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Abstract It is well known that the property of being a bounded set in the
class of topological vector spaces F is not a topological property, where a
subset B C F is called a bounded set if every neighbourhood of zero U in E
absorbs B. The paper deals with the problem which topological properties of
bounded sets for the space Cy(X) (of continuous real-valued functions on a
Tychonoff space X with the compact-open topology) endowed with the weak
topology of Cj(X) can be transferred to bounded sets of Cj(Y") endowed with
the weak topology, assuming that the corresponding weak topologies of both
Ck(X) and Ci(Y) are homeomorphic.
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1 Introduction

The problem how to classify topologically locally convex spaces (lcs) attracted
several specialists starting from Fréchet [11] and Banach [2]. For infinite dimen-
sional separable Banach spaces this problem has been solved by Kadec [18],
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who proved that each separable Banach space is homeomorphic to a Hilbert
space.

Torunczyk [29] extended this classification for Fréchet lcs, i.e. metrizable
and complete lcs, with the same density. Being motivated by this results Ba-
nakh [3] posed and studied the following problem.

Problem 1 When Banach spaces with the weak topology are sequentially
homeomorphic?

Banakh proved [3, Theorem 1] that for Banach spaces E and F with sepa-
rable duals, the spaces F,, and F,, are sequentially homeomorphic if and only
it W(E) = W(F), where W(E) denotes the class of topological spaces home-
omorphic to bounded closed subspaces of F,,, and E,, denotes the space F
endowed with the weak topology w = o(E, E’). Clearly if lcs E and F are
linearly homeomorphic, then the corresponding spaces F,, and F,, are linearly
homeomorphic.

It is well known that for a Banach space E the dual E’ is separable if and
only if every bounded set in E,, is metrizable [10, Proposition 3.28].

Fix any hereditary topological property A. For example, A might be the
metrizability, Fréchet—Urysohn property, etc.

Checking the proof of [3, Theorem 1] one can note that for Banach spaces
FE and F with separable duals and such that E,, and F,, are sequentially
homeomorphic one has the following:

Fact 1 FEvery bounded set B C E, is homeomorphic to a bounded subset
B’ C Fy,. Hence B’ enjoys the property A in F,,, provided B does.

We will discuss the case when the duals of £ and F' are not necessarily
separable. More precisely, we will discuss the following problem:

When the spaces Cy(X)w and Ci(Y )y are homeomorphic for Tychonoff spaces
X, Y?

By Cx(X) and Cp(X) denote the space of all continuous real-valued func-
tions on a Tychonoff space X with the compact-open and the pointwise topol-
ogy, respectively. Although, in general, the above problem is still open, we
provide some necessary conditions with possible applications.

Another results (located in the same line of research) have been recently
obtained by Krupski and Marciszewski. In [22] they studied the following nat-
ural question:

For what infinite compact spaces X and Y are the spaces Cp(X) and C(Y )
homeomorphic?

Krupski and Marciszewski showed [22, Proposition 3.1] that for infinite
compact spaces X and Y there exists no homeomorphism from C,(X) onto
C(Y)y which is uniformly continuous. Moreover, they proved that spaces
Cp(X) and Cy(Y"),, are not homeomorphic provided X, Y are infinite compact
spaces and X or Y is scattered [22, Theorem 5.12], see also Corollary 9 below
with shorter proofs for both cases.
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We prove the following theorem being a consequence of more general results
obtained below in the frame of locally convex spaces. Item (3) in Theorem 1
below extends also [22, Corollary 3.2], see also Remark 1, Corollary 8 below.
Item (1) provides a necessary condition for the problem posed by Krupski and
Marciszewski.

Theorem 1 Let X and Y be infinite Tychonoff spaces. Then:

1. If Cp(X) and Ck(Y ) are homeomorphic and every bounded set in Cp(X)
has property A, then every bounded set in Cy(Y )y has property A, too.

2. For infinite compact scattered X and Y the bounded sets in Cp(X) and
C(Y)y are Fréchet-Urysohn but Cp(X) and C(Y),, are not homeomorphic.

3. If C(Y) has a fundamental sequence of bounded sets, then does not ex-
ist a continuous homogeneous surjection T : Cp(Y )y — Cp(X) such that
T~YK) is compact for each compact K C Cp(X).

4. If X is pseudocompact, Y is paracompact and locally compact and Cr(X ),
C(Y)yw are homeomorphic and every bounded set in Ci(X),, has property
A, then the same holds C(Y ).

