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Abstract
We use Feireisl-Lions theory to deduce the existence of weak solutions to a system describing the dynamics
of a linear oscillator containing a Newtonian compressible fluid. The appropriate Navier-Stokes equation
is considered on a domain whose movement has one degree of freedom. The equation is paired with the
Newton law and we assume a no-slip boundary condition.

1 Introduction

It is known that the presence of a fluid inside a freely moving body has a tremendous effect on the stability of
the system. This has been investigated several times, most recently by Disser, Galdi, Mazzone and Zunino [2]
for incompressible fluid inside a rotating body, Galdi and Mazzone [5] for incompressible fluid inside a pendulum
(see also [6]). In both cases there appear some non-potential forces which cause the fluid to move unless the
motion of the whole system is stabilized. The energy of that flow then dissipate because of the viscosity of the
fluid.

The same effect also appears in the case of compressible fluid inside a body — we refer to [7] and [8]. In [§]
authors tackle a system consisting of a pendulum containing a compressible fluid. The numerical simulations
provided there showed that the compressible fluids provide better damping than the incompressible ones. This
may be explained by a simple idea — there appears a flow even if the oscillator is linear (there is no swing).
Consequently, the mechanical energy of the whole system dissipates because of the viscosity term. For more see
the next subsection.

The main aim of the paper is to prove the existence of solution to such system, i.e., a linear oscillator
consisting of a spring and a container filled by a compressible fluid. A container  C R?, whose position is
expressed by an unknown function b : [0,7) = R, b(t) x e; = 0 (i.e. ; = Qo+ b(t)), is joined by a spring to
a point whose position is at f(t), where f : [0,T) +— R%, f(t) x e; = 0 is given — this means that the oscillations
are forced as one end of the spring possesses a motion prescribed by f.

The movement of the fluid inside a container is given by the Navier-Stokes equations, i.e.

Ot(ow) + div(ow @ w) —divT = 0 in

. . (1.1)
00 + div ow = 0 in €.

Here w : [0,7) x € — R? is a velocity of the fluid and g : [0,T) x Q; + R is its density. We assume the no-slip
boundary condition, i.e.

wloq, = b.
The stress tensor T is given as
T =T(w,0) =5(Vw) —Ip(o) (1.2)
where
S(Vw) = pDw + (A + p)I divw, (1.3)
I is an identity d x d matrix and Dw = 1 (Vw + (Vw)T), >0, A+ 24 > 0, and
p(o) = ao” (1.4)

for some a, v € RT specified later.
The force caused by the spring, whose given stiffness is k > 0, is

F(t) = —(b(t) — £())k

By Newton law, this cause a change in linear momentum and by the transport theorem we write

F= 8,5/ owdzx = Orow + div(ow ® w) dx
Q4 Q
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2 FORMULATION 2

and we use (1.1) with the integration by parts in order to deduce the following coupling between the fluid and
the movement of the container:

—(b(t) — f(t))k = </69 TndS, -e1> er.

Note that the movement is allowed only in e; direction.

1.1 Rigid body case, incompressible case

In the case of the rigid body (it is sufficient to take o =1, w = b and forget about (1.1)1) one end up with an
equation N N
b + Mb = Mf (t)
where M is a total mass of the rigid body at the end of the spring.
Let assume that f(t) - e; = sin(wt). As this equation is a second-order linear differential equation with
constant coefficients, we may use a standard theory (Duhamel formula) to deduce that for w? # % the solutions

have form
b.-e; =c¢;sin Mt + ¢y cos Mt + TS sin(wt)

where ¢1, co € R are arbitrary constants. However, there appears a resonance for w? = % — the solution in
such case is w
b-e = f§t cos(wt) + ¢ sin(wt) + ¢ cos(wt)

and one can see that such solution is unbounded.
Consider now an incompressible fluid. Let ¢ = 1 and divw = 0 in (1.1). Also assume that p is an independent
unknown. In that case one solution is w = b, pressure is such that

Vp:B

and we end up with the same system as in the rigid body case. Roughly speaking, the force acting on the fluid
is potential and it does not cause the fluid to move. Therefore, there appears no damping.

