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Statistical solution — general concept

Dynamical system (D)

Trajectory space

UeC(o, T X)=T

Statistical solution

P — probability measure on T
U — solution of the problem (D) — ‘P a.s.

Push—forward measure

U(t,Uo), vo probability measure on the space of initial data

<yt, G(G)> - <yo, G(U(t, Go)>



Barotropic Navier—Stokes system

Navier—Stokes system

Oro + divi(ou) =0
9e(ou) + divi(ou ® u) + Vip(0) = diviS(Vxu) + 08

2
p(o) ~ag’,v>1,S=pu (qu +Viu— Ediwuﬂ) +Adiveul, 4> 0,A >0

Boundary conditions - open system

ulpg = ug

002 = Min U lNout

Min = {x € 00 ) the outer normal n(x) exists, and ug(x) - n(x) < 0}.

Q|rin = QB




Energy balance

Energy inequality

i/ 19|u7u3|2+P(g) dx+/S(]D>xu):]D>xu dx
dt Q 2 Q

+/ P(o)ug - n dS, —|—/ P(og)ug - n dS«
-

out Fin

< —/ [ou @ u+ p(o)I] : Viug dx — / ou - ug - Vyeug dxdt
Q Q

—|—/ S(Dyu) : Dyeug dx+/ 0g - (u—ug) dx
Q Q

Pressure potential

P'(0)e — P(o) = p(0)




Phase variables

Energy

&= / [%mu —ug|’ + P(g)] dx, or rather its caglad version Eqg
Q

1 |m
EC-:/ = '——u
g Q|:2Q P B

2

+ P(Q):| (t,-) dx for any t € [0, c0)

Data

dB = [QBa U57g].

Semiflow selection

U (i (e0,mo,0.d5)) 1= [o(t, ). m(, ), Eca(t). ds]

U(t+ s; (Qo7m0,50,d3)) =U (t; U(s; (00, mo,€o7d3)>> for any t,s >0




Semiflow selection
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Construction of semiflow selection

Semiflow

Ult, 00, mo, Eo] — [o(t), m(t), E(t=)], t >0

Semigroup property

U[tl + t2, 0o, Mo, Eo] = U[t‘z7 U[tl, 00, Mo, Eo]] for any0<t1 <t

Dissipative solution
S Cweak,loc([0> OO); L’Y(Q))
m € Cuentcjoc ([0, 00); L71(Q; RY))
E € BVioc([0, 00); R), (non—increasing)
Initial data

0(0,) = 0o, m(0,-) = mo, E(0+) < E



Abstract setting

Phase space

X=W Q) x W "Q;R")x R

Data space

1 2
D:{[QO7mOaE0]€X ’ 90205 / {*erigg} dXSEo}
al2 oo v—1

Trajectory space

Q = Goe([0, 00); W43(Q)) X Gioe([0, 00); W2(Q; R)) x Lioe (0, 00)




Method by Krylov adapted by Cardona and Kapitanski

Multi—valued solution mapping

U : [,Qo,mo, Eo] — [g,m, E] € 2Q

Time shift

Sto&, Stof(t)=¢&(T+1t), t>0.

Continuation

&(r) for0<7< T,

&G UT &(T) = {
&H(r—T) forT>T.




Basic ansatz

m (Al) Compactness: For any [go, mo, Eo] € D, the set U[go, Mo, Eo] is a
non—empty compact subset of Q

m (A2) The mapping
D 3 [00, mo, Eo] — U[go, mo, Eo] € 2%

is Borel measurable, where the range of U/ is endowed with the Hausdorff
metric on the subspace of compact sets in 2%

m (A3) Shift invariance: For any
[0, m, E] € U[ oo, mo, Eo],
we have
Stolo,m,E] € U[o(T), m(t), E(T—)] for any T > 0.
m (A4) Continuation: If T > 0, and
[o,m", E'] € U[oo, mo, Eo], [0*, m?, E*] € U[o"(T),m"(T), E(T-)],

then
[le m17 El] Ur [927 m27 Ez] S u[QCH mo, EO]



