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Abstract

A method for testing nonlinearity in time series is described based on information-theoretic functionals-redundancies,
linear and nonlinear forms of which allow either qualitative, or, after incorporating the surrogate data technique, quantitative
evaluation of dynamical properties of scrutinized data. An interplay of quantitative and qualitative testing on both the
linear and nonlinear levels is analyzed and robustness of this combined approach against spurious nonlinearity detection is
demonstrated. Evaluation of redundancies and redundancy-based statistics as functions of time lag and embedding dimension
can further enhance insight into dynamics of a system under study.

1. Introduction

The problem of inferring the dynamics of a sys-
tem from measured data is a perpetual challenge for
time series analysts. Ideas and concepts from non-
linear dynamics and theory of deterministic chaos
have led to a number of algorithms, able, in prin-
ciple, to identify and quantify underlying nonlinear
deterministic/chaotic dynamics [1,16,17,27]. After
extensive use, however, many of these algorithms
were found chronically unreliable, often producing
spurious dimension or Lyapunov exponent estimates
[28,41,47,51,7] and thus supporting false identifi-
cation of chaotic dynamics in data, consistent with
a simpler explanation [34,40,52,51]. Some authors,
considering these problems, proposed to test neces-
sary conditions for chaos like nonlinearity or nonlin-
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car determinism [53,35,21]. As it was pointed out by
Theiler et al. [ 53], detection of nonlinearity is consid-
erably easier goal than that of positive identification
of chaotic dynamics. On the other hand, detection
of nonlinearity is not a trivial task either and there
are various sources of possible errors in nonlinearity
testing.

In this paper, we demonstrate how the information-
theoretic functionals-redundancies can be used for de-
tecting nonlinearity in time series. Besides the general
redundancy, we can define its linear version, sensitive
to linear dependence only. Comparison of the linear
and general redundancies can be used for a “qualita-
tive” test for nonlinearity, as was proposed in [35]. A
rigorous statistical quantitative test can be developed
by incorporating the technique of surrogate data [53].
The latter, however, can be a source of spurious iden-
tification of nonlinearity, as in some cases surrogate
data do not fulfill theoretical expectations, like preser-
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vation of linear properties of the original data. If this
is the case, the pair of linear and general redundancies
can be used for testing differences between the data
and its surrogates on both the linear and nonlinear lev-
els, and thus prevent spurious results due to changes
in the linear properties. The combination of both the
quantitative and qualitative testing can further improve
reliability of the results.

Some remarks on linearity and nonlinearity
are given in Section 2. The information-theoretic
functionals-redundancies are introduced in Section 3.
Qualitative testing for nonlinearity is presented in
Section 4. The quantitative method, based on surro-
gate data technique, is described in Section 5. In Sec-
tion 6 numerical problems which can lead to spurious
detection of nonlinearity are discussed. Differences
and possible interplay of qualitative and quantitative
testings are discussed in Section 7. Application of
the proposed methodology to real data is presented
in Section 8. The conclusion is given in Section 9.
In Appendix A numerical procedures for estimating
the redundancies are discussed. Numerically gener-
ated data, analyzed in this paper, are described in
Appendix B.

2. Some remarks on linearity and nonlinearity

This paper deals with the problem of detecting non-
linearity in time series, therefore, it seems reasonable
to say when a time series {y(¢)} is nonlinear. Intu-
itively, we can say that it is the case when the rela-
tion between y(¢) and y(t+ 7) is nonlinear, or, can-
not be expressed by a linear function. Looking for a
more rigorous definition, we use the way we will de-
tect nonlinearity here - by showing that a time series
is inconsistent with a linear stochastic process. Thus,
for detection of nonlinearity we do not need to ex-
hibit or describe the underlying nonlinear dynamics,
but simply to find arguments that a linear model is in-
adequate. This approach - testing data against a null
hypothesis — was advocated by a number of authors
[11,8-10,54]. Therefore we need to define a linear
stochastic processes.

Let {y()} be a time-series realization of a station-

ary stochastic process {Y (¢) }. Without loss of gener-
ality we can set its mean to zero.

{Y(¢)} is a stochastic linear process if Y (#) can be
written as

Y(t)=Y(O)+Za(i)Y(t—i)

i=l

+Zb(i)1v(t—i), (1
=0

where b(0) = 1, S5 la(i)| < oo, 35 |b(D)] <
oo, {N(1)} is an independent, identically distributed
(iid), normally distributed process with zero mean
and finite variance. (For more details see [39].) The
requirement for { N(#) } to be an iid process is an im-
portant condition, since any stationary process with
zero mean posses a Wold decomposition [2] of the
form (1), when the process {N(t#)} is uncorrelated.
The principal difference lies in the fact, that while “in-
dependent” means also “uncorrelated”, “uncorrelated”
means only “linearly independent” and not indepen-
dent in general. This distinction will be demonstrated
in Section 4.

Now, having in mind the null hypothesis of a linear
stochastic process, we will test whether all the depen-
dences in a time series can be detected on the linear
level (Section 4) and evaluate a quantitative differ-
ence between the data under study and a set of real-
izations of a linear stochastic process with the same
linear properties as the data (Section 5). If we find
evidence that the time series is not consistent with the
null hypothesis (of a linear stochastic process), we
will consider the series to be nonlinear.

3. Mutual information and redundancies

In this section we will define basic functionals from
information theory, more details can be found in any
book on information theory [4,15,24,25,45,6].

Let X, Y be random variables with probability dis-
tribution densities px(x) and py(y). The entropy of
the distribution of a single variable, say X, is defined
as
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H(X) = —/px(x)log(px(x))dx. (2)

(We use the mark “:=” in order to distinguish defi-
nitions from other types of equations.) For the joint
distribution pxy (x, y) of X and Y the joint entropy is
defined as

H(X.Y) 3=—//PX,Y(X,)’)108(Px,y(x,)’))dXd)’-
(3)

The average amount of information, that the variable
X contains about the variable Y, is quantified by the
mutual information 7(X;Y):

I(X;Y):=H(X)+H(Y)-H(X)Y). 4

Clearly, 1(X;Y) = 0 iff pxy(x,y) = px(x)pr(y),
i.e., iff X and Y are statistically independent.
For n variables X|, ..., X,, the extension of (3) is

x log(px,,..x, (X1, ..

The n-dimensional extension of (4) is called redun-
dancy and is given by

R(Xy;...; X)) :=H(X;)+...+ H(Xy)

—H(Xy,....X»). (6)

The redundancy of the n-tuple X, . . ., X, vanishes iff
there is no dependence among these variables.

Now, let Xi,..
distributed random variable with zero mean and co-
variance matrix C. In this special case the redundancy
(6) can be computed straightforwardly from the def-
inition:

., X, be an n-dimensional normally

1 ¢ 1<
RO Xe) = 5 9 log(ca) — 5 D log(ar),
i=1 i=1
(7)

where ¢;; are the diagonal elements (variances) and
o; are the eigenvalues of the n x n covariance ma-
trix C. (See, e.g., the work of Morgera [32]; two-
dimensional case, i.e., mutual information, was de-
rived also by Fraser [14].)

Formula (7), obviously, may be associated with
any positive definite covariance matrix. Thus, we
use formula (7) to define the linear redundancy
L(Xy;...; X,) of an arbitrary n-dimensional random
variable Xj,...,X,, whose mutual linear depen-
dences are described by the corresponding covariance
matrix C :

1 < 1 o

L(Xi;. .5 X) =5 ) loglea) =5 ) log(on).
i=1 i=1

(8)

If formula (6) is evaluated using the correlation matrix
instead of the covariance matrix, then particularly ¢;; =
1 for every i, and we obtain

1 n
L(Xi5.. i Xa) = = 5 D _log(a). 9)
i=1

4. Redundancy-based test for nonlinearity:
qualitative method

In many experimental situations one records a time
series {y()} of a specific observable. {y(1)} is usu-
ally considered as a realization of a stochastic process
{Y(#)} which is stationary and ergodic.