However, this phenomena does not happen once the fluid is compressible. Indeed, the assumptions w = b
and Vp(o) = b yield a contradiction — the second equation gives o(t,z) = o(t) and thus 90 is nonzero function
of time which cannot be compensated by div ow = Vow + pdivw and thus (1.1)y is not fulfill. Consequently,
there must appear a non-trivial flux.

2 Formulation

It is convenient to rewrite (1.1) such that the resulting system is considered on a bounded domain. Therefore
we introduce a new variable x = y — b(t) and a new velocity u(t,z) = w(t,z + b(t)). Then?

Ot(ou) +div(pu®@ v) —divT = 0 in Qo

0o + divov = 0 in £ 2.1)
where v = u — b,. Furthermore, the above system is complemented by the no-slip boundary condition
ulpg =b (2.2)
and by the Newton law
—(b(t) — F(E)k) -1 = (/{m Tn de) ‘e, (2.3)

Recall that b = be; for some real function b. Here T' = T'(u, p) is given by (1.2), (1.3) and (1.4) and n denotes
unit normal aiming outside the fluid domain. We would like to point out that T itself is a symmetric tensor
and it depends on the symmetric part of Vu. Therefore, T'(u,p) = T(v,p) and T : Vu =T : Vv.

We multiply formally (2.1); by w in order to obtain the energy (in)equality which posses the following form:

1 .
8t/ —olu|*dz + 8,5/ ¢ 0" dx +/ S(Vv):Vvdz + E8,g|b(t)|2 < kb(t)f(¢). (2.4)
02 oY—1 Q 2

As usual, smooth solutions satisfy (2.4) with the equality sign. Now, we are ready to define the notion of weak
solutions.

!Note that div(ou ® v) = 9;(ou;v;) where the summation convention is used
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Definition 2.1. We say, that (o,u) € L>((0,T), L7(R)) x L?((0,T), W2(Q)) is a weak solution to (2.1), (2.2)
and (2.3) if

o The continuity equation is fulfilled in a weak sense, i.e.

T
/ /g6t<p+gvV<p dxdt+/ 00¢(0,-) dz =0
0o Ja Q

for all p € C([0,T) x Q).

e The momentum equation is fulfilled in a weak sense, i.e.

T T
/ / oudp + ou®@ vV + T : Vo dedt + / wlaa(b(t) — £(¢)k dt + / (ou)op(0,) dz =0
0o Ja 0 Q

holds for all p € C2°([0,T) x Q) such that there exists a function b, € C2°([0,T)) such that ¢lsq = by,.
e ulpg = b(t) for some b e W->(0,T), b x e; = 0.
e The energy inequality (2.1) holds.

Note that this definition is sufficient in the sense that once (g, u) is a sufficiently smooth weak solution, it
solves (2.1) pointwisely. Now we are ready to state the main theorem of this paper.

Theorem 2.2. Assume that Q is a C*TV, v > 0 domain and v > 3/2. For any given T > 0 and oo € L7 (),
(ou)o € L>/O+)(Q) there exists a weak solution to (2.1), (2.2) and (2.3).

This theorem is proven by means of the nowadays standard Feireisl-Lions theory (see [4]). First, we introduce
an approximate system possessing certain regularity properties which allows to prove the existence result — this
is done in Section 3. Than, we tend with all the approximations to zero in order to reconstruct the original
system. This is a content of Section 4

3 Approximate system

There are two approximations. First, we introduce artificial viscosity in the continuity equation (this is repre-
sented by € > 0) and then we add artificial pressure to the momentum equation (represented by 6 > 0). The
system we have in mind is

Oro + div(pv) = eAp

3.1
d(ou) + div(ou ® v) — div S(v) + Vp(p) + Vie® + £(VoV)u = 0 31)
and it is complemented with
dolaa
ulogq = b, o 0 (3.2)
and
—(b(t) —f(t))k = / Tn dS,. (3.3)
oQ
Moreover, we assume
0(0,-) = 00,5(), (eu)(0,) = (eu)o(-)
where 0g,5 is such that
00,6 € C?(Q), 0 < 0< 005 <0< 00 (3.4)

and
00,6 — 0o strongly in L7(£2) as 6 — 0.

Of course, constants appearing in (3.4) are supposed to depend on 4.