Warner [33] proved that Cx(Y) admits a fundamental sequence (D,,),, of
bounded sets, i.e. every D,, is bounded and every bounded set in Cy(Y) is
contained in some set D, if and only if for each sequence (G,,), of pairwise
disjoint nonempty open subsets of Y there is compact K C Y with {n € w :
KNG, # 0} is infinite. For example, every (DF) (in particular, every normed)
space C(Y) admits a fundamental sequence of bounded sets.

We refer also to [8] for results when for a Banach space E the closed unit
ball with the weak topology may enjoy typical topological properties. Theorem
1 applies to get

Corollary 1 Let X be pseudocompact, Y paracompact and locally compact.
If Cr(X)w and Cy(Y)y are homeomorphic and every bounded set in Ci(X )y,
is metrizable, then X is compact and countable, Y is countable and admits a
weaker compact metrizable topology.

Indeed, if every bounded set Cy(X), has property A= {metrizability},
then X is countable by [13, Theorem 7]. Hence X is compact as being Lindelof
and pseudocompact. By Theorem 1 every bounded set in C%(Y),, is metrizable.
Again by [13, Theorem 7] Y is countable. By Corollary 3 below the space Y
is scattered, hence Y admits a weaker (metrizable) compact topology by [19].
This yields the following

Corollary 2 Let X and Y be infinite compact metrizable spaces and assume
that C(X)y and C(Y )y are homeomorphic. Then either both X andY are un-
countable or both X andY are countable. Conversely, if X andY are countable
and x(X) =x(Y), or X and Y are uncountable, then C(X),, and C(Y),, are
linearly homeomorphic.

The converse implication follows from [5, Theorem 2] and Miljutin’s the-
orem [24], [30]. Nevertheless, the question is whether the lack of the equality
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X(X) = x(Y) for countable compact metrizable spaces X and Y allows, how-
ever, to describe a homeomorphism (surely not linear) between weak topologies
of Ci(X) and Ci(Y). For the definition of the topological invariant x(X) we
refer to [5, p.59]. We believe the answer for Problem 2 should be negative.

Problem 2 Let X and Y be compact countable spaces such that C(X),, and
C(Y), are homeomorphic. Is it true that x(X) = x(Y)?

In [5, Theorem 3] Bessaga and Pelczyniski classified Banach spaces C(X)
over zero-dimensional compact metrizable spaces X.

Theorem 2 ([5]) Let X and Y be infinite compact metrizable zero-dimensional
spaces. Then C(X) and C(Y') are linearly homeomorphic if and only if one of
the conditions below holds.

1. X andY are countable and x(X) = x(Y).
2. X and Y are uncountable.

Fréchet-Urysohn property, a possible one in the frame of A, is connected
with Ruess’s [27, Theorem 1] criterion for lcs to contain an isomorphic copy
of /1. Therefore, this might motivate the following theorem. The equivalence
between (1) and (2) has been already proved in [15, Lemma 6.3]. To keep the
paper self contained we add a direct proof.

Theorem 3 The following conditions are equivalent for a Tychonoff space X :

1. Cx(X) does not contain an isomorphic copy of 1 (shortly, {1 € Cy(X)).
2. Every compact subset of X is scattered.

If additionally X is o-compact and hereditarily Baire, (1)-(2) are equivalent
to:
3. X is scattered.

Note that there exist countably compact (hence hereditarily Baire) non-
scattered uncountable spaces X for which every compact subset is finite (hence
scattered); this shows the item (2) holds while (3) fails. Indeed, V. Tkachuk in
[31] proved that there exists a countably compact dense subspace X C fw \ w
whose all compact subsets are finite.

Corollary 3 For a Cech-complete space X the following assertions are equiv-
alent:

1. 41 € Cr(X) and X is Lindeldf.
2. X 1is scattered and Lindelof.
3. X is o-compact and every compact set in X is scattered.

2 Proof of Theorem 1 and further corollaries

Let E be alcs. A subset B C FE is called a bounded set if for every neighbour-
hood of zero U in E there exists A > 0 such that AB C U.

By result of Ruess [27, Theorem 2.1] we know that: If F is a lcs such that:
(i) E is complete; (ii) all bounded sets in E are metrizable, then the following
conditions are equivalent:
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1. E does not contain any isomorphic copy of ¢;.
2. Every bounded sequence in F has a weak Cauchy subsequence, i.e. sequence
which is Cauchy in the weak topology of F.

