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BOUNDARY CONDITION
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ABSTRACT. In this work, we study the motion of a rigid body in a bounded domain which is filled with a compressible
isentropic fluid. We consider the Navier-slip boundary condition at the interface as well as at the boundary of the
domain. This is the first mathematical analysis of a compressible fluid-rigid body system where Navier-slip boundary
conditions are considered. We prove existence of a weak solution of the fluid-structure system up to collision.
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1. INTRODUCTION

Let Q C R? be a bounded smooth domain occupied by a fluid and a rigid body. Let the rigid body S(t) be a
regular, bounded domain and moving inside {2. The motion of the rigid body is governed by the balance equations for
linear and angular momentum. We assume that the fluid domain F(t) = Q \ S(t) is filled with a viscous isentropic
compressible fluid. We also assume the slip boundary conditions at the interface of the interaction of the fluid and the

rigid body as well as at 9€). The evolution of this fluid-structure system can be described by the following equations

83.;:- +div(prur) =0, V (t,z) € (0,T) x F(t), (1.1)
Worv7) | div(prur © ur) — divI(ur) + Vpr = prar, ¥ (o) € O.1) x FO),  (12)
mh' (t) = — / (T(ur) — prl)vdl + / psysdxr, Vte(0,7), (1.3)
5 (t) S(t)
(Jw)' (t) = — / (x = h(t)) x (T(ug) — prl)rdl + / (x — h(t)) X psgsdz, Vte (0,T), (1.4)
a8 (t) S(t)

Date: March 15, 2021.



2 S. NECASOVA, M. RAMASWAMY, A. ROY, AND A. SCHLOMERKEMPER

the boundary conditions

ur-v=us-v, Y (t,x)e€ (0,T)xIS(t), (1.5)
(T(up)v) x v =—a(ur —us) xv, VY (t,z) € (0,T)x IS(t), (1.6)
urp-v=0, VY (t,z)€ (0,T) x 09, (1.7)
(T(urp)v) x v=—a(ur xv), V(t,z)€ (0,T)x 99, (1.8)
and the initial conditions
pr(0,2) = pry (), (prur)(0,z) =qr(z), Ve Fo, (1.9)
h(0) =0, R'(0)=4y, w(0)=wp. (1.10)

The fluid occupies, at t = 0, the domain Fy = Q \ Sy, where the initial position of the rigid body is Sp. In equations
(1.3)—(1.8), v(t, ) is the unit normal to OS(¢) at the point x € dS(t), directed to the interior of the body. In (1.2) and
(1.3)—(1.4), g7 and gs are the densities of the volume forces on the fluid and on the rigid body, respectively. Moreover,
a > 0 is a coefficient of friction. Here, the notation v ® v is the tensor product for two vectors u,v € R? and it is
defined as © ® v = (u;v;)1<4,j<3. In the above equations, pr and ur represent respectively the mass density and the
velocity of the fluid, and the pressure of the fluid is denoted by pr.

We assume that the flow is in the barotropic regime and we focus on the isentropic case where the relation between
pr and pr is given by the constitutive law:

PF = aFpr, (1.11)

3 which is a necessary assumption for the existence of a weak solution

with ar > 0 and the adiabatic constant v > 3,

of compressible fluids (see for example [9]).
As is common, we set

T(ur) = 2urD(ur) + Ar div ugl,

where D(ur) = 3 (Vur + VuJ) denotes the symmetric part of the velocity gradient, VuJ is the transpose of the
matrix Vugr, and A, ur are the viscosity coefficients satisfying

pr >0, 3Ar+2ur>0.
The Eulerian velocity us(¢,z) at each point x € S(¢) of the rigid body is given by
us(t, ) = h'(t) + w(t) x (x — h(t)), (1.12)

where h(t) is the centre of mass and h'(t), w(t) are the linear and angular velocities of the rigid body. We remark that
S(t) is uniquely defined by h(t), w(t) and Sy. Similarly, the knowledge of S(t) and Sy yields h(t) and w(t). The initial
velocity of the rigid body is given by

us(0,z) =us, :=Vlo+wo xz, z€Sp. (1.13)
Here the mass density of the body ps satisfies the following continuity equation
0
% Fus-Vps=0, Y (tz)e (0,T)x8t), ps(0,z)=ps(x), Vzeds. (1.14)

Moreover, m is the mass and J(t) is the moment of inertia matrix of the solid. We express h(t), m and J(¢) in the
following way:

m = /,05 dz, (1.15)
S(t)
1

h(t) = - / ps © dx, (1.16)

S(t)

J(t) = / ps ||z — ()T — (z — h(t)) @ (z — h(t))] da. (1.17)

S(t)
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In the remainder of this introduction, we present the weak formulation of the system, discuss our main result regarding
the existence of weak solutions and put it in a larger perspective.

1.1. Weak formulation. We derive a weak formulation with the help of multiplication by appropriate test functions
and integration by parts by taking care of the boundary conditions. Due to the presence of the Navier-slip boundary
condition, the test functions will be discontinuous across the fluid-solid interface. We introduce the set of rigid velocity
fields:

R = {(:Q — R?| There exist V,r,a € R® such that {(z) =V +r x (z — a) for any z € Q}. (1.18)
For any T' > 0, we define the test function space V7 as follows:
¢ € C([0,T]; L*(Q)) such that there exist ¢ € D([0,T); D(Q)), s € D([0,T); R)
Vi = { satisfying ¢(t,-) = ¢£(t,) on F(t), &(t, ) = ¢s(t,) on S(t) with , (1.19)
or(t,) v=gs(t,) vondSt), ¢x(t,-)-v=0o0n 9N for all t € [0, T

where D denotes the sets of all infinitely differentiable functions that have compact support. We multiply equation
(1.2) by a test function ¢ € Vr and integrate over F(t) to obtain

% / PFUF - PF — / PFUF - ¢f - / (prur @ ur) : Vor + / (T(ur) — prl) : D(oF)
F(t) F(t) F(t) F(t)
= /(T(UI) —prl)v-oF + / (T(ur) —prDv - o7 + / prgF - dr. (1.20)
90 dS(t) F ()

We use the identity (A x B) - (C x D)= (A-C)(B-D)— (B-C)(A- D) to have
T(ur)v - ¢oF = [T(ur)v - v](¢r - v) + [T(ur)v x v] - (oF x V),
T(ur)v-ds = [T(lur)v-v](¢s - v) + [T(ur)v x v] - (ps X v).
Now by using the definition of Vz and the boundary conditions (1.5)—(1.8), we get

[ )~ prv b3 = —a [z x0) (6 %), (1.21)

o0 o0

[ @ur) = ey o = —a [ s —us) <31 [6r —65) x 1+ [ (Tur)=psly-ds.  (122)
85 (¢) a8 (t) 85 (¢)
Using the rigid body equations (1.3)—(1.4) and some calculations, we obtain

d 0
/(T(UI)—pFDV'%‘: T /psus ¢S+/PSU8'§¢S+//)393-¢3. (1.23)

a5 (1) s() s() ()

Thus by combining the above relations (1.20)—(1.23) and then integrating from 0 to T', we have

// PFUF - (bf // pSUS - ¢s—// PFUF @ UF) V¢f+// (ur) —prl) : D(¢F)

0 S(t) 0 F(t) 0 F(t)
+a//u;><z/ dF X V) +a// (ur —us) X V] [(pF — ¢s) x V]
0 89 0 9S(t)

//P}'QJ-‘ ¢f+//Psgs bs + /( Fur - ¢r)(0) + /(psu$-¢s)(0)~ (1.24)

0 F(t) 0 S(t) F(0) 5(0)
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Remark 1.1. We stress that in the definition of the set Ur (in Definition 1.3 below) the function ur on Q is a regular
extension of the velocity field ur from F(t) to 2, see (5.10)—(5.11). Correspondingly, us € R denotes a rigid extension
from S(t) to Q as in (1.12). Moreover, by the density pr in (1.26), we mean an extended fluid density pr from F(t)
to Q by zero, see (5.16)—(5.17). Correspondingly, ps refers to an extended solid density from S(t) to Q by zero.

Remark 1.2. In (1.26), the initial fluid density pr, on Q represents a zero extension of pr, (defined in (1.9)) from
Fo to Q. Correspondingly, ps, in equation (1.30) stands for an extended initial solid density (defined in (1.14)) from
So to Q by zero. Obuviously, qr, refers to an extended initial momentum from Fo to 0 by zero and us, € R denotes a
rigid extension from Sy to 2 as in (1.13).

Definition 1.3. Let T > 0, and let Q and Sy € 2 be two reqular bounded domains of R3. A triplet (S, p,u) is a finite
energy weak solution to system (1.1)—~(1.10) if the following holds:

o S(t) € Q is a bounded domain of R® for allt € [0,T) such that
xs(t,2) = Lo (2) € L2((0.T) x ). (1.25)

e u belongs to the following space

u € L?(0,T; L*(Q)) such that there exist ur € L*(0,T; H (Q)), us € L*(0,T;R)
Ur = { satisfying u(t, ) = ux(t, ) on F(t), wu(t,:)=us(t,:) on S(t) with
ur(t,") - v=us(t,") - v on dS(t), ur-v=0 on dQ for a.et € [0,T]
p=0, pe L>0,T; L7(Q)) with v > 3/2, plu|? € L>(0,T; L*()), where
p=1—-1s)pr+1sps, u=(1-1s)ur+lsus.

o The continuity equation is satisfied in the weak sense, i.e.

agtf +div(prur) =0 in D'([0,T) x Q), pr(0,z) = pr,(z), z€ Q. (1.26)
Also, a renormalized continuity equation holds in a weak sense, i.e.
Ob(pr) + div(b(pr)ur) + (V' (pF) — b(pF)) divur =0 in D'([0,T) x Q), (1.27)
for any b € C([0,00)) N C((0,0)) satisfying
b/ (2)] < cz7", 2 € (0,1], Ko <1, b'(2)] < ez, 221, =1 < K1 < 0. (1.28)
o The transport of S by the rigid vector field us holds (in the weak sense)
agt +div(usxs) =0 in (0,T) x Q, xs(0,2) =1s,(z), x € Q. (1.29)
e The density ps of the rigid body S satisfies (in the weak sense)
88pt +div(usps) =0 in (0,T) x Q, ps(0,2) = ps,(x), = € L. (1.30)

Balance of linear momentum holds in a weak sense, i.e. for all ¢ € Vi the relation (1.24) holds.
The following energy inequality holds for almost every t € (0,T):

t
1 1 a
/2P]~"U]-'( )7 +/§Ps|us(t7')\2+ / Tflp}+// 2ur[D( Uf)|2+>\f|dlvuf|)

F(t) S(t) F(t) F(7)

0

t ¢
+a//|u;><u|2+a/ / |(ur —us) x v|?

0

0 9Q oS(T)

t t
2 1 a
</ / pfgf-u/er/ / psgs-us+/ laz,[ +/*Pso|uso|2+/7fp}o~ (1.31)
2 pr, 2 J v—1
0

0 F(r) 0 S(7) Fo So
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Remark 1.4. We note that our continuity equation (1.26) is different from the corresponding one in [7]. We have to
work with ur instead of u because of the Navier boundary condition. The reason is that we need the H'(Q) regularity
of the velocity in order to achieve the validity of the continuity equation in . Observe that u € L*(0,T; L*(2)) but
the extended fluid velocity has better regularity, in particular, ur € L?(0,T; HY(Q)), see (5.10)—(5.11).

Remark 1.5. In the weak formulation (1.24), we need to distinguish between the fluid velocity uz and the solid velocity
us. Due to the presence of the discontinuities in the tangential components of w and ¢, neither 9y¢ nor D(u), D(¢)
belong to L?(2). That’s why it is not possible to write (1.24) in a global and condensed form (i.e. integrals over §2).

Remark 1.6. Let us mention that in the whole paper we assume the regularity of domains Q and Sp as C*T*, k > 0.
However, we expect that our assumption on the regularity of the domain can be relaxed to a less reqular domain like
in the work of Kukucka [26].

1.2. Discussion and main result. The mathematical analysis of systems describing the motion of a rigid body in a
viscous incompressible fluid is nowadays well developed. The proof of existence of weak solutions until a first collision
can be found in several papers, see [3, 4, 18, 24, 33]. Later, the possibility of collisions in the case of a weak solution
was included, see [8, 32]. Moreover, it was shown that under Dirichlet boundary conditions collisions cannot occur,
which is paradoxical with respect to real situations; for details see [20, 22, 23]. Neustupa and Penel showed that under
a prescribed motion of the rigid body and under Navier type of boundary conditions collision can occur [29]. After
that Gérard-Varet and Hillairet showed that to construct collisions one needs to assume less regularity of the domain
or different boundary conditions, see e.g. [15, 16, 17]. In the case of very high viscosity, under the assumption that
rigid bodies are not touching each other or not touching the boundary at the initial time, it was shown that collisions
cannot occur in finite time, see [10]. For an introduction we refer to the problem of a fluid coupled with a rigid body
in the work by Galdi, see [13]. Let us also mention results on strong solutions, see e.g. [14, 34, 35].

A few results are available on the motion of a rigid structure in a compressible fluid with Dirichlet boundary
conditions. The existence of strong solutions in the L? framework for small data up to a collision was shown in [1, 31].
The existence of strong solutions in the LP setting based on R-bounded operators was applied in the barotropic case
[21] and in the full system [19].

The existence of a weak solution, also up to a collision but without smallness assumptions, was shown in [5].
Generalization of this result allowing collisions was given in [7]. The weak-strong uniqueness of a compressible fluid
with a rigid body can be found in [25]. Existence of weak solutions in the case of Navier boundary conditions is not
available; we explore it in this article.

For many years, the no-slip boundary condition has been the most widely used given its success in reproducing the
standard velocity profiles for incompressible/compressible viscous fluids. Although the no-slip hypothesis seems to be
in good agreement with experiments, it leads to certain rather surprising conclusions. As we have already mentioned
before, the most striking one being the absence of collisions of rigid objects immersed in a linearly viscous fluid [20, 22].

