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COHOMOLOGY OF JACOBI FORMS

A. ZUEVSKY

ABSTRACT. We define and compute a cohomology of the space of Jacobi forms
based on precise analogues of Zhu reduction formulas derived in [Zhu, BKT,
MTZ]. A counterpart of the Bott-Segal theorem for the reduction cohomology of
Jacobi forms on the torus is proven. It is shown that the reduction cohomology
for Jacobi forms is given by the cohomology of n-point connections over a de-
formed vertex algebra bundle defined on the torus. The reduction cohomology for
Jacobi forms for a vertex algebra is determined in terms of the space of analytical
continuations of solutions to Knizhnik-Zamolodchikov equations.

1. INTRODUCTION

The natural problem of computation of continuous cohomologies for non-commutative
structures on manifolds has proven to be a subject of great geometrical interest
[BS, Fei, Fuks, Wag]. For Riemann surfaces, and even for higher dimension com-
plex manifolds, the classical cohomology of holomorphic vector fields is often triv-
ial [Kaw, Wag]. In [Fei] Feigin has obtained various results concerning (co)-homology
of cosimplicial objects associated to holomorphic vector fields Lie(M). Vertex alge-
bra [BZF, FHL, K] theory of automorphic forms [Fo] goes back to celebrated Moon-
shine problem [MT]. Most of n-point characteristic functions [F'S, FHL, KZ, MT, Zhu]
for vertex algebras deliver examples of modular forms with respect to appropriate
groups attached to geometry of corresponding underlying manifolds. n-point func-
tions are subject to action of differential operators with specific analytical behav-
ior [BKT, GK, GN, Ob]. In this paper we develop ideas and previous results on
cohomology of Jacobi forms originating from algebraic and geometrical procedures in
conformal field theory [F'S, TUY]. This paper aims at developing algebraic, differen-
tial geometry, and topological methods for the investigation of cohomology theories
of Jacobi forms generated by vertex algebras, with applications in algebraic topology,
number theory and mathematical physics.

In most cases of lower genera Riemann surfaces, there exist algebraic formulas re-
lating n-point functions with n — 1-point functions in a linear way for fixed genus
g [Zhu, MT, MTZ]. The reduction cohomology is defined via reduction formu-
las [Zhu, BKT] relating n-point characteristic functions with (n — 1)-functions. Our
new algebraic and geometrical approach for computation of reduction (co)homology
involves vertex algebras and applications of techniques [Huang, Y] used in conformal
field theory. Computation of moduli forms reduction cohomology is useful in further
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equations.
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studies of constructions in algebraic topology, analytical and geometrical structure of
spaces of modular forms originating from the description of vertex algebras by means
of characteristic functions on manifolds. The main aim of the reduction cohomology is
to describe non-commutative structures in terms of commutative ones. In contrast to
more geometrical methods in classical cohomology for Lie algebras [Fuks], the reduc-
tion cohomology pays more attention to the differential, analytical, and automorphic
structure of chain complex elements constructed by means of characteristic functions
for non-commutative elements of vertex algebras with complex parameters. Compu-
tational methods involving reduction formulas proved their effectiveness in conformal
field theory [KMI, KMII, MT, MT1, MTZ, TZ, DLM, Miy]. Though the Zhu reduc-
tion formulas were obtained for odrinary n-point functions of vertex operators, it also
works for multi-parametric automorphisms inserted into traces written for the torus
case. Then coefficients in the reduction formulas are expressed in terms of quasi-
modular forms. Since quasi-modular forms are holomorphic on the complex upper
half-plane H, then it follows that n-point Jacobi functions are also holomorphic. The
plan of this paper is the following. We define the reduction cohomology, chain con-
dition, and co-boundary operator for complexes of Jacobi forms. Specific examples
of coboundary operators are provided subject to various conditions on vertex algebra
elements. A statement relating n-th reduction cohomology with analytic extensions
of solutions to a counterpart of Knizhnik—Zamolodchikov equation is proven, and its
geometrical meaning is found. In appendixes we recall the notions of quasi-modular
forms, reduction formulas for Jacobi functions, and vertex algebras. Quasi-Jacobi
forms have found applications in vertex algebra theory in [HE], for characteristic
functions of topological N = 2 vertex algebras, Gromov-Witten potentials [Kaw],
computation of elliptic genera [Lib|related to Jacobi zero-point functions, Landau-
Ginzburg orbifolds [KYY].

2. CHAIN COMPLEX FOR VERTEX ALGEBRA m-POINT FUNCTIONS

In this section we will give definition of a chain complex associated to the space of
Jacobi forms [BKT] defined by vertex algebras.

2.1. Spaces of n-point Jacobi functions via vertex operators. Let us fix a
vertex algebra V. We denote by v,, = (vy,...,v,) € VO a tuple of vertex algebra
elements (see Appendix 3.4 for definition of a vertex algebra). Mark n points p,, =
(p1,---,pn) on the torus 7. Denote by z, = (z1,...,2,) local coordinates around
pPn € T. Let us introduce the notation: x,, = (v, z,).