Theorem 3.1. Assume () is in class C**V for some v > 0. There exists a solution® (9,u) € L>=((0,T), L?(£2))x
L2((0,T), Wh2(Q)) to (3.1), (3.2) and (3.3) such that there exists b € L* fulfilling ulspq = b, v:.=u—b €
L2((0,T), Wy (Q)) and o € L*((0,T), W>2(Q)). Moreover, the solution satisfies the energy inequality in a
form

1 )
at/ ~oluf? d$+at/ 20+ dx—l—/S(VV):Vv dx
Q2 a7—1 7 Q

k
+/ cayo" 1 Vo|?* + 8260°| Vol dz + §at|b(t)\2' <k-b(t)f(t) (3.5)
Q

2Hereinafter we use an abbreviation max{8,v} = 3
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Proof. Our aim is to solve (3.1) by means of the Galerkin approximations. We consider an n—dimensional space
spanned by egienvectors of the Laplace operator, i.e.,

X = [span{y;}]®

where
— At = Apthy, on Q, Yy laq = 0.

Given g, we look for an approximate solution v,,, b,, where v,, € X,, and

b, (t) = £(t) (; /m Tn dS, ~e1) e

(note that T depends only on ¢ and v,,). We are looking for a function u,, = v,, + b, satisfying

AQnUTLw do — /Q(Qu)oi// dx
¢
= / / (div S(vs) — Vp(on) — V05 — eVo,Vu, — div(e,u, ® v,)) ¢ dzdt  (3.6)
0o Jo

for all 9 € R3 @ X,,, 1]sq X €1 = 0 (we will refer to such space by notation R x X,, even though it is not
completely correct). Note that u, belongs to a (finite-dimensional) space R x X,,. Here we would like to note
that (3.6) actually contains equations (3.1)2 and (3.3).

Next, we define M, :Rx X,, = R x X,, as

My, (V) =W = / onvyp dr = / wipdz Vi) € R3 x X,,.
Q Q

This mapping is invertible assuming gi € L>®(Q) and it satisfies

_ 1
M < \ e
On Lo ()
Mg, =Myl = M (Mg, = M )M, |

for any o, and ¢},. We deduce from (3.6) that

t
u, = M;nl (/ div S(vy,) — Vplon) — 0V(0%) — Vo, Vu,, — div(g,u, ® v,,) dt + (gu)()) .
0
We can deduce

v, =P (Mﬁ,; (/Ot div S(vy,) — Vp(on) — 6V(0%) — eVo,Vu,, — div(g,u, ® v,,) dt + (gu)o)> (3.7)

where P : R x X,, — X, is an orthogonal projection. Next, given v,, and gy there is a unique solution to

] 0
B0 + div(ovy,) = eAo, égjﬂ =0, 0(0,-) = 00,5(-).

Note that ||v||yw1. < ¢ is required to get HQLH < ¢ which yields the existence of ./\/l;n1 Moreover, the mapping

S:C([0,T), X,,) = C([0,T), W12(Q)), S(v,) = on s Lipschitz — see [4, Lemma 2.2].

In particular, g,, b, and u,, are functions of v,, and thus (3.7) is solvable (at least on short time interval)
by use of the Banach fix-point argument.

Further, we differentiate (3.6) with respect to ¢t and we use u,(t) as a test function to obtain

1 )
O / —onlu,|? + LQ?L + 208 dx —|—/ S(Vvy,): Vv, + (5@7@%‘2 + 85692) |Von|? do
02 v—-1 7 Q

k )
+ §8t|b\2 < kbf. (3.8)
We use the Gronwall inequality to deduce?

sup llenlwnl?l|z: + Sup [lenllze + [[unflzzwre < c,

3Hereinafter we use the following notation: || - ||z is a norm in LP(Q), || - ||y k.p is a norm in W*P(Q), || - ||Lpre is norm in
LP((0,T),L9(R)) and || - || ppyyk.p is & norm in LP((0,T), WkP ().
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where 8 = max{+y, 8}. Since all norms on the finite-dimensional space are equivalent we deduce a uniform bound

sup ([[un (t)] 2 + [[Vun ()| ) < ¢(n, T 00, (eu)o)

which allow to extend the solution to (3.6) to the whole given interval (0, 7).
We are going to pass with n — oo. We deduce from (3.8)

sup |[onl[rs <c
t€(0,T)

sup | onunl?|lrr < ¢
te(0,T)

HunHL2W1,2 S C

EHVQnHLZleQ <c
and, consequently, also these convergencies (up to a subsequence)

0n — 0 weakly* in L>°((0,T), L%(Q))
u,, — u weakly in L?((0,7), W"?(Q)).