The so-called Navier boundary conditions, which allow for slip, offer more freedom and are likely to provide a
physically acceptable solution at least to some of the paradoxical phenomena resulting from the no-slip boundary
condition, see, e.g. Moffat [28]. Mathematically, the behavior of the tangential component [u]:qn is a delicate issue.

The main result of our paper (Theorem 1.7) asserts local-in-time existence of a weak solution for the system involving
the motion of a rigid body in a compressible fluid in the case of Navier boundary conditions at the interface and at the
outer boundary. It is the first result in the context of rigid body-compressible fluid interaction in the case of Navier
type of boundary conditions. Let us mention that the main difficulty which arises in our problem is the jump in the
velocity through the interface boundary between the rigid body and the compressible fluid. This difficulty cannot
be resolved by the approach introduced in the work of Desjardins, Esteban [5], or Feireis] [7] since they consider the
velocity field continuous through the interface. Moreover, Gérard-Varet, Hillairet [16] and Chemetov, Necasovd [2]
cannot be used directly as they are in the incompressible framework. Our weak solutions have to satisfy the jump of
the velocity field through the interface boundary.

Our idea is to introduce a new approximate scheme which combines the theory of compressible fluids introduced
by P. L. Lions [27] and then developed by Feireisl [9] to get the strong convergence of the density (renormalized
continuity equations, effective viscous flux, artificial pressure) together with ideas from Gérard-Varet, Hillairet [16]
and Chemetov, Necasové [2] concerning a penalization of the jump. We remark that such type of difficulties do not
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arise for the existence of weak solutions of compressible fluids without a rigid body neither for Dirichlet nor for Navier
type of boundary conditions.

Let us mention the main issues that arise in the analysis of our system and the methodology that we adapt to deal
with it:

e It is not possible to define a uniform velocity field as in [5, 7] due to the presence of a discontinuity through
the interface of interaction. This is the reason why we introduce the regularized fluid velocity ur and the solid
velocity us and why we treat them separately.

e We introduce approximate problems and recover the original problem as a limit of the approximate ones.
In fact, we consider several levels of approximations; in each level we ensure that our solution and the test
function do not show a jump across the interface so that we can use several available techniques of compressible
fluids (without body). In the limit, however, the discontinuity at the interface is recovered. The particular
construction of the test functions is a delicate and crucial issue in our proof, which we outline in Proposition 5.1.

e Recovering the velocity fields for the solid and fluid parts separately is also a challenging issue. We introduce
a penalization in such a way that, in the last stage of the limiting process, this term allows us to recover the
rigid velocity of the solid, see (5.8)—(5.9). The introduction of an appropriate extension operator helps us to
recover the fluid velocity, see (5.12)—(5.13).

e Since we consider the compressible case, our penalization with parameter 6 > 0, see (2.3), is different from the
penalization for the incompressible fluid in [16].

e Due to the Navier-slip boundary condition, no H' bound on the velocity on the whole domain is possible. We
can only obtain the H! regularity of the extended velocities of the fluid and solid parts separately. We have
introduced an artificial viscosity that vanishes asymptotically on the solid part so that we can capture the H'
regularity for the fluid part (see step 1 of the proof of Theorem 1.7 in Section 5).

e We have already mentioned that the main difference with [16] is that we consider compressible fluid whereas
they have considered an incompressible fluid. We have encountered several issues that are present due to the
compressible nature of the fluid (vanishing viscosity in the continuity equation, recovering the renormalized
continuity equation, identification of the pressure). One important point is to see that passing to the limit
as 0 tends to zero in the transport for the rigid body is not obvious because our velocity field does not
have regularity L°°(0,T, L?(£2)) as in the incompressible case see e.g. [16] but L2(0,T, L*(Q)) (here we have
Vpu € L*(0,T, L?(2)) only). To handle this problem, we apply Proposition 3.5 in the é-level, see Section 5.

Next we present the main result of our paper.

Theorem 1.7. Let Q and Sy € Q be two regular bounded domains of R®. Assume that for some o > 0
dist(Sp, 02) > 20.

Let gr, gs € L=((0,T) x Q) and the pressure pr be determined by (1.11) with v > 3/2. Assume that the initial data
(defined in the sense of Remark 1.2) satisfy

pr, €ELY(Q), pr, =0 ae inQ, ps, €L®Q), ps, >0 ae inSo, (1.32)
2
2y . q
qr, € L77(2),  qrl{pr =0y =0 a.e. in Q, |p}-;| Lipr >0y € LY(Q), (1.33)
0
us, =lo+woxax Vel withly, wy € R3. (1.34)

Then there exists T > 0 (depending only on pr,, psys 4F, USss 97, 9s, dist(So, O)) such that a finite energy weak
solution to (1.1)~(1.10) exists on [0,T"). Moreover,

St) e, dist(S(t),00) > 37” Vteo,T).

The outline of the paper is as follows. We introduce three levels of approximation schemes in Section 2. In Section 3,
we describe some results on the transport equation, which are needed in all the levels of approximation. The existence
results of approximate solutions have been proved in Section 4. Section 4.1 and Section 4.2 are dedicated to the
construction and convergence analysis of the Faedo-Galerkin scheme associated to the finite dimensional approximation
level. We discuss the limiting system associated to the vanishing viscosity in Section 4.3. Section 5 is devoted to the
main part: we derive the limit as the parameter ¢ tends to zero.
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2. APPROXIMATE SOLUTIONS

In this section, we present the approximate problems by combining the penalization method, introduced in [16],
and the approximation scheme developed in [12] along with a careful treatment of the boundary terms of the rigid
body to solve the original problem (1.1)—(1.10). There are three levels of approximations with the parameters N, ¢, ¢.
Let us briefly explain these approximations:

e The parameter N is connected with solving the momentum equation using the Faedo-Galerkin approximation.

e The parameter € > 0 is connected with a new diffusion term €Ap in the continuity equation together with a
term €VpVu in the momentum equation.

e The parameter 6 > 0 is connected with the approximation in the viscosities (see (2.8)) together with a
penalization of the boundary of the rigid body to get smoothness through the interface (see (2.3)) and together
with the artificial pressure containing the approximate coefficient, see (2.7).

At first, we state the existence results for the different levels of approximation schemes and then we will prove these
later on. We start with the J-level of approximation via an artificial pressure. We are going to consider the following
approximate problem: Let § > 0. Find a triplet (S, p?, u®) such that

e S9(t) € N is a bounded, regular domain for all ¢ € [0, T] with

X&(t,x) = Lgs(y(z) € L®((0,T) x Q) N C([0,T]; LP()), ¥1 < p < oo. (2.1)
e The velocity field u® € L?(0,T; H*(Q)), and the density function p® € L>°(0,T; L?(Q2)), p° > 0 satisfy
8p6 . 5.5 . /
r + div(p°u’) = 0in D'([0,T) x Q). (2.2)

e Forall p € HY(0,T; L*(Q)) N L™(0,T; WL (2)), where r = max {ﬁ +1, #}, B > max{8,7} and § = 2y — 1
with ¢ - v =0 on 9 and ¢|;—r = 0, the following holds:
T 5 T
— //pé (u6 . aqﬁ +ul @ul V¢) + // (2u5D(u5) (@) + X divu’l : D(¢) — p° (p°)I : ]D)(gb))
Q 0 Q

0
T

+a/T/<u5xu>-<¢xu>+aO/ / [(uﬁ—Péuﬁxu}-W—Pémxu1+§Z!x§<u5—P§u5>~<¢—P§)

0 99 a8 (t)

where PZ is defined in (2.9) below.
e \5(t, ) satisfies (in the weak sense)

X%

S+ Pou® VXL =01in (0,7) x Q,  x&|mo = 1s, in Q. (2.4)
o p°x%(t,x) satisfies (in the weak sense)
0 : .
57 (P"X8) + P&u’ - V(p°x5) =0 in (0,T) x 2, (p°x§)li=0 = pils, in 2. (2.5)

e Initial data are given by
P(0,2) = o), PPud(0,2) = gi(x), weQ. (2.6)
Above we have used the following quantities:

e The density of the volume force is defined as

9° = (1—x%)97 + x29s.
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e The artificial pressure is given by

P’(p) =a’p” +0p°,  with a® =azr(l—x3), (2.7)
where ax > 0 and the exponents v and 3 satisfy v > 3/2, § > max{8,~}.
e The viscosity coefficients are given by
=1 =X ur+02xS, N =00-xIA\r+02x% sothat p® >0, 2u° +3X° >0. (2.8)

e The orthogonal projection to rigid fields, Pg : L2(2) — L%*(S°(t)), is such that, for all t € [0,7] and u € L*(2),
we have Pgu € R and it is given by

1 _
Plu(t, z) = = /p6X53u + [ (7! /,o5xg((y —hO(t)) xu) dy | x (z—h°(t)), VreQ, (2.9)
Q Q
where h%, m® and J? are defined as
1
R (t) = w/péxgx de, m’= /péxg dz,
R3 R3
Jo(t) = / PG (e = B@OPL— (x = B (8) @ (@ — h(1))] da.
R3

Remark 2.1. The penalization which we apply in our case is different from that in [7]. We do not use the high viscosity
limit but our penalization contains an L? penalization (see (2.3)), which is necessary because of the discontinuity of

the velocity field through the fluid-structure interface. Moreover, we consider a penalization of the viscosity coefficients
(2.8) together with the additional reqularity of the pressure, see (2.7). This approach is completely new.

A weak solution of problem (1.1)—(1.10) in the sense of Definition 1.3 will be obtained as a weak limit of the solution
(8%, p%, u?) of system (2.1)(2.6) as & — 0. The existence result of the approximate system reads:

Proposition 2.2. Let Q and Sy € Q be two reqular bounded domains of R®. Assume that for some o > 0
dist(Sp, 0€2) > 20.
Let ¢° = (1 - x3)97 + x&9s € L=((0,T) x Q) and
>0, v>3/2, B> max{8,v}. (2.10)

Further, let the pressure p° be determined by (2.7) and the viscosity coefficients u, \° be given by (2.8). Assume that
the initial conditions satisfy

pd € LP(Q), pd=0ae inQ, pils, € L°(Q), pils, >0 a.e. inSo, (2.11)
Fils

a6 € LFT(Q), qilip_g =0 ae. inQ Lo € LY(9). (2.12)

Let the initial energy

1g§? a’(0 5
Eé[p&qg] - / (2 | p0| ]l{Po>0} Li(pg)"/ + /Bl(pg)’g> = Eg
Q

be uniformly bounded with respect to 6. Then there evists T > 0 (depending only on E3, gr, gs, dist(So, ) ) such
that system (2.1)~(2.6) admits a finite energy weak solution (S°, p° u?), which satisfies the following energy inequality:

1%, ¢°] // 200 |D(u |2+/\5\dlvu5| +oz//|u XV|2+a/ / u® — P3u’) x v|?

0 90 0 985 (1)

T

1

g//xg\u‘s—Pgu‘SFg//p‘sgé-ué—FEg. (2.13)
0 0 Q
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Moreover,
dist(S°(t),00) = 20, V¥Vt €[0,T],
and the solution satisfies the following properties:
(1) For=3y—1,s=v+86,

_1
@) 26 e o.myxe + 757 10l avaqo.mxey < ¢ (2.14)
(2) The couple (p°,ud) satisfies the identity
9ib(p°) + div(b(p)u’) + [t'(p°)p° — b(p")] divu’ = 0, (2.15)

a.e. in (0,T) x Q for any b € C([0,00)) N C*((0,00)) satisfying (1.28).

In order to prove Proposition 2.2, we consider a problem with another level of approximation: the e-level approxima-
tion is obtained via the continuity equation with dissipation accompanied by the artificial pressure in the momentum
equation. We want to find a triplet (S¢, p°,u°) such that we can obtain a weak solution (S, p°,u%) of the system
(2.1)—(2.6) as a weak limit of the sequence (8¢, p%,u®) as € — 0. For € > 0, the triplet is supposed to satisfy:

e §°(t) € Q is a bounded, regular domain for all ¢ € [0, T with

X5(t,x) = Ls=(y(x) € L=((0,T) x Q) NC([0,T]; LP(2)), V1 < p < oo. (2.16)

e The velocity field u € L?(0,T; H'(2)) and the density function p° € L>(0,7T;LP(Q)) N L*(0,T; H(Q)),
p° > 0 satisfy

op°

(925 v

e For all ¢ € HY(0,T; L3(2)) N LATY0, T; WHAHL(Q)) with ¢ - v = 0 on 99, ¢|=r = 0, where 8 > max{8,~},
the following holds:

iv(pfu®) = eAp® in (0,T) x Q,

=0 on 0f. (2.17)

O/TSZPE <u€-§t¢+u€®u5 >+O/TSZ g,f]D ) D(¢) + \° diquH:]D)(qS)—ps(pg)H:D(qb))
+//6Vu€Vp€-¢+oz//(u5xy)-(¢xy)+a/ / [(u® — Psu®) x v] - [(¢ — Ps¢p) x V]
0O 0 49 0 a8 (t)

of,\H
O\’ﬁ

[t = P - o - Psas:/T/pEgs ¢+/<”-¢><0>. (2.18)
Q 0 Q

o x5(t,x) satisfies (in the weak sense)
XS
ot
o p°x5(t, ) satisfies (in the weak sense)

su®-Vx5=0in (0,7) x Q, x5|i=0 = 1s, in Q. (2.19)

a £, € €, & £, € : £, € £ M
7 PXE) + Psu® - V(pPxs) =0in (0,T) x Q, (p°x5)le=0 = pols, in . (2.20)

e The initial data are given by

. 0
p°(0,z) = pi(x), p°u(0,2) = q5(x) in Q, po ’89 0. (2.21)

Above we have used the following quantities:

e The density of the volume force is defined as

9" = (1 =X5)g97 + xs9s- (2.22)
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e The artificial pressure is given by

p(p) =ap? +6p°,  with af =ar(l—x5), (2.23)
where ax,d > 0, and the exponents v and 3 satisfy v > 3/2, 8 > max{8,~}.
e The viscosity coefficients are given by
e = (1= x5)pr +6°x5, N =(1—x5)Ar+6°x5 sothat p° >0, 2u° +3\° > 0. (2.24)
e P::L%(Q) — L?(S(t)) is the orthogonal projection to rigid fields; it is defined as in (2.9) with x% is replaced

by X5-
Remark 2.3. Above, the triplet (8¢, p®,u®) should actually be denoted by (86’E,p5’8,u5’8). The dependence on 6 is
due to the penalization term (% ffxg(uf — Pgu®) - (¢ — P§¢)> in (2.18) and in the viscosity coefficients p, \° in
(2.24). To simplify the notation, Ow% omit 0 here.
In Section 4.2 we will prove the following existence result of the approximate system (2.16)—(2.21):
Proposition 2.4. Let Q and Sy @ Q be two reqular bounded domains of R3. Assume that for some o > 0,
dist(Sp, 02) > 20.