We will study the redundancies for the variables

Xi(H)=y@+(G-mr), i=1,....n (10)

where 7 is a time delay and » is an embedding dimen-

sion [50]. Redundancies of the type
R(y(£);y(t+7);...5y(t+ (n—1D7))

are, due to stationarity of {¥(t)}, independent of 1.
We introduce the notation

R 1) :=R(y(t);y(t+71);..;y(t+ (n— D7)
(11)

for the redundancy and

s y(t+ (n—1)7))
(12)

L"(7) = L(y(t);y(t +71);...

for the linear redundancy of the n variables y(1),
y(t+7),...y(t+ (n— 1)7). (Quantities (11) and
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(12) are obtained from a single process realization
~ an experimental time series - by time averaging,
which can be applied due to the above requirement of
ergodicity.)

The linear redundancy, according to Eq. (9), re-
flects dependence contained in the correlation matrix
C of the variables under study. In the special case con-
sidered here, when all the variables are, according to
(10), lagged versions of y(t), each element of C is
given by the value of the autocorrelation function of
the series {¥(7)} for a particular lag. As the corre-
lation is a measure of linear dependence, the linear
redundancy characterizes only linear structures in the
data under study.

Palus et al. [35] recently proposed to compare the
linear redundancy L"(7) with the redundancy R"(7),
considered as functions of the time lag 7. If their
shapes are the same, or very similar, a linear descrip-
tion of the process under study should be considered
sufficient. Large discrepancies suggest important non-
linearities in the dependence among the variables, or,
recalling (10), among the studied time series and its
lagged versions, i.e., in the dynamics of the process
under study.

In this particular approach shapes of redundancies
as functions of the lag = are compared, not particu-
lar values of the redundancies, as redundancy R"(7)
and linear redundancy L"(7) have different numeri-
cal properties. While L"(7), for particular n and 7,
depends on the time series length only, estimated val-
ues of R"(7) depend on a numerical procedure used
(“quantization” ~ namely, the finer the partition of the
state space, the higher the estimated values of R"(7),
see Appendix A), therefore it is impossible to apply
any formal statistical procedure to decide whether the
redundancies are significantly different in the quanti-
tative sense. The shapes of 7-plots of R"(7), however,
are usually consistent for a large extent of numerical
parameters used in the redundancy estimations. There-
fore comparison of R"(7) vs. L"(7), in the qualita-
tive sense, is possible and can be useful in assessing
whether the time series under study is linear or non-
linear. The method is demonstrated below by several
numerical examples. (See also [35,36].)

The linear redundancy L"(7) and the redundancy
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Fig. 1. (a) Linear redundancy L"(7), (b) redundancy R"(7), as
functions of the lag 7, computed from the time series generated
by the linear autoregression. (¢) L"(7), (d) R*(7) of the linear
stochastic process constructed from a given spectrum (the surro-
gate data of the Réssler chaotic series). The four different curves
in each picture are the redundancies for different embedding di-
mensions, n = 2-5 reading from the bottom to the top. The re-
dundancies L"*(7) and R*(r) are plotted as L"(7)/(n— 1) and
R*(1)/(n— 1), respectively.

R"(7) computed from a time series, generated by a
linear autoregression ( for description of used data see
Appendix B), are presented in Figs. 1a and 1b, re-
spectively. It can be seen that there is no qualitative
difference between Figs. la and 1b, they are practi-
cally the same. Consistent with the origin of the data,
comparison of L"(7) and R"(7) suggests that all the
dependences in the data dynamics are detectable on
the linear level 2.

The same conclusion can be drawn from compari-
son of Figs. 1¢ and 1d, depicting L"(7) and R"(7),
respectively, computed from a realization of a linear
stochastic process, constructed from a given spectrum
with random phases ( “surrogate data”, see Section 5).

Figs. 2a and 2b present the linear redundancy L" (7)
and the redundancy R"(7), respectively, computed

2 We have obtained the same qualitative results for both the Gaus-
sian and non-Gaussian driving noise used in the series generation.
Effects of non-Gaussian driving noise, however, can be seen in
the quantitative analysis — see Section 6. Also, the effects of a
non-Gaussian distribution of the scrutinized data and a possibility
of their correction are discussed in Section 6.
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R"(7)[o] and R"(7)[s], their values can be com-
pared quantitatively.

Alternatively, we could simply propose the redun-
dancy R"(7) as a nonlinear quantity suitable for deriv-
ing a discriminating statistic in the quantitative eval-
uation based on the surrogate data method. However,
the above introduced concept of the linear redundancy
L" (1) and the qualitative comparison still can be use-
ful as far as the quantitative testing is not always reli-
able, as we will demonstrate below.

It is well known, that in construction of n-
dimensional embeddings by the time delay method,
the results are usually influenced by the choice of the
embedding dimension # and the time delay 7. There-
fore, also in the quantitative testing, we evaluate the
redundancy-based statistics for several embedding
dimensions, usually n = 2,...,5 and a broad range
of time delays. (This approach, yielding multiplic-
ity of test values, opens a question of simultaneous
statistical inference, which we will discuss in con-
nection with a particular practical application of the
redundancy-based nonlinearity testing (Section 8,
{37]), rather than here. For more information see,
e.g., [33.29,31,19].)

The usefulness of plotting a statistic versus time lag
to illustrate differences between test and surrogate data
was also demonstrated by Kaplan and Glass [22].

6. Spurious nonlinearity - pitfalls in the surrogate
data

Theiler et al. [ 55] recently have observed that gen-
erating a surrogate data from a time series with a
long coherence time, i.e., from strongly autocorre-
lated series, can be problematic, and formal applica-
tion of a statistical test can lead to false detection of
nonlinearity. In the following illustrative example we
demonstrate how this problem can be attacked by the
redundancy-based analysis.

Fig. 3 presents the results of the quantitative test-
ing of the data, qualitative comparison of which was
presented in Figs. 1c, 1d. The data is an example of a
linear stochastic process by construction, in this case
a particular realization of the surrogate of the series
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Fig. 3. (a) Linear redundancy statistic, (b) redundancy statistic
for the linear stochastic process - the surrogate data of the Rossler
chaotic series, 131,072 samples analyzed. (¢) Linear redundancy
statistic, (d) redundancy statistic for the same data, however,
only the 16,384-sample subset was analyzed. The statistic is the
difference between the value of a particular redundancy from the
original data minus the mean value of a set of 30 surrogates,
in number of standard deviations (SD) of the set of surrogates.
The statistics are plotted as functions of the time lag 7, the four
different curves are the statistics for embedding dimensions n =2
- full line, n = 3 - dash-and-dotted line, n = 4 - dashed line, and
n =75 - dotted line.

generated by the chaotic Rossler system. The time se-
ries length used for the data generation and then for
the subsequent analysis, presented in Figs. 3a and 3b,
was 131,072 (128K) samples. According to expec-
tation, there is no significant difference between the
original data and its surrogates, differences oscillate
between -1 and 1 SD as measured by both L"(7) and
R"(r), respectively. (Of course, the absolute values of
these differences are very small, of the order of 1073
in redundancies and 10™* in related autocorrelation
functions (ACF) for both the unbiased and circular
estimators [20,55].)