The Aubin-Lions lemma together with (3.9)1 4 yields o, — o strongly in, say L*((0,7) x Q).

convergence then gives
onlt, — ou weakly* in L=((0,T), L2+ (Q)).

Further, [4, Lemma 2.4] yields existence of » > 1 and ¢ > 2 such that

[0c0n|

Lrrr + || Aoy

o+ [Vonlparz <c
with ¢ independent of n. As a matter of fact, 0 and v solves
Oro + div(ov) = eAp.

We test continuum equations by o, (o respectively) to obtain

t t
lon (1)]122 + 2¢ / IVonllze dt = — / / div v, |oa]? dadt + [ o012
0 0 Q

and . .
lo) 22 +2¢ / Vol = dt = - / / div v]ol? dadt + [ go 2
0 0 Q

This with already mentioned convergencies yield

Vo, — Vo strongly in L*((0,T) x Q).

This strong

This gives Vp,Vu,, = VpVu in the sense of distribution and, consequently, we deduce that the limit functions
0 and u satisfies (3.1). More precisely, (3.1); is fulfilled in the weak sense (and also in the renormalized weak

sense due to the regularity of ¢ and v) and

T
/ / oudp + u @ vV + S(v) : Vo — (p(0) + 60°) div ¢ + eVo,unp dadt
0 Q

+/0 ola(b(t) — £(t)k dt + /Q(Qu)ogo(O, )dz=0

for all p € C°([0,T) x Q) for which there is a function b, € C2°([0,T)), b, x e; = 0 such that p[so = b,,.

4 Vanishing of the approximations

In this Section we perform (succesively) limits ¢ — 0 and § — 0 in (3.1)—(3.3).

O
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4.1 Limit e —0

Let . and u. be the solution constructed in Theorem 3.1. We integrate (3.5) over (0,¢) C (0,7") and we use
the Gronwall inequality to obtain the following set of estimates

eSSSUPte(O,T)||Qs||Lﬁ <c
||V€||L2W1=2 S c
[bellLo o) <c

esssupye o1 || 0c[ue || 1 < ¢

/QQE(t’.) dSU:/QQO,a (4.2)

for all ¢t € (0,T). Note also that (4.1)1,2,4, (4.2) and [3, Lemma 3.2] yields

Moreover, we integrate (3.1) over Q to get

e o < c.

We multiply (3.1); by o to deduce
1
/ §6t|96|2 dx+/ E‘VQEF dz = / 0su:-Vo. dz
Q Q Q

which together with (4.1) and fQ 0:u: Vo, dz = —3 [, div u.|o.|? dz yield

5||VQ||L2(L2 aS (4.3)

It is worth to mention that constants appearing on the right hand side of the estimates (4.1) and (4.3) are
independent of e. Next, we would like to deduce higher integrability of the density. We use ¢ = B(o — (0)q) as
a test function in (3.1)s. Here B stands for the Bogovski operator and (g)g = ﬁ Jq 0 dz. We deduce that

/OT/Q(P(Qe)JrcSQ?)Qe dx_/OT/Q(p(QE)JF(SQ?)(Qs)Q dwdt

—/ (0cucB(0: — (0:))(T,-) — (ou)oB(00 — (00)a dw+/ /qugat — (0e)q) dzdt
/0 / 0.v. © U.VB(0- — (0-)a) dadt — /O /Q S(Vv.)VB(o. — (0.)0) ddt
—E/O /QVQEVUEB(QE—(QE)Q) dzdt. (4.4)

Recall that B is a bounded linear operator which maps LP(2) — WP(Q) for all p € (1,00). Since g. €