Let g5 = (1 — x5)9r + x59s € L>®((0,T) x Q) and 8, 6, v be given as in (2.10). Further, let the pressure p° be
determined by (2.23) and the viscosity coefficients u=, A\° be given by (2.24). The initial conditions satisfy, for some
P, p>0,

0<p<pi<p in Q, pjeWh™(Q), g5 L*(Q). (2.25)

Let the initial energy

€ £ € 1 |q 2 E(O) (3 6 £ 1>
Ef[p5, 46 = / <2 0‘ Lips>03 + 1(/)0)“/ + ﬁ(ﬂo)ﬁ = Eq
Q

be uniformly bounded with respect to 0 and €. Then there exists T > 0 (depending only on E§, gr, gs, dist(Sp, 082))
such that system (2.16)—(2.21) admits a weak solution (S, p°,u®), which satisfies the following energy inequality:

T T T
Elpf, ¢F +// 20 D (w)|? + A div ue? +5s/3// YB2|v ) |2+a//|u < |?
0 0 0 00
T T T
1
—|—a/ / |(u® — Pgu®) x v|? + g//XfSWE — Pluf|? < //pegs -u 4+ E;. (2.26)
0 0S=(t) 0 Q 0O
Moreowver,
dist(8%(t),090) > 20, Vte0,T],
and the solution satisfies
0, Ap° € L7 ((0,T) x ),
_1
VEIVA©llza(o,myxa) + 107 lLs+1 (0,m) ) + 11(a%) 7T ol o1 0,y <) < € (2.27)

where ¢ is a positive constant depending on § but which is independent of €.

To solve the problem (2.16)—(2.21), we need yet another level of approximation. The N-level approximation is
obtained via a Faedo-Galerkin approximation scheme.
Suppose that {eg}r>1 C D(Q) with eg - v =0 on I is a basis of L*(Q). We set

Xy = span(ey,...,en).
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Xy is a finite dimensional space with scalar product induced by the scalar product in L?(Q). As Xy is finite
dimensional, norms on X induced by W*P? norms, k € N, 1 < p < oo are equivalent. We also assume that

UXNisdensein {veW"(Q) |v-v=00n 09}, for any 1 <p < co.

Such a choice of Xy has been constructed in [11, Theorem 11.19, page 460].
The task is to find a triplet (S, p™,u!V) satisfying:
o SN(t) € Q is a bounded, regular domain for all ¢ € [0, 7] with

A (1 2) = Low (@) € L¥((0,T) x ) N O([0, T): L (), V1 < p < oc. (2.28)

N
e The velocity field u™(¢,-) = Y. ai(t)er with (ay,a9,...,an) € C([0,7])" and the density function pV €
k=1
L2(0,T; H*(Q)) N HY(0,T; L*(2)), p > 0 satisfies
N 3pN

p N .
W +div(pNulN) = eAp™ in (0,T) x Q, o = 0 on 0N. (2.29)

e For all ¢ € D([0,T); Xn) with ¢ - v = 0 on 01, the following holds:

T T
WV 2o+ uN @ul Ve 26D (™) : D($) + AV divuNT: D(¢) — p™ (™) : D(o)
0/ p < S0+ ® )+O/Q/<u + PN (p )

T T T
//6 NVpN'¢+oz//(uN><1/)-(¢><V Jra/ / PYulN)y x v] - [(¢ — PY¢) x V]
0 Q 0 90 0 95N (¢)
. T T
5 [ @ - pyudy o - p¥o) = [ / ot (MY -0)0). (230)
0 Q 0 Q
o Y (t,x) satisfies (in the weak sense)
0
gf +PYuY VY =0in (0,7) x Q, Yo = 1g, in Q. (2.31)
o pVx¥(t,z) satisfies (in the weak sense)
0 . .
57 (P"XS) + Psu™ - V(ptxs) = 0in (0,7) x 2, (p"xs)li=0 = pg s, in Q. (2.32)
e The initial data are given by
opyY
pN(0) =pl, WN(0)=u) inQ, a—o (2.33)
v
Above we have used the following quantities:
e The density of the volume force is defined as
9" = (1 —x5)gr + x5 gs- (2.34)
e The artificial pressure is given by
pN(p) =a"p +6p7,  with o =ar(l-xJ), (2.35)
where az,d > 0 and the exponents v and [ satisfy v > 3/2, 5 > max{8,~}.
e The viscosity coefficients are given by
pN = (10— ur + 2, AW =1 - x))IAr+2E  sothat N >0, 24N +323V > 0. (2.36)

e PY : L2(Q) — L?(SN(t)) is the orthogonal projection to rigid fields; it is defined as in (2.9) with y& replaced
by x5 -
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Remark 2.5. Actually the triplet (SN,pN,uN) above should be denoted by (Sé’E’N,p‘s’E’N,u‘s’E’N). The dependence
T

on § and ¢ is due to the penalization term %ffxfsv(uN — PY¥ulN) - (¢ — PY¢) |, the viscosity coefficients u™, AV
0Q

and the artificial dissipative term (eAp). To simplify the notation, we omit 6 and e here.

A weak solution (5%, p%,u®) to the system (2.16)—(2.21) is obtained through the limit of (S™, p¥, u™) as N — oo.
The existence result of the approximate solution of the Faedo-Galerkin scheme reads:

Proposition 2.6. Let Q and Sy € Q be two reqular bounded domains of R®. Assume that for some o > 0,
dist(Sp, 00) > 20.

Let gV = (1 — x¥)gr + xYgs € L>=((0,T) x Q) and B, &, v be given by (2.10). Further, let the pressure pY be
determined by (2.35) and the viscosity coefficients u™, AN be given by (2.36). The initial conditions are assumed to
satisfy

0<p<py <p in Q py e W>(Q), u) € Xn. (2.37)
Let the initial energy
1 a™ (0 0
) = [ (elad P + S0+ 50 =
Po y-1 p—1

be uniformly bounded with respect to N, &,5. Then there exists T > 0 (depending only on EY, g7, gs, P, p, dist(Sp, 0Q2))
such that the problem (2.28)—(2.33) admits a solution (SN, p™,uN) and it satisfies the energy inequality:

T T T
EN[pN,qN]+//<2NN\]D)(uN)|2+>\N|diqu|2) +55B//(pN)ﬂ_2|VpN|2+a//|uN x v|?
0 Q 0 Q 0 90
T T T
va [ [ i - psey o3 [ Y -y p < [ oY 4B
0 oSN (1) 0O 0O

Moreowver,
dist(SN (t),00) = 20, ¥Vt € [0,T).

We prove the above proposition in Section 4.1.

3. ISOMETRIC PROPAGATORS AND THE MOTION OF THE BODY

In this section, we state and prove some results regarding the transport equation that we use in our analysis. We
mainly concentrate on the following equation:

)
% + div(Psuxs) = 0in (0,T) x R®,  xsli—o = 1s, in R?, (3.1)

where Psu € R. Note that here R is referring to the set of rigid fields on R? in the spirit of (1.18). It is given by

Pou(t, z) = %/px‘gu—k J*l/px‘s((y—h(t)) wu)dy | x (z—h(t)), ¥(tz)e(0,T) xR  (3.2)
Q Q

In [16, Proposition 3.1], the existence of a solution to (3.1) and the characterization of the transport of the rigid body
have been established with constant p in the expression (3.2) of Psu. Here we deal with the case when p is evolving.
We start with some existence results when the velocity field and the density satisfy certain regularity assumptions.

Proposition 3.1. Let u € C([0,T); D(Q)) and p € L*(0,T; H*(Q)) N C([0,T); H*(Q)). Then the following holds true:
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(1) There is a unique solution xs € L>((0,T) x R3) N C([0,T]; LP(R?)) V 1 < p < oo to (3.1). More precisely,
xs(t,x) =1gp(z), Vt=0, VzeR’
Moreover, S(t) = n:0(So) for the isometric propagator 1 s associated to Psu:
(t,5) = ne,s € CH([0, T]%; CL(RY)),
where 1. s is defined by

On,s
gi’ (y) = Psu(t,ms(y), ¥ (ts,9) € (0,7)* xR, nos(y) =y, VyeR’ (3.3)
(2) Let pols, € L°°(R3). Then there is a unique solution pxs € L>((0,T) x R®)NC([0,T]; LP(R?)), V1< p < oo
to the following equation:
A(pxs)
ot

Proof. Following [16, Proposition 3.1], we observe that proving existence of solution to (3.1) is equivalent to establishing
the well-posedness of the ordinary differential equation

+div((pxs)Psu) = 0 in (0,T) x R?,  pxsli=o = pols, in R>. (3.4)

d
%Wt,o = US(ta nt,0)7 Tlo,0 = Ha (35)

where Us € R is given by

Us(tono) = & [ ot mo@)tan(tmot) + | 77 [ ot o) Lal(mol) — h0) < ult o)) dy | <o)
So So

According to the Cauchy-Lipschitz theorem, equation (3.5) admits the unique C* solution if Us is continuous in (¢, 7)
and uniformly Lipschitz in 7. Thus, it is enough to establish the following result analogous to [16, Lemma 3.2]: Let
u € C([0,T);D(R2)) and p € L2(0,T; H*(Q)) N C([0,T); H(2)). Then the function

M : [0,T] x Tsom(R?) -+ R, M@WZ/NWMHWMWMMW
So

is continuous in (¢,n) and uniformly Lipschitz in n over [0, T]. Observe that the continuity in the ¢-variable is obvious.
Moreover, for two isometries 7; and 72, we have

M(t,m)—M(t,n2)
=/¢@mmwmnmuwxwum@»—u@mxw»+/ﬁamﬂwxmxm@»—1mew»mam@»
So

So

+ /(p(t, m(y)) — p(t,m2(y) La(n2(y))u(t, n2(y)) := My + Mz + Ms.
So
As p e L?(0,T; H*(Q)) N C([0,T); H*(£)), the estimates of the terms M; and M; are similar to [16, Lemma 3.2]. The
term M3 can be estimated in the following way:
|M3| < Cllplles 0,1 @) 1l Lo (0,72 () [71 = 2|00

This finishes the proof of the first part of Proposition 3.1. The second part of this Proposition is similar and we skip
it here. ]

Next we prove the analogous result of [16, Proposition 3.3, Proposition 3.4] on strong and weak sequential continuity
which are essential to establish the existence result of the Galerkin approximation scheme in Section 4.1. The result
obtained in the next proposition is used to establish the continuity of the fixed point map in the proof of the existence
of Galerkin approximation.
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Proposition 3.2. Let p) € Wb (Q), let p* € L?(0,T; H2(Q)) N C([0,T); HX(Q)) N H(0,T; L3(Q)) be the solution

to
opk opk opk
% + div(p*u®) = Ap* in (0,T) x Q, a—py =0o0n 0Q, pf0,z)=p)(x) inQ, %’89 =0. (3.6)
uF — u strongly in C([0,T];D(Q)), x% is bounded in L>®((0,T) x R3) satisfying
k
a;‘—ts + div(PEuFXE) = 0 in (0,7) x R®,  xK|;=0 = 1s, in R®, (3.7)
and let {p*x%} be a bounded sequence in L°°((0,T) x R3) satisfying
0 . . .
(P*X5) + div(P&u* (p"x5)) = 0in (0,T) x R, p*XEli=o = pg Ls, in R?, (3.8)

ot
where PE : L2(Q) — L%(S*(t)) is the orthogonal projection to rigid fields with S¥(t) € Q being a bounded, regular
domain for all t € [0,T]. Then

xf% — xs weakly-x in L*((0,T) x ]R?’) and strongly in C([0,T]; LY (RS)), V1<p<oo,

loc
PPXE — pxs weakly-* in L=((0,T) x R®) and strongly in C([0,T]; L}, (R?*)), ¥V 1 < p < oo,
where xs and pxs are satisfying (3.1) and (3.4) with initial data 1s, and pi1s,, respectively. Moreover,
PEu* — Psu strongly in C([0,T]; C22.(R?)),
NEs = s strongly in C*([0, T Cix.(R?)).
Proof. As {u*} converges strongly in C([0,7]; D(Q2)) and {p*x%} is bounded in L>((0,T) x R3), we obtain that PEu”
is bounded in L?(0,7;R). Thus, up to a subsequence,

PEuF — w5 weakly in L*(0,T;R). (3.9)
Here, obviously PEuf € L1(0,T; L2, (R?)), div(PEu*) = 0 and ug € L*(0,T; I/Vlloc1 (R?)) satisfies
Uus

—2 ¢ LY(0,T; L' (R?)).
D € DO T RY)
Moreover, {x%} is bounded in L*°((0,T) x R?), x% satisfies (3.7) and {p™ x%} is bounded in L>°((0,T) x R?), p*xk
satisfies (3.8). As we have verified all the required conditions, we can apply [6, Theorem I1.4, Page 521] to obtain

X% converges weakly- x in L>((0,T) x R?), strongly in C([0,T]; L? (R?)) (1 < p < 0),

loc

p"x% converges weakly- x in L>((0,T) x R?), strongly in C([0,T]; L? (R?)) (1 < p < c0).

loc

Let the limit of x% be denoted by xs, it satisfies

0
% +div(Tg xs) =01in (0,7) x R, xs|i=0 = 1s, in R3.
Let the weak limit of pkxg be denoted by pxs; it satisfies
9(pxs)

5+ div(us pxs) = 0in (0,7) x R?, pxXsli=o = pi'1s, in R®.

