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Subtitle

Over the course of , Geometry
had undergone major transformations
by broadening its scope and its
methods.
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0. From on
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Geometry means «measuring the Earth»
® This question mobilized many civilisations
( , Mesopotamia, Chinag, ...).

® in Ancient China, geometric knowledge
was developped as,

shown by this £ % B

« proof » of &

Pythagoras f;

theorem. v ;-
5
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We briefly concentrate on the Greek one :

® forits long lasting contribution,
® for the of visions expressed,

® for the of intellectual creation
it provided.
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s Elements:

® probably the non religious book with
the longest influence in the History of
Mankind,

® provides a for Geometry and a
fo it firmly through the
introauction of the axiomatic ,

® Jdevelops a number of important
results in Geomeftry on objects :
lines, planes, circles, conic sections.,...
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A revolution is due to René DESCARTES
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René DESCARTES
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A revolution is due to René DESCARTES who

® through Analytic Geometry, mixed
numbers and geometric figures with the
result of:

S broadening considerably figures
that can be considered,

S laying the foundations for a
systematic analytic handling of
geometric problems.
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A new dimension is due to Isaac NEWTON
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Isaac NEWTON
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A new dimension is due to Isaac NEWTON who

® wrote a most influential book, the
Philosophia Naturalis Principia Mathematica
n 1687
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A new dimension is due to Isaac NEWTON who

® wrote a most influential book, the
Philosophia Naturalis Principia Mathematica
in 1687 that mimicks Euclids Elements
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A hew IS due to Isaac NEWTON who

® wrote a most influential book, the
Philosophia Naturalis Principia Mathematica
in 1687 that mimicks Euclid’s Elements

® and in which he does three things in the
same course of development:

S He formulates the differential

calculuys,
He states the fundamental

of mechanics,
S He states the law of gravitation.
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A hew IS due to Isaac NEWTON who

® wrote another most influential book the
Philosophia Naturalis Principia Mathematica
in 1687 that mimicks Euclids Elements

® and this results in the possibility of
aiscussing objects, broadening
even further the variety of

available, opening the way to Differential
Geometry.

JPB-Cech Lecture Prague, October 31, 2014



We owe to three main figures the definition
of non-Euclidean geometries:

® the first is Carl-Friedrich GAUSS,
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We owe to three main figures the definition
of non-Euclidean geometries:

® the first one is Car/-Friedrich
GAUSS, who in the fundamental
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We owe to three main figures the definition
of non-Euclidean geometries:

® the first one is Car/-Friedrich
GAUSS, who in the fundamental
« Disquisitiones Generales circa
superficies curvas » introduced the
concept of intrinsic curvature
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connected to principal curvatures as follows
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We owe to three main figures the definition
of non-Euclidean geometries:

® the first one is Car/-Friedrich
GAUSS, who in the fundamental
« Disquisitiones Generales circa
superficies curvas » introduced the
concept of intrinsic curvature that he
could derive analytically in his Theorema
Egregium
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Quodsi iam has expressiones diversas in formula pro mensura curvaturae in fine
art. praec. eruta substituimus, pervenimus ad formulam sequentem, e solis quan-
titatibus E, I, G atque earum quotientibus differentialibus primi et secundi or-

dinis concinnatam:

4(BEQ—FY k= 50 "2 g
2E oG 0F aG QE oF _ oE oF oF a(')

aL‘ o or a(‘ a'],))

+F _6]) '_8q o dq ' Ip o 5(1 .8(1 +4 01) "a?,"" Dﬁ_ *87)'
oF od@ oL aF - n(CE o, FF PG
+('(3p ap " ag ag)) AW Ge=i) d¢* “ap.aﬂ b

1%2.
Quum indefinite habeatur

dz*4-dy*4d2* = Edp*+2Fdp.dg+4 Gdg?

patet, y(Edp*+42Fdp.dg+ Gdg®) esse expressionem generalem elementi li-
nearis in superficie curva.
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We owe to three main figures the definition
of non-Euclidean geometries:

® the first one is Carl/-Friedrich
GA USS,

® the one who made the decisive step
is Nicolas LOBACHEWSKI
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Nicolas LOBACHEWSKI
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We owe to three main figures the definition
of non-Euclidean geometries:

® the first one is Carl-Friedrich
GAUSS,

® the one who made the decisive step
/s Nicolas L OBACHEWSKI,

® bDut Janosz BOLYAT
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Janosz BOLYAI
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We owe to three main figures the definition
of non-Euclidean geometries:

® the first one is Carl/-Friedrich
GA USS,

® the one who made the decisive step
/s Nicolas LOBACHEWSKI,

® but Janosz BOLYAT should not be
forgotten.
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The next generalisation of Geometry came
from the genius of Bernhard RIEMANN
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Bernhard RIEMANN
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The next generalisation of Geometry came
from the genius of Bernhard RIEMANN in
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Ueber die Hypothesen, welche der Geometrie zu Grunde
| liegen.