L>=((0,T), LA(£2)) uniformly in ¢ and (g )q is a constant due to (4.2), we are able to deduce that the right hand

side of (4.4) is bounded independently of €. Indeed, the only troublemaker is the term fOT fQ 0:u:0: (0. —
(0e)q) dadt. However, we use the linearity of B together with the continuity equation in order to deduce

T
/ /gsueatB( — (0e)q) dzdt = / /gsuE (0r0) dadt = / /gsus (div(geu) dzdt
0o Ja
_AHWMMSAHNMM@SC

lloellLs+1(0,7)x0) < € (4.5)

with ¢ independent of €. Consequently,

Therefore, we may extract a subsequence of solutions such that

0. — 0 weakly* in L>((0,T), L?(Q))
u. — u weakly in L*((0,T), W'2(Q))
b. =+ b weakly* in L>(0,T).

Note also that we immediately obtain also v. — v weakly in L2((0,7), W12((Q)).
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Since L?(12) is compactly embedded in W~12(Q) and, from (3.1); we deduce d;p0 € L>=((0,T), W~1:28/(6+1)(Q))
we get (see [10, Lemma 6.2])
0 — o strongly in C((O,T),Lﬁeak(Q))

4.6
0. — o strongly in LP((0,T), W~12(Q)) (4.6)

for p € (1,00) and, consequently

0-u. — pu weakly* in L=((0,T), L*/(5+1(Q)).

The momentum equation together with (4.1) yield a uniform continuity of . u. in W L(B+1)/8 (©) and we argue
similarly as before to deduce

2ﬁ/(5+1)(9)>

weak

o-u. — pu strongly in LP((0,T), W~ 12(Q)).

o-u. — pu strongly in C((0,7), L (4.7)

The deduced convergences then yields that ¢ and u satisfies

T
/ / 00rp + ovVi dxdt —|—/ 00,59(0,-) dz =0
o Ja Q

for all p € C°([0,T) x Q and

T T
/ / oudip + pu @ vV + S(Vv) : Vo — (p(e) + 008) div e dadt + / elaa(b(t) — £(t)k dt
0o Ja 0
+ [ (wop(0.) do =0 (48)
Q
for all p € C2°([0,T) x Q) such that there exists a function b, € C°([0,T)), b, x e; = 0 fulfilling ¢[sa = by,.

Here we use the notation f(g) to denote the weak limit of f(o.).
We are going to prove that

(p(0) + 60%) = p(o) + 60°. (4.9)

The first step is to prove that

Lemma 4.1. It holds that

/ / (p(o2) + 605 — (A +2p) divv.) 0. dzdt — / / ((p(g) +008) — (A +2p) div v) op dzdt  (4.10)
o Ja 0o Jo

for all o € C((0,T) x Q).
Proof. We take ®; = pA;(0.) as a test function in (3.1)2. Here A;(o.) is an inverse to div and its Fourier
symbol is _

1§12

(roughly, A(o.) = VA™1(p.)). Further, ¢ is a real-valued smooth function with compact support in (0,7) x Q.
We also smphasise that A has a symmetric gradient, namely 0;A; = 0;A;. Moreover, we assume g is extended
by 0 outside of Q). After a cumbersome calculation we arrive at

A4;(6)

T
[ [ etote) + 50t = v+ 2y diveie. due
0 Jo
T T
— [ [0t maivv.Teate) dodt — [ [ (bleo) + 66 ViA(e) dade
0 Ja 0o Ja
T T T
+/L/ /VuEVgaA(gs) dxdt—u/ /VEVQDVA(QE) dxdt—i—,u/ /VEVgogE dadt
0 Ja 0 Jo 0 Jo
T T T
+€/ /VuEVggapA(ga) dxdt—s/ /gguggoA(div(XQVQg)) da:dt—/ /Q5v5®u5V<pA(gg) dzdt
0 Ja 0 Ja 0 Ja

T T
7/ / 0:u0pA(0:) dadt Jr/ / 00U (0;4(0eVie) — vie0;Aj(0e)) dadt  (4.11)
0o Ja o Ja
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We also use ¢ A(p) as a test function in (4.8) to deduce