We follow the similar analysis as for the fluid case explained in [30, Section 7.8.1, Page 362] to conclude that
4
p* — pstrongly in LP((0,T) x Q), Y1<p< §ﬁ with S > max{8,v}, v > 3/2.
The strong convergences of p* and x% help us to identify the limit:

PXS = PXS-

Using the convergences of pkxg and u* in the equation

Phut(ta) = iy [ ke + (097 [ bl = mH0) x u) dy | x (o~ 50,
Q Q
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and the convergence in (3.9), we conclude that
us = Psu.

The convergence of the isometric propagator n,ﬁ  follows from the convergence of Pguk and equation (3.3). O

We need the next result on weak sequential continuity to analyze the limiting system of Faedo-Galerkin as N — oo
in Section 4.2. The proof is similar to that of Proposition 3.2 and we skip it here.

Proposition 3.3. Let us assume that p)Y € WH2°(Q) with plY — pg in WE>2(Q), pV satisfies (3.6) and
4
pN = p strongly in LP((0,T) x Q), 1< p < 55 with [ > max{8,~v}, v > 3/2.

Let {u™,xY} be a bounded sequence in L>=(0,T; L?(2)) x L>=((0,T) x R?) satisfying (3.7). Let {pNxY} be a bounded
sequence in L>=((0,T) x R3) satisfying (3.8). Then, up to a subsequence, we have

uN — u weakly- x in L>=(0,T; L*()),

X5 — xs weakly-* in L=((0,T) x R®) and strongly in C([0,T]; LY, (R?)), ¥ 1 < p < oo,

oM XY = pxs weakly-+ in L°((0,T) x R®) and strongly in C([0,T]; LF (R3)), V 1< p < oo,

loc

where xs and pxs satisfying (3.1) and (3.4), respectively. Moreover,
PYu™N — Psu weakly-+ in L>=(0,T; C2,(R3)),
nt]YS — My,s weakly-x in W1’°°((0,T)2; Cﬁj’c(IRB)).

At the level of the Galerkin approximation, we have boundedness of \/pNu in L>°(0,T; L?(R2)) and pV is strictly
positive, which means that we get the boundedness of u¥ in L>°(0,T; L?(Q2)). So, we can use Proposition 3.3 in
the convergence analysis of the Galerkin scheme. In the case of the e-level for the compressible fluid, we have
boundedness of v/pu® in L>(0,T; L*(Q)) but p° is only non-negative. On the other hand, we establish boundedness
of u¢ in L2(0,T; H*(£2)). We need the following result for the convergence analysis of the vanishing viscosity limit in
Section 4.3.

Proposition 3.4. Let p5 € W1°(Q) with p§ — po in LP(Q), p° satisfies

op° op° ap§
8pt +div(p°u®) = Ap® in (0,T) x Q, a—py =0on 09, p°(0,z)=pg(z) in Q, %L’m =0.,
and
p° — p weakly in LPT1((0,T) x Q), with B > max{8,~}, v > 3/2. (3.10)
Let {u®, x5} be a bounded sequence in L*(0,T; H'(Q)) x L>=((0,T) x R?) satisfying
a £
gts +div(PEux5) = 0 in (0,T) x R®,  xS|eo = Ls, in R?, (3.11)
and let {p°x5} be a bounded sequence in L>=((0,T) x R?) satisfying
0
(p°x5) + div(P5u(p°x5)) = 0 in (0,T) x R®,  p*X5le=0 = pfls, in R, (3.12)

ot
where P§ : L?(2) — L?(8°(t)) is the orthogonal projection onto rigid fields with S¢(t) € Q being a bounded, regular
domain for all t € [0,T). Then up to a subsequence, we have
u® — u weakly in L*(0,T; H'(Q)),
X5 — Xs weakly-+ in L°°((0,T) x R®) and strongly in C([0,T); L}, (R*)) (1 < p < 00),
X5 — pxs weakly-+ in L°((0,T) x R®) and strongly in C([0,T]; L} (R?)) (1 < p < o),

loc

with xs and pxs satisfying (3.1) and (3.4) respectively. Moreover,
Piu® — Psu weakly in L*(0,T;C:2(R?)),
Ng.s = Nt,s weakly in Hl((O,T)2; Cﬁfc(R?’)).
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Proof. As {uf} is a bounded sequence in L?(0,T; H'(£2)) and {p°x5} is bounded in L>((0,7) x R?), we obtain that
{P5uc} is bounded in L?(0,T;R). Thus, up to a subsequence,

Piuf — Tg weakly in L?(0,T;R). (3.13)
Here, obviously Pgu® € L'(0,T; L2, (R?)), div(Pgu®) = 0 and g € L*(0,T; W) ! (R?)) satisfies

loc
us 1 13
—— e L(0,T; L (R?)).
1+ || ( (R))

Moreover, {x%} is bounded in L>°((0,T") x R?), x% satisfies (3.11) and {p°x%} is bounded in L>((0,T) x R3), p°x%
satisfies (3.12). As we have verified all the required conditions, we can apply [6, Theorem I1.4, Page 521] to obtain

X5 converges weakly- x in L>((0,T) x R?), strongly in C([0,T]; L? (R?)) (1 < p < 0),

loc

p°X5 converges weakly- x in L>°((0,T) x R?), strongly in C([0,T]; L? (R*)) (1 < p < o).

loc

Let the limit of x§ be denoted by xs; it satisfies

0] . . .
% +div(us xs) =0in R®,  ys|i=o = 1s, in R®.
Let the limit of p*x% be denoted by pxs; it satisfies
d(pxs)
ot

The weak convergence of p° and strong convergence of x5 help us to identify the limit:

+ div(us pxs) =01in (0,T) x R3, PXS|t=0 = pols, in R3.

PXS = PXS-

Using the convergences of p°x5 and u° in the equation

Pour(t) = - [ oisut+ | 097 [ sl = 1) x ) dy | x (o= 1E(0),
Q Q
and the convergence in (3.13), we conclude that
us = Psu.
The convergence of the isometric propagators 7; ; follows from the convergence of PSu® and equation (3.3). ]

In the limit of u°, we can expect the boundedness of the limit only in L?(0,T; L?(R2)) but not in L2(0,T; H*()).
That is why we need a different sequential continuity result, which we use in Section 5.

Proposition 3.5. Let p§ € LA (Q) with p§ — po in L7(2), let p° satisfy

5
% +div(p®u®) =0 in (0,T) x Q, p°(0,z) = pj(z) in €,
and
2
p° = p weakly in LVT9((0,T) x Q), with v > 3/2, 6 = 37~ 1. (3.14)

Let {u®,x%} be a bounded sequence in L?(0,T; L2(2)) x L*((0,T) x R3) satisfying

Ive
% +div(P3u’x%) = 0 in (0,T) x R®,  x%|i—0 = 1s, in R®, (3.15)

and let {p°x%} be a bounded sequence in L>=((0,T) x R3) satisfying

0 . . : .
57 (P°X8) + div(Psu’ (0°x§)) = 0.in (0,T) x B®, px§li=0 = pLs, in R, (3.16)
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where PS . L?(Q) — L%(S°(t)) is the orthogonal projection onto rigid fields with S°(t) € Q being a bounded, regular
domain for all t € [0,T]. Then, up to a subsequence, we have

u’ — w weakly in L*(0,T; L*(Q)),
X% — Xs weakly-* in L=((0,T) x R®) and strongly in C([0,T]; LY. (R?)) (1 < p < o),
P°x% = pxs weakly-+ in L=((0,T) x R3) and strongly in C(]0,T7; L? (R?) (1< p< o),
with xs and pxs satisfying (3.1) and (3.4) respectively. Moreover,
P3u’ — Psu weakly in L*(0,T;C2(R?)),
s = s weakly in H'((0,T)? Cis.(R?)).

Proof. As {u°} is a bounded sequence in L2(0,T; L%(2)) and {p°x%} is bounded in L>=((0,7) x R?), we obtain that
{P2u®} is bounded in L?(0,T;R). Thus, up to a subsequence,

P3u’ — g weakly in L*(0,T;R). (3.17)
Here, obviously Piu® € L'(0,T; L2, (R?)), div(Pdu’) = 0 and wg € L'(0, T; WL (R?)) satisfies
us

Er ‘eLl(OTL (R3)).

Moreover, {x%} is bounded in L>=((0,T) x R3), x% satisfies (3.15) and {p°x%} is bounded in L>((0,T) x R?), p°x%
satisfies (3.16). Now we can apply [6, Theorem 11.4, Page 521] to obtain

X% converges weakly- * in L>((0,T) x R?), and strongly in C([0,T]; L}, (R?)) (1 < p < ),

p°x% converges weakly- * in L>°((0,T) x R®) and strongly in C([0,77; L}, (R?)) (1 < p < o0).
Let the weak limit of Xsz be denoted by xs. Then it satisfies
oxs
gt +div(as xs) = 01in (0,7) x R3,  xsli—o = Ls, in R3,
Let the limit of p‘sxg be denoted by pxgs; it satisfies
9(pxs)

5 T div(us pxs) =0 in (0,7) x R®,  pxs|i=o0 = pols, in R>.

From (3.14), we know that
2
p° = p weakly in LY10((0,T) x Q), with v > 3/2, 0 = 37~ 1.
The weak convergence of p° to p and strong convergence of X55 to xs help us to identify the limit:

PXS = PXS>

Using the convergences of p‘s)(‘fg and u° in the equation

Pout(t) = s [ 0@+ | 07 [ Pl = W) x u) dy | x (o~ (),

Q Q
and the convergence in (3.17), we conclude that
us = Psu.
The convergence of the isometric propagator 77t  follows from the convergence of Pgu and equation (3.3). |

4. EXISTENCE PROOFS OF APPROXIMATE SOLUTIONS

In this section, we present the proofs of the existence results of the three approximation levels. We start with the
N-level approximation in Section 4.1 and the limit as N — oo in Section 4.2, which yields existence at the e-level.
The convergence of ¢ — 0, considered in Section 4.3, then shows existence of solutions at the d-level. The final limit
problem as § — 0 is the topic of Section 5.
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4.1. Existence of the Faedo-Galerkin approximation. In this subsection, we construct a solution (S, p™¥, u™)

to the problem (2.28)—(2.33). First we recall a known maximal regularity result for the parabolic problem (2.29):

Proposition 4.1. [30, Proposition 7.39, Page 345] Suppose that  is a reqular bounded domain and assume py €
Whe(Q), p < po < P, u € L0, T; Wh(Q)). Then the parabolic problem (2.29) admits a unique solution in the
solution space

p € L2(0,T; H*(Q) N C([0,T); H'(Q)) N H'(0, T L*(92))

and it satisfies
pexp —/ | divu(s)|pe (o) ds | < p(r,7) < pexp /HdiVU(S)HLoc(Q) ds (4.1)

for any 7 € [0,T].

Proof of Proposition 2.6. The idea is to view our Galerkin approximation as a fixed point problem and then apply
Schauder’s fixed point theorem to it. We set

Brr ={u e C([0,T]; Xn), l[ullze=o,1:r2(0) < R},

for R and T positive which will be fixed in Step 3.
Step 1: Continuity equation and transport of the body. Given v € B 7, let p be the solution to

% +div(pu) =eApin (0,T) x Q, % =0on 9Q, p(0)=p), 0<p<p) <P (4.2)
and let xs satisfy
agts + Psu-Vxs =0, xsli=o =1s,, (4.3)
and
o (oxs) + Psu Voxs) =0, (pxs)eco = ol 1, (1.0

ot
where Psu € R and it is given by (3.2).
Since pY € Wh*°(Q), u € Brr in (4.2), we can apply Proposition 4.1 to conclude that p > 0 and

p € L*(0,T; H*(Q)) N C([0,T); H*(Q)) N H' (0, T; L*()).
Moreover, by Proposition 3.1 we obtain
xs € L*=((0,T) x Q) nC([0,T]; LP(R)), V1 < p < o0,
pxs € L=((0,T) x Q)N C([0,T]; LP(2)), V1 < p < o0.
Consequently, we define
p=(1—=xs)ur +0°xs, A= (1—xs)A\r +6%xs so that p >0, 21+ 3\ >0,
9= (1—-xs)9r +xs9s, plp)=ap” +8p° with a=ar(l-xs).

Step 2: Momentum equation. Given u € B 7, let us consider the following equation satisfied by @ : [0,T] — X

_/T/p(g/(t).ejJr(u Ve,) - +/T/ 2ng)( ) : D(e;) + Adival : D(e;) — (P)HiD(ej))
0O 0

T T T

+//5Vejvp-ﬂ+a//u><y ej><1/)+oz/ / [(w — Psu) x v] - [(ej — Psej) x v]
0

0 Q o0 0 98N (t)

T T
//Xs(ﬂ—Psﬂ) — Pse;) Z//pg €,
0 Q 0

oﬂ»—‘
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where p, xs are defined as in Step 1. We can write

N N
~S gl @0) =l =3 / wo e | e
i=1 i=1
Thus, we can identify the function ¥ with its coefficients {g;} which satisfy the ordinary differential equation,

N N
Zai,jgé(t) +Zbi,jgi(t) = f;(t), g:i(0) = /Ué\’-ei, (4.6)

Q

where a; j, b; ; and f; are given by

o)\»—*

—&—a/T[/(eixu)(ejxu)—i—a//[(ei—Psei)xu}-[( — Pse;) x V]

T
O/Z/Xs — Pse;) - (ej — Psej),

Observe that the positive lower bound of p in Proposition 4.1 guarantees the invertibility of the matrix (a; ;(t))i<i j<n-
We use the regularity of p (Proposition 4.1), of xs and of the propagator associated to Psu (Proposition 3.1) to conclude
the continuity of (a; ;(t))i1<ij<n, (0i;(t))1<ij<n, (fi(t))1<icn. The existence and uniqueness theorem for ordinary
differential equations gives that system (4.6) has a unique solution defined on [0,7] and therefore equation (4.5) has
a unique solution

e C([0,T]; Xn).