Induction argument

System of functionals
IA,F[Qy m, E] = / exp(—)\t)F(g,m, E) dt7 A>0
0

where
F:X=W"Q)x W*(Q;R"YxR—=R

is a bounded and continuous functional

Semiflow reduction

Ix,F o U[go, mo, Eo)
- {[97 m, E] S Z/[[Qo, mo, EO]

rlo,m, E] < I ¢[g, i, E] for all [3, @, E] € Uloo, mo, Eo] |

Induction argument



Statistical solution

Data space

2:
D= {[907m07QBauB7g] ‘ 00 € L"(Q),mo € L"*%l(Q; R, /

QE(go,mo ' uB) dx < oo

08 € C(99), 08 > 0> 0, ug € C*(QRY), g e C(; Rd)}

B[D] = {u ‘ v a complete Borel probability measure on Xp, supp[v] C D}.

Statistical solution

Family of (Markov) operators

M, : B[D] — P[D] for any t > 0,




Properties of statistical solution

Initial data
Mo(v) = v for any v € PB[D]
Convexity
N N N
M, <Z a,—l/,-> = z:oz,-l\/lt(l/,-)7 for any a; > 0, Za; =1, vi € P(D)
i=1 i=1 i=1
Semigroup property

Meis = M o M; for any t > 0 and a.a. s € (0, 0)
(Weak) continuity

t — M;(v) is continuous with respect to the weak topology on B(D)




Compatibility with the Navier—Stokes system

M (8100,mo.d51) = Olo(z,).m(,-).d5) for any ¢ >0

M, (I/) = /D 5[9(1_»’.)7,"(1»7.)A’dB]dV(Qo, mo, dB) for any v € sp['DL

where [o, m] is a finite energy weak solution with the data

(00, mo,ds)

&o :/QE(Qo,mo ’us) dx




Continuity with respect to the initial data

Weak-strong uniqueness property

[907m07dB]7 Qo > 07 60 :/

E (go,mo‘uB) dx
Q

=
Lipchitz solution g, m for [0, Trmax)

Stability:

M (8106,mo,ds1) = Oia(t, ). m(e,),ap) for all £ € [0, Tmax).




Distance

Relative energy

E(Q,m‘ﬁ, =

(P~ P'@(e-2) - P@)

S(g,m‘ﬁ,ﬁl) E/QE(g,m‘@ﬁl) dx.

Bregman—Wasserstein distance

neN(viive)

Wetnn) = inf [ (o.m[zm) dule,m.di 7., d).
DxD

N(s;2) = {11 € BD % D) | ml) =, mal) =2}




Distance to regular solutions

Regular trajectories

Tr= {[g,m,dg] ’ [0, m] is a Lipschitz solution in [0, T] x £,
with the boundary data dg,

. -1
(0"7’_‘)fXQQ > L7 e, m]||W1’°°(O,T)><Q;Rd+1) < L}

Regular data

Dir = {[Q(O),m(O),dB] [o,m, ds] € 71;} C Dr C D.



Regular data stability

Regular data
ds = [08,us, 8] € C(Q) x C*(Q; RY) x C(Q; RY), inf 05 > 0
Family of measures
{vn}ats, va € B(D), v € P(D)

supp[v] C Dy, for some L, T >0

vo{ds =ds} =v{da=da} =1
Initial data convergence

WEe (vn,v) — 0 as n— oo
Conclusion

sup We(Me(vn), Me(v)) — 0 as n— oo
te[0,T]




Maximal solutions

Maximal energy dissipation

[00, mo], & = / E (go,mo‘uB) dx, with the boundary data dg,
Q

[on,m1] < [o2,m3] & /QE(gl,ml‘uB) (t,") dxg/QE(gg,mz‘uB) (£, ) dx

Principle of maximal dissipation

[00,mg], & = / E (go,mo‘uB) dx, with the boundary data dg
Q

Eeg(t) =& Exoc < 00 as t — 00

[0, m] maximal = / E (g,m’uB) (t,-) dx = Eoc @s t — o0
Q