(Aus dem dreizehnten Bande der Abbandlungen der Kdniglichen Gesellschaft der
Wissenscbaften zu Gottingen.)¥)

Plan der Untersuchung.

Bekanntlich setzt die Geometrie sowohl den Begriff des Raumes,
als die ersten Grundbegriffe fiir die Constructionen im Raume als etwas
Gegebenes voraus. Sie giebt von ihnen nur Nominaldefinitionen, wih-
rend die wesentlichen Bestimmungen in Form von Axiomen auftreten.
Das Verhiltniss dieser Voraussetzungen bleibt dabei im Dunkeln; man
siecht weder ein, ob und in wie weit ihre Verbindung nothwendig,
noch a priori, ob sie moglich ist.

Diese Dunkelheit wurde auch von Euklid bis auf Legendre, um
den beriihmtesten neueren Bearbeiter der Geometrie zu nenren, weder
von den Mathematikern, noch von den Philosophen, welche sich da-
wit beschiftigten, gehoben. Es hatte dies seinen Grund wobl darin,
dass der allgemeine Begriff mehrfach ausgedehnter Grissen, unter
welchem die Raumgridssen enthalten sind, ganz unbearbeitet blieb.
Ich habe mir daher zunichst die Aufgabe gestellt, den Begriff einer
mehrfach ausgedehnten Grosse aus allgemeinen Grossenbegriffen zu
construiren. Es wird daraus hervorgehen, dass eine mehrfach aus-
gedehnte Grosse verschiedener Massverhéltnisse fahig ist und der Raum
also nur einen besonderen Fall einer dreifach ausgedehnten Grosse
bildet. Hiervon aber ist eine nothwendige Folge, dass die Satze der

*) Diese Abhandlung ist am 10. Juni 1854 von dem Verfasser bei dem zum
Zweck seiner Habilitation veranstalteten Colloquium mit der philosophischen
Facultit zo Gottingen vorgelesen worden. Hieraus erkliirt sich die Form der Dar-
stellung, in welcher die analytischen Untersuchungen nur angedeutet werden
konnten; einige Ausfilbrungen derselben findet man in der Beantwortung der
Pariser Preisaufgabe nebst den Anwerkungew zu derselben.
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The next generalisation of Geometry came
from the genius of Bernhard RIEMANN in
« Uber die Hypothesen, welche der
Geometrie zu Grunde liegen » published
after his death in 1868:

® it is founded on the of
the g, that is a scalar product
on tangent vectors at each point

g = g;(x*) dx' dx,

® the intrinsic curvature of GAUSS is
vastly generalized by a 4-tensor R;;,' whose

vanishing characterizes Euclidean metrics.
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1. From Local to Global
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The need to view spaces in a global way was
already considered by RIEMANN when he
introduced the concept of Riemann surfaces.

I't took quite some time to formalize it to a
satisfactory level of generality into that of a
manifold.

A great geometer such as Elie CARTAN
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Elie CARTAN
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The need to view spaces in a global way was
already considered by RIEMANN when he
introduced the concept of Riemann surfaces.

It took quite some time to formalize it to a
satisfactory level of generality into that of a
manifold.

A great geometer such as Elie CARTAN started
an article in the 1920s by saying: « The
concept of a manifold is a subtle concept. Let
M be a manifold.. ».

I't was finally formalized by Hassler WHITNEY
in the 1930s.
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I't was then recognized that spaces having
locally a product structure between a piece of
a manifold and a model space were particularly
intferesting. This is the bundle approach, due in
particular o Charles EHRESMANN

JPB-Cech Lecture Prague, October 31, 2014



Charles EHRESMANN
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It was then recognized that spaces having
locally a product structure between a piece of
a manifold and a model space were particularly
interesting. This is the bundle approach, due in
particular to Charles EHRESMANN.