In [MTZ] we considered the orbifold Jacobi n-point functions associated with a
vertex operator superalgebra [K] (see Appendix 3.4), with an automorphism inserted
in traces. Let o € Aut(V') denote the parity automorphism

oa = (=1)PWq, (2.1)

Let g € Aut(V) denote any other automorphism which commutes with o. Let W be
a V-module. Assume that W is stable under both ¢ and g, i.e., o and g act on W.
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Definition 1. The n-point Jacobi function on W for x,, € V" x C", and g € Aut(V)
is defined by

2 (xi9,7) = STrw (Yw (qLV(O)v,q)n g qhv O, (2.2)
q = exp(2mit), ¢; = exp(z;), 1 <i < n.
Here STry denotes the supertrace defined by
STrw (X) = Trw(0X) = Trw, (X) — Trw,; (X). (2.3)
The orbifold Jacobi zero-point function for general g is then
Zw(g,7) = STrw (g qLV(O)_C/Q4) . (2.4)

In particular, when V is a vertex operator algebra with Virasoro vector w of central
charge ¢y. Consider an element J € V; such that J(0) acts semisimply on V. For
v, € V@ on T, and a weak V-module W [MT], the Jacobi n > 0-point function is

Zd (%3 B) = Tryy (Y (ez Lv(0y, ez> C‘](O)qL(O)) ) (2.5)
where B denotes parameters of Z{/IV including z and 7, and
C =q, = 6271'2'2'

The Jacobi one-point function, for v € V', is given by
Zi; (21;B) = Try (OO(Ul) ¢70) qL(o)) 7

which does not depend on z;. Here 0¢(v1) = v1(wt v1 — 1) (see Appendix 3.4), with
z € C, and 7 being the modular parameter of 7.

Definition 2. For a V-module W, we consider the spaces of n-point Jacobi forms
C™(W) = {2}, (xn,;B),n=>0,}.

The coboundary operator §"(x,+1) on C™(W)-space is defined according to the
reduction formulas (see section 3 and Appendix 6) [BKT, MTZ] for V-module W
Jacobi forms.

Definition 3. For n > 0, and any x,,41 € V x C, define
8" (xnt1) : C"(W)  —  C"FH(W), (2.6)

with non-commutative operators T;(v[m].), j > 0, is given by the reduction formulas
(2.7)

o (Xn+1) Zé/ (Xn; B) = Z fk,m(xn+1; B) Tk(”n{—l[m]-)zé/ (Xn; B) ) (27)

The operators Ty (v[m].) are insertion operators of vertex algebra modes v[m].,
m = 0, into Zj}, (x,; B) at the k-th entry:

Te(v[m].) Z{, (xu; B) = Z{, (T (v[m]) xn; B),
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where we use the notation

Tk xp = (z1,..., Tz, .oy x0),
for an operator I' acting on k-th entry.

Remark 1. The reductions formulas have an interpretation in terms of torsors [BZF]
(Chapter 6). In such formulation x,, is a torsor with respect to the group of transfor-
mation of the space VO™ x C". In particular, from (2.7) we see that T}, (u[m].)-
operators act on V®"-entries of x,, while fi ., (Xn4+1; B)-functions act on z, of
Z{,(xn; B) as a complex function.

For n > 0, let us denote by 2,, the subsets of all x,, € V®" x C", such that the
chain condition

" (xp11) 6™ (x0) Ziy (x0; B) = 0, (2.8)

for the coboundary operators (2.7) for complexes C™(W) is satisfied. Explicitly, the
chain condition (2.8) leads to an infinite n = 0 set of equations involving functions
fk,m (Xn-&-l; B) and Z%/ (Xn§ B):

n+1ln

Z Trrmt (Xng1; B) frm (Xn; B) Tk/(vn+2[m/]~) Ty (vn+1[m].) Zf/]V (xn; B) = 0.
K k=0
m/,m=0

(2.9)

Remark 2. (2.9) contain finite series and narrows the space of compatible n-point
functions. It follows from considerations of [BKT], the subspaces of C"™(W), n > 0,
of n-point Jacobi forms such that the condition (2.9) is fulfilled for reduction coho-
mology complexes are non-empty. Indeed, the condition (2.9) represents an infinite
n > 0 set of functional-differential equations (with finite number of summands) on
converging complex functions Z{,’V (xp; B) defined for n local complex variables on
T with functional coefficients fx ,, (Xn+1; B) (in our examples in subsection 3.1-3.4,
these are generalizations of elliptic functions) on 7. Note that all vertex algebra ele-
ments of v,, € V®" as non-commutative parameters are not present in final form of
functional-differential equations since they incorporated into either matrix elements,
traces, etc. According to the theory of such equations [FK, Gu], each equation in the
infinite set of (2.9) always have a solution in domains they are defined. Thus, there
always exist solutions of (2.9) defining Z;|, € C"(W), and they are not empty.