The situation is different, when we analyze only
16,384 (16K) samples from the above data, i.e., now
we construct 16K-surrogates from a (16K) “test data”
which is, in fact, a 16K segment of a surrogate gen-
erated by FFT of 128K samples. In Fig. 3d one can
see that differences in redundancies R"(7) reach val-
ues over 1.7 SD’s, for small 7 even more than 2 SD’s,
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function (“linear properties”) as the original data un-
der study, however, surrogate data are generated as
realizations of a linear stochastic process. It can be
achieved in the following way: Compute the Fourier
transform (FT) of the original data, randomize the
phases but keep the original absolute values of the
Fourier coefficients (i.e., the spectrum) and perform
the inverse FT into the time domain. The resulting
time series is a realization of a linear stochastic pro-
cess with the same spectrum as the original data.

Another way to generate a linear stochastic sur-
rogate is fitting an ARMA (auto-regressive moving-
average) model. Theiler et al. [53] discuss relations
between the FT- and ARMA-based surrogates and ar-
gue that, for testing hypotheses, the FT-based surro-
gates are better. Theiler and Prichard [56] demon-
strate that a test for nonlinearity based on the FT sur-
rogates can be more powerful than the same test based
on the AR surrogates, and an actual nonlinearity in
a data can be neglected by a test using the latter. In
the following we will focus ourselves on the FT sur-
rogates.

In the case of testing for nonlinearity, the null hy-
pothesis is a linear stochastic process and for a statistic
one can evaluate some nonlinear quantity, e.g., corre-
lation dimension/integral or nonlinear forecastibility
for the original data and a set of the surrogate data
(different realizations of the linear stochastic process,
i.e., a set of series obtained by the inverse FT of the
same spectrum but different sets of random phases).
The resulting statistic then is the difference between
the value obtained from the scrutinized data and the
mean value obtained from the set of surrogates, di-
vided by the standard deviation (SD) of the surro-
gates, i.e., the difference in number of SD’s. The null
hypothesis is rejected and the result called significant,
if the probability p of the null hypothesis is lower than
a chosen level, usually set to 0.05 or 0.01. Providing
the statistic has a normal distribution N(0, 1) and 30
realizations of the surrogates were used in the test?,

3 With a limited number N of the realizations of the surrogates,
the t-distribution with (Ns—1) degrees of freedom should be used
for deriving the critical values of statistics, instead of the normal
distribution. In all the examples, presented here, 30 realizations
of surrogates were used, therefore the critical values presented

then probability of the null hypothesis is p < 0.05 for
values of the statistic greater than 1.699; or greater
than 2.462 for p < 0.01, etc., see, e.g., [3].

The above critical values of a statistic are related
to one-sided tests, because the change of the statis-
tic from a possible nonlinear deterministic process to
a linear stochastic process is expected in one direc-
tion (e.g., increase of dimensionality ). As we will see
later, this is not always true, however, the anomalous
changes of a statistic are usually caused by numeri-
cal artifacts and should be handled by a different way
than a small increase of the critical values according
to two-sided tests.

If the difference is significant, one should reject
the null hypothesis (a linear stochastic process) and
consider the result as a signature of nonlinearity or
nonlinear determinism in the data under study. (For
more details and examples see Theiler et al. [53].)

Let us outline what are the relations among the re-
dundancies R*(7)[0] and L"(7)[ 0], computed from
the original data and the redundancies R"(7)[s] and
L"(7)[s], computed from the surrogate data.

The surrogate data are linear by the way of their
construction, which implies the equality L*(7)[s] =
R"(7)[s] (we mean equality in the above considered
sense, i.e., the shapes of the redundancies as the func-
tions of 7 are the same). The surrogate data have the
same spectrum as the original one, that means they
should have also the same autocorrelation function*
(for more details see [55]). Recalling the relation be-
tween the autocorrelation function and the linear re-
dundancy, we can see that: L"(7)[s] = L"(7)[o].
This means that R*(7)[e] = L"(7)[0] if and only if
R*(7)[0] = R"(7)[s]. That is, instead of comparing
R"(7)[0] with L"(7)[0] we can compare R"(7)[0]
with R"(7)[s]. Thus the compared quantities have
the same numerical properties and, provided we use
the same numerical parameters in the estimations of

in this paper are related to the t-distribution with 29 degrees of
freedom. These are, however, close to those related to the normal
distribution, e.g., for p = 0.05 the critical value is 1.699 for the
former and 1.645 for the latter. [3]

4 In some cases it is not true, due to numerical reasons, see
Section 6.
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Fig. 2. (a) L"(r), (b) R"(r) of the Lorenz chaotic series, (c)
L*(7), (d) R"(r) of the Réssler chaotic series. The four different
curves in each picture are the redundancies for different embedding
dimensions, n = 2-5 reading from the bottom to the top. The
redundancies L"(7) and R"(7) are plotted as L"(7)/(n—1) and
R"(7)/(n— 1), respectively.

from the time series generated by the Lorenz system in
a chaotic state [26]. L"(7) decreases quickly to val-
ues close to zero and detects no dependence for 7 > 10
samples, while R"(7) detects nonlinear dependence,
the level of which oscillates with 7 and is character-
ized by a long-term decreasing trend. These differ-
ences can be characterized as qualitative and suggest
that a linear description of the data is insufficient.

Figs. 2¢ and 2d illustrate L"(7) and R"(7), respec-
tively, computed from the time series generated by the
Rossler system in a chaotic state [43]. While both the
redundancies are of similar oscillating nature, the lin-
ear redundancy L"(7) is not able to detect the long-
term decreasing trend, clearly seen in the redundancy
R"(7). This difference we again consider as impor-
tant or qualitative. (In fact, this long-term decreasing
trend is a specific nonlinear property, actually a sig-
nature of chaos, as discussed in [35,36,13].)

In summary, in the qualitative comparison of L"(7)
with R"(7) (or, equivalently, of R"(7) computed from
the scrutinized data and R"(7) from its surrogates,
defined in the following section) as functions of the
time lag 7, the following phenomena we consider as
qualitative differences:

- Beyondalag 7, L"(7) is (approximately) zero, i.e.,
no linear dependence is detected, while R"(7) is
positive and clearly detects a nonlinear dependence
among y(t),v(t+7),...,y(t+ (n — 1)7). (Cf.
Figs. 2a and 2b.)

- Both L"(7) and R"(7) are positive in a particu-
lar range of 7, however, “dependence structures”
reflected in the redundancy vs. lag curves contain
clear incompatibilities, like different 7-positions of
extrema of L"(7) compared with those of R"(7),
or the extrema of R"(7) show a periodic structure
while the extrema of L" (7) are located more or less
randomly. (Cf. Figs. 10a and 10b.)

— There is a long-term decreasing trend detected by
R"(7) which is not reflected in L"(7) (cf. Figs. 2c
and 2d); or, both L"(7) and R"(7) detect long term
trends, but the trends are different (e.g., slower,
close to linear decrease in R"(7) and faster, expo-
nential or power-law decrease in L"(7) -~ see, e.g.,
Fig. 9in [36]).

5. Quantitative testing: surrogate data

The redundancy-based method, introduced in [35]
and reviewed in Section 4, was called “the test for non-
linearity”. A reader with background in mathematical
statistics could argue that “a test” means a precisely
elaborated method for testing well formulated null hy-
potheses by evaluating some statistical quantity, the
value of which discriminates whether the null hypoth-
esis should be rejected or not. As was discussed above,
the compared quantities - the linear redundancy L" (1)
and the redundancy R"(7) have different numerical
properties and derivation of some statistical quantity,
able to discriminate, whether L" (1) and R"(7) are
significantly different, is practically impossible. In or-
der to find a way to a quantitative statistic we must
incorporate another idea - the concept of “surrogate
data”, advocated by Theiler et al. [53].

