
e v/v— 1) Y nady = e »(1/w =1 (y)) dy=1.

wo
By (5.1) we have ¢(1/w™*(y)) — 0 for y — oo and so, Ina — 75y < —1 for
large y which implies I < co. Now, Lemma 3.8 gives LPO)(€) <5 L10)(Q). O

Example 5.2. Let Q be bounded, p(-), ¢(-) € £(2), and suppose that g(z) <
p(z) < py < oo for all x € Q. Let K C Q be compact and let ¢ be given
by (3.11) and ¢(t) < C(In(e/t))!=* for some C > 0 and s > 1. Assume that
P 1 [wp, 00) = (0,00) satisfies

) 2

nint

[
(i)

is decreasing;
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(i) Jim 4() = oo;

., In In(1/d e (2))
(iii) s(z):= e S w(l/dKIE’ﬂ)) .

Then LPO)(Q) < LIO)(Q).

Proof. Let a > 1. Set w(t) = lnwl?l(%)t). Clearly, s(z) < w(dg(z)) by (iii). Using (ii)

we have
w(t) 1
= for t .
min(1/8) ~ g(jp olor t= 0+
Since w is decreasing by (i) on (0,1/wg) we can take an inverse function and write
t=w(y), y € [w(l/wp),00). Then

(5.2) (1w (y)) = m — 0 for y — 0.
It gives us

1 = Y 1 = exp(ex wl
Inln Z=rs = e T i) p(exp(y/v(1/w™"(y))))
and consequently

= > 1 1=s ° —s)n Il;
/ @(Wﬁl(y))aydy:/ (IHUJT(Q)) aydy:/ e(1 )Inl w_l(y)eylnady

0 wo 0

o0 (1—8) —4—— o (1 +1*73)
< c/ e ua/eTTwevnedy = c/ TV T dy = 1.
w

wo

0
By (5.2) we have 1(1/w™t(y)) — 0 for y — oo and so, Ina + m < —1 for
large y which implies I < co. Now, Lemma 3.8 gives LP()(Q) < L1O(Q). O

Example 5.3. Let Q € C%1, p(), q(-) € £(), and suppose that 1 < p(x) < p4
N, 1< q(x) < p#(x) for all z € Q. Let K C RN, ¢ be given by (3.11) and ¢(
C(Inlnln(e®/t))'=* for some C' > 0 and s > 1. Assume that 9 : [wg, o0) — (0, 00)
satisfies

(1) mﬁtﬁlt is decreasing;

(i) Jim 4(t) = oo;

L 1 Inlnln(1/dk (x))
(iii) s(z) == sm=m S PG

Then LPO) () < LIO)(Q).

Proof. Let a > 1. Set w(t) = % Clearly, s(z) < w(dg(z)) by (iii). Using

(ii) we have
w(t) 1
= for ¢ .
minn(i/0) gy oter 1 0s
Since w is strictly monotone by (i) on (0,1/wp) we can take an inverse function and
write ¢ = w1 (y), y € [w(1/wp),o0). Then

(5.3) V(1w (y)) = 1nlnln(1y/w—1(y)) — 0 for y — oo.




16 D.E.EDMUNDS, A.GOGATISHVILI, AND A.NEKVINDA

Thus
S T oo — e/ 1)

and consequently

oo oo 1 1—8 oo _ nlnln —1
[ e ey = [ (i o)y = [ G g,

0 wo 0

=9 ey = nat =)
< c/ el ® wu/w—l(y))eylnady:c/ TV  dy = I
w

0

Inlnln

wo

By (5.3) we have 1(1/w™*(y)) — 0 for y — oo and so, Ina + m < —1 for

large y which implies I < co. Now, Lemma 3.8 gives LP()(Q) N L) (Q). O
6. COMPACT EMBEDDINGS BETWEEN VARIABLE SOBOLEV AND VARIABLE

LEBESGUE SPACES

First of all we establish a necessary condition for an embedding to be compact.