Step 3: Well-definedness of NV. Let us define a map

N BR,T — C([O,T],XN)
U U,

where u satisfies (4.5). Since we know the existence of u € C([0,7]; Xn) to the problem (4.5), we have that N is
well-defined from Bpg r to C([0,T]; Xn). Now we establish the fact that N” maps Bg r to itself for suitable R and 7.
We fix

1
0<o< §dist(80,89).
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Given u € Bg,, we want to estimate ||u| ;o (o,7;2(0))- We have the following identities via a simple integration by

parts:
¢ . ¢
[ [ota=- 5// @l + 5 (o))~ 5poluol® (7)
00 0
T T
1
//p(u-V)ﬂ u=- 5//d1v pu)|u)?, (4.8)
0 Q 0
Y — 71 ___7 v—1 2 11/7_7/’Y1A
/V(p) /V - pu — [ P div(pey) Tqa ) T 1) P
¢ 1 & 1 4 @ (4.9)
— 2 v —2 2> —
s [ [ower s 4 ]
0 Q
Similarly,
1 d
[v0h =g [0 res [ 02w (4.10)
Q Q Q

We multiply equation (4.5) by g;, add these equations for j = 1,2,...,N, use the relations (4.7)-(4.10) and the
continuity equation (4.2) to obtain the following energy estimate:

T
1
/<fp|u|2+7_1p7+7p +// 2u|D(u |2+)\|d1vu\ +5eﬂ// - 2|Vp|2+oz//|u><z/|2
0

0 900

T

va [ [ 1@ psi o+ /T/XSu—PSm //pg u+/(2 s+ = b +/3‘51<p{¥>5>
0 0

88 (t)
— 1 2 € ~112 1 pN 4 N\3
< /T ?gHgHLoo(o,T;m(Q)) + §|\\/5U||Loo(o,T;L2(Q)) + 2P Lypo>0 + l(Po )+ ﬁ(ﬂo )7l (4.11)
Q

An appropriate choice of € in (4.11) gives us

4P T2

4
||UHL°°(0 Ti02(Q) S ”gH%N(O,T;L?(Q)) + ;E(J)Vy

where p and p are the upper and lower bounds of p. In order to get ||u||z(0,7;r2(0)) < R, we need

4p 4
R® > 7T2”9”%°°(0,T;L2(Q)) +-Ey. (4.12)
P P
We also need to verify that for T' small enough and for any v € Bg r,
inf dist(S(t),00) = 20 > 0 (4.13)
u€EBR,T

holds. We follow [16, Proposition 4.6, Step 2] and write S(t) = 1:,0(Sp) with the isometric propagator 7, s associated
to the rigid field Psu = h/(t) +w(t) X (y — h(t)). Then, proving (4.13) is equivalent to establishing the following bound:

dist(Sy, 00) — 20
sup [Omeo(t,y)| < ( OT ) ,
t€[0,7)

S [O,T}, Yy € So. (414)

We have
|0ume,0(t, y)| = [Psu(t, meo(t, y))| < [B' ()] + lw(t)|ly — h(t)].
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Furthermore, if p is the upper bound of p, then for v € Bg 1

WP + IOwt)-wlt) = [ plPsutt.)? < [ plute. )P <pR? (1.15)
S(t) Q
for any R and t € (0,T). As J(t) is congruent to J(0), they have the same eigenvalues and we have
Xolw(®)? < J(t)w(t) - w(t),
where A is the smallest eigenvalue of J(0). Observe that for ¢t € [0,7T], y € So,
W ()] + @)y — ()] < V(R0 + @)l — AP < VEmas{1, ly — hOIHIR O + w(t) 2)17?

<Co (I (OF + I -w(®) ",

where Cy = \EW Thus, with the help of (4.15)—(4.16) and the relation of R in (4.12), we can conclude

(4.16)

that any

dist(Sp, 002) — 20
Colp 22T 91w o ooy + 2B T2
satisfies the relation (4.13). Thus, we choose T satisfying (4.17) and fix it. Then we choose R as in (4.12) to conclude
that N maps Bg 1 to itself.

Step 4: Continuity of V. We show that if a sequence {u*} C Bgr is such that u*¥ — w in Bgr, then N (u¥) —
N(u) in Brr. As span(e, e, ...,en) is a finite dimensional subspace of D(Q), we have u* — u in C([0, T]; D(Q)).
Given {u*} C Bgr, we have that p¥ € L2(0,T; H?(2)) N C([0,T); H*(Q)) N H(0,T; L*(2)) is the solution to (4.2),
x% is bounded in L>=((0,T) x R3) satisfying (4.3) and {p*x%} is a bounded sequence in L°>°((0,7) x R3) satisfying
(4.4). We apply Proposition 3.2 to obtain

Y% — xs weakly- x in L>((0,T) x R®) and strongly in C([0,T]); L}, .(R?)), V1< p < oo,
PEuF — Psu strongly in C([0, T]; C2.(R?)),
nis — 1), Strongly in C’l([O,T]Q;Cﬁf’C(Rg’)).

T < (4.17)

We use the continuity argument as in Step 2 to conclude
aﬁj — Qj 5, b;c,j — biﬂ', f]k — fj strongly in C([O,T]),

and so we obtain
N(u) =a* — % = N(u) strongly in C([0,T]; Xy).

-

@
Il
-

Step 5: Compactness of N. If 4(t) = 3 gi(t)e;, we can view (4.6) as

A)G'(t) + B(t)G(t) = F(t),
bij(t)i<ij<n, F(t) = (filt)icicn, Gt) = (9i(t))1<i<n. We deduce
lg; ()] < RIAT (0)||B®)| + A~ (@)||F(t)].

—~

where A(t) = (a;,;(¢))1<ij<n, B(t)

Thus, we have
sup_(lgi(6)] + lgi(1)]) < C.
t€[0,T]
This also implies

sup |V (w)]| o jo,17:x ) < C-
uEBR, T

The C([0,T]; X n)-boundedness of A'(u) allows us to apply the Arzela-Ascoli theorem to obtain compactness of A in
BR7T.

Now we are in a position to apply Schauder’s fixed point theorem to A to conclude the existence of a fixed point
uN € Brr. Then we define pV satisfying the continuity equation (2.29) on (0,7) x Q, and x5 = Lgn is the
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corresponding solution to the transport equation (2.31) on (0,7) x R3. It only remains to justify the momentum
equation (2.30). We multiply equation (4.5) by ¢ € D([0,T)) to obtain:

T T T
7//pN<(uN)'(t) (e + (@ -V (@(D)ey) - u) +//6V(1/J(t)ej)VpN ~uN+oz//(UN xv) - ($(t)ej x v)
0 Q 0 Q

0 90

+ // (QMN]D(UN) :D(p(t)e;) + AN divuNT: D(p(t)e;) — p™ (pN )L ID)(z/J(t)ej)>
0 Q

We have the following identities via integration by parts:

T T T
/PN(UN)'(t) “Y(t)e; = —/(PN)'UN “Y(t)e; — /PNUN P (t)ej — (pNu - e )(0), (4.19)
0 0 0
[ V@) o = [divie )@ o) - o8 9 v (4.20)
Q 9) Q
Thus we can use the relations (4.19)—(4.20) and continuity equation (2.29) in the identity (4.18) to obtain equation
(2.30) for all ¢ € D([0,T); Xn)- O

4.2. Convergence of the Faedo-Galerkin scheme and the limiting system. In Proposition 2.6, we have already
constructed a solution (SV,p™,u™V) to the problem (2.28)-(2.33). In this section, we establish Proposition 2.4 by
passing to the limit in (2.28)—(2.33) as N — 0o to recover the solution of (2.16)—(2.21), i.e. of the e-level approximation.

Proof of Proposition 2.4. If we multiply (2.30) by uV, then as in (4.11), we derive

T T T
BV M+ [ [ (2N XV div ) 625 [ [V [ o
0 Q 0 Q 0 90
T T T
va [ [l - ruyxop s [ SN - pap < [ [N v B )
0 38N () 0 Q 0 Q

where
BV ") = [ (oM + (o) + (o))
’ 2 ~—1 51 :
)
Following the idea of the footnote in [30, Page 368], the initial data (p{’,u(’) is constructed in such a way that

o= p5 in Who(Q),  pud — ¢f in L*(Q)

and

L Ny Nj2 a oy g N 1 g5 a 0 <
/ <2Po lug "L 50y + ﬁ(ﬂo )7+ ﬁ(ﬂo ) = 575]1{96>0} + - 1(Po)7 + ﬁ(ﬂo)ﬁ as N — oo.
o) )

(4.22)
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Precisely, we approximate g§ by a sequence ¢}’ satisfying (2.37) and such that (4.22) is valid. It is sufficient to take
uy = PN(;Z)—%), where by Py we denote the orthogonal projection of L?(2) onto X. Proposition 2.6 is valid with
these new initial data. Therefore we can apply the arguments which we will explain below to get Proposition 2.4.

The construction of p»¥ and (4.1) imply that p¥ > 0. Thus the energy estimate (4.21) yields that up to a subsequence

(1) uN — u® weakly-x in L>(0,T; L%()) and weakly in L2(0,T; H(Q)),

(2) pV = p® weakly-x in L>(0,T; L?(Q)),

(3) VpN — Vp® weakly in L2((0,T) x ).
We follow the similar analysis as for the fluid case explained in [30, Section 7.8.1, Page 362] to conclude that
o pV — p°in C([O,T];Lf}eak(Q)) and p™V — p° strongly in LP((0,T) x ),V 1 < p < 35,

o pNulN — pFuf weakly in L2(0,T; L;Tﬁﬁ) and weakly-* in L>°(0, T} Lﬁ%).

We also know that x% is a bounded sequence in L>((0,7') x R?) satisfying (2.31) and {p™¥x¥ } is a bounded sequence
in L>((0,T) x R3) satisfying (2.32). We use Proposition 3.3 to conclude

XY — x5 weakly- x in L>°((0,7) x R?) and strongly in C([0,T]; LY. (R?)), V1 < p < oo, (4.23)

loc
with x% satisfying (2.19) along with (2.16). Thus, we have recovered the transport equation for the body (2.19). From
(4.23) and the definitions of gV and ¢° in (2.34) and (2.22), it follows that

gV — ¢ weakly- * in L°°((0,7) x R®) and strongly in C([0,T];L? (R*))V 1< p < oo. (4.24)

loc

These convergence results make it possible to pass to the limit N — oo in (2.29) to achieve (2.17). Now we concentrate
on the limit of the momentum equation (2.30). The four most difficult terms are:

AN(t,ep) = / [(uN — PYu™) x v] - [(ex — PYer) xv], BN(t,ex) = /pNuN @ul : Vey,
OSSN (t) Q

CN(t,er) = /EVUNVpN cex, DN(tyep) = /(pN)B]I :D(eg), 1<k<N.
Q Q

To analyze the term AN (t,e;), we do a change of variables to rewrite it in a fixed domain and use the convergence
results from Proposition 3.2 for the projection and the isometric propagator:

PYu™N — P5uf weakly- * in L™ (0, T; Ci2.(R?)),
s = 1, weakly-* in WH((0,7)% Ci(R?)).

We follow a similar analysis as in [16, Page 2047-2048] to conclude that A converges weakly in L'(0,T) to

Alt,er) = / [(u® — Psu®) x v] - [(ex — Psex) X V).
88 (t)
We proceed as explained in the fluid case [30, Section 7.8.2, Page 363-365] to analyze the limiting process for the other
terms BN (t,er), CN(t,er), DN (t,ex). The limit of BN (¢,e) follows from the fact [30, Equation (7.8.22), Page 364]
that
pNulV @ uN — pTuf @ uf weakly in L?(0,T; L%(Q)). (4.25)
To get the limit of CN (¢, ey), we use [30, Equation (7.8.26), Page 365]:

58—3

eVuNVpl — eVutVp® weakly in L2(0,T;L % (Q)),
and the limit of DV (¢, e) is obtained by using [30, Equation (7.8.8), Page 362]:

4
PN = pf strongly in LP(0,T;Q), 1<p< 55' (4.26)
Thus, using the above convergence results for BV, CN, DV and the fact that

UXN is dense in {v € W'P(Q) | v-v =0 on dQ} for any p € [1,00),
N
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we conclude the following weak convergences in L(0,T):

N(t, ™) = B(t, ¢°) = /p%f ®uc : V£,
Q

CN(t, o) = C(t,¢°) = /EVuEVpE - ¢F,

Q

DN (t,¢"N) = D(t, ¢°) = /(pE)BH : D(°).
Q
Thus we have achieved (2.17) as a limit of equation (2.30) as N — oco. Hence, we have established the existence of a
solution (8¢, p,u®) to system (2.16)—(2.21). Now we establish energy inequality (2.26) and estimates independent of
e:
e Notice that the solution (p™V,u") of the Galerkin scheme satisfies (4.21) uniformly in N. The convergence of
pN|ulV]? in (4.25) and pV in (4.26) ensures that, up to the extraction of a subsequence,