Surrogate data are artificially generated data which
mimic some of the properties of the data under study,
but not the property which we are testing for. In the
case of testing for nonlinearity, the surrogate data
should have the same spectrum and autocorrelation
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so one could formally reject the null hypothesis of the
linear stochastic origin of this data. However, looking
at differences in Fig. 3c, derived from the linear re-
dundancies L"(7), one can see that 16K-sample sur-
rogates are significantly different from the scrutinized
data on the linear level, too. This means that the sur-
rogate data, in spite of theoretical expectation, does
not exactly mimic the linear properties of the original
series, and this is the reason of significant differences
indicated by the nonlinear statistic, not a nonlinearity
in the data.

The linear redundancy-based statistic, presented in
Fig. 3c, was computed using the unbiased estimator
of the ACF. When the circular estimator was used, the
differences are slightly smaller, but still significant.
Also, behavior of other 16K segments of the full 128K
“test data” was very similar,

Deriving the statistic from the ACF itself (by the
same way as from the redundancies) we found consis-
tent decrease of (absolute) values of the ACF, how-
ever, the decrease is not significant (maximum differ-
ence is about 1.3 SD). Thus, the linear redundancy
L"(r), as a transformation of the ACF, is more sensi-
tive to the differences in the surrogates than the ACF
itself. As we have demonstrated above, L"(7) is equiv-
alently sensitive as the (nonlinear) redundancy R"(7),
which is the important feature of this technique - con-
sider a nonlinear statistic, at least as sensitive as the
statistic based on R"(7), used in a nonlinearity test
and a possibility of a spurious nonlinearity detection
caused by imperfect surrogates is tested by the ACF.
Then a researcher, relying on significant results only
(i.e., neglecting the decrease in the ACF because it is
not significant), can evaluate the above linear stochas-
tic series as nonlinear.

Considering the question why the linear proper-
ties of the test data are not preserved in the surro-
gates, Theiler et al. [55] argue that one of the pos-
sible reasons can be that the true power spectrum
of coherent signals, like that presented in this exam-
ple, contains sharp spikes, which, when estimating the
power spectrum from a finite time series, are spread
out over only several frequency bins and thus loose
their “sharpness”. As a consequence, the surrogate
data have shorter coherence time and weaker autocor-

relation, which leads to lower values of redundancies.
If this is the correct explanation, then, in the above
example, the “sharpness” of the dominant peak was
changed by using shorter time series than originally
used in generation of the data under study. (Also, sur-
rogate data of a periodic series can be distorted when
a time series length is not commensurate with the pe-
riod(s) of the series, see Theiler et al. [55].)

Unfortunately, the sharp-peak spectrum is not the
only source of pitfalls in the surrogate data, Even in
the quantitative analysis of the AR process (Gaussian
driving noise) from Figs. la, 1b we have observed
significant (1.7-1.9 SD’s) decrease of redundancies
of its surrogates in comparison with redundancies of
the original data. (However, this series has the long
coherence time, t00.)

We have also observed the opposite effect: Fig. 4
presents the redundancies computed from a noisy sine
signal and its surrogates. In this case one can see that
the surrogates give higher values of both the redundan-
cies, i.e., they have stronger autocorrelations that the
original series. (The differences are in order of tens
of SD’s.) This effect usually emerges in series with
a large amount of high-frequency noise, i.e., with the
signal-to-noise ratio equal to or less than 1 (the sine
with a small portion of noise can give different results
- see Section 7), and when a noise has high ampli-
tudes also in the high-frequency cut-off of a spectrum,
i.e., a low-pass filtering, or, in numerically generated
data, using a 1/f noise can prevent this effect.

Increase of redundancies (or, equivalently, possible
decrease of a dimensional or forecasting-error statis-
tic) in the surrogates is clearly an anomalous result
and one can be aware that there is something wrong
with the surrogates, unless he/she records only the ab-
solute values of a statistic. Then also this phenomenon
can lead to a spurious nonlinearity detection.

Surrogate data with linear properties different from
the original data, yielding either decrease or increase
of redundancies, have been observed extensively also
in processing of experimental data, especially human
electroencephalographic signals (to be published).

We have no ambition to find an explanation (or
explanations) why these flaws in the surrogates can
occur. The aim of this paper is to warn researchers
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Fig. 4. (a) L"(7), (b) R"(r) for the noisy sine series (50%
of noise), (¢) L*(7), (d) R"(7) for a surrogate of this noisy
sine series. The four different curves in each picture are the
redundancies for different embedding dimensions, n = 2-5 reading
from the bottom to the top. The redundancies L"(7) and R*(7)
are plotted as L"(7)/(n—1) and R"(7)/(n~ 1), respectively.

that the generation of the FT-based surrogate data is
not always a process preserving linear properties of
an original data. Changes of linear properties, like the
decrease of autocorrelations, are reflected in nonlin-
ear measures as well and thus can lead to false detec-
tion of nonlinearity. In order to avoid such spurious
detection of nonlinearity, one should test differences
between the data and its surrogates on both the linear
and nonlinear levels, using adequate tools. And the
redundancy twins L"(7) and R"(7) could be suitable
for such a double testing approach. When in a partic-
ular study only the redundancy R"(7) yields signifi-
cant differences between the scrutinized data and its
surrogates and there is no significant difference in the
statistic based on the linear redundancy L"(7), a pos-
sibility of spurious effects, due to change of the sur-
rogates’ linear properties, can be rejected. However,
when also the linear redundancy L"(7) yields signif-
icant differences, then the nonlinear character of the
data under study cannot be taken for granted.

There is, however, another problem: Nonlinear and
even chaotic series can have long coherence times and
strong linear autocorrelations, which can be decreased
in the surrogate data, i.e., using the above “double test-

ing”, actual nonlinearity can be considered doubtful.
This is the case of the chaotic series generated by the
Rossler system (Figs. 2¢, 2d). The quantitative analy-
sis of the time series generated by the chaotic Rossler
system brought highly significant differences on both
the linear (the statistic based on L" (7)) and nonlinear
(the statistic based on R"(7)) levels. Thus in this case
the only safe way of detection of the nonlinear char-
acter of this time series is the qualitative comparison
of L"(7) and R"(7), as it was presented in Section 4.

Another possible source of spurious detection of
nonlinearity in a dynamics of a scrutinized time se-
ries can be a static nonlinearity: Let us suppose that
the underlying dynamics of the studied system is lin-
ear and Gaussian, i.e., there is an original realization
{x:} of a Gaussian process, but we can measure the
series {y:}, y; = f(x;), where f is a monotonic non-
linear function. Such nonlinearity, which is not intrin-
sic to the dynamics of the system under study, but
can be caused, e.g., by a measurement apparatus, we
call static nonlinearity. The realization of the linear
stochastic process (a surrogate of the Rossler chaotic
series), studied above (Figs. 1c, 1d - the qualitative
analysis, Figs. 3a, 3b - the quantitative testing) was
passed through the static exponential nonlinearity. The
quantitative analysis of this series is presented in Figs.
5a and 5b. While there is no significant difference be-
tween the data and its surrogate on the linear level,
i.e., measured by the linear redundancy L"(7) (Fig.
5a), the nonlinear statistic based on the redundancy
R"(7) yields significant results — up to 4 SD’s (Fig.
5b). Thus, one should formally reject the hypothesis
of a linear stochastic origin of the process. The static
nonlinearity can also distort the results of the quali-
tative analysis, as presented in Figs. Sc, 5d. (This is,
however, not a rule, i.e., not all static nonlinearities
distort the qualitative analysis, as was shown in [36].)