Note that there are non-metrizable lcs which satisfy the above two condi-
tions (i) and (ii). Indeed, let E be a distinguished Fréchet lcs (i.e. the strong
dual Ej of E is barrelled, equivalently is bornological, see [6], [7]). Then clearly
E[’j is complete and barrelled, and as proved in [7], every bounded set in E is
metrizable. Nevertheless, £, as being a (DF)-space, is metrizable only if £
is a Banach space. On the other hand, for the case when E = Cj(X) we have

Corollary 4 Let X be a Tychonoff space. Then Ci(X) fulfils both conditions
(i) and (ii) if and only if Cy(X) is a Fréchet space, i.e. exactly when X is a
hemicompact kr-space.

Indeed, note that condition (ii) holds in Cj(X) if and only if X is hemi-
compact, see [13, Theorem 2.5], and (i) holds if and only if X is a kg-space,
[26, Theorem 10.1.24].

Recall that a topological space X is Fréchet—Urysohn, if for every subset
A C X and every = € A there exists a sequence (z,,), C A with z,, — z. In
[14, Lemma 3.5] we supplemented the above cited result of Ruess as follows.

Lemma 1 For quasibarrelled E with an w®-base the following assertions are
equivalent:

1. Each bounded subset of E is weakly Fréchet-Urysohn, i.e. Fréchet-Urysohn
in the weak topology of E.
2. Any bounded sequence in E has a weakly Cauchy subsequence.

A les E has an w”-base if E admits a base {U, : @ € w*”} of absolutely
convex neighbourhoods of zero with U, C Up if 8 < «, see [21].
Lemma 1 applies for Cj(X) over Lindelof Cech-complete spaces X.

Corollary 5 Let X be a Lindeldf Cech-complete space. Then Cy(X) is a com-
plete barrelled space with an w*-base, so (1) and (2) from Lemma 1 are equiv-
alent for Cr(X).

Indeed, since X contains a fundamental compact resolution, i.e. a family
{Ks @ @ € w¥} of compact sets covering X such that K, C Kg if a <
B, the space Ci(X) has a w“-base, see [12]. The space X is a p-space, i.e.
every functionally bounded set in X is relatively compact, so by [26, Theorem
10.1.20] the space Ci(X) is barrelled and complete (since X is a kg-space).
Combining last results we derive

Corollary 6 For a Fréchet lcs E each bounded subset of E is Fréchet-Urysohn
in the weak topology if and only if {1 g E.

The above results imply Schliichtermann and Wheeler [28, Theorem 5.1].
Next lemma will be used for the proof of Theorem 1.
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Lemma 2 Assume that E and F are lcs such that F is a Baire space, i.e. of
the second Baire category, and E is covered by a sequence (Sp)n of bounded
sets which have property A in E.. If B, and F,, are homeomorphic, then
every bounded set in F,, has property A.

Proof Fix a property A as described in Introduction. Assume that all sets .S,
are closed and absolutely convex; hence each S,, is weakly closed.

Let T: E, — F, be a homeomorphism and set K, := T(S,) for n €
w. Then each K, is closed and has property A in the weak topology of F.
Moreover, each K, is closed for the original Baire topology £ in F and F =
Unen Kn- By the Baire category theorem, we derive the existence of an m € w
such that K, has a nonempty interior in the topology £. Hence there exists an
xo € int K, and an absolutely convex closed neighbourhood U in £ such that
zo + U C K,,. Take any absolutely convex bounded closed subset B in the
space (F,&). There exists A > 0 such that AB C U. Since K,, has property A
in the weak topology of F', the same is true for zg+ AB, and hence also for B.
Therefore each £-bounded subset of F' has property A in the weak topology
of F.

The following special case of Lemma 2 supplements [22, Theorem 5.12].
Note that C,(X) is covered by a sequence of bounded sets if, for example, X
is compact, and the weak topology of C,,(X) is the original topology of C,(X).

Corollary 7 Let X and Y be infinite compact. If C,(X) and C(Y), are
homeomorphic, then every bounded set in C(Y ), has property A provided the
same holds for Cp(X).

Consequently, if every bounded set in C,(X) is Fréchet-Urysohn, then
Cp(X) is Fréchet-Urysohn by [13, Proposition 2.1], and every bounded set
in C(Y),, is Fréchet-Urysohn due to Corollary 7.