[ G+ 2™+ ) = [ (G S 500 as N o
2 v-1 B—1 2 v—1 B—1
Q Q

e Due to the weak lower semicontinuity of convex functionals, the weak convergence of v in L?(0,T; H*(%)),
the strong convergence of x& in C([0,7]; LP(£2)) and the strong convergence of P& in C([0,T]; Ci2.(R?)), we

obtain
T T
//(2,u5|D(u5)|2+)\5|divu5|2) <I}H&f//(ZMN|]D>(uN)|2+)\N|diqu|2>, (4.27)
0 Q 0 Q
T T
//st\us — Pluf)? < lﬂiglof//xéijv — Psul)?. (4.28)
0 Q 0 Q

e Using the fact that Vp» — Vp strongly in L2((0,7T) x Q) (by [30, Equation (7.8.25), Page 365]), strong
convergence of pYV in (4.26) and Fatou’s lemma, we have
T T
[ [y <t [ [(2295. (4.29)
00 00

e For passing to the limit in the boundary terms, we follow the idea of [16]. Define the extended velocities UV,
U fgv to whole R3 associated with u”, Psu!¥ respectively. According to [16, Lemma A.2], we have the weak
convergences of UN, UY to U¢, Ug in L?(0,T; H. .(R?)). These facts along with the lower semicontinuity of
the L?-norm yield

/T/Kupuwz //\ R

0 08=(1) 0 98

hmlnf/ / (UN —UY) x v|? hmlnf/ / |(uN — Psu®™) x v|?. (4.30)

0 88, 0 asN (1)

Similar arguments also help us to obtain

T T
|uf x v|? < liminf [u™ x v|% (4.31)
N—o0

0 o0 0 o0
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e Regarding the term on the right hand side of (4.21), the weak convergence of u”¥ in L2(0,T; H'(12)), the strong
convergence of p”¥ in (4.26) and the strong convergence of g in (4.24) yield

T T
//,oNgN-uN—>//psg€-uE7 as N — oo. (4.32)
0 Q 0 Q

Thus, we have established energy inequality (2.26):

T
Bl ] // 20 D)+ | divr?) + 05 [ [ (572w
0 Q
T

T T T
1
—|—a//|u5 ><1/|2—|—a/ / |(u® — P&u®) XV|2+5//X§|uE—P§uE|2 <//psgs-u€+E§, (4.33)
0 00 0 0S¢ (t) 00 0O
where P2 5
1|q¢° a®
Ee e £ — - €\Y c\B .
o= [ (5254 507+ 520
Q

We obtain as in [30, Equation (7.8.14), Page 363]:
8up®, Apf € L™ ((0,T) x ).

Regarding the /£||Vp®||12((0,1)x0) estimate in (2.27), we have to multiply (2.17) by p® and integrate by parts to
obtain

T

1

§/|p5(t)|2+5//|vp8( /| 0‘2_7//“, |2 divu® < /|p0|2+f||‘p ||L°° (0.7:L4()) ||d1vu 20,7502 ()
Q 0 Q

Now, the pressure estimates ||p®||Ls+1((0,1)x0) and [|p%[|zr+1(0,1)xq) in (2.27) can be derived by means of the test
function ¢(t, z) = Y (¢)®(t, ) with ®(¢,z) = B[p® — m] in (2.18), where

$eDO,T), = mrl/pa
Q

and B is the Bogovskii operator related to Q (for details about B, see [30, Section 3.3, Page 165]). After taking this
special test function and integrating by parts, we obtain

T

O/ngz/(as(ﬂsﬁ p —/ / ) +6(p +/2w/ D(‘I’)“‘O/TIPQ/)\Epsdivus

0

m/Tw/ A® divu® —|—/1/J/€Vu5Vp ‘I>+a/Tz/J/ [(u® — Psu®) x V] - [(® — P5®) x v]
0 0

Q 0o 8S= (t)
T

6/T /X W — Piu )(¢—P§q>)+/w/pfg€-q>. (4.34)
0

0 Q

—

We see that all the terms can be estimated as in [30, Section 7.8.4, Pages 366-368] except the penalization term. Using
Holder’s inequality and bounds from energy estimate (2.26), the penalization term can be dealt with in the following
way

T T 1/2

/ ¥ / X (uf — Psuf) - (@ — P5®) < [¥lcpony / / Wl = Psud)P | 1@ e omxey < Cléleo,  (4.35)
0 Q

0 Q
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where in the last inequality we have used [|®[[z2(q) < c[|p®[|z2(q) and the energy inequality (2.26). Thus, we have an

improved regularity of the density and we have established the required estimates of (2.27).

The only remaining thing is to check the following fact: there exists T' small enough such that if dist(Sy, 92) > 20,

then
dist(S%(t),00) 2 20 >0 Vte[0,T].

It is equivalent to establishing the following bound:

dist(Sy, 9Q) — 20
sup [0 o(t,y)| < (%o T ) ,
t€[0,T

We show as in Step 3 of the proof of Proposition 2.6 that (see (4.13)—(4.16)):

yGSO.

1/2

|0z o (&, y)| < [(B)'(B)] + [w (B)|ly — A ()] < Co /fflvf(t)l2 ;
Q

where Cy = ﬁ% Moreover, the energy estimate (4.33) yields

Dt ) [ (um etan) < [ oo e < g g (1) g
dt ’ = = ’ 2v1 \ 2y
Q Q
with vy =1 — %, which implies
B[, ¢°] < €7 E§ + CTIg 122 o 1y xon
Thus, with the help of (4.37) and (4.38)—(4.39), we can conclude that for any T satisfying

- dist(Sy, 9Q) — 20

T e n v
Co [e Eg +CT||g€||L°°((07T)XQ)}

the relation (4.36) holds. This completes the proof of Proposition 2.4.

2y )
L7-1(Q)

(4.36)

(4.37)

(4.38)

(4.39)

O

4.3. Vanishing dissipation in the continuity equation and the limiting system. In this section, we prove
Proposition 2.2 by taking e — 0 in the system (2.16)—(2.21). In order to do so, we have to deal with the problem of
identifying the pressure corresponding to the limiting density. First of all, following the idea of the footnote in [30,

Page 381], the initial data (p§, ¢5) is constructed in such a way that
p5 >0, pheWI(Q), pf o phin LA(Q), g5 — qf in L7 (Q)

and

Q

/ B g oy~ (067 + = (45)? —>/ Gy oy + = () + () ) as e 0

More precisely, let (p3,q3) satisfy (2.11)—(2.12); then, following [30, Section 7.10.7, Page 392], we can find p§ €

Whee(Q), p§ > 0 by defining
pg = ICE(pg) + g,
where /C. is the standard regularizing operator in the space variable. Then our initial density satisfies

p§ — pd strongly in L?(Q).

5 /Pg e 8
qSZ{qO ?g lfp0>07

0 if p§ = 0.

We define

From (2.12), we know that
fd
Po

€ L*(Q).
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Due to a density argument, there exists h° € W1>°(Q) such that

4% c
_—h

Po

< E.
L2()

Now, we set g5 = h®y/pj, which implies that
]
@5 — 4} in L7 (9),
and

E; — EY.

Proof of Proposition 2.2. The estimates (2.26) and (2.27) help us to conclude that, up to an extraction of a subse-
quence, we have

uf — u® weakly in L2(0,T; H*(2)), (4.40)
p° — p® weakly in LPHL((0,T) x Q), weakly-* in L>(0,T; LP(2)), (4.41)
(p°)Y — (p°)7 weakly in L5 ((0,T) x Q), (4.42)
(%) — (p°)P weakly in L7 ((0,T) x Q), (4.43)
eVp°® — 0 strongly in L%((0,T) x Q) (4.44)

as ¢ — 0. Below, we denote by (p5,u5, (p2)7, (p5)f8) also the extended version of the corresponding quantities in
(0,T) x R3.

Step 1: Limit of the transport equation. We obtain from Proposition 2.4 that p® satisfies (2.17), {u®, x5} is a
bounded sequence in L2(0,T; H'(Q)) x L>=((0,7) x R?) satisfying (2.19) and {p°x%} is a bounded sequence in
L*((0,T) x R3) satisfying (2.20). Thus, we can use Proposition 3.4 to conclude that up to a subsequence:

X5 — X% weakly- x in L°((0,T) x R®) and strongly in C([0,T]; L? (R?®)) (1< p < o), (4.45)

loc

p°X5 — p°x% weakly-* in L°°((0,T) x R®) and strongly in C([0,T]; L? (R?)) (1< p < o), (4.46)

loc
with x& and p°x% satisfying (2.4) and (2.5) respectively. Moreover,
Piu — Piu’ weakly in L?(0,T; C:2(R?)). (4.47)
Hence, we have recovered the regularity of x% in (2.1) and the transport equations (2.4) and (2.5) as & — 0.

Step 2: Limit of the continuity and the momentum equation. We follow the ideas of [30, Auxiliary lemma 7.49] to
conclude: if p?,u’, (p°)7, (p?)# are defined by (4.40)(4.43), we have

o (p°,u’) satisfies:

4
%it +div(p’u®) = 0 in D'([0,T) x R3). (4.48)
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e Forall ¢ € H'(0,T; L*(Q)) N L7(0,T; W' (Q)), where r = max {B +1, #} B> max{8,7} and 0 = 2y — 1
with ¢ - v = 0 on 99 and ¢|—7 = 0, the following holds:

T T
- ///o‘s (u5 : %wué ®u : v¢) +// (Qu‘S]D)(u‘s) - D(¢) + X° div udl : D(¢) — (a‘s(pé)v + 6@) I: ]D)(gzb))
0 Q i 0 0 i
+a//(u5 X V) (¢xy)+a/ / [(u’ — P2u’) x v] - [(¢ — P2¢) x v]
0 60 0 885 (¢)
5 [ [ —rt) =P = [ [ o970+ [0 o)), (119)
0 Q 0 Q )
e The couple (p°,u?) satisfies the identity
Aeb(p®) + div(b(p®)ud) 4 [V (p°)p° — b(p°)] divu’ = 0 in D'([0,T) x R?), (4.50)

with any b € C([0,00)) N C*((0,00)) satisfying (1.28).
o p° € C(0,T;LP(Q), 1<p< B

We outline the main lines of the proof of the above mentioned result. We prove (4.48) by passing to the limit & — 0 in
equation (2.17) with the help of the convergence of the density in (4.41), (4.44) and the convergence of the momentum
[30, Section 7.9.1, page 370]

p°u® — pPud weakly- * in L>(0,T; LBLEI(Q)), weakly in L*(0,T; LBE%(Q)). (4.51)

We obtain identity (4.49), corresponding to the momentum equation, by passing to the limit in (2.18). To pass to the
limit, we use the convergences of the density and the velocity (4.40)—(4.43) and of the transport part (4.45)—(4.47)
along with the convergence of the product of the density and the velocity (4.51) and the convergence of the following
terms [30, Section 7.9.1, page 371]:

)

wul weakly in L2(0,T; L% (Q)), i,j =1,2,3,

£, Ey,E
pruju; = p ¥

e(Vp® - V)u® — 0 weakly in L%((O,T) x Q).

Since, we have already established the continuity equation (4.48) and the function b € C([0,00)) N C*((0,00)) satis-
fies (1.28), the renormalized continuity equation (4.50) follows from the application of [30, Lemma 6.9, page 307].
Moreover, the regularity of the density p° € C([0,T];LP(R2)), 1 < p < B follows from [30, Lemma 6.15, page
310] via the appropriate choice of the renormalization function b in (4.50) and with the help of the regularities of
p® € L>(0,T; L) (R3)) N C([0,T); Ly (), u® € L*(0,T; H. _(R?)). Hence we have established the continuity equa-
tion (2.2) and the renormalized one (2.15).

Step 3: Limit of the pressure term. In this step, our aim is to identify the term ((p5)7 + 5(,05)5) by showing that

(p%)Y = (p°)7 and (p®)8 = (p?)?. To prove this, we need some compactness of p°, which is not available. However,
the quantity (p°)” + 8(p%)? — (2u + A)p°divu?, called “effective viscous flux”, possesses a convergence property that
helps us to identify the limit of our required quantity. We have the following weak and weak-* convergences from the
boundedness of their corresponding norms [30, Section 7.9.2, page 373]:
pfdivu® — pPdivu® weakly in L?(0, T L%(Q)), (4.52)
(p°)7 Tt = (p%)7+1 weakly- * in [C((0,T) x Q)]/, (4.53)
(p°)PTL = (p9)B+1 weakly- x in [C((0,T) x Q)] (4.54)
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We apply the following result regarding the ”effective viscous flux” from [30, Lemma 7.50, page 373]: Let u®, p?, (p%)7,
(p9)P, (p2)7+1, (p®)A+1, pddivud be defined in (4.40)—(4.43), (4.52)—(4.54). Then we have

(P e LA ((0,1) x Q), ()P € LY((0,T) x ), (4.55)
(pO) 7+ 4 6(p0)B+L — (2 + N)pddivud = (p°)7p° + 6(p°)Bp° — (2u + A)p°dived a.e. in (0,T) x Q. (4.56)

Using the above relation (4.55) and an appropriate choice of the renormalization function in (4.50), we deduce the
strong convergence of the density as in [30, Lemma 7.51, page 375]: Let p°, (p%)7, (p°)8, (p%)7+L, (p?)P+! be defined
n (4.41)—(4.43), (4.52)—(4.53). Then we have

)7 = (%), (0°)f = (p°)? ae. in (0,T) x Q.

In particular,
p° — p° strongly in LP((0,T) x Q), 1 <p < B+ 1. (4.57)

Thus, we have identified the pressure term in equation (4.49). Hence, we have recovered the momentum equation (2.3)
and we have proved the existence of a weak solution (S°, p?, u%) to system (2.1)(2.6). It remains to prove the energy
inequality (2.13) and the improved regularity for the density (2.14).