Definition 4. The spaces with conditions (2.9) constitute a semi-infinite chain com-
plex

0 — 0 02y 1 L) 0TTEg) on1 072 a) om0 xeg1) g
For n > 1, we call corresponding cohomology
H?(W) = Ker 6"(xp,41)/Im 6" 1(x,,), (2.11)

the n-th reduction cohomology of a vertex algebra V-module W on T.
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3. REDUCTION FORMULAS AND EXAMPLES OF COBOUNDARY OPERATORS FOR
JACOBI n-POINT FUNCTIONS

3.1. The main formula for coboundary operator. In this subsection, using
Propositions 5 and 6 of [BKT] (see Appendix 6), we introduce the definition of a
coboundary operator associated to the most general (up to certain assumptions) re-

duction formulas available for Jacobi forms. Recall the definition of square bracket

vertex operators from Appendix 6.4. Summing (6.10) over [ multiplied by zf;ll,

Ziy (Vng1[=1].21,%2.; B). and using associativity of vertex operators we formulate
the following definition of the coboundary operator

Definition 5. Let v,41 € V such that
Upt1[l]ovg = 0,
forl > 1, 1 < k < n, and such that
J(0)vp+1 = QUpt1-
with « € C. Then the coboundary operator is given by (2.7) with the summation over

leZ,i.e.,

0" (Xn+1) Z{V (Xp; 2,7) = Z Jiem (Xnt1; B) T (vn41[m].) Z‘{V (xn;2,7), (3.1)

-1
fo(XnH;B) TO(U[m]-) = Z(_l)lH 5az,ZT+Z ﬁ 25;11 TO(OA(UnJrl))v

m+1l—-1 _
fk,m(XnJrl; B) = Z(_l)m+1 ( m ) Z£L+11 Fk,m(XnJrl; la OéZ,T), (32)
leZ

where

Fk,m(xn-‘rl; l7 az, T) = 50,771 Tliéaz’ZTﬁ—Z-Em-&-l,)\ ((1 - 6az,ZT+Z) az, T)

_ ~ 21 — Rk
e EQZ,ZT+Z,Pm+l,(1_5aZ,ZT+Z)>\ ( 9 , (1 —0azzr+2) az,7-> ,
with tilde applying operator T, i.e.,
T.-Emtin = Emqin,
T.Pm+l7/\ = Pm+l7)\, (33)

and E’m+k,,\(az,r), 15m+l7>\(z’,az,7') given by (5.6) and (5.5) correspondingly.

3.2. The simplest coboundary operator. For certain further restriction on v,1,
we are able to define the simplest version of coboundary operator for the reduction
cohomology. Using propositions 3 and 4 proven in [BKT] (see Appendix 6), we obtain
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Definition 6. For v,,11, with J(0)v,+1 = av,41, a € C, the coboundary operator is
defined by (2.7) with

fo(Xnt1;02,7) To(vni1[m]) = azrrtpezrsz € To(ox(vni1)),

Zn+1 — Rk

. 1-6
fk,m(zn+17)‘7kaaz77-) =T az'ATJruEZTJrZPm-%l,)\ ( i

) (1 - 5az,AT+ueZT+Z> az, T> 5

(3.4)
with ﬁer]’)\ (Zn+1, @z, 7) defined in (5.5).

3.3. Coboundary operator for a shifted Virasoro vector. Suppose that J(0)a =
aa for a ¢ Z\{0}, and define a V-automorphism g € Aut(V') by

2mi L J(0
g = i),

for p € Z for which ga = a. Then Corollary 2 follows from Proposition 6 of [MTZ]
which states that

Y al0]. e?lv(0)y ¢ L)) = . .
kZlew(Tk( [0])Y( Vv, ) 9q 0) 0 (3.5)

n

For

J(O)’Uk = LUk,
for k = 1,...,n, For the case of shifted Virasoro vector [MTZ] (see Appendix 3.4)
we find In a similar fashion, we can relate Proposition 4 to Theorem 2 of [MTZ] for
the above shifted Virasoro grading Ly (0) and with g = e2™57(0) Using Theorem 2
of [MTZ] we give the following

Definition 7. The shifted coboundary operator for the shifted Jacobi form

Z{/]V(Xn-i—l; h,HJ, OL,Z,’T) = Trwy (Y <ez Lh(O)Va ex) g th(O)) ’ (36)
n+1
is given by (2.7) with
Jo(xni1; B) To(vnia[m].) = To(on(vn+1)), (3.7)
Zn4+1 — 2k
m\Xn 7B = Pm —a . .

frm(Xni1; B) +1 < 5] T) (3.8)

and T (vy11[m]p.), where
0n(Un+1) = Vnt1 (Wt (Uni1) = 1) = vna1(Wt(vn41) = 1+ 1) = op(vns1).  (3.9)