Corollary 8 [22, Theorem 5.12, Corollary 5.11] Let X and Y be infinite and
compact. If X or'Y is scattered, then Cp(X) and C(Y),, are not homeomor-
phic.

Proof Assume there exists a homeomorphism 7' : Cp(X) — C(Y),. As-
sume first that X is scattered. Then C(Y),, is Fréchet-Urysohn (since C)(X)
is Fréchet-Urysohn by [1, Theorem III.1.2]). But the weak topology of any
normed space E is Fréchet-Urysohn if and only if E is finite-dimensional, see
for example, [21, Lemma 14.6].

Now assume Y is scattered. By Theorem 3 and Corollary 6 the unit ball
S in C(Y), is Fréchet-Urysohn. Set D,, = T~!(nS) for all n € w. Then
Cp(X) is covered by a sequence of Fréchet-Urysohn spaces, and we apply [32,
Problem 450] to get that Cp,(X) is Fréchet-Urysohn. Hence X is scattered by
[1, Theorem III.1.2], and by the previous case we get a contradiction.

Problem 3 Let X and Y be infinite compact spaces and Cp,(X), C(Y),, are
homeomorphic. Assume that C},(X) contains bounded subset without property
A. Is the same statement true for C(Y),,?
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The following corollary extends [22, Corollary 3.2].

Corollary 9 Let X andY be Tychonoff spaces and assume that T : Cp(X) —
Ck(Y)w is a linear homeomorphism. If Y is hemicompact, then the weak topol-
ogy of Cr(Y) is metrizable. Hence, if Y is compact, then'Y is finite.

Proof Let {U, : n € w} be a countable decreasing base of neighbourhoods of
zero Ci(Y) (since Y is hemicompact). For each o = (a(n)) € w* set A, =
N, @(n)U,. Then {A, : o € w*} is a fundamental bounded resolution in
Ci(Y), i.e. each set A, is bounded, every bounded set in Cy(Y") is contained
in some A,, and A, C Agif a < 5.

Since bounded sets in Cx(Y) and Cy(Y),, are the same, the assumption
on the map T applies to deduce that Cp(X) admits a fundamental bounded
resolution. But this holds if and only if X is countable, see [16, Theorem 3.3],
so Cp(X) is metrizable.

Since T : Cp(X) — Cx(Y)y is a homeomorphism, the space C(Y),, is
metrizable. Clearly, if Y is compact, the last note implies that the weak topol-
ogy of Ci(Y) coincides with original normed topology of Ck(Y), hence Y is
finite.

Proof (Theorem 1)

Item (1): By [13, Proposition 2.1] the space C,(X) has property A if and
only if every bounded set in the space Cp(X) has property A. Indeed, the
open interval (—1,1) is homeomorphic to the real line R, so the subspace
C(X,(—1,1)) of Cp(X) is homeomorphic to Cp,(X). Since the set Cp, (X, (—1,1))
is a bounded set in Cj,(X), the conclusion easily follows.

Item (2): The spaces Cp(X) and C(Y),, are not homeomorphic: In fact,
if X is scattered, the space Cp(X) is Fréchet-Urysohn [1, Theorem ITI.1.2].
Then C(Y),, is Fréchet-Urysohn, which implies that Y must be finite. Indeed,
since every Fréchet-Urysohn lcs E is bornological, i.e. every linear map from
E into a lcs F sending bounded sets into bounded sets is continuous, see [21,
Lemma 14.6], the weak topology of C(Y") coincides with the Banach topology
of C(Y). Hence C(Y) is finite dimensional, so Y is finite, indeed.

On the other hand, in general, if Y is a compact and scattered space, the
weak topology of C(Y") coincides with the pointwise topology of Cy,(Y") on the
unit ball of the Banach space C(Y'). Hence every bounded set in C(Y'),, is
Fréchet-Urysohn.

Item (3): Assume, on the contrary, that there exists a continuous homoge-
neous surjection T : Cx(Y )y — Cp(X) such that 771 (K) is compact for each
compact set K C C,(X). By the assumption Ci(Y) admits a fundamental
sequence of bounded absolutely convex sets (D, ).