Identifying invariants that would allow to
detect whether a bundle is globally a product
or not was important.

This connected with some earlier work by
Henri POINCARE
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Henri POINCARE
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I't was then recognized that spaces having
locally a product structure between a piece of
a manifold and a model space were particularly
interesting. This is the bundle approach, due in
particular to Charles EHRESMANN.

Identifying invariants that would allow to
detect whether a bundle is globally a product
or not was important.

This connected with some earlier work by
Henri POINCARE, who created a new branch of
Mathematics, that he called Analysis Situs
and is now called Topology.
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JOURNAL

LECOLE POLYTECHNIQUE.

ANALYSIS SITUS;

Par M. 1. POINCARE.

INTRODUCTION,

La Géométrie it n dimensions a un abjet réel; personne n'en doute
anjourd hui, Les étres de Uhyperespace sont susceptibles de définitions
precises comme cenx de Vespace ordinaire, et si nous ne pouvons nous
les représenter, nous pouvons les concevoir et les étudier. Si done, par
exemple, la Mécanique i plus de trois dimensions doit étre condamnée
comnie dépourvue de tout objet, il nen est pas de méme de 'Hypergéo-

métrie.

La Géométrie, en effet, n'a pas pour vnique raison d'étre la description /7

immdédiate des corps qui tombent 301US HOs SeNs : elle est avant tont/ b
I"étude analytique d'un groupe: rien n'empéche, par conséquent, d'abor: | "
der d'autres groupes analogues et plus généraux. '

Mais ponrquoi, dira-t-on, ne pas conserver le langage analytique et le Y.\

remplacer par un langage géométrique, qui perd tous ses avantages des
que les sens ne peuvent plus intervenir. Clest que ce languge nonvean est
plus concis; 'est ensuite que Panalogie avee la Géométrie ordinaire pent
créer des associntions d'idées fécondes et suggérer des générlisations

utiles,
J.E.P,2s.(C.a" 1) '
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Some find the origin of Topology in the work
of LEIBNIZ and/or EULER in connection with
the famous problem of the seven bridges of
Konigsberg
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A inking together Geometry and
Topology appeared already in the 19
century: the Gauss-Bonnet formula.

It says that on a compact surface M
endowed with a line element g

jM K, vol, = 2m Euler(M)

where K9 denotes Gauss' intrinsic curvature
and Euler(M) a topological invariant
connected to the number of holes of M.
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This can be vastly generalized and
Shiing Shen CHERN provided several ways
for this, notably through the Chern Classes.

One example is valid for a compact manifold
M of dimension 2n endowed with a line
element g

IM P.(R,) vol, = a, Euler(M)

where P(R,) denotes a polynomial in Riemann's
curvature tensor and a, a universal constant.

JPB-Cech Lecture Prague, October 31, 2014



Remarkca tn Hho diffnisbi s grammetany of fibtn Ammidia
b Qives & Viak o Confulor CY vidkw drgadle tven a
Tndanidlt X Lt O 4 M et mitcn 066Rned fatrn
h Commedtinn. Thin Hu Lotffitionts
i (T4afl) = Ve lOIA+t - o+ el - -
A Lohomilogy dassen 1 X' | Cndepomttnt of Voo i of W
Lobijin K pw.
Z. ‘} W At vt Moo Aviandie Chp Ae Ax dieat G Sq«,ﬂ
W whGrovpn v 4 LR, Coiohing o bl nrfonmuts ma b
Ak w ok 4 Widh Acart bavGaant & t]'/l,ut_o{ﬂtx'c 1o ot
Sagitine U ) btz Moo M | pafion
| dut (F)
Whine F = watie ofF acada, \IM/LMJI; v Ve vtokoa v o
e e o ot F-U & shtwreoyrmtiic) ; dfines %K .
-\,a_ Aw VLu E\JA,L A \4 Ve A M, \k \NLJ*(‘,VM,\, \/14/.,'3.
Gt Ve s ~Bomnd ks v & fpatmdo sniim ool
Mol ,
3. X T f-UvalJ«/)L ’lw.cy-.;«](dLot lf(anLLt 2 IL\zO’éD'}VI—W}-’L:iL,
ﬂwh Ve Moty Gl At Acpirea awkative B U Al —~
D\AI/\—M W ﬂ'\l;a . Lr».\,«w"‘in-ft' MJIA‘U»LMK a0 Vi Gariat vy,
o L4 dit Ao vf Yhe Tvees 1 fl Vi ¢ AL 1,

8L Lo
Buokilery |, Cakifnria, U S A

JPB-Cech Lecture Prague, October 31, 2014



The theme « Links between Curvature and
Topology » has been most active in Geometry.