Step 4: Energy inequality and improved regularity of the density. Due to the convergences

pruiu; — p‘su u5 weakly in L*(0,T; L7 (), 4,j=1,2,3,
p° — p° strongly in LP((0,T) x Q), 1 <p < f+1,

we have

/p5|uE|2 — /p‘s|u5|2 weakly in L?(0,T),

Q
/ ((p°) +6(p°)") — / ((0°) +6(p°)?) weakly in L5 (0,T).
Q Q

In particular,

[+ S+ 5 2009) o [ (0 4 =00+ 521600 s

Due to the weak lower semicontinuity of the corresponding L? norms, the weak convergence of v in L%(0,T; H' (1)),
the strong convergence of p° in LP((0,T) x ), 1 < p < B+ 1, the strong convergence of x5 in C([0,T]; L?(Q2)) and
the strong convergence of Pg in C([0,T]; C;2.(R3)), we follow the idea explained in (4.27)-(4.32) to pass to the limit

as € — 0 in the other terms of inequality (2.26) to establish the energy inequality (2.13).
To establish the regularity (2.14), we use an appropriate test function of the type

Bl 121 [
Q

in the momentum equation (2.3), where B is the Bogovskii operator. The detailed proof is in the lines of [30, Section
7.9.5, pages 376-381] and the extra terms can be treated as we have already explained in (4.34)—(4.35). Moreover, we
follow the same idea as in the proof of Proposition 2.4 (precisely, the calculations in (4.36)—(4.39)) to conclude that
there exists T small enough such that if dist(Sp, 0Q) > 20, then

dist(S°(t),00) =20 >0 Yte[0,T]. (4.58)

This settles the proof of Proposition 2.2. O
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5. PROOF OF THE MAIN RESULT

We have already established the existence of a weak solution (S%, p°,u°) to system (2.1)—(2.6) in Proposition 2.2.
In this section, we study the convergence analysis and the limiting behaviour of the solution as § — 0 and recover a
weak solution to system (1.1)-(1.10), i.e., we show Theorem 1.7.

Proof of Theorem 1.7. Step 0: Initial data. We consider initial data pr,, g7, , ps,, ¢s, satisfying the conditions (1.32)—
(1.34). In this step we present the construction of the approximate initial data (3, ¢) satisfying (2.11)—(2.12) so that,
in the limit § — 0, we can recover the initial data pr, and ¢z, on Fy. We set

po = pry(1 —1s,) + ps,Ls,s

90 = g7, (1 = Ls,) + psyus, Ls,-
Similarly as in [30, Section 7.10.7, Page 392], we can find p} € L?(Q) by defining

P = Ks(po) + 6, (5.1)

where KCs is the standard regularizing operator in the space variable. Then our initial density satisfies

pd — po strongly in LY(Q). (5.2)
We define
_ /pd :
pr 904/ 5, if po > 0, (5.3)
0 if Po = 0.
From (1.33), we know that
|qg| 2
€ L°(Q).

Vi

Due to a density argument, there exists h% € W1H%°(Q) such that

qg _ h§
)

<.
L2(9)

Now, we set qg =hoy/ pg, which implies that
qg — qp in L%(Q)
and

E°[p3, a0) = Elpo. aol.
Next we start with the sequence of approximate solutions p?,u° of the system (2.1)-(2.6) (Proposition 2.2). Since

the energy E°[pf, ¢d] is uniformly bounded with respect to §, we have from inequality (2.13) that
v p6u6||2L°°(0,T;L2(Q)) + ”p&H%OO(O,T;LW(Q)) + |l QMJD(UJ)HQL?((O,T)XQ) + [[VA® div u6||2L2((0,T)><Q)
1
+ 5” X (u® = P&u) 120y < C; (5:4)

with C' independent of 4.
Step 1: Recovery of the transport equation for body. Since {u°, x%} is a bounded sequence in L?(0,T; L%*(Q2)) x
L*((0,T) x R3) satisfying (2.4), we can apply Proposition 3.5 to conclude that: up to a subsequence, we have

u’ — u weakly in L*(0,T; L*(2)),
X% — Xs weakly- x in L°((0,7) x R?) and strongly in C([0,T]; L, (R?)) (1 < p < 00), (5.5)

with
Xs(t,ﬂj) = ]lS(t)(z)a S(t) = nt,O(SO)a
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where ;s € H'((0,T)?%; C2,(R?)) is the isometric propagator. Moreover,
Piu’ — Psu weakly in L*(0,T;C:2(R?)), (5.6)
1« = s weakly in H'((0,T)% Cpx.(R?)).

Also, we obtain that xs satisfies

oxs | .. .
% +div(Psuxs) =0 in Q,  xs(t,z) = Lsw ().
Now we set
us = Psu (5.7)
to recover the transport equation (1.29). Note that we have already recovered the regularity of xs in (1.25).
Observe that the fifth term of inequality (5.4) yields

\/X& (u® — P3u®) — 0 strongly in L*((0,T) x Q). (5.8)
The strong convergence of Xés and the weak convergence of u’ and P§u5 imply that
xs (u—us) = 0. (5.9)
To analyze the behaviour of the velocity field in the fluid part, we introduce the following continuous extension operator:
E(t) - {ueHl(}"‘s(t)), u-v=0on0dQ} — H(Q). (5.10)
Let us set
wh(t,) = (1) [ud (¢, )] 5] (5.11)
We have
{u%} is bounded in L2(0,T; HY(Q)), u% =u’ on F°, ie. (1 —x%)(u® —u)=0. (5.12)
Thus, the strong convergence of Y% and the weak convergence of u% — ux in L?(0,T; H*(2)) yield that
(I —xs)(u—ur)=0. (5.13)

By combining the relations (5.9)—(5.13), we conclude that the limit u of u’ satisfies u € L?(0,7; L*(Q)) and there
exists ur € L2(0,T; H(2)), us € L*(0,T; R) such that u(t,-) = uz(t,-) on F(t) and u(t,-) = us(t,-) on S(t).
Step 2: Recovery of the continuity equations. We recall that p’x%(t, x) satisfies (2.5), i.e.

P
(P°x%) + Pou’ -V (p°x%) =0,  (p°x%)|i=0 = pls,-

ot
We proceed as in Proposition 3.5 to conclude that
p°x% — pxs weakly-* in L>((0,T) x R®) and strongly in C([0,7]; L}, (R?®)) (1 < p < o), (5.14)

and pys satisfies

0
E(PXS) + Psu-V(pxs) =0, (pxs)|i=o0 = ps,1Ls,-
We set

ps = pXs (5.15)
and use the definition of ug in (5.7) to conclude that ps satisfies:

o)
% +div(usps) =0 in (0,7) x 2, ps(0,z) = ps,(x)1s, in Q.

Thus, we recover the equation of continuity (1.30) for the density of the rigid body.
We introduce the following extension operator:

E@): {pe L(F(t)} - L"(Q),
given by

S(t,)|zs in FO(1),
xuwww»uﬂz{g“”f' mg&iqw (5.16)
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Let us set

Plt.) = EX(®) [0°(t, )| ). (517)

From estimates (2.13), (2.14), (5.12) and the definition of p% in (5.17), we obtain that
u% — ur weakly in L2(0,T; H(Q)), (5.18)

2

p‘S}- — pr weakly in LY((0,T) x Q), 6 = 37~ 1 and weakly- * in L>(0,T; L?(Q2)), (5.19)
(p%)" — p¥ weakly in L5 ((0,T) x ), (5.20)
5(p%)? — 0 weakly in L5 ((0,T) x Q). (5.21)

Next, we follow the ideas of [30, Auxiliary lemma 7.53, Page 384] to assert: if ur, p]:,g are defined by (5.18)—(5.20),
we have

o (pr,ur) satisfies:

aaT +div(prur) =0 in D'([0,T) x R?). (5.22)
e The couple (pr,ur) satisfies the identity
8:b(pr) + div(b(pr)ur) + V' (pr)pr — blpF)]divur = 0 in D'([0,T) x R?), (5.23)

for any b € C(]0,00)) N C*((0, 00)) satisfying (1.28) and the weak limits b(pr) and [V (pr)pr — b(pF)] divur
being defined in the following sense:

b(p%) — b(pr) weakly- in L>(0,T; Lﬁ(ﬂ@)),
[V (0%)p% — b(p%)] divuly — [V (pr)pr — b(pr)] divur weakly in L2(0,T; LT (R3)).
We outline the main idea of the proof of the asserted result. We derive (5.22) by letting 6 — 0 in equation (2.2) with

the help of the convergence of the density in (5.19) and the convergence of the momentum [30, Section 7.10.1, page
383]

pouss = prur weakly-+ in L°°(0, T; L7351 (R®)), weakly in L2(0, T L% (R®)). (5.24)

Recall that when we pass to the limit ¢ — 0, we do have p% € L?((0,T) x ). But in this step, we do not have
pr € L*((0,T) x Q). So, it is not straightforward to obtain the renormalized continuity equation. Observe that
this diﬁigulty is not present in the case of v > £ as in that case, pr € L7((0,T) x Q) C L?((0,T) x ) since
7+9=§7—122f0r’y>g

We use equation (2.15) and [30, Lemma 1.7] to establish that {b(p%)} is uniformly continuous in W~%(Q) with

s = min{(mlii%ﬂj}, where the function b € C([0,00)) N C((0,0)) satisfies (1.28). We apply [30, Lemma 6.2,

Lemma 6.4] to get

b(p%) — blpz) in C([0,T); LT (Q2)),
b(p%) — b(pF) strongly in LP(0, T; W~12(Q)), 1< p < oo.
The above mentioned limits together with (5.18) help us to conclude
b(p%)use — b(pr)ur weakly in L2 (O,T; Lﬁ'ﬂiiwﬁﬂ(ﬁv .

Eventually, we obtain (5.23) by taking the limit 6 — 0 in (2.15).

Step 3: Recovery of the renormalized continuity equation. The method of an effective viscous flux with an appro-
priate choice of functions [30, Lemma 7.55, page 386] helps us to establish boundedness of oscillations of the density
sequence and we have an estimate for the amplitude of oscillations [30, Lemma 7.56, page 386]:

T

T
liglsup / / [T (p%) — TilpF)]" ™ < / / pxTe(pF) — p¥Tr(pF)| »
—0

0 0
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where T, (pF) = min{pz,k}, k > 0, are cut-off operators and Ty (px), prTk(pr) stand for the weak limits of T (p%),
(%) Ty (p%). This result allows us to estimate the quantities

sup ||p6]-']l{p‘5]_.>k}HLP((O,T)xQ)a sup ||Tk(p‘}) - pg-‘”LP((O,T)xQ)v
6>0 6>0

|Tk(pr) = prllLr o)<y | Te(pr) = pFllLeoryx0) With k>0, 1 <p <y +90.

Using the above estimate and taking the renormalized function b = Ty in (5.23), after several computations we obtain
[30, Lemma 7.57, page 388]: Let b € C([0,00)) NC((0,0)) satisfy (1.28) with k1 +1 < 7+9 and let ur, pr be defined
by (5.18)—(5.19). Then we obtain the renormalized continuity equation (1.27):

0ib(pF) + div(b(pr)ur) + (' (pF) — b(pF))divur = 01in D'([0,T) x Q).

So far, we have recovered the transport equation of the body (1.29), the continuity equation (1.26) and the renormalized
one (1.27). Tt remains to prove the momentum equation (1.24) and establish the energy inequality (1.31).

Step 4: Recovery of the momentum equation. Notice that the test functions in the weak formulation of momentum
equation (1.24) belong to the space Vp (the space is defined in (1.19)), which is a space of discontinuous functions.
Precisely,

¢ = (1—-xs)or + xsds with ¢ € D([0,T); D(Q)), ¢s € D([0,T);R),
satisfying
¢pr-v=00n00, o¢r -v=ds-vondS(t).
Whereas, if we look at the test functions in momentum equation (2.3) in the d-approximation, we see that it involves
an LP(0,T; WP (Q))-regularity. Hence we approximate this discontinuous test function by a sequence of test functions

that belong to LP(0,T; W1P?(Q)). The idea is to construct an approximation ¢% of ¢ without jumps at the interface
such that

% (t,2) = ¢x(t,x) Vte (0,T), x€dS°(t), (5.25)
and
P%(t,-) =~ ps(t, ) in S°(t) away from a §” neighborhood of dS°(t) with 9 > 0. (5.26)
In the spirit of [16, Proposition 5.1], at first, we give the precise result regarding this construction and then we will
continue the proof of Theorem 1.7.

Proposition 5.1. Let ¢ € Vp and ¢ > 0. Then there exists a sequence

B+0

¢° € H'(0,T; L*(2)) N L"(0, T; W' (), where r = max {ﬂ +1 =

}7 ﬁ)maX{g,’Y} and 0 = g'}/_]_

of the form
9" = (1= x&)or + X595 (5.27)

that satisfies for all p € [1,00):

(1) ||X5(¢s ¢8)||LP (0,T)xQ)) O(5ﬁ/p)

(2) ¢° — ¢ strongly in LP((0,T) x Q),
(3) [10°]l oo rawrn(ay) = OB~ P0=1/P)),
(4) ||Xs(5't + P§u5 V)(¢° — sl r2(0,7:10(0)) = O(67/P),
(5) (0 V)¢? — (0y + Psu - V)¢ weakly in L?(0,T; LP(Q)).

We give the proof of Proposition 5.1 at the end of this section. Next we continue the proof of Theorem 1.7.

Step 4.1: Linear terms of the momentum equation. We use ¢° (constructed in Proposition 5.1) as the test function
n (2.3). Then we take the limit 6 — 0 in (2.3) to recover equation (1.24). Let us analyze the passage to the limit in
the linear terms. To begin with, we recall the following convergences of the velocities of the fluid part and the solid
part, cf. (5.18) and (5.6):

(1- ng)uf;- =(1—x%)u’, u% — ur weakly in L2(0,T; H(Q)),
u = P3u’, us = Psu, u% — us weakly in L2(0,T; C52(R?)).
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Let us start with the diffusion term 2,°D(u®) : D(¢?) + A divu’l : D(¢?) in (2.3). We write
T T
[ [ty m@0) = [ [ (2ur1 - x3)503) + #x300)) s DI?)
0 Q 0 Q

[ 221 x3)D(5) : Do) +52//X D(u’) : D(¢).

Q

1
Ot~

The strong convergence of x% to xs and the weak convergence of u$ % to ur imply that

//Z.U]-' 1—x%)D(uk) : D(oF) —>//2uf 1—xs)D(ur) : D(¢F).