Lemma 6.1. Let B, = B(0,r) denote the ball in RY centered at 0 with radius
r. Assume M C B, and s € R are such that |B, \ Bs| < |M|. Suppose that
¢ : (0,7] = R is non-negative and non-increasing and set ¥(zx) = ¢(|z|), z € B,.

Then
/1/)(:v)dx>/ Y(x)de.
M B\Bs

Proof. By the assumption |B, \ Bs| < |M| we have
|(Br\ Bs) \ M|+ [(B, \ Bs) N M| = [(B, \ Bs)| < | M|
=|(By \ Bs) " M|+ |M N Bs|.

and consequently
|[M N Bs| = |(Br\ Bs) \ MJ.

\
By the assumptions on ¢ we have ¢ (z) > (y) for every x € B, and every y €
B, \ Bs. This implies

/M Y(z)dr = /MOBS Y(x)dx + /(B,,'\BS)OM Y(x)dx

M N B,
z> Y(x)dr + (x)dx
BB Sz YO fonmon

2/ w(z)der/ Y(z)dx
(B\B)\M (BA\B)NM

= / P(z)de.
Br\Bs
which finishes the proof. (Il

Theorem 6.2. Letp, g € £(R2), 1 < p(x) < py < N on Q and let p(-) satisfy (2.2),
1< q(z) <p#(x) and let M = {x € Q; p(x) = q(x)}. Assume

WirO(Q) e L1O(Q).
Then |M| = 0.
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Proof. Suppose |[M| > 0. Let zy € Q be a point of Lebesgue density of M. Given
€ > 0 denote

pe =inf{p(z);z € B(xo,£)}, pT =sup{p(z);z € B(xo, )}
and define a function u. by

pS —N

UE(‘r) =€ = (1 - |x|/€)XB(mg,5)(m)‘
Clearly,
ps —N

— N

|VU5($)| =¢€ = 1/E XB(zo,¢) (l‘) = 57 = XB(xo,E)(x)'

First we prove that the set {u.} is bounded in W'P()(Q) for £ < 1. Plainly,

pS —N

[e@pea= [ SO0 e
Q B(zo,e)

— K op(z — K op(z
</ eP(@) g Tl )dac </ € Tl )dx =1,.
B(zo,¢) B(wo,¢)

Moreover,

p(z) —%P(w) L
|Vue ()P dx < e "= dr =1
Q B(zo,¢)
Now,
— N (p(x)—p° — X (p(x)—p° ) In
IE:/ 5pi(p()p)g_ngE:/ o @y
B(Io,f;‘) B(Io,t’:‘)
:/ AEE W)y
B(:Eo,E)
From the log-Lipschitz condition (2.2) we have

(p(z) —p°)In(1/e) < C

and so

CN
I. < / e e Ndr < eCN/ e Ndx := A.
B(xo,¢e) B(zo,¢)

This immediately implies that |uc||y1.00) () is bounded for e < 1.
Now fix g¢ such that for all ¢ < g9 we have

|B(zg,e) N M| = |B(xo,7¢/8)|.
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Fix for a moment ¢ < g9. Then

# piis_N P#(z)
A ;:/ T ) o M
(B(zo,e)\B(z0,3/4 e)nM

ps —N
(rs)*

(1 — |z| /)" @e 7= dz

WV

/(B(IO’E)\B(%BM e)NM
pS —N Np&
(1= Jal/e)" e 7 T da
(B(z0,e)\B(z0,3/4 e)NM

(1 — |z|/e)P" @ e Ndx
(B(zo,e)\B(x0,3/4 e)NM

> (1 |a|/e)PD" e~ Ndz := B..