3.4. Vertex operator superalgebra case. For the case of orbifold Jacobi n-point
functions, we have the following. Let v,41 be homogeneous of weight wt(v,11) € R
and define ¢ € U(1) by
¢ = exp(2mi wt(vy11))- (3.10)
We also take v, 41 to be an eigenfunction under g with
Gns1 =0 vn4a (3.11)
for some 6 € U(1) so that

9 on1(k)g = Bvpia (k). (3.12)
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Then we have Let v, 6 and ¢ be as as above. Then the coboundary operator is defined
by

Jo(Xn+1: B) To(vns1[m]) = d6,104,1T0(00(vn+1)),
Fom(ns1: B) = p(ons1, vi1) Pruss [ ’ ] ot —2007) (3.13)

where the deformed Weierstrass functions are defined in (5.9)) (see Appendix 5.2).
Note that, as it was shown in [MTZ], the orbifold Jacobi function case is related
to the shifted Virasoro vector case above.

4. COHOMOLOGY

In this section we compute the reduction cohomology defined by (2.10)—(2.11).

4.1. The n-th cohomology and analytic extensions of solutions to Knizhnik-
Zamolodchikov equations. The main result of this paper is the following.

Proposition 1. Under assumptions of subsections 3.1-3.4, the n-th reduction coho-
mology of the space of Jacobi forms for V-module W is given by space of analytical
continuations of solutions Zr{v (xn; B) to the Knizhnik-Zamolodchikov equation

n

Z Z fk,m (Xn; B) Tk(vn+1[m]ﬁ-) Zf\i[ (Xn; B) =0, (4'1)
k=0m=0

with x; ¢ B;, B = h for a shifted Virasoro element and zero otherwise, for 1 <i < n.

These are given by the spaces of quasi-modular forms in terms of series of deformed

Weierstrass functions, defined in Appendix 5.2, recursively generated by reduction
formulas (2.7).

Proof: The n-th reduction cohomology is defined by the subspace of C™(W) of func-
tions Z7 (x,; B) satisfying (4.1), modulo the subspace of C™ (W) n-point functions
Z{, (x),; B) resulting from:

n—1
Ziy (x:B) = (Z >} fem (Xn; B) T,i-‘”(v;[m]ﬁ)) 2 (x,_1;B).
k=1m=>=0

(4.2)

Subject to other fixed parameters, n-point functions are completely determined by all
choices x,, € V& x C" which does not belong to 2. Thus, the reduction cohomology
can be treated as depending on set of x,, only with appropriate action of endomor-
phisms generated by x,,41. Consider a non-vanishing solution 2 (x,; B) to (4.1) for
some x,,. Let us use the reduction formulas (2.7) recursively for each x;, 1 <i < n of
X, in order to express Zil; (x,; B) in terms of the partition function Zi, (B), i.e., we
obtain

Ziy (xn; B) = D(xn; B) Ziyy (B), (4.3)
asin [MT, MTZ, TZ]. Thus, x; ¢ U, for 1 <1i < n, i.e., at each stage of the recursion
procedure reproducing (4.3), otherwise Zi|, (x; B) is zero. Therefore, Z{, (x,,; B,)
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is explicitly known and is repsented as a series of auxiliary functions D(x,; B7) de-
pending on V. Consider now Zjj, (x},; B) given by (4.2). It is either vanishes when
Up—i € Vp_i, 2 < i < n, or given by (4.3) with x/, arguments.

The way the reduction relations (2.7) were derived in [Y] is exactly the same as
for the vertex algebra derivation [KZ, TK] for the Knizhnik-Zamolodchikov equa-
tions. Namely, one considers a double integration of Z{,IV (xy; B) along small circles
around two auxiliary variables with the action of appropriate reproduction kernels in-
serted. Then, these procedure leads to recursion formulas relating Zf/]V (xp+1; B) and
Z{,(x,; B) with functional coefficients depending on the nature of the vertex algebra
V. Thus, (4.1) can be seen as a version of the Knizhnik-Zamolodchikov equation.
In [Y, MT, MTZ, BKT] formulas for n-point functions in various specific examples of
V and configuration of Riemann surfaces were explicitly obtained.

In terms of x,1, by using (6.11), one transfers in (4.1) the action of v, 1-modes
into an analytical continuation of Zjj, (x,; B) multi-valued holomorphic functions to
domains 7,, < T with z; # z; for ¢ # j. Namely, in (4.1), the operators T (vn+1[m]s.)
act by certain modes v, 41[m]. of a vertex algebra element v,,+1 on v, € V®", Using
vertex algebra associativity we express the action of of operators Tj(v,41[m].) in
terms of modes v, 41[m] inside vertex operators in actions of V-modes on the whole
vertex operator at expense of a shift of their formal parameters z, by z,.1, i.e.,
z), = 2z, + zp+1. Note that under such associativity transformations v-part of x,,
i.e., v, do not change. Thus, the n-th reduction cohomology of a V-module W is
given by the space of analytical continuations of n-point functions Zj, (x,,; B) with
Xn—1 ¢ U, —1 that are solutions to the Knizhnik-Zamolodchikov equations (4.1). The
above analytic extensions for the Knizhnik-Zamolodchikov equations generated by
Tp+1 and with coefficients provided by functions fx m (Xn+1; B) on 7. O