A static nonlinear transformation of a time series,
or, a static nonlinearity, as it was called above, effec-
tively means that the distribution of the data is not
Gaussian (even if the underlying process is Gaussian).
So let us perform another nonlinear transformation of
the data - “gaussianization”, or “histogram transfor-
mation” in order to obtain a Gaussian distribution of
the scrutinized data. Due to the central-limit theorem,
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Fig. 5. (a) Linear redundancy statistic, (b) redundancy statistic,
(¢) L"(7), (d) R"(7) for the linear stochastic process - the sur-
rogate data of the Rossler chaotic series, passed through the static
exponential nonlinearity. The four different curves in each picture
are the results for different embedding dimensions, n = 2-5, read-
ing from the bottom to the top in the cases of the redundancies,
in the cases of the statistics the different dimensions are distin-
guished by different line types - see the caption of Fig. 3.

the probability distribution of the FT-based surrogate
data tends to a Gaussian distribution. Therefore, this
can be the one way to eliminate influence of the static
nonlinearity on the nonlinearity test.

For this purpose, we create a sample of Gaussian
random numbers of the same length as the scrutinized
series, then sort both the data sets in numerical order,
making a one-to-one correspondence between points
with the same index. This defines an invertible non-
linear transformation of the original time series to a
new one, with an approximate Gaussian distribution.

This transformation simply removes the effect of
the static nonlinearity. Analysis of the gaussianized
time series, containing the static nonlinearity, yields
the same results as the original linear series, i.e., those
presented in Figs. 1c, 1d, 3a and 3b.

Performing the “gaussianization” of the analyzed
data could be a useful step in order to prevent effects
of static nonlinearities, or non-Gaussian distributions
of the data under study, on the nonlinearity tests and
thus to detect only true dynamical nonlinearity. ( This
problem is also discussed by Kennel and Isabelle [ 23],
Theiler et al. [53] call an equivalent procedure “am-

plitude adjustment”, Rapp et al. [42] use the term
“Gaussian-scaled surrogates”.)

An interesting question emerged when we consider
the above AR process constructed with a non-Gaussian
driving noise. As was mentioned in Section 4 even
with the non-Gaussian driving noise the qualitative
comparison of L" (7) with R"(r) yields no qualitative
differences. In the quantitative testing, however, the
situation is different. Let us remark first, that even with
the Gaussian driving noise we obtained slightly sig-
nificant (1.7-1.9 SD’s) differences between the data
and the surrogates, detected also on the linear level,
which we characterized above as a flaw in the surro-
gates. On the other hand, when as the driving noise
we used the Gaussian noise passed through a static
nonlinear (quadratic or exponential) transformation,
we have observed an increase in the nonlinear (redun-
dancy) statistic up to 6 SD’s. (This increase was not
observed in the linear statistic.) Moreover, this signif-
icant difference was not attenuated in the gaussianized
data, so we should admit a dynamical nonlinearity in
the series. In fact, it is true - although the driving noise
itself underwent just the static nonlinear transforma-
tion - this nonlinearity “entered” the dynamics of the
series, as far as each element of the series depends on
its several predecessors. In any case, such a process is
compatible neither with the null hypothesis of a linear
stochastic process (see Section 2), nor with the hy-
pothesis of a linear stochastic process transformed by
a static nonlinearity. Recalling that we have found no
differences in the qualitative comparison, we can sus-
pect that this nonlinearity is not a very “dynamically
interesting” phenomenon. (See also the following dis-
cussion on the “trivial” nonlinearity.)

7. Qualitative versus quantitative testing: a trivial

nonlinearity

Above we have discussed possible sources of spu-
rious identification of nonlinearity in time series. Al-
though we were concentrated on the redundancy tech-
nique, introduced in Sections 3, 4 and 5, these phe-
nomena can influence any nonlinearity test. (See also
[53,55].) The redundancy technique, however, offers
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unique tools for testing both the linear and nonlinear
properties of the scrutinized data and its surrogates and
also for their quantitative and qualitative comparisons.

Let us consider the situation when the quantitative
analysis yields the “safe” detection of nonlinearity
(i.e., free from spurious results due to linear distor-
tions in the surrogate data), however, there is no differ-
ence in the qualitative comparison. The former implies
rejection of the null hypothesis of a linear stochastic
process, while the latter suggests, that all the depen-
dence structures in the scrutinized data are mimicked
qualitatively by a linear stochastic process.

Let us consider the linear system

dx/dt = wy, dy/dt=—wx,

a solution of which is x = sin(wt), y = cos(wt).
Let us record the x-component of the system, i.e., the
sine wave, with a moderate amount (10%) of additive
Gaussian noise. (In this and the following example
we use an additive noise in order to avoid effects of
aliasing of sampling frequency, resulting in spurious
peaks in redundancy graphs.) This signal is the output
of a linear system and, in principle, can be considered
as a realization of a linear stochastic process. On the
other hand, it is deterministic and the relation between
sin{wt) and sin(ew (¢t + 7)) is nonlinear.

The results of the analysis of this noisy sine series
128K samples long are presented in Fig. 6. The linear
redundancy statistic (Fig. 6a) gives values of about 0.5
SD’s, i.e., no significant difference from the surrogates
on the linear level, while the (nonlinear) redundancy
statistic (Fig. 6b) yields the values up to 5-6 SD’s, i.e.,
significant differences from a linear stochastic process.

These results support the proposition that the signal
is nonlinear and deterministic. However, one can de-
fend the assertion that the signal is a realization of a
linear and stochastic process, that can be constructed
from the spectrum/periodogram in which only one fre-
quency bin is nonzero, or, more exactly, only one fre-
quency bin has a distinctly higher value than a white-
noise background.

The periodogram of the noisy sine series is pre-
sented in Fig. 7. We can see that there is a single
peak over a white-noise background, however, more
detailed look shows that the peak is spread out over
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Fig. 6. (a) Linear redundancy statistic, (b) redundancy statistic
for the sine series with 10% of additive Gaussian noise. The
four different curves in each picture are the results for different
embedding dimensions, n = 2-5, distinguished by different line
types — see the caption of Fig. 3. (c) L2(7) for this series (full
line) and the mean L?(7) of the set of its 30 surrogates (dashed
line, the curves almost coincide), (d) R2(r) for this series (full
line) and the mean R2(7) of the set of its 30 surrogates (dashed
line). The time series length used was 131,072 samples.

several hundreds (from 65,536) of frequency bins? .
A particular nonlinear determinism of the series is en-
coded in the phase relations among these frequency
bins. In the surrogate data the phases are randomized
and thus we get the results from Fig. 6b. If there was
only one bin over the noise level, a particular set of
phases would not play any important role. Therefore
one can insist on linearity of the series and our result
qualifies as a numerical artifact, i.e., the nonlinearity
detected can be considered as spurious.