/(B(xg,e)\B(x0,3/4 e)NM

By Lemma 6.1 we have

B.> (1= |a|/e) P e Nag

/(3(1078)\3(1077/8 €)

€
= O'NE_N/ (1-— r/e)(pi)#rN_ldr
7/8 €

15/16 ¢
> aNe—N/ (1— (15¢/16)/e) @) N —Lgp
14/16
15/16¢
= O’N(1/16)(pj')# st/ TN ldr = K.
14/16 €

o denotes the area of N-dimensional unit sphere S¥.
Denote €, = (3/4)"¢p and consider the corresponding sequence uc, (z). Let
m > n. Then u,,(z) =0 for z € B(zg,e,) \ B(zo,&m) and so,

/ [t () = ttn ()| ") o = / [t () — ()| 7 d
Q B(xo,en)

> / ()20 dp = / ()7
B(z0,en)\B(z0,em) (B(zo,en)\B(20,3/4 €,))NM

= / un (2)P" @ dz > K.
(B(z0,en)\B(20,3/4 €,))NM

Hence, there is a constant L > 0 such that
l[wm — un”Lq(')(Q) > L
and the embedding W1?()(Q) << LI0)(Q) is not compact. O
The next lemma is proved in [2] (see Corollary 8.3.2.).

Lemma 6.3. Let Q € C%1, p, g € £() and p(-) satisfies the log-Hélder condition
(2.2). Assume that for all x € Q

1< p(z) <py < N.

Then WPO)(Q) — Lp#(')(ﬂ) where p* (x) is given in (1.6).
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Theorem 6.4. Let Q € C%Y, p, g € £(Q) and let p(-) satisfy the log-Holder condi-
tion (2.2). Assume that for all x € €,

1<p(x) <py <N, 1<q(x) <p?(2)

where p* (z) is given in (1.6). Let K C Q be compact, |K| = 0 and denote p(t) =
|K(t)]. Let w:[0,diam(Q2)] — R be a decreasing continuous non-negative function,
wo = w(diam(Q)). Suppose that w(-) satisfies
.
p#(z) — q(x)

/ o(w Hy))a¥dy < oo for all a > 1.

0

< cw(dg(x)), z €9,

Then WHPO)(Q) < LIO)(Q).
Proof. Lemmas 6.3 and 3.8 give
w0 (Q) — LP" (@) & L90(Q).
Now Proposition 2.2 finishes the proof. U

As an application we introduce the following several examples. The first one is
in fact proved in [9] (see Theorem 3.4) but we obtain it as an easy consequence of
the previous theorem. Let ¢ and ¢ denote in following three examples the same as
in Theorem 6.4.

Example 6.5. Let Q € C%! and p(-) : Q — R satisfy (2.2). Assume
L<p(z) <py <N.

Let K C Q and p(t) < Ct* for some C > 0 and s € (0, N]. Assume that ¢ :
[wo, 00) — (0, 00) satisfies

(i) % is decreasing;

(i) Jim w(r) = oo;

In(1/dg (x
(iii) s(z) := p#(gg)lfq(ac) S w((l//d;:((r))))

Then WHP()(Q)eses LIO)(Q).

Proof. Tt suffices to choose
In(1
oty /1
e(1/t)
and then to use Theorem 6.4. O

Example 6.6. Let Q2 € C%! and p(-) : © — R satisfy (2.2). Assume
1<p(x) <py <N.
Let K C Q and ¢(t) < C(In(e/t))!= for some C' > 0 and s > 1. Assume that
P 2 [wg, 00) = (0,00) satisfies
(i) Y (t)

Inlnt

is decreasing;

(i) Jim 4(t) = oo:
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L 1 Inln(1/dk (x))
(i) 5(2) = Fm—m S Ba/ae@)

Then WHP0) (Q)ee LI (Q).
Proof. Take

_ Inln(1/t)
() = =510

and use Theorem 6.4. O
Example 6.7. Let Q € C%! and p(-) : Q — R satisfy (2.2). Assume

I<p(z) <py <N.

Let K C Q and ¢(t) < C(Inln(e/t))!~* for some C > 0 and s > 1. Assume that
¥ @ [wo, 00) = (0, 00) satisfies

(1) v s decreasing;

Inlnlnt

(i) Jim 4(t) = oo;

Inlnln(1/dk (x))

L 1
(iil) s(7) = Fm—m S ~wi/ae@)
Then W1P0) Q) LI0)(Q).

Proof. Take

_In Inln(1/t)

“0) = =510

and use Theorem 6.4. O

To conclude we remark that the construction of Cantor sets could be refined,
adding some more logarithms to give additional examples.

(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]

(9]

(10]
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