One can make connection with the first cohomology of grading-restricted vertex al-
gebras in terms of derivations, and to the second cohomology in terms of square-zero
extensions of V' by W [Huang]. In certain cases of coboundary operators, we are able
to compute the n-th cohomology even more explicitly by using reduction formulas
in terms of generalized elliptic functions In particular, for orbifold n-point Jacobi
functions associated to a vertex operator superalgebra described in Appendix 3.4, we
obtain from [MTZ]

Corollary 1. For v, ¢ 0, the n-th cohomology is given by the space of determinants
of n x n-matrices containing deformed elliptic functions depending on z; — zj, 1 <
1,7 < n, for all possible combinations of v,-modes.

4.2. Geometrical meaning of reduction formulas and conditions (2.9). In this
section we show that the Jacobi forms reduction formulas (2.7) appear as of multipoint
connections on a vector bundle over T generalizing ordinary holomorphic connections
on complex curves [BZF]. Let us recall the notion of a multipoint connection which
will be useful for further identifying reduction cohomology in this subsection. Moti-
vated by the definition of a holomorphic connection for a vertex algebra bundle (cf.
Section 6, [BZF] and [Gu]) over a smooth complex curve, we introduce the definition
of the multiple point connection over T .
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Definition 8. Let V be a holomorphic vector bundle over 7, and 7y < T be its
subdomain. Denote by SV the space of sections of V. A multi-point connection G on
V is a C-multi-linear map

G:T*" x VO > C,
such that for any holomorphic function f, and two sections ¢(p) and ¥ (p') of V at
points p and p’ on Ty < T correspondingly, we have

Y G (W (@)-¢(d)) = F®) G (¢1) + F(6p) G (v()) (4.4)
4,9'€TocT

where the summation on left hand side is performed over locuses of points ¢, ¢’ on
To. We denote by Con™ the space of n-point connections defined over T.

Geometrically, for a vector bundle V defined over 7, a multi-point connection (4.4)
relates two sections ¢ and ¢ at points p and p’ with a number of sections on 7y = 7.

Definition 9. We call
G(¢.0) = f(6(p) G ((@)) + FW(@)) G(e(p) — D G (f((q))-¢(q)), (4.5)
q,9'€TocT

the form of a n-point connection G. The space of n-point connection forms will be
denoted by G™.

Here we prove the following

Lemma 1. Jacobi n-point forms (2.2) generated by reduction formulas (2.7) are n-
point connections on the space of automorphisms g deformed sections of the vertex
algebra bundle V associated to V. Forn = 0, the n-th reduction cohomology of Jacobi
forms is given by

H}(W) = H}(S8V,) = Con™ /", (4.6)
is isomorphic to the cohomology of the space of deformed V-sections.

Remark 3. Proposition 1 is a deformed section vertex algebra version of the main
proposition of [BS, Wag], i.e., the Bott—Segal theorem for Riemann surfaces.

Proof: In [BZF] (Chapter 6, subsection 6.5.3) the vertex operator bundle V was
explicitly constructed. It is easy to see that m-point connections are holomorphic
connection on the bundle V with the following identifications. For non-vanishing

f(o(p)) let us set

G (f(¥(a))-6(a) = Ti(v[mls.) Ziy (x0: B),
ELUD G (6(p) = fo (knt1; B) To(ox(vns1)) Ziy (xn3 B),

FOE) S 6@ = 3 fem (kurri B Te(elml ) 2y (%0 B).

an,a'n
eToc=T m=0

(4.7)
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Thus, the formula (4.7) gives (2.7). Recall [BZF] the construction of the vertex
algebra bundle V. Here we use a Virasoro vector shifred version of it. According to
Proposition 6.5.4 of [BZF], one canonically (i.e., coordinate independently) associates
End V-valued sections ), of the g-twisted bundle V* (the bundle dual to V). The
intrinsic, i.e., coordinate independent, vertex algebra operators are defined by [BZF]

Cu, (Vp(i(vn))), 9v) =, Y (xn)0).

to matrix elements of a number of vertex operators on appropriate punctured disks
around points with local coordinates z, on X(9). The spaces of such V-sections for
each n of is described by identifications (4.7). Taking into account the construction of
Section 6 (subsection 6.6.1, in particular, construction 6.6.4, and Proposition 6.6.7)
of [BZF], we see that n-point functions are connections on the space of sections of V,
and the reduction cohomology (2.11) is represented by (4.6). O