We know from (5.4), definition of 4° in (2.8) and Proposition 5.1 (with p = 2 case) that

15XEDW) | 201y x2) < C 6%l 20,7501 () = O(677?).
These estimates yield that

T
& [ [ X&) : D) < SIED) 12000 D) 22001200 < CB2. (5.28)
0

If we consider ¥ < 2 and § — 0, we have

T

52 //XfSD(u‘S) :D(¢°) — 0.

0 Q

Hence,

T T
//(2M6D(u6):D(¢6)+)\}-divuf]l:ID)(¢6)> —>// (2,u}-D(u]:)+)\]:divu}-]I) - D(5)
0 O 0 F(t)

as 6 — 0. Next we consider the boundary term on 92 in (2.3). The weak convergence of u% to uz in L%(0,T; H(Q))

yields
//(u‘sxu)-(¢6xy)://(uffxu)-(qbfxu)—>//(u;><1/)~(¢;><y)asé—)().

0 oQ 0 oQ 0 9Q

To deal with the boundary term on dS°(t) we do a change of variables such that this term becomes an integral on the
fixed boundary 0Sy. Then we pass to the limit as § — 0 and afterwards transform back to the moving domain. Next,
we introduce the notation r§ = P3¢° to write the following:

T

[ 1w = Pt <l (67 - P x ) / [l =) v (5~ ) x )

0 98%(t) 0 685(15)

:/ /[(U;—UQ x v] - [(®% — RE) x v,
0 98o

where we denote by capital letters the corresponding velocity fields and test functions in the fixed domain. By
Proposition 5.1 we have that ¢° — ¢ strongly in L2(0,T; L5(f2)). Hence we obtain, as in Proposition 3.5, that

rg — rs = Ps¢ strongly in LQ(O, T, Cﬁfc(R?’)).
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Now using [16, Lemma A.2], we obtain the convergence in the fixed domain
RS — Rs strongly in L%(0,T; HY/?(dSy)).
Similarly, the convergences of ué— and ufg with [16, Lemma A.2] imply
US — Uz, US — Us weakly in L*(0,T; H'(Q)).

These convergence results and going back to the moving domain gives

T
/ [ 1 = Piudy x ) (60 = 36 <) = [ [ (03 - U2 x ) (@5~ RY x )
0 aS%(t) 0 850
T T
%//[(Uf Us) xv]-[(®Fr — Rs) x v Z/ / (ur —us) x v]- [(¢F — ¢s) x v].
0 85, 0 aS(t)
The penalization term can be estimated in the following way:
. T
5//><<;<ufs ~ P} (¢° — P = //XS uf — Pu) - (6" — 05) ~ PA(® — 0s))
1 r 1
S / K& — Py (9 — s)| < 572 |1\ /8 (o — ) x50k - o)
J L2((0,T)x ) L2(0,T;L2(2)))
< C§1/2H0/2 (5.29)

where we have used the estimates obtained from (5.4) and Proposition 5.1. By choosing ¢ > 1 and taking § — 0, the
penalization term vanishes. Note that we also need ¢ < 2 in view of (5.28).
Step 4.2: Nonlinear terms of the momentum equation. In this step, we analyze the following terms:

T

T T
0 0
//p5 (u5~m¢+u5®u‘srv¢5>Z//P‘sf(l—x?s)u‘;f'8t¢f+//p§r(1—xf§)u5f®ufriv¢f
0 O 0 Q

0 Q
T
[ [Fx0sag e 530)
0 Q

The strong convergence of X6$ to xs and the weak convergence of p‘su‘} to prur (see (5.24)) imply

T

T
0 0
//p‘;—(l — Xg‘)u(;_- : &gb]: — //p]:(l — Xs)U,]: : a(ﬁ}‘ as § — 0. (5.31)
0 Q

0 Q

We use the convergence result for the convective term from [30, Section 7.10.1, page 384]
P(ul)i(ulk); — pr(uz)i(ur); weakly in L2(0,T; LT (), Vi.j € {1,2,3},

to pass to the limit in the second term of the right-hand side of (5.30):

T T
//ﬁsf(l — X)uF ® uf : Vor — //P}'(l —Xs)ur @ur : Vor. (5.32)
0 Q 0 Q
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Next we consider the third term on the right-hand side of (5.30):

T T T
//p X% (0 +us -V //p X% ( 8t+Ufs~V)(¢‘5—¢s)~u6+//p5x§8t¢s-u‘s
0 0 0

Q

+ p‘sxg(ug -V)os = Tf + T25 + Tgf.

St~
SE

We write
T T
= //p‘sx (0 +u§ - V)& — ds) - (uf — Phu’) + //péx (0 +u§ - )& — ds) - Phu’
0 0
We estimate these terms in the following way:
//p X300+l V)6~ 6s) - (u” — PRus)

51/2
L2((0,T)x)

x5 (v’ — Pgu’)

1
<P X& ] 1o (0,1 <) IX& (0 + Pau’ - V)(6° — ¢s)llzz.riz0@) 5173

T
//p‘sx (0 +u% - V)(¢° — ¢s) - Pou’
0 Q

<10°XE | 2o (0,7 x2) IXE (01 + Pdu’ - V)(8° — ¢s) | 20,726 () |1 P20 || L2 ((0,7) %)

where we have used p’x% € L=((0,T) x Q) as it is a solution to (2.5). Moreover, by Proposition 5.1 (with the case
= 6), we know that for ¢ > 0

||X55(3t + Pgué ) V)(¢5 - </>S)||L2(0,T;L6(Q)) = 0(50/6)-
Hence,
T0 - 0asdé — 0. (5.33)

T T
T = //p‘sxf‘;@tcbs - (u —P§u5)+//p‘sx§3t¢s~P§u5.
0 Q 0 Q

Now we use the following convergences:

Observe that

e the strong convergence of y/x% (u’ — Pdu’) — 0 in L2((0,T) x ) (see the fifth term of inequality (5.4)),

e the strong convergence of X% to xs (see the convergence in (5.5)),
e the weak convergence of p°x%P3u’ to pxsPsu (see the convergences in (5.14) and (5.6)),

to deduce

T
T2§ — / / pXSat¢5 - Psu as 6 — 0.
0 S(#)
Recall the definition of us in (5.7) and the definition of ps in (5.15) to conclude

T
T§—>/ / psOids -us as d — 0. (5.34)

0 S(t)
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Notice that
T

:/T//)(SX(SS(MZSS //péx (u @ ug) : V¢5_//P X5 (ug ®ug) : D(gs) = 0. (5.35)
0 Q

0

0
Eventually, combining the results (5.31)—(5.35), we obtain
T

O/Q/pa@.gtma@u I O//W P ori [ [ vsustss [ [ rurour): o

0 S(t) 0 F(t)

Step 4.3: Pressure term of the momentum equation. We use the definition of ¢°

¢" = (1 - x§)bF + X505,

to write
T

T
// 60 106 = [ [ a1 =) +60 - ) T Do),
0 0 Q

where we have used the fact that div ¢fss = 0. Due to the strong convergence of X(Ss to xs and the weak convergence
of (p%)7, (p%)? in (5.20), (5.21) we obtain

T
[ [ara =081 = [ [ar( - xsipm7: Do) as -0,
0 Q 0 Q

and
T

//5 1—x%)(p%)PT: D(¢r) = 0as § — 0.
0

In order to establish (1.24), it only remains to show that E = pJ. This is equivalent to establishing some strong
convergence result of the sequence p‘}. We follow the idea of [30, Lemma 7.60, page 391] to prove: Let {p‘sf} be the
sequence and pr be its weak limit from (5.19). Then, at least for a chosen subsequence,

pg_-—>pf in LP((0,T) x ), 1<p<~vy+90.

This immediately yields E = p%. Thus, we have recovered the weak form of the momentum equation.
Step 5: Recovery of the energy estimate. We derive from (2.13) that

a
[ (PP 0@ 5o / / 20 (1) D) AR (1) div k) +a / [ 1t
Q 0 0 900
[ 4 5
q
+Oé/ / U 7P g ><l/‘2 // U6+/< 0 ]l{p0>0}+ 1(P0) +ﬁ—1(pg)ﬂ>
0 85%(t)

To see the limiting behaviour of the above inequality as ¢ tends to zero, we observe that the limit as § — 0 is similar
to the limits € — 0 or N — oo limit. Hence we obtain the energy inequality (1.31).

Step 6: Rigid body is away from boundary. It remains to check that there exists 1" small enough such that if
dist(So, 9) > 20, then

dist(S(t), 99) > 37" S0 VieloT]. (5.36)

Let us introduce the following notation:

U)y ={z e R*|dist(z,U) <o},
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for an open set U and o > 0. We recall the following result [16, Lemma 5.4]: Let o > 0. There exists 69 > 0 such that
for all 0 < § < dy,

S(t) € (S()oja € (S°()oy2, VT E0,T]. (5.37)
Note that condition (5.37) and the relation (4.58), i.e., dist(S%(t),0) = 20 > 0 for all ¢ € [0, T] imply our required
estimate (5.36). Thus, we conclude the proof of Theorem 1.7. O

It remains to prove Proposition 5.1. The main difference between Proposition 5.1 and [16, Proposition 5.1] is the time
regularity of the approximate test functions. Since here we only have weak convergence of u® in L?(0, T'; L?(f2)), accord-
ing to Proposition 3.5 we have convergence of n{ , in H'((0,7T))?; C;2,(R?)). In [16, Proposition 5.1], they have weak con-
vergence of u® in L°°(0,T; L?(€2)), which yields higher time regularity of the propagator n¢ , in W2 ((0, T)?; C:2, (R?)).
Still, the construction of the approximate function is essentially similar, which is why we skip the details and only
present the main ideas of the proof here.

Proof of Proposition 5.1. The proof relies on the construction of the approximation gzﬁfss of ¢s so that we can avoid the
jumps at the interface for the test functions such that (5.25)—(5.26) holds.

The idea is to write the test functions in Lagrangian coordinates through the isometric propagator 77?,5 so that we
can work on the fixed domain. Let &, &5 and @g be the transformed quantities in the fixed domain related to ¢x,
¢s and qbg respectively:

Os(tm0(y) = Ty, ,(@s(t9)), SF(t,m50(y)) = Jys | ,2r(ty)  and ¢35t 100(y)) = Ty yfl%(t, y), (5.38)
where J;5 is the Jacobian matrix of 77?,0- Note that if we define

®(t,y) = (1 - x8)Pr + X3P,
then the definition of ¢° in (5.27) gives
¢6(t777?,0(y)) = Jnf’O y(q)é(t’y)) (539)
Thus, the construction of the approximation ¢% satisfying (5.25)—(5.26) is equivalent to building the approximation
¢f9 so that there is no jump for the function ®° at the interface and the following holds:
d(t,x) = Pr(t,z) Vite(0,T), zc dSo,
and
dL(t,-) ~ Bs(t,-) in Sy away from a 6 neighborhood of Sy with 9 > 0.
Explicitly, we set (for details, see [16, Pages 2055-2058]):
05 = Dy + Y, (5.40)
with
% =Ps+x(072)[(Dr — Bs) — (PF — Ds) - €2)es] (5.41)
where x : R — [0,1] is a smooth truncation function which is equal to 1 in a neighborhood of 0 and z is a coordinate
transverse to the boundary 98y = {z = 0}. Moreover, to make @g divergence-free in Sy, we need to take @g,Q such
that
divdy, = —divds, inSy, P%,=0 ondS.
Observe that, the explicit form (5.41) of <I>g~’1 yields
div @y, = —divdg ; = —x(0772) div [(®r — ®s) — ((Pr — Ps) - €2)e.] . (5.42)
Thus, the expressions (5.41)—(5.42) give us: for all p < oo,
195 1 — @5l (0,:20(50)) <
195 1 — sl 0.1swrr(s0)) <

and

193 111 0, w10(80)) < Clx(6772) div[(@F — @s) = ((Br — Ds) - ex)ex] om0 (s0)) < C8°/7. (5.45)
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Using the decomposition (5.40) of % and the estimates (5.43)—(5.44), (5.45), we obtain

”(I)ESS' - ¢5HH1(0 T;Lr(Sp)) S < 0519/17
H(PS ¢S||H1(OTW1p SO)) C(s 19(1 1/p)

Furthermore, we combine the above estimates with the uniform bound of the propagator 77?’0 in HY(0,T;C>(Q)) to
obtain

J — 3 H <csvlr, 5.46
H 2olu(® s) H(0,T;LP(So)) (5.46)

H nf,o‘y( S 5) H(0,T;W12(Sp)) ( )

Observe that due to the change of variables (5.38) and estimate (5.46):

IX3 (6% — d)llr(0.1)x ) < C|\Jng,0|y(q’g D)l e ((0,7)x50) < C6/P. (5.48)
Since

[16° — Bl Lo (0.1)x0)) < (X% = X8)OF| Lo(0.1)x2)) + X5 (0% — 8)|lLo(0.1)x)) + [|(Xs — X8)®s| Lo ((0.7) %))
using the strong convergence of x% and the estimate (5.48), we conclude that
#° — ¢ strongly in LP((0,T) x Q).
We use estimate (5.44) and the relation (5.39) to obtain
16° | Lo (0,7 w1 () < 8- 7A71/P),

Moreover, the change of variables (5.38) and estimate (5.46) give

d
X% (0% + P3u® - V) (¢° — ¢s) |l r2(0,m:10(0)) < C Hdt <Jngyo

y(@g - ‘I’s))

L2(0,T5LP(So)) (5.49)

<C|| s, (@5 — @s)| <080,

v =S| 0 sy
The above estimate (5.49), strong convergence of % to xs in C(0,T;LP(Q)) and weak convergence of Pdu’ to
Psu weakly in L2(0,T; C2(R?)), give us

loc
(0y + P2u’ - V)¢® — (9, + Psu - V)¢ weakly in L2(0,T; LP(52)),
where
¢° = (1—x%)or +x3¢5 and ¢ = (1 —xs)bF + xsPs-
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