Since T(tf) = tT'(f) for each scalar t € Rand f € C(Y), the space Cp(X) is
covered by a sequence of bounded sets S, = T'(D,,), where n € w. Since (Dy,)p,
is a fundamental sequence of bounded sets in Ci(Y'), we may assume that
Sn C Sp4q for all n € w. If C), = absconvS,,, n € w, is the absolutely convex
closed envelope of the set S,,, every set (), is absolutely convex, bounded and
closed in Cp(X).
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Let K C C,(X) be a compact set. By assumption 77! (K) is compact,
hence as being bounded, T~ (K) is contained in some D,,, and then K C C,,.
But this implies that (27C,,), is a fundamental sequence of bounded sets in
Cp(X). If fact, assume that there exists a bounded set B C Cp,(X) such that
B §Z 2"C,, for all n € w. Then for each n € w select 27"x,, ¢ C,,. Since the
set G ={27"z, :n € w}U{0} is compact in C,(X), there exists m € w such
that G C C,,,. We reach to a contradiction.

This shows that (2"C,,), is a fundamental sequence of bounded sets in
Cp(X). Next we apply [21, Proposition 2.13] to derive that RX = C,(X) =
U, 2"C, = U, 2"C,,, where the closure is taken in R¥. By the Baire category
theorem, some C,, is a bounded neighbourhood of zero in RX. This implies
that X is finite, and we reach a contradiction.

Item (4): If X is pseudocompact, every f € C(X) is bounded on X. Hence
the space C(X) is covered by a sequence of bounded sets (S,),, where

Sp=nS, and S = {f € C(X) : sup |f(z)] <1}, n € w.
reX

On the other hand, if Y is paracompact and locally compact, the space
Cr(Y) is a Baire space. It is enough to apply Lemma 2.

Note also that if X is not pseudocompact, Ck(X) is not covered by a
sequence (Sp), of bounded sets. In fact, Cy(X) contains a (complemented)
copy of R¥, [20], and if Cy(X) is covered by a sequence of bounded sets, the
Baire category theorem applies to get a contradiction, since R“ is not normed.

From Lemma 2 and Corollary 6 we have

Corollary 10 Suppose that E is a Banach space and F' a Fréchet lcs. Assume
that E,, and F,, are homeomorphic. If E does not contain any isomorphic copy
of £1 then neither does F'.

Remark 1 Checking the proof of [22, Proposition 3.1] one can get also the fol-
lowing stronger version: If X and Y are infinite Tychonoff spaces and Cy(Y)
admits a fundamental sequence of bounded sets, then does not exist a uni-
formly continuous surjection T : Cy(Y),, — Cp(X) such that T~ (K) is com-
pact for each compact K C Cp(X).

3 Proof of Theorem 3

Proof (Theorem 3) (2) = (1): Assume that every compact subset of X is
scattered. Let K(X) be the family of all compact subset of X. Note that the
space Ci(X) is isomorphic to a subspace of the product HKE,C(X) Cx(K) of
Banach spaces C(K).

To get a contradiction assume that the space Cj(X) contains an isomorphic
copy F of ¢1. Observe that for E there exists a finite family F C K(X) such
that E is isomorphic to a subspace of the finite product [[,cp Cy(K;) for
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F ={K; : j € F} for some finite set F. In fact, let B be the unit (bounded)
ball of the normed space E. There exists a finite set F' such that

= 'w)n J[ cwx)cB,

jEF KeK(X)

where U; are balls in spaces Cy(K;), j € F, and m; are natural projec-
tions from E onto C%(Kj). Denote by mp the (continuous) projection from
[xexx) Cr(K) onto J[cp Cu(K;). Then mp|E is an injective continuous
and open map from E onto (mp|E)(E) C []cp Cr(Kj). The injectivity of
mr|F is deduced from the fact that B is a bounded neighbourhood of zero in
E. On the other hand, one shows that the image (7p|E)(B) is an open neigh-
bourhood of zero in [ ] o Ck(K). The product [ ] ;. Ci(Kj) is isomorphic to
the space Cj, (®jEF K;). Moreover, the compact space @jeF K; is scattered.
Hence we apply [10, Theorem 12.29] to get that E has separable dual which
is impossible.

(1) = (2): If (1) holds, then every compact set in X is scattered. Indeed,
assume that there exists a compact set K C X which is not scattered. Then
there exists a continuous surjection 7' : K — [0,1], see [30]. Applying the
Tietze-Urysohn theorem one gets an extension g : X — [0, 1]. Therefore the
adjoint map h +— h o g embeds C[0,1] into C(X), a contradiction since ¢;
embeds into C[0, 1]. So, every compact subset of X is scattered.