The geometrical meaning of (2.9) consists in the following. Since in (2.7) operators act
on vertex algebra elements only, we can interpret it as a relation on modes of V' with
functional coeflicients. In particular, all operators T change vertex algebra elements
by action either of o(v) = wvyty—1, Or positive modes of v[m]., m = 0. Recall that
for n-point Jacobi forms are quasi-modular forms. Moreover, the reduction formulas
(2.7) can be used to prove modular invariance for higher n Jacobipoint functions.
Due to automorphic properties of n-point functions, (2.9) can be also interpreted
as relations among modular forms. It also defines a complex variety in z, € C"
with non-commutative parameters v,, € V®*. As most identities (e.g., trisecant
identity [Fay, Mu] and triple product identity [K, MTZ]) for n-point functions (2.9)
has its algebraic-geometrical meaning. The condition (2.9) relates finite series of
vertex algebra correlations functions on 7 with elliptic functions [Zhu, MT, MTZ].
Since n-point Jacobi forms are quasi-modular forms, we treat (2.9) as a source of new
identities on such forms.
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5. APPENDIX: QUASI-JACOBI FORMS

In this appendix we recall definitions and properties of Jacobi and quasi-Jacobi
forms [BKT]. First, we provide the definition of ordinary Jacobi forms [EZ]. Let H
be the upper-half plane.

Definition 10. Let k, m € Np, and x be a rational character for a one dimensional
representation of the Jacobi group SL(2,Z) x Z2. A holomorphic Jacobi form of weight
k and index m on SLo(Z) with rational multiplier x is a holomorphic function

¢:CxH—C,
and
ar +b

T=—
v cT+d
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which satisfies the following conditions. Let v € SLy(Z),

v=(e%)
Then, for (A, u) € Z x Z,
¢, () =x(v, (A n) ¢, (5.1)
where for a function
¢:CxH-— C,
o o) )
B [ _em(z + AT+ p)? 9 24+ AT+
= (e + d) e< p—— +m (N7 +2Xz2) | ¢ —riad T

with e(w) = e?™. For a multiplier y,

(0 D)= (8 0)00) xom-x((5 1)-0m).

and N7, Ny € N uniquely defined by
1 1 22l o222
(o 1) = o - e,

where for a; € N, ged(aj, N;) = 1. The function ¢ has a Fourier expansion of the
form with ¢ = e(7), ( = e(2),

¢(zr)= >, D enr)g"¢, (5.2)

neNg+py T€Z+p2
r2<dnm

where p; = 1£ (mod Z) with 0 < p; < 1.
We next consider quasi-Jacobi forms as introduced in [Lib].

Definition 11. An almost meromorphic Jacobi form of weight k, index 0, and depth
(s,t) is a meromorphic function in C{g, (}[2™", 2, ] with 2 = 21 +izg, T = 71 +i72)
1

satisfying (5.1), and which has degree at most s, ¢ in %7 =t respectively.

Definition 12. A quasi-Jacobi form of weight k, index 0, and depth (s, t) is defined

by the constant term of an almost meromorphic Jacobi form of index 0 considered as

. s oza 1
a polynomial in = =

5.1. Modular and elliptic functions. For a variable x, set

1 0

Da: = 53 A
271 Ox

and g, = e>™*. Define for

meN={{eZ: (>0},
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the elliptic Weierstrass functions
oy 1
P. - w
1 (w7 T) Z 1— qn 92 ’
neZ\{0}

(5.3)

(=" (1t "
Pm+1(w77—): m! Dw (Pl(w”r)):f Z\]{ }1_qn'
neZ\{0

Next, we have

Definition 13. The modular Eisenstein series Ey(7), defined by E; = 0 for k for
odd and k > 2 even

B 2
B (k—1)!

where By, is the k-th Bernoulli number defined by
B
(e =17t = Z LU

Ek(T) =

nk—lqn
1—qn’

n=1

k=0 k!
It is convenient to define £y = —1. E} is a modular form for k£ > 2 and a quasi-
modular form for k = 2. Therefore,
cler +d
Er(y7) = (er + d)*Ep (1) — 6;@)2%.

Definition 14. For w, z € C, and 7 € H let us define

ﬁ)l(w7za7—):_2 T

nez 1- qzqn
We also have
Definition 15.
~ —_1)ym ~ -1 m+1 m . n
Prii(w,z,7) = (=1 D} (Pi(w,z,7)) = (=1 N w (5.4)
| w | — n
m. m nez 74
It is thus useful to give
Definition 16. For m € Ny, let
(-1 n
P (w,7) = o 2 T_gnin (5.5)
’ neZ\{—A}

On notes that
Py (w,7) = M Pr(w,T) + 1/2),

with
Pty (w,m) = - Dy (P (w,T)).
We also consider the expansion
1 k=1
Pia(w,T) = riw Z Ep (1) (2miw) ™,

k=1
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where we find [Zag]

2\

Ekw)\(’r) = ' Ek,j (T) (56)

-

<

0

J
Definition 17. We define another generating set Ej(z,7) for k > 1 together with
Es(7) given by [Ob]

~ 1
Py (w,z,7)

> Ey(z,7)(2miw) (5.7)

T omiw
k=1

where we find that for k£ > 1,

~ 4= B, 1 k-1 ko k=1 _—
E =—5 Pk m -1 m\ . mn
e(2,7) S b + 1) E (n* gl + (=) nf ™) ¢,

m,n=1
(5.8)
and Fy(z,7) = —1.