/ / (p(0) + 60%) — (A + 2p) divv)p dadt
Q

/ / A+ p)divvVepA(e dxdt—/ / 0) +608)VoA(o )dxdt+u/ /VquoA( ) dzdt

—u/ /vV(pVA(Q) ddt—l—u/ /vV(pg dxdt—/ /gv@qu&A(g) dxdt
0o Ja 0o Ja 0o Ja
T T
[ [ ewdroae) asdes [ [ pout@iatov) —vidid; (o) dedt - (412)
0 Ja 0o Ja

We compare (4.11) and (4.12) and we use the fact that the Mikhlin-Hérmander multipliers theorem [9,
Theorem 5.2.7] together with aleready known convergencies yield

A(ge) — A(o) in C([0,T] x Q)
VA(o.) = VA() in L=((0,T), L . ().
Consequently

lim / / ¢((0e(ploe) + 02 — (A +2p) divue) — ((p(e) +60%) — (A + 2p) div u)e) dadt
Q

e—=0 Jo

T T
= lim/ / 00U (0;4(0eVie) — vie0;Aj(0e)) dadt —/ / pou(0;A;(ov;) — v;0;A,(p)) dadt
Q 0 Q

e—=0 Jo

and now it is sufficient to show that the right hand side is 0.
Using Div-Curl lemma one obtains

v, — v weakly in LP(R3)

w,, — w weakly in L9(R?) = v, 0iA; (W) — wn0;A,(vy,) — vO;Aj(w) — wd; A;(v) weakly in L"(R?)

whenever r = ﬁ < 1. For details of proof we refer to [4, Lemma 3.4]. Further, (4.6) and (4.7) yield

0:0:A;(0:Vie) — 0:vie0i A (02) — 00;A;(0v) — ovBiA; (o) strongly in L=((0,T), L2/(#%) ()

and the claim follows due to the compact embedding of L?%/(5+3)(Q) to W—12(Q). O

Recall that g., v. are regular enough to fulfill the renormalized continuity equation

O¢b(0:) + div(b(oe)ue) + (' (0:)0e — b(oe)) divue — eAb(o:) <0

for every b convex and globally Lipschitz and the renormalized continuity equation is true also for ¢ and u,
namely

9ib(0) + div(b(e)u) + (b'(0)e — b(e)) divu = 0.
Taking b(z) = zlog z yields

/ /Qa divu, dzdt < / 00 log 0o dx—/ 0c(7,-) log o (7, -) dx
0 Q Q Q

/ /gdivu dxdt:/gologgo dx—/ o(t, ) log o(T, ) dx
0o Ja Q Q

for every T € [0, T]. Let @, be a sequence of smooth compactly supported functions such that ®,, — 1 in LI(Q)
for sufficiently large q. We deduce

and

/ o(r, ) log o(7,-) — 0 (7, ) log g (7, ) dz > / / 0 divu, — pdivu dzdt
Q o Jo

T 1 1
= (I)n e i e e 8 e N A e 8 e — i t
A /Q <9 divu /\+2M(p(9 ) +607)0: + T (poe) +d07)0 levu) dad

/ / (1 —-®,)(0:divue — pdivu) dadt



4 VANISHING OF THE APPROXIMATIONS 9

and we use (4.10) in order to get

1
A+ 2u

| et 108 o) — 2 TTog el ) da > Ai@(@@»—@%g—@@»—@%@@mdﬂu+mm
>0+n(n). (4.13)

where the last inequality is true because of the monotonicity of the mapping o — p(0) + 608. Since n(n) can be
made arbitrarily small and since the mapping o — plog g is convex, we get from (4.13)

0: — o almost everywhere in (0,7) x 2

which, together with (4.5) yields (4.9).
Lastly, since (3.5) yields

T
1 9 a ., 04 k 9
- ~o.|u. Zof dz + S |b.(t dt
/0</QQQIUI+7_1QE+7QE z+ 5 [be(t)]" ) B

T
+ / (/ S(Vv.): Vve +eayol Vo> + 8200 |Vo.|* dx — k:bs(t)f(t)) o(t) dt
0 Q

1 a 6
+ (/Q 50eluel” + o1 3¢ dx) ©(0) <0

for all ¢ € C°([0,T)), ¢ > 0. We recall that due to the trace theorem (see e.g. [1, Theorem 5.36]) we have
b. € L?(0,T) and we may use the Arzéla-Ascoli theorem to deduce

b.=b

Using the already known convergences we are able to deduce that

8t/ 1g|u|2 dx+8t/ a o'+ égg d:c+/ S(Vv):Vvdz+ ﬁ3t|b(t)|2 < kb(t)f(t) (4.14)