Such a discrete-spectrum linear stochastic process,
obviously, is not typical, or realistic. Therefore we
consider the explanation of the series by the nonlin-
ear and deterministic process as the correct one, and
consider our results not spurious, i.e. nonlinearity de-
tected in this noisy sine series we consider as a true
dynamic nonlinearity. On the other hand - Fig. 6d
presents R2(7) of the data and its surrogates (let us
remind that the qualitative comparison of L"(7)[o]

3 This is the effect of finite precision, i.e. in numerical practice
even using deterministic sine function we are not able to generate
a series with exactly discrete spectrum.
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Fig. 7. Periodogram of the noisy (10%) sine series (65,536 fre-
quency bins), the inset: the detail of the peak.

with R"(7) [o] is equivalent to that of R"(7) [o] with
R"(7)[s]) - we can see that the only differences are
quantitative while the qualitative picture of the depen-
dences in the series are mimicked well by the linear
stochastic surrogates. In other words, this nonlinear-
ity does not induce any specific nonlinear (“dynam-
ically interesting”) behavior. Therefore, for this kind
of nonlinearity we propose the term trivial nonlinear-
ity. In this case the series was even generated by a lin-
ear system. Detection of trivial nonlinearity, however,
does not mean that the system under study is linear. In
Fig. 8 we present results of analysis of the series gen-
erated by the Rossler system in a periodic state [30]
(again recorded with a small amount of the additive
Gaussian noise). The results, again obtained from the
series 128K samples long, are the same as those for
the noisy sine series: no significant differences on the
linear level (Fig. 8a - the quantitative analysis, Fig.
8c - the qualitative analysis — L2(7) from the data and
the surrogates coincide), highly significant quantita-
tive differences in the (nonlinear) redundancy statistic
(Fig. 8b), however, no qualitative differences between
R"(7) from the data and the surrogates (Fig. 8d).
The series analyzed above have obviously long (in
fact, infinite) coherence lengths. Isn’t the “trivial”
nonlinearity in fact the spurious one, due to a long co-
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Fig. 8. The same results as presented in Fig. 6, but for the series
generated by the Rossler system in the periodic state. The time
series length used was 131,072 samples.

herence length, as demonstrated in Section 67 Let us
investigate in detail the linear stochastic process ana-
lyzed in Section 6, Fig. 3, i.c., the 128K-sample surro-
gate of the Rossler chaotic series. Here we analyze the
series subset, 16K samples long, as in Figs. 3¢ and 3d.
The linear redundancies L2(7) and the redundancies
R%*(7) computed from the data and the surrogates are
presented in Figs. 9a and 9b, respectively. We can see
that the largest differences between the value of the
redundancy of the original data and the mean value
of the redundancy of the surrogates are located in the
maxima of both L2(7) and R?(7). On the other hand,
in the cases of the above analyzed periodic data (the
sine and the periodic Rossler series) these differences
are largest in the minima of R3(7) (Figs. 6d, 8d), the
curves of L2(7) from the data and surrogates are al-
most identical.

Figs. 9c and 9d present L%(7) and R%(7), respec-
tively, computed from the above periodic Rossler
series and its surrogates, like in Figs. 8c and 8d,
in this case, however, from the subseries 16K
samples long. The spurious decrease of redundan-
cies/autocorrelations, discussed in Section 6, emerged
here: L2(7) of the data and the surrogates (Fig. 9¢)
are not more indistinguishable, like in Fig. 8c, but
differences in maxima of L?(7) appeared, like in Fig.



—
o
oL

oy l ﬁ(ra) ‘ **F ,1 © ‘ 1 :
Z o8 | Y S A
g L S |
Sl N - I
3 I AR i E
gc: 0.4 \ “i F ! A\\ ”(‘,l ﬂ\ l{u | \ \_

% { by VLT o2 ,
Feen VUV YL

o Ll/ i 1 L \l‘ \!
0 20 40 60 0 20 40 60

T T 06 F TT T

§ 0.6 ﬂ\ o . ﬁ 1 f\) f\‘ ﬂ | .’A\ A
o [ rf U U ‘ /h\ o "‘\ ; “
R0 I B
2 ) NIy nHIINN
2 .2f P P ANANENE Y i RYRYAY i‘\‘,'.‘ VR
RS R R AR
bowoyoW Vovoy oy Y

o aad 1 O i r
0 20 40 60 ] 20 40 60

LAG LAG

Fig. 9. (a) L?(7), (b) R*(7) for the linear stochastic process (the
surrogate of the Rossler chaotic series, generated in 131,072-sam-
ple FFT) and its surrogates; (c¢) L2(7), (d) R%(r) for the Réssler
periodic series and its surrogates. In both the cases the time series
length used in the analysis was 16,384 samples. In each figure the
redundancy from the original data is drawn by the full line, the
dashed line represents the mean value of the redundancy for the
set of 30 surrogates.

9a, i.e. the change in linear properties emerged. It
means that by using a long enough series (128K sam-
ples) the above spurious effect (i.e., change in linear
properties) was avoided and the nonlinearity detected
in Figs. 6b and 8b is not spurious. Redundancy R*(7)
in Fig. 9d detects both the changes in the linear
properties (maxima) and in the nonlinear properties
(minima) as in the case of series 128K samples long.

This analysis gives us more detailed insight into the
character of the above described trivial nonlinearity.
The functions sin(wt) and sin(wt + 7/2) are lin-
early independent (uncorrelated). On nonlinear level,
however, there is a clear deterministic relation. So
L%(7) for the above periodic series (the noisy sine
and the noisy periodic Rossler series) and the lag 7 =
77/2 (and its odd multiples) has the zero value, while
R%(7) is clearly above zero indicating nonlinear de-
pendence. In the surrogates only linear dependences
are preserved, i.e., both the L2(7) and R2(7) are the
same for the data and the surrogates in or close to the
maxima (i.e., the lags 7 = 7, 27, ...), while in the
minima R%(7) is zero for the surrogates and nonzero

M. Palui | Physica D 80 (1995) 186-205

for the data. This is the consequence of the nonlinear
deterministic relation in the data (i.e., the particular
phase relations), destroyed in the surrogates. (Also,
the largest differences in Figs. 6b and 8b were ob-
tained from R%(7), i.e., for the embedding dimension
n =2, when the relation of two (linearly independent)
variables (sin(wt) and sin(wt + 7/2)) is evaluated,
for n = 3 (and higher) the differences are smaller, be-
cause another variable, shifted by 7 relatively to the
first variable, enters the analysis and thus there is also
some level of linear dependence among the variables.)

The reason why we call this phenomenon rrivial
nonlinearity is an effort to distinguish this type of dy-
namics S from the specific nonlinear behavior like an
evolution on chaotic and/or fractal attractors. As we
demonstrated in Fig. 2, such a dynamics evokes qual-
itative differences in the L"(7)-R"(7) comparison.
Also, in the quantitative testing the differences are sig-
nificant for a whole interval of time lags, not only for
particular lag values (the minima of R*(7)) as it is
in the case of the trivial nonlinearity. In Fig. 10 we
present results of the analysis of another example of
“nontrivial” nonlinearity. The system, introduced by
Grebogi et al. [ 18], is an example of the evolution on
a “strange nonchaotic attractor”, i.e., the attractor is
a fractal set, but the (3-dimensional) system has one
zero and two negative Lyapunov exponents. ( The dis-
tinction chaotic-nonchaotic, as it is reflected in redun-
dancies, is discussed in [36].) The redundancy R"(7)
(Fig. 10b) reflects a clear periodic structure, which is
nou detectable on the linear level, i.e., in L"(7) (Fig.
10a). In the quantitative testing, there is no signifi-
cant difference on the linear level, i.e., as measured by
L*(7) (not presented), while in the nonlinear statis-
tic, based on R"(7), the differences are from 5 to 20
SD’s, i.e., significant for any lag 7 (Fig. 10c). Fig. 10d
presents R?(7) from the original data and the mean
value from the surrogates. We can see clear distinc-
tions in both quantitative and qualitative ways.

6 Or types of dynamics, as we stated in Section 6, a different
example of a trivial nonlinearity can be an AR process driven by
a non-Gaussian noise. We have focused our attention to the above
kind of trivial nonlinearity, resulted from periodic dynamics, just
because we have observed it extensively in experimental data,
some of which were previously characterized as chaotic.
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Fig. 10. (a) L"(r), (b) R"(7), (c) redundancy statistic for
the series generated by the system with the strange nonchaotic
attractor. The four different curves in each picture are the results
for different embedding dimensions, n = 2-5, reading from the
bottom to the top in the cases of the redundancies, in the case of
the statistic the different dimensions are distinguished by different
line types — see the caption of Fig. 3. (d) R%(r) for this series
(full line) and the mean R%(7) for the set of its 30 surrogates
(dashed line).