5.2. Deformed elliptic functions. In this subsection we recall the definition of
deformed elliptic functions [DLM, MTZ]. Let (6,¢) € U(1) x U(1) denote a pair of
modulus one complex parameters with ¢ = exp(27i\) for 0 < A < 1.

Definition 18. For z € C, 7 € H we define deformed Weierstrass functions for £ > 1
as

0 _ (_1)k 4 nkﬂq?
Py [ ¢ ] (z,7) = =1 neZZH T gig0 (5.9)

for ¢ = qarir where >, means we omit n = 0 if (6,¢) = (1, 1).

The functions (5.9) converge absolutely and uniformly on compact subsets of the
domain |g| < |¢.] <1 [DLM]. For k > 1,
0 (=1)F=1 gkt 0
P, =-———P . 5.10
[ 6 Jem = G | 4 e (5.10)

6. APPENDIX: REDUCTION FORMULAS FOR JACOBI n-POINT FUNCTIONS

In this subsection we recall the reduction formulas derived in [MTZ, BKT].
6.1. Vertex operator superalgebra case. Recall [MTZ], the following

Proposition 2. Suppose that v,+1 € V is homogeneous of integer weight wt(vy,41) €
Z. Then we have

i P(Vnt1, Vi—1) Zi ((v[0].)gVn, B) = 0,(6.1)

k=1
with p(vny1, Vi—1) given by

1 forr=1
p(A,By...Br_1) = { (_1)P(A)[p(B1)+.--+p(Br71)] forr>1 " (6.2)
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Let v, +1 be homogeneous of weight wt(v,+1) € R and define ¢ € U(1) by
¢ = exp(2mi wt(vy11))- (6.3)
We also take v,11 to be an eigenfunction under g with
Gns1 =0 p4a (6.4)
for some 0 € U(1) so that
g g1 (k)g = Ovnia (k). (6.5)

Then we obtain the following generalization of Zhu’s Proposition 4.3.2 [Zhu] for the
n-point function:

Theorem 1. Let v,,11,0 and ¢ be as as above. Then for any v, € V™ we have

Ziy (i1 B) = G0a0518Trw (0(vas1) Yw (a2 Ov,q) g H0-20)

+ Z D(Ont1, Vit Pm+1[ Z ](W 2 ) 28 (Vs [m]) v B). (6.6)
0
The deformed Weierstrass function is defined in (5.9)).
6.2. The first reduction formula. Suppose that v,,.1 € V with
L(0)vnt1 = Wt(vn41)0n+1,
J(0)vn+1 = QVn41,
for a € C. The simplest case of reduction formulas for modes
Un i1 (Wh(vni1) =1+ 5) = 0p(n11),
by 8 € Z, is given in [BKT]:
Lemma 2. For all k € C, we have
(1=¢4") To(0s(vn+1)) Ziy (xn, B)
=30 5 2 (e Dol ) xiB).
k=1m=0 k

Lemma 2 implies the following corollary.
Corollary 2. Let J(0)vp+1 = avpi1. If az = A7+ p€ Zm + Z, then
)\m
Z Z zi (( Z’“‘)‘—UHH[ ]) vn;B) =0. (6.7)
k=1m=0 k

We now provide the following reduction formula for formal Jacobi n-point functions
[BKT]. For eigenstates v,41 with respect to J(0) we obtain:

Proposition 3. Let x,,1 € VO x C**1 with J(0)vp,41 = avpy1, a € C. For
az ¢ 7t + Z, we have

Zn z
Z{, (%Xn41; B 2 2 1 <Hlk oz T> Zi (Vpp1[m] )k xn; B) . (6.8)

k=1m=0
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Proposition 4. Let x,41 € VO*tD x €1 with J(0)vp,4e1 = avppy. For az =
AT + € Zt + Z, we have

ZI{V (Xn+1; B)
= e #+1 ATy, ('Un+1(Wt(Un+1) -1+AM)Y (eZL(O)V7 ex) CJ(O)qL(O))

#3203 Puena () 2 (el )i B), (69)

k=1m=0
with Ppt1x (w, ) defined in (5.5).

Next we provide the reduction formula for Jacobi n-point functions.