4.2 Limit 6 — 0

Let g5, us(= vs+bs) be a solution constructed in the previous chapter corresponding to some positive parameter
0 > 0. Here we are going to pass with § to 0. From (4.14) we deduce
esssupye 0,1 |05 |us ||| < ¢
esssupse (o,1)ll 05| < ¢
b5l Lo (0,1)) < ¢ (4.15)
[Vsllzewnz < c
[usl|zzwre < c
and we also claim the following convergences
05 — o weakly* in L°((0,T), L7 (Q2))
u; — u weakly in L*((0,7), W'2(Q))
bs — b strongly in L*((0,7))

where the last one follows from the trace theorem and Arzéla-Ascoli theorem.
The density satisfies the following estimate

T
/ / 07" dzdt < ¢ (4.16)
0o Ja

for some 6 > 0 and with ¢ independent of §. Indeed, we take ¢ = B(o% — (09)q) for some 6 > 0 specified later
as a test function in (4.8). We obtain

T T
/ /(p(95)+69§)9§ dwdt:/ /(p(95)+59§)(9§)n dzdt
0 Q 0 Q
=T

w [ s~ o) anat ~ [ [ oot - (o) ]

7=0

T T
+/ / 05Vs ® u(;VB(gg - (gg)g) d:cdt+/ / S(Vvs): VB(gg - (gg)g) dzdt.
0o Ja o Ja
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Recall that g5 € L7/?(Q) and that B : LP(Q) — W1P(Q). With this and (4.15) at hand one can easily deduce
estimates of all term on the right hand side with one exception — the second term. There one has to use the
continuity equation in order to get

T
| esusBoues ~ (@) daa
0o Ja
T
= / / osusB (— div(e§vs) — (0 — 1)’ divvs + (div(e§vs) + (0 — 1)0f divvs)e) dadt
o Ja

T T
—/ / osus0dvs dadt — / / osusB((6 — 1) divvs — ((6 — 1)0f div vs)q) dzdt.
0 Q 0 Q

Estimates (4.15) yields gsusvs € L2((0,T), L%/*+3)(Q)) and thus it is enough to choose 6 sufficiently small to
get 0 € L>((0,T), L%/27=3)(Q)) and we get the control of the first term on the right hand side. The control
of the second term follows easily as of divvs € L2((0,T), L(2"/(+0)(Q)) and thus (with the help of Sobolev
embedding theorem)

B((6 — 1)} divvs — ((8 — 1)0l divvs)q) € L2((0,T), LS/ 039 Q).

Now, assuming 6 is sufficiently small, we get the boundedness of the second term on the right hand side and we
conclude (4.16).
Similarly as before we claim that

0s — o strongly in LP((0,T), W~ 1%(Q))
osus — ou strongly in LP((0,7), W_l’Q(Q))

for all p € (1,00). Here we used that L>7/0+1)(Q) is compactly embedded into W~12(Q) assuming v > 3.
As a matter of fact, o, u satisfy

T T
/ /Qu(?tgo-i-gv@quo-i-S(Vv):Dw—@divap dxdt+/ olaa(b(t) — £(t)k dt
0 Q 0
0,-) dz =0.
+/Q(QU)o<p( ;) da

It remains to proof that o5 — ¢ almost everywhere as then p(g¢) = p(p) and also the energy inequality can be
deduced similarly as in the previous chapter.
Let k£ € N. We define

where T is a smooth concave function satisfying

zfor z <1
T(Z)_{ 2 for z > 3.

In what follows, we will use that the following equality

lim / / p(os) — (A +2p) divvs) T (0s5) dedt = / / — (A +2pdiv V) Tx(0) dzdt (4.17)

§—0

holds for all smooth ¢ with compact support in (0,7") x 2. The proof of this equality is similar to the proof of
(4.10) with only difference — we take ®; = pA;(T%(0s5)). Nevertheless, as all arguments are similar, we neglect
the proof.