Let us suppose, in the following, that the data un-
der study have a Gaussian distribution, or, was “gaus-
siantzed”, as proposed above, so that the possibility
of spurious effects of a static nonlinearity was elim-
inated. Table 1 summarizes possible outcomes of the
quantitative tests on both the linear and nonlinear lev-
els, combined with the results of the qualitative com-
parison. Interpretations for all eight combinations are
given.

Let us explain interpretations of the results in de-
tails.

(i) If the results obtained are not significant in
both the linear (based on L"(7)) and nonlinear
(based on R"(7)) statistics and no differences
were found in the qualitative comparison, then
we characterize the data under scrutiny as lin-
ear. To be more precise, we didn’t prove that the
data is linear, we use the term “linear” for more
exact “indistinguishable from a linear stochastic
process”.

(i1) Non-significant results in the quantitative test-
ing, but qualitative differences — we have never

observed this combination of results. Although
we do not have a theoretical evidence, based on
extensive numerical experience, we can conjec-
ture that qualitative differences imply significant
quantitative differences.

(iii) Results are significant in the linear statistic, but
non-significant in the nonlinear statistic: We list
this option only formally; it is not real, since the
redundancy R"(7) is sensitive also to (changes
in) linear dependence.

(iv) The same conclusion as in the previous item.

(v) If the quantitative results are not significant in
the linear statistic and significant in the nonlin-
ear statistic, we have quantitative detection of
nonlinearity safe from spurious effects of imper-
fect surrogates. In combination with NO quali-
tative differences, however, we suspect that this
nonlinearity is not “dynamically interesting”, or
very substantial for the studied dynamics. We
call this case a “trivial nonlinearity” in the sense
discussed above.

(vi) Results are not significant in linear, but signif-
icant in nonlinear statistic and also qualitative
differences were found: The data was generated
by a specifically nonlinear dynamics such as an
evolution on chaotic and/or fractal attractors 7 .

(vii) Quantitative results significant in both the linear
and nonlinear statistics and no qualitative dif-
ference: In this case the data can be either lin-
ear (significances are caused by flaws in surro-
gates), or nonlinear (in the surrogates, nonlin-
ear dependence was destroyed, but also linear
properties are not mimicked entirely). Due to
no qualitative differences, however, the possible
nonlinearity is the “trivial” one.

(viii) Quantitative results significant in both the lin-
ear and nonlinear statistics and qualitative dif-
ferences found: This is the case when the quali-
tative analysis can solve the problem of unclear
result of the quantitative tests and clearly detect
specifically nonlinear dynamics, as it was men-

7 This is usually the most interesting case of nontrivial nonlinear
dynamics, but probably not the only case. Evidence for nontrivial
nonlinearity does not mean automatically evidence for chaos.
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Interpretation table for all the eight possible results of the qualitative comparison combined with the quantitative tests using both the linear

and nonlinear redundancy statistics.

Quantitative result in:

Qualitative comparison:

L-statistic R-statistic

Similar

Different

non-significant non-significant

(1) linear

(2)

not observed

significant non-significant (3) not real (4) not real
non-significant significant (5) nonlinear - trivial (6) nonlinear
significant significant (7) linear or nonlinear - trivial (8) nonlinear
tioned in the case of the chaotic Rossler system sF s LINEA 8 orNonNER
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Sunspots

The annual Wolf sunspot numbers have been
recorded since 1700. The time series is described
and displayed, e.g., in [57]. We have analyzed the
sunspot numbers for the years 1724-1979, giving
256 observations. Using such short time series we
restricted the test for embedding dimension n = 2
only, and lags 1-32 years. Redundancies R"(7) were
computed using four equiquantal marginal levels (see
Appendix A). The results are presented in Fig. 11.

Before stating whether the results are significant or
not, we must take into account the problem of simul-
taneous statistical inference - since we have obtained
multiple test results and only some of them seem to
have values large enough to be significant, the criti-
cal value for the statistic must be adjusted in order to
avoid randomly significant results. The simpliest way
is the following: Having m test values, the whole test
result, based on an individual test value, is significant

Fig. 11. (a) Linear redundancy statistic, (b) redundancy statistic,
(c) mean redundancy for the set of 30 surrogates, and (d) re-
dundancy for the test data - the sunspots time series. Embedding
dimension is # = 2. In plots (c) and (d) the dash-and-dotted line
represents the mean value and the dashed lines the mean 4 SD
values of the redundancy of Gaussian random numbers, serving
as the adjustment of numerical zero for these plots.

on p = 0.05 if the individual test value is significant
on p = 0.05/m {29,33]. If we can expect k significant
values (of m test values), 5% significance is given
by their significance on p = 0.05k/m [19,31]. Then,
for rejecting the null hypothesis of a linear stochastic
process on p = 0.05, withm =32 and k=1 the crit-
ical value of 1.699 should be increased to the value
about 3.4, if we can expect k = 5, we can consider the
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critical value about 2.68 .

In the linear (based on L2(7)) statistic (Fig. 11a)
there are no significant differences detected, while the
result of the test performed using the nonlinear (based
on R%*(7)) statistic (Fig. 11b) is significant. Non-
significant result in the linear statistic warrant that the
significance in the nonlinear statistic is not spurious,
so we can reject the null hypothesis and consider the
sunspot series to be nonlinear.

For the qualitative test of the sunspot series we
present R2(7) of the surrogates (Fig. 11c) and R2(7)
of the data (Fig. 11d), rather than L"(7) and R"(7)
of the data, since for small amount of data we con-
sider the former more reliable than the latter. Also,
the values of these estimates are not very reliable. As
we emphasized earlier, in the qualitative comparison
we are not interested in the values of the redundan-
cies, however, there is one value, the value of zero
redundancy, which can be important even in the qual-
itative description of the studied dynamics. In order to
find a “numerical zero” in this test, we generated 256
Gaussian random numbers and computed the redun-
dancies R?(1) using the same numerical parameters
as those used for the sunspot series and its surrogates.
The mean value of R?(7) for this random series, and
the mean £ SD are illustrated by dash-and-dotted and
dashed lines, respectively, in Figs. 11c and 11d. Thus
the values between the two dashed lines represent an
“adjusted zero” for the redundancy estimates and de-
tect independence between the series and its lagged
twin.

After the adjustment of the zero we can see that
R%(7) of the sunspots is nonzero for the whole range
of lags, studied here, while R?(7) of the surrogates
reaches zero in its minima. This is the behavior we
have observed for numerically generated nonlinear se-
ries and their surrogates in previous sections.

The redundancies R2(7) of the data and the surro-
gates, as the functions of the lag 7, are not exactly the
same, however, the positions of extrema are consistent.

¥ We did not use this adjustment in the tests depicted in Figs. 3¢
and 3d, since the ratio k/m was close to one. In other tests the
test values, considered as significant, were large enough to fulfill
the conditions of this adjustment, like values about 5-6 in Fig.
6b, or even 30 in Fig. 8b.

Also, looking at the nonlinear statistic (Fig. 11b) we
can see that the significant values are located only in
the minima of R%(7). Thus we suspect that detected
nonlinearity is closer to a kind of a trivial nonlinear-
ity® than to a specific nonlinear behavior like evo-
lution on strange attractors. Therefore we can agree
with Suba Rao’s conclusion that the sunspot data is
nonlinear, but not chaotic [48].