Proposition 5. Let x,,, € VO 5 C**1 with J(0)vp41 = avpyy. Forl>1 and
az ¢ Zt + Z, we have

Ziy (vnaa[~1]-21,%2,0); B)

— 3 -y (m e 1)ém+l<azm>zav (v [m] 1), %2.0: B)

m=0 m
e m+1l—-1\~ Z1 — 2k
+ Z Z (—1)l+1< m )Pm+l <2m,,ozz,7> Zi (Uni1[m]xn; B).
k=2m=0
(6.10)

Propositions 4 and 5 imply the next result [BKT]:

Proposition 6. Let x,, 1, € VO"+1) 5 C**1 with J(0)v,41 = avpyy. Forl>1 and
az = AT + p € Zt + Z, we have

Z{E/]V (Un+1[_lj|'l‘17 X27n); B)
)\l—l

(1)1 _ xLy (0), _x J(0) L(0)

(-1 = 1)!Trw (Un+1(/\ + wt(vp1) — 1)Y (e v,e )nC q )

1ymt1 m+1—1
m

)Emﬂ,mr) 2, (vnsa[m]-1,%o.05 B)

m=0
n m+1l—1 TL—x

Z 2 z+1( )pm%/\ <12m_k,7> Zir (Vni1[m]xn; B),
k=2 m>0

m
for Ey  given in (5.6).

Remark 4. In the case a = 0 we have that A = y = 0 and Propositions 4 and 6 imply
the standard results of [Zhu] or [MTZ] with a(X + wt(a) — 1) = o(a).

6.3. Vertex operator (super)algebras. In this subsection we recall the notion of
vertex operator (super)algebras [B, FHL, FLM, K, MN]. Let V' be a superspace, i.e.,
a complex vector space

V = V()(‘B‘/i :®aVo¢;
with index label « in Z/27Z so that each a € V has a parity p(a) € Z/2Z.
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An C-graded vertex operator superalgebra is defined by (V| Y, 1y, w) where V is a
superspace with a C-grading where

V= @7'27“0‘/7“7
for some 7y and with parity decomposition
Vi=V5,@®Vi,.

1y € Vg is the vacuum vector and w € V5 the conformal vector with properties
described below. The vertex operator Y is a linear map

Y :V — (EndV)[[2, 27,
for formal variable z, so that for any vector x = (a,v) € V x C,
Y(z)= >l a(n)z""" (6.11)
nez
The component operators (modes) a(n) € EndV are such that
a(n)ly = 0y, _1a,
for n > —1 and
a(n)Va < Va+p(a)7 (6.12)
for a of parity p(a).
The vertex operators satisfy the locality property for all x; = (v;,2;) € V x C,
i=1,2,
(21 = 22) MY (21), Y (22)] = 0, (6.13)
for N » 0, where the commutator is defined in the graded sense, i.e.,
[V (21), Y (22)] = Y (@1)Y (w2) — ()PIPCDY (25)Y (1)

The vertex operator for the vacuum is

Y(]-Va Z) = IdVa
whereas that for w is
Y(w,z2) = Z L(n)z~""2, (6.14)
nez

where L(n) forms a Virasoro algebra for central charge ¢

[Lv(m), Ly (n)] = (m — n)Ly (m +n) + 1—02(m3 — 1) _nIdy. (6.15)
Ly (—1) satisfies the translation property
Y (Ly(=1)z) = %Y(x) (6.16)

Ly (0) describes the C-grading with
Ly (0)a = wt(a)a,

for weight wt(a) € C and
V. = {a e V]wt(a) = r}. (6.17)
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We quote the standard commutator property of vertex operator superalgebra, e.g.,
[K, FHL, MN], for 1 = (a,21), = (b, 22)

) @] = 3, () a0 (6.13)
Taking a = w this implies for b of weight wt(b) that
(L (0), b(n)] = (wt(b) — n — 1)b(n), (6.19)
so that
b(n)Vr c Vr+wt(b)—n—1‘ (620)

In particular, we define for a of weight wt(a) the zero mode

ox(a) = { a(wt(a) =1+ X), for wt(a)€eZ

0, otherwise, (6.21)

which is then extended by linearity to all a € V.
6.4. Square bracket formalism. Define the square bracket operators for V' by

Y[z] =Y (ez LO0)y, e — 1) = Z v[n]z "L (6.22)
nez

For v of weight wt(v) and k € Z (see [Zhu, Lemma 4.3.1]), we have
kE+wt(v) — 1\ . k™
jgo( i )’U(]) = Z mv[m]. (6.23)

The square bracket operators form an isomorphic vertex operator algebra with Vira-
soro vector

C
O =w——1y.
w w 24\/

Let us now introduce [DMs] the shifted Virasoro vector
wp =w + h(=2)1y,
where N
h=——/J,
@
for A € Z. Then the shifted grading operator is
A
Ly (0) = L(0) — h(0) = L(0) + aJ(O).
Denote the square bracket vertex operator for the shifted Virasoro vector by

Y[z]lp =Y <ez En(0y e# — 1) = Z v[n]n 2771,
nEL
Therefore,
Y[a,z]n = e*Y]a, 2],
or equivalently,

aln], = Z %a[n—km]. (6.24)
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