The Gauss-Bonnet has been vastly
generalized through the Index Theorem due
to Michael ATIYAH and Isadore SINGER
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Michael ATIYAH and Isadore SINGER

October 31, 2014
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The theme « Links between Curvature and
Topology » has been most active in Geometry.

The Gauss-Bonnet has been vastly
generalized through the Index Theorem due
to Michael ATIYAH and Isadore SINGER.

It says that for any elliptic operator
between sections of bundles over a compact
manifold, its analytic index, that can be
computed from its leading term involving its
geometry, and its topological index, involving
the Chern classes of the bundle.
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2. From Smooth to Rough
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Several other mathematicians have developed
this idea to look at spaces that are less
smooth than manifolds:

® Alexander ALEXANDROV
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Alexander ALEXANDROV
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Several other mathematicians have developed
this idea to look at spaces that are less
smooth than manifolds:

® Alexander ALEXANDROV focused his
attention on less reqular spaces. He
intfroduced in particular a notion of spaces
with lower and upper bounds for their
curvature provided one can define
shortest paths by comparing to model
spaces with constant curvature;
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Several other mathematicians have developed
this idea to look at spaces that are less
smooth than manifolds:

® Alexander ALEXANDROV focused his
attention on less reqular spaces. He
intfroduced in particular a notion of spaces
with lower and upper bounds for their
curvature provided one can define
shortest paths in the space by comparing
to model spaces with constant curvature;

® Mikhail GROMOV
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Several other mathematicians have developed
this idea to look at spaces that are less
smooth than manifolds:

® Alexander ALEXANDROV focused his
attention on less reqular spaces. He
intfroduced in particular a notion of spaces
with lower and upper bounds for their
curvature provided one can define
shortest paths in the space by comparing
to model spaces with constant curvature;

® Mikhail GROMOV went much further
and considered general families of metric
spaces.
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Mikhail GROMOYV introduced the very
efficient tool of a distance on the space of
metric spaces, the Gromov-Hausdorff
distance allowing to study the convergence of
geometric properties on a family of spaces:
® He proves that: «spaces having an upper
bound on their diameter and a lower bound
on their curvature form a precompact set
in the Gromov-Hausdorff fopology»;
® He also found completely unexpected
applications to Group Theory, relating

their algebraic structure to properties of
a metric space he attaches to them.
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The Gromov-Hausdorff distance has been
used in shape analysis in computer science:
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One Small Step for ,
One Giant Leap for Shape Analysis

A window into the 2009 Abel Laureate's contribution
computer vision and computer graphics

Guillermo $\PIRO
University of Minnesota
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The Gromov-Hausdorff distance has been
used in shape analysis in computer science:

What is the goal?
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3. From Static to Dynamic
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In 1905, Albert EINSTEIN introduced his
Theory of Special Relativity, that forced to
unify space and time.

The basic mathematical concept behind it is
the use of generalized meftrics, the
Lorentzian metrics, such as the Minkowski
metric

g = -c? dt? + dx? + dy® + dz°.
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Later, Albert EINSTEIN went one step
further in his General Theory of Relativity,
that revolutionised the theory of gravitation.

For that, he was greatly helped in his
mathematical quest by his colleague at the
ETH Zurich Marcel GROSSMANN
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Marcel GROSSMANN
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Later, Albert EINSTEIN went one step
further in his General Theory of Relativity,
that revolutionised the theory of gravitation.

For that, he was greatly helped in his
mathematical quest by his colleague at the
ETH Zurich Marcel GROSSMANN, who
infroduced him to a variant of the Riemann
curvature due to Grigorio RICCI-CURBASTRO
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Grigorio RICCI-CURBASTRO
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As you know, Albert EINSTEIN went later
one step further in his General Theory of
Relativity, that revolutionized the theory of
gravitation.