Measles

The number of measles cases reported each month
in New York City in the years 1928-1963 was stud-
ied by Sugihara and May [49] and more recently by
Kaplan and Glass [22]. We have analyzed last 256
samples using the same numerical conditions as in the
case of sunspots, but for lags 1-60 months. The re-
sults are presented in Fig. 12. The critical value of the
statistic (adjusted to multiple test values) in this case
is approximately 2.76.

In the nonlinear (based on R%(7)) statistic (Fig.
12b) there are several significant values, however only
one of them (lag = 3 months) is significant only in the
nonlinear statistic, while other significances are de-
tected by the linear (based on L%(7)) statistic (Fig.
12a) as well. This can indicate that the significances
are caused by imperfect surrogates and not by non-
linearity. Before we make any conclusion based on
the quantitative test, let us consider also the result of
the qualitative comparison of R*>(7) of the data (Fig.
12d) and its surrogates (Fig. 12c). At the first sight
we can see that there are no qualitative differences.
Moreover, R2(T) of the measles data in its minima
declines to zero value. (The numerical zero was ad-
justed by the same way as in the sunspots case.) The
first zero redundancy occurs at the lag 9 months. This
means that possible nonlinear deterministic relations
in the series is not spread further than one year. Thus,
coming back to the quantitative test, all the significant
results for lags greater than 1 year are probably spuri-
ous, i.e., caused by the surrogates which do not mimic

9 Of course, not exactly the same as the trivial examples presented
in Section 7. More complicated behavior can be observed, e.g.,
if similar “trivial nonlinearity” data is generated with frequency
which is not constant, but fluctuating.
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Fig. 12. (a) Linear redundancy statistic, (b) redundancy statistic,
(c) mean redundancy for the set of 30 surrogates, and (d) re-
dundancy for the test data - the measles time series. Embedding
dimension is n = 2. In plots (c) and (d) the dash-and-dotted line
represents the mean value and the dashed lines the mean + SD
values of the redundancy of Gaussian random numbers, serving
as the adjustment of numerical zero for these plots.

exactly linear properties of the original data, what is
confirmed by the significant differences, for the same
lags, detected by the linear statistic. The only differ-
ence, significant in the nonlinear statistic, but non-
significant in the linear statistic, is that located in the
lag 3 months, what is also the first minimum of R(7).

Considering both the quantitative and qualitative re-
sults, we can conclude that for lags not larger than 1
year, in the measles data, there is a nonlinear deter-
ministic relation of the type of trivial nonlinearity (in
the sense discussed in Section 7), while for all the de-
pendences in the lags larger than 1 year we were not
able to reject reliably a linear stochastic explanation.

Sugihara and May [49] analyzed this data by as-
sessing its predictability using linear and nonlinear
models, and concluded that it shows signs of deter-
ministic chaos. This conclusion was based on the fact
that the prediction accuracy decreased with increas-
ing prediction time. This feature we can consider as
necessary, but not sufficient condition for chaos. This
behavior was observed in range of 1-12 months, with
the loss of predictability for longer times, what means,
in particular, that one year’s level of measles is not

predictable from the previous year’s. This is consistent
with our findings and also with the results of Kaplan
and Glass [22], who proposed as a possible model
for the measles time series a series of yearly peaks of
random amplitudes.

9. Conclusion

We have presented the method for testing nonlin-
earity in time series, based on information-theoretic
functionals — redundancies. The gualitative compari-
son, introduced in [35] and in Section 4, can neglect
some kinds of nonlinearity. Therefore, we introduced
also quantitative testing as the combination of the re-
dundancy technique and the surrogate data approach
[53]. If the question asked is “Is there any nonlinear-
ity or nonlinear determinism in the data?’, the quan-
titative testing is superior, providing that the spurious
effects of possible numerical artifacts are avoided. The
latter can be achieved by the application of both the
linear and general (nonlinear) redundancies for the
evaluation of the statistics in the quantitative testing,
combined also with the qualitative comparison.

On the other hand, we have shown an example of the
nonlinearity, being neglected in the qualitative com-
parison. This is a kind of the “trivial” nonlinearity,
like that emerged in simple dynamics on limit cycles
or tori, while “dynamically interesting” dynamics, like
an evolution on chaotic and/or fractal attractors, can
be easily detected by the qualitative comparison, intro-
duced in Section 4. The most reliable approach, how-
ever, is the combination of both the quantitative and
qualitative analyses, using the equivalently sensitive
comparisons on both the linear and nonlinear levels,
possible due to above introduced redundancy - linear
redundancy formalism.
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Appendix A

The linear redundancies were computed according
to Eq. (9). Eigenvalues of each correlation matrix
were obtained by using the SVDCMP routine de-
scribed in [38]. The algorithm for computing the re-
dundancy, proposed by Fraser [13,14] or Fraser and
Swinney [12], is rather complicated one. We have
found a simple box-counting method is sufficient. The
only “special prescriptions”, based on our extensive
numerical experience, concern the way of data quan-
tization:

(a) The type of quantization: We propose to use
the marginal equiquantization method, i.e., the boxes
for box-counting are defined not equidistantly but so
that there is approximately the same number of sam-
ples in each marginal box.

(b) The number of quantization levels (marginal
boxes): We have found that the requirement for the
effective ' series length N using Q quantization levels
in the computation of the n-dimensional redundancy is

N > Q"+],

otherwise the results can be heavily biased. Usually
better results are obtained with @ < N+ than

10 Having N, data samples, for maximum embedding dimension
fimax and maximum lag 7max, the effective series length is N =
Niotat — (Mmax — 1) Tmax.

with @ > N'/(**1) Redundancies computed withQ <
N'/(*+D can be underestimated, but graphs of R" vs.
7 are, even for 0 = 4 — 6, similar to those obtained
from long time series and Q = N'/(*+1D) _In the case of
0 > NY(+D the redundancies can be overestimated
and the curves R"(7) can be distorted.

The numbers Q of the equiquantal marginal levels,
used in the computations yielding the presented results
are
- Q = 12 for the results presented in Figs. 1d and 2d,
—~ Q@ = 8 for the results presented in Figs. 2b, 3b.d,

5b,d, 10b,c.d,

- and Q = 4 for the rest of the presented results of
the redundancy R"(7) and R"(7)-based statistic.

Appendix B

The realization of the AR process was generated

according to the equation:

10
Xt = Zakxt—k + ey,

k=1
where ap;.10 = 0,0,0,0,0,.19,.2,.2,.2,.2, ¢ =
0.01 and e, are Gaussian deviates with zero mean and
unit variance.

The data from continuous nonlinear dynamical sys-
tems were generated by numerical integration based on
the Bulirsch~Stoer method [38] of the chaotic Lorenz
system [26]:

(dx/dt, dy/dt,dz/dt)
=(10(y — x),28x — y — xz,xy — 8z/3),

with initial values (15.34, 13.68, 37.91), integration
step 0.04 and accuracy 0.0001; the chaotic Rossler
system [43]:
(dx/dt,dy/dt,dz/dt)

=(—-z —y,x+0.15y,0.2+ z(x — 10)),
with initial values (11.120979, 17.496796,

51.023544), integration step 0.314 and accuracy
0.0001; and the periodic Rossler system [30]:

(dx/dt,dy/dt,dz/drt)
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=(—z—y,x+02y,02+z(x —-2.6)),

with initial values (1.0, 1.0, 1.0), integration step
0.314 and accuracy 0.0001. The x component was used
in the above cases.

The time series from the “strange nonchaotic attrac-
tor” [ 18] was obtained by iterating the system:

0,1 = (0, +27w)mod(27),
Upy) = A(u, cos(®) + v, sin(@)),
Up+1 = —05A(upcos(®) — v, co8(0)),

where w = (52 - 1)/2 and A = 2/(1 + u? +v2).
The ® component was recorded.
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