Further, o, v solves the renormalized equation of continuity, namely

9:b(0) + div(b(o)v) + (b'(0)o — b(p)) divv = 0. (4.18)

in the weak sense for any b € C1(R) with ¥'(z) = 0 for z sufficiently large.
Indeed. First note that we can pass to a limit with ¢ — 1 in (4.17) we deduce

hm/ / p(os) — (A +2p) divvs)Ti(0s) dedt = / / (A + 2pdiv v)) Ty (o) dadt (4.19)

since integrands on both sides are equi-integrable provided k is fixed. Next, we have

/ /Qng (05) — 0Tk (0) dxdt>/ /Q — 0" )(Tk(0s5) — Ti(0 / /|Tk: (05) — T ()| dadt



4 VANISHING OF THE APPROXIMATIONS 11

and
lim/ /leVng(Q(;) div vy (o) dedt = hm/ / Tk (05) — Tr(0) + Tx(0) — k(g)) div vs dzdt
6—0 0—0
< 2[[div vl 220,y x ) | Tk (25) — Tr(0)l £2((0,7) x ) -
With help of (4.19) we get

0= lim / / ¥Ti(0) — 2Tk(0) — (A -+ 240) (div v Ti(os) — divvTi(g) ) drdt
> || Tk (0s) — Tk(o )HZﬁl(mT yxy — 2l divvsllLao,m <) 1Tk (0s) — Te (o)l L2((0,7) x2)-

This yields
1T%(05) — Th(0)llLr+1((0,7)x0) < €
Using a smoothening kernel we may deduce the validity of equation

Ob(Te(2)) — div(b(Tle)v) + (V' (Tx(0))Ti(e) — b(Ti(0))) divv = b(Ti(0)) ((Ti(e) ~ T(eo)divv)  (4.20)

in D'((0,T) x Q). We plan to tend with k to co. First, we have

Ti(0) = o strongly in LP((0,T) x 2), 1 <p <.
This follows as
1Tk (o) — Q”Z[),IJ((O’T)XQ) < liminfso||T% (0s) — QSHZEp((o,T)XQ) < liminf(;HOkap_”Hg(;||27((0,T)XQ — 0.

for k — oo.
Since b'(z) =0 for z > M, we have

/ /’b (Ti(e (o) = Ty (0)o )divv)’ dxdt

< <Su£M|b/(z)‘Hvé||L2W1*2hminf5—>0”TIQ(Q(S)QtS_Tk(Q5)||L2(Qk,m)' (4.21)
0<z<

where Qg.m = {(t,z) € (0,T) x Q, Ty (0) < M}. The Holder inequality yields

1 1
T4 (0s)es — Tlon) [3acgn .y < IT(08)05 — Telon) IS won ITh(e)0s — Tulea) IS0, . (4.22)

Further, we have
|1 T%(05)es — Ti(25) ||t 0.1y x0) < 27K sup losllz (o,ryxe)

and, since T},(z)z < Tj(2),

1T%(05) 05 — Tr(05)ll Lo+1(Qu.) < 2 (I1Tk(05) — Tr ()l Lr+1 0,7y x2) + I Tk(@) Lo+ (Qr )
2 (||Tk(Q5) — Te(O)l Lr1 0,1y %) + 1 Te(0) = Ti(0) | 22+1(Qp ) + 1Tk(0) || L2413 (0x. M)) <c (4.23)

The renormalize continuity equation (4.18) follows from (4.20), (4.21), (4.22) and (4.23).
To conclude the proof we introduce

I — zlogz for 0 < z < k,
P zlogk + 2 [ S Tw(s) ds for 2 > k.

We use this as b in the renormalized equation (4.18) to conclude
ath(Q(;) + diV(Lk(gg)Vg) + Tk(gg) divvs =0

and
O:Li(0) + div(Li(0)v) + Tr(0) divv = 0.

Similarly to the previous section we deduce (compare with (4.13))
| Latetr) - Talar ) do 2 0
Q

for almost all 7 € [0, T]. We send k — oo to deduce that plog ¢ = plog o which yields p5 — o almost everywhere.
The proof of Theorem 3.1 is finished.
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