For that, he was greatly helped in his
mathematical quest by his colleague at the
ETH Zurich Marcel GROSSMANN, who
infroduced him to a variant of the Riemann
curvature due to Grigorio RICCI-CURBASTRO,
the Ricci curvature, introduced in 1904 for
strictly mathematical purposes.
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Albert EINSTEIN
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In this , the metric is determined by

the position of the matter and other physical
fields.

Because of the of the metric (-+++)
the field equations can be as a
oh the of Riemannian

metrics induced on space hypersurfaces, that
are 3-dimensional manifolds.
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In this , the metric is determined by
the position of the matter and other physical
fields.

Because of the of the metric (-+++)
the field equations can be as a
oh the of Riemannian

metrics induced on space hypersurfaces, that
are 3-dimensional manifolds.

The leading term of this is the Ricci
curvature of the space hypersurfaces. This
lead to the idea of «deforming the metric in
the of its Ricci curvature».
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The first one to use this idea in Mathematics
has been Thierry AUBIN in 1970 who was
looking for an infinitesimal result.

In 1979, in a conference in Berlin at the
invitation of Udo SIMON, I asked the following

question:

3.24 QUESTION .~ Does the local flow theorem hold for the vector fields

Ric, — kScal, g on the space of metrics?¥ What is the global behaviour

. ' ¥ . y . )
of the wnlegral curves if they existy

In 1982, the existence of the flow of - Ricci
was proved by Richard HAMILTON
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Richard HAMILTON
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The first one to use this idea in Mathematics
has been Thierry AUBIN in 1970 who was
looking for an infinitesimal result.

In 1979, in a conference in Berlin at the
invitation of Udo SIMON, I asked the following
question:

3.24 QUESTION .~ Does the local flow theorem hold for the vector fields
Ric, — kScal, g on the space of metrics? What is the global behaviour

. + . - ; . \
of the wnlegral curves yf they existy

In 1982, the existence of the flow of - Ricci
was proved by Richard HAMILTON who
deduced from it beautiful geometrical results
under some curvature assumptions.
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In a series of papers around the turn of the
century, Grigory PERELMAN
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Grigory PERELMAN
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In a series of papers around the turn of the
century, Grigory PERELMAN shows that,
without any curvature assumptions, the Ricci
flow can develop singularities that can be
controled.

He shows that, on a 3-dimensional simply
connected manifold, the metric converges to a

metric with constant curvature, hence
providing a proof of the Poincaré conjecture.

This is a wonderful success for Modern
Geometry and its evolution from local to
global, from smooth to rough, from static to
dynamic.
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Another geometric development that was
triggered by Physics is the development of
Non-Commutative Geometry due to Alain
CONNES
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Alain CONNES
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Another geometric development also triggered
by Physics, namely Quantum Mechanics, is due
to Alain CONNES:
® | starts from the algebra of
observables, that he does not suppose to
be commutative as is the algebra of
functions on a usual space,
® he notices that non-commutativity
creates an internal dynamic to this
generalized Geometry;
® fhere again, continuous and discrete are
reunified allowing new models for Physics
and Number Theory.
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Concluding Remarks
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The broadening of Geometry will cer"ramly go
on and benefit from many

® the role of Physics has been mentionea
several times;

® other disciplines such as Computer
Science and Biology will certainly play an
increasing role in the future,

® the tfrends stressed in the lecture will
certainly be also present.
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This was also an opportunity to go through a
gallery of portraits of mathematicians who
made outstanding contributions:

® they all pushed the boundary of the
discipline,

® they often showed exceptional
in solving difficult
problems,

® one should stress that some of the mo:
important developments came from
and
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I thank you for your attention.

Jean-Pierre BOURGUIGNON
JPB®@ihes.fr
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This should not make us forget about the
human . From this point of view,
Shiing Shen CHERN is undisputably a ,
because of his special attention to young
students and colleagues.

Here is a special picture of him from a lecture
at the Mathematisches Institut Oberwolfach.
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IHES

insitut des Hautes Etudes Scientfiques

16h00 George C¢
Taking the
The Life of Chern Shiing-Shen *
Premiére projection du film en Europe
17h00 Présentation du Fonds Chern a I'lHES
en présence de May CHU, Présidente de la Fondation Chern

17h20 Lancement officiel du Fonds Huawei a I''HES Information et inscription :

L]
* A production of MSRI & Zala Films, © 2010, www.zalafilms.com - This film was made possible with support from the SIMONS FOUNDATION WWW. I h e S ofr
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