Now assume that (X,,), is a sequence of compact subsets of X covering
X and X is hereditarily Baire. Assume (2): Hence every X,, is scattered. We
prove now that X is scattered. Let D C X be a non-empty subset of X. We
show that D contains an isolated point. Let K be the closure of D in X. Then
(by assumption) K is Baire and K = |J,, KNX,,. Then there exists m € w and
an open non-empty set U in K such that U C K N X,,. Hence U = U N X,,,,
and by assumption, there exists an isolated point y € U N X,,,. Then there
exists an open set V,, 3 y in K with V, N"\U =V, NUNX,, = {y}. Next, chose
an open set Wy, 3 y in X such that Wy,NK =V, NU, so W, NK = {y}. Hence
y is isolated in K and y € D.

Proof (Corollary 3) (1) = (2): From Theorem 3 it follows that every compact
set in X is scattered. Since X is Cech-complete, the whole X is scattered, see
[4, Theorem 1].

(2) = (3): Note that X is o-compact. Indeed, there exists a Polish space
Y which is an image of X under a perfect map, see [9, 5.5.9(a)]. Since X is
scattered, Y is scattered, too. Hence Y is countable by [30, 8.8.5], so X must
be o-compact.

(3) = (1): From Theorem 3.

Corollary 11 Let C(X) and C(Y) be Banach spaces. Assume C(X), and
C(Y)w are homeomorphic. Then X is scattered if and only Y is scattered.

A regular topological space X is a cosmic (resp. Ng)-space if and only if
X is a continuous (resp. continuous compact-covering) image of a separable
metric space, see [23].
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We know that if £ and F' are two infinite dimensional Banach spaces for
which F,, and F,, are homeomorphic, then F,, has all bounded sets weakly
Fréchet-Urysohn if and only if the same holds and F),,. The converse implica-
tion fails.

Ezxample 1 Consider two examples:

1. There exist separable Banach spaces E and F' such that F,, and F,, are
not homeomorphic but both E and F' do not contain an isomorphic copy
of 61 .

2. The spaces ¢; and C[0,1] contain isomorphic copies of ¢; but (¢1),, and
C0,1],, are not homeomorphic.

Proof (1): Let E be the James tree space, see [10]. The dual E’ is not separable
yet {1 ¢ E. By [14, Theorem 1.6] the space E,, is not an Rg-space (see [23]).
On the other hand, any separable Banach space F' whose dual is separable
does not contain an isomorphic copy of ¢; and F, is an Ngp-space (again by
[14, Theorem 1.6]). Consequently, E,, and F,, are not homeomorphic.

(2) Tt is known that every separable Banach space E with the Schur prop-
erty is an Rg-space in the weak topology, see [15, Remark 4.5]. But C]0, 1], is
not Ng-space by [23, Proposition 10.8].

Problem 4 It is known that C,(R) and C,[0,1] are homeomorphic [1], as
well as Ci(R) and C[0, 1]. Are the spaces Ci(R),, and C]0, 1],, homeomorphic?
Recall that Cy(R) and C[0, 1] contain isomorphic copies of ¢;.

Acknowledgements The authors wish to thank to prof. J. C. Ferrando for carefully read-
ing the article and his remarks

References

1. Arkhangel’skii, A. V.: Topological function spaces. Math. and its Applications 78. Kluwer
Academic Publishers, Dordrecht Boston London (1992)

2. Banach, S.: Théorie des oprérations linéaires. PWN, Warsaw (1932)

3. Banakh, T.: On Topological classification of normed spaces endowed with the weak
topology of the topology of compact convergence. General Topology in Banach Spaces
(T.Banakh ed.). Nova Sci. Publ., NY, 171-178 (2001). https://arxiv.org/abs/1908.09115v1

4. Banakh, T.: k-scattered spaces. https://arxiv.org/abs/1904.08969v1

5. Bessaga, Cz., Pelczyniski, A.: Spaces of continuous functions (IV) (On isomorphical clas-
sification of spaces of continuous functions. Studia Math. 73, 53-62 (1960)

6. Bierstedt, D., Bonet, J.: Density conditions in Fréchet and (DF)-spaces. Rev. Mat. Com-
plut. 2, 59-75 (1989)

7. Bierstedt, D., Bonet, J.: Some aspects of the modern theory of Fréchet spaces. RACSAM.
97, 159-188 (2003)

8. Edgar, G.A., Wheller, R.F.: Topological properies of Banach spaces. Pacif. J. Math. 115,
317-350 (1984)

9. Engelking, R.: General Topology. Heldermann Verlag, Berlin (1989)

10. Fabian, M., Habala, P., Hajek, P., Montesinos, V., Pelant, J., Zizler, V.: Functional
Analysis and Infinite-Dimensional Geometry. CMS Books Math./Ouvrages Math. SMC
(2001)

11. Fréchet, M.: Les espaces abstraits. Hermann, Paris (1928)



A note on the weak topology of spaces Ci(X) of continuous functions 11

12. Ferrando, J.C., Kakol, J.: On precompact sets in spaces C¢ (X). Georg. Math. J. 20
247-254 (2013)

13. Ferrando, J.C., Kakol, J.: Metrizable Bounded Sets in C(X) Spaces and Distinguished
Cp(X) Spaces. J. Convex Anal. 26 1337-1346 (2019)

14. Gabriyelyan, S., Kakol, J., Kubzdela, A., Lopez Pellicer, M.: On topological properties
of Fréchet locally convex spaces with the weak topology. Topology Appl. 192, 123-137
(2015)

15. Gabriyelyan, S., Kakol, J., Kubis, W., Marciszewski, W.: Networks for the weak topology
of Banach and Frchet spaces. J. Math. Anal. Appl. 432 1183-1199 (2015)

16. Ferrando, J.C., Gabriyelyan, S., Kakol, J.: Bounded sets structure of C,(X) and quasi-
(DF)-spaces. Math. Nachr. 292, 2602-2618 (2019)

17. Jarchow, H.: Locally Convex Spaces. B.G. Teubner, Stuttgart (1981)

18. Kadec, M.I.: A proof of the topological equivalence of all separable infinite-dimensional
Banach spaces. Funkcional. Anal. i Prilozen. 1, 61-70 (1967)

19. Katetov, M.: On the mappings of countable spaces. Collog. Math. 2, 30-33 (1949)

20. Kakol, J., Saxon, S.A., Tood, A.: Pseudocompact spaces X and df-spaces C.(X). Proc.
Amer. Math. Soc. 132, 1703-1712 (2004)

21. Kakol, J., Kubi§, W., Lopez-Pellicer, M.: Descriptive Topology in Selected Topics of
Functional Analysis. Developments in Mathematics. Springer (2011)

22. Krupski, M., Marciszewski, W.: On the weak and pointwise topologies in function spaces
II. J. Math. Anal. Appl. 452, 646-658 (2017)

23. Michael, E.: Rg-spaces. J. Math. Mech. 15, 983-1002 (1966)

24. Miljutin, A.A.: Isomorphisms of the space of continuous functions over compact sets of
the carinality of the continuum (Russian). Teor. Funcional.Anal. i PPrilozen. 2, 150-156
(1966)

25. Pelczynski, A., Semadeni, Z.: Spaces of continuous functions. III. Spaces C(f2) for 2
without perfect subsets. Studia Math. 18, 211-222 (1959)

26. Pérez Carreras, P., Bonet, J.: Barrelled Locally Convex Spaces. North-Holland Mathe-
matics Studies 131. North-Holland, Amsterdam (1987)

27. Ruess, W.: Locally Convex Spaces not containing ¢;. Funct. et. Approx. 50, 389-399
(2014)

28. Schliichterman, G., Whiller, R.F.: The Mackey dual of a Banach space. Note di Mat.
11, 273-281 (1991)

29. Toruriczyk, H.: Characterizing Hilbert space topology. Fund. Math. 111, 247-262 (1981)

30. Semadeni, Z.: Banach spaces of continuous functions. PWN Warsaw (1971)

31. Tkachuk, V.V.: Growths over discretes: some applications. Vestnik Mosk. Univ. Mat.
Mec. 45(4), 19-21 (1990)

32. Tkachuk, V.V.: A Cp-Theory Problem Book. Special Features of Function Spaces. Prob-
lem Books in Mathematics. Springer, Cham (2014)

33. Warner, S.: The topology of compact convergence on continuous functions spaces. Duke
Math. J. 25, 265-282 (1958)


http://www.tcpdf.org

