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Statistical solution – general concept

Dynamical system (D)

d

dt
U = A(t,U)

U(0, ·) = U0

Trajectory space

U ∈ C([0,T ];X ) ≡ T

Statistical solution

P− probability measure on T

U− solution of the problem (D)−P a.s.

Push–forward measure

U(t,U0), ν0 probability measure on the space of initial data〈
νt ,G(Ũ)

〉
=
〈
ν0,G(U(t, Ũ0)

〉



Barotropic Navier–Stokes system

Navier–Stokes system

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +∇xp(%) = divxS(∇xu) + %g

p(%) ≈ a%γ , γ > 1, S = µ

(
∇xu +∇t

xu− 2

d
divxuI

)
+λdivxuI, µ > 0, λ ≥ 0

Boundary conditions - open system

u|∂Ω = uB

∂Ω = Γin ∪ Γout

Γin :=
{
x ∈ ∂Ω

∣∣∣ the outer normal n(x) exists, and uB(x) · n(x) < 0
}
.

%|Γin = %B



Energy balance

Energy inequality

d

dt

∫
Ω

[
1

2
% |u− uB |2 + P(%)

]
dx +

∫
Ω

S(Dxu) : Dxu dx

+

∫
Γout

P(%)uB · n dSx +

∫
Γin

P(%B)uB · n dSx

≤ −
∫

Ω

[%u⊗ u + p(%)I] : ∇xuB dx −
∫

Ω

%u · uB · ∇xuB dxdt

+

∫
Ω

S(Dxu) : DxuB dx +

∫
Ω

%g · (u− uB) dx

Pressure potential

P ′(%)%− P(%) = p(%)



Phase variables

Energy

E ≡
∫

Ω

[
1

2
% |u− uB |2 + P(%)

]
dx , or rather its càglàd version Ecg

Ecg =

∫
Ω

[
1

2
%

∣∣∣∣m% − uB

∣∣∣∣2 + P(%)

]
(t, ·) dx for any t ∈ [0,∞)

Data

dB ≡ [%B , uB , g].

Semiflow selection

U :
(
t; (%0,m0, E0, dB)

)
7→ [%(t, ·),m(t, ·), Ecg(t), dB ]

U
(
t + s; (%0,m0, E0, dB)

)
= U

(
t;U

(
s; (%0,m0, E0, dB)

))
for any t, s ≥ 0



Semiflow selection
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Construction of semiflow selection

Semiflow

U[t, %0,m0,E0] 7→ [%(t),m(t),E(t−)], t > 0

Semigroup property

U[t1 + t2, %0,m0,E0] = U [t2,U[t1, %0,m0,E0]] for any 0 ≤ t1 ≤ t2

Dissipative solution

% ∈ Cweak,loc([0,∞); Lγ(Q))

m ∈ Cweak,loc([0,∞); L
2γ
γ+1 (Q;RN))

E ∈ BVloc([0,∞);R), (non–increasing)

Initial data

%(0, ·) = %0, m(0, ·) = m0, E(0+) ≤ E0



Abstract setting

Phase space

X = W−`,2(Q)×W−`,2(Q;RN)× R

Data space

D =

{
[%0,m0,E0] ∈ X

∣∣∣ %0 ≥ 0,

∫
Ω

[
1

2

|m0|2

%0
+

a

γ − 1
%γ0

]
dx ≤ E0

}
.

Trajectory space

Ω = Cloc([0,∞);W−`,2(Q))× Cloc([0,∞);W−`,2(Q;RN))× L1
loc(0,∞)



Method by Krylov adapted by Cardona and Kapitanski

Multi–valued solution mapping

U : [%0,m0,E0] 7→ [%,m,E ] ∈ 2Ω

Time shift

ST ◦ ξ, ST ◦ ξ(t) = ξ(T + t), t ≥ 0.

Continuation

ξ1 ∪T ξ2(τ) =


ξ1(τ) for 0 ≤ τ ≤ T ,

ξ2(τ − T ) for τ > T .



Basic ansatz

(A1) Compactness: For any [%0,m0,E0] ∈ D, the set U [%0,m0,E0] is a
non–empty compact subset of Ω

(A2) The mapping

D 3 [%0,m0,E0] 7→ U [%0,m0,E0] ∈ 2Ω

is Borel measurable, where the range of U is endowed with the Hausdorff
metric on the subspace of compact sets in 2Ω

(A3) Shift invariance: For any

[%,m,E ] ∈ U [%0,m0,E0],

we have

ST ◦ [%,m,E ] ∈ U [%(T ),m(t),E(T−)] for any T > 0.

(A4) Continuation: If T > 0, and

[%1,m1,E 1] ∈ U [%0,m0,E0], [%2,m2,E 2] ∈ U [%1(T ),m1(T ),E 1(T−)],

then
[%1,m1,E 1] ∪T [%2,m2,E 2] ∈ U [%0,m0,E0].



Induction argument

System of functionals

Iλ,F [%,m,E ] =

∫ ∞
0

exp(−λt)F (%,m,E) dt, λ > 0

where
F : X = W−`,2(Q)×W−`,2(Q;RN)× R → R

is a bounded and continuous functional

Semiflow reduction

Iλ,F ◦ U [%0,m0,E0]

=
{

[%,m,E ] ∈ U [%0,m0,E0]
∣∣∣

Iλ,F [%,m,E ] ≤ Iλ,F [%̃, m̃, Ẽ ] for all [%̃, m̃, Ẽ ] ∈ U [%0,m0,E0]
}

Induction argument

U satisfies (A1) - (A4) ⇒ Iλ,F ◦ U satisfies (A1) - (A4)



Statistical solution

Data space

D =
{

[%0,m0, %B , uB , g]
∣∣∣ %0 ∈ Lγ(Ω),m0 ∈ L

2γ
γ+1 (Ω;Rd),

∫
Ω

E
(
%0,m0

∣∣∣ uB

)
dx <∞

%B ∈ C(∂Ω), %B ≥ % > 0, uB ∈ C 1(Ω;Rd), g ∈ C(Ω;Rd)
}

P[D] =
{
ν
∣∣∣ ν a complete Borel probability measure on XD, supp[ν] ⊂ D

}
.

Statistical solution

Family of (Markov) operators

Mt : P[D]→ P[D] for any t ≥ 0,



Properties of statistical solution

Initial data

M0(ν) = ν for any ν ∈ P[D]

Convexity

Mt

(
N∑
i=1

αiνi

)
=

N∑
i=1

αiMt(νi ), for any αi ≥ 0,
N∑
i=1

αi = 1, νi ∈ P(D)

Semigroup property

Mt+s = Mt ◦Ms for any t ≥ 0 and a.a. s ∈ (0,∞)

(Weak) continuity

t 7→ Mt(ν) is continuous with respect to the weak topology on P(D)



Compatibility with the Navier–Stokes system

Mt

(
δ[%0,m0,dB ]

)
= δ[%(t,·),m(t,·),dB ] for any t ≥ 0

Mt (ν) =

∫
D
δ[%(t,·),m(t,·),dB ]dν(%0,m0, dB) for any ν ∈ P[D],

where [%,m] is a finite energy weak solution with the data

(%0,m0, dB)

E0 =

∫
Ω

E
(
%0,m0

∣∣∣uB

)
dx



Continuity with respect to the initial data

Weak–strong uniqueness property

[%0,m0, dB ], %0 > 0, E0 =

∫
Ω

E
(
%0,m0

∣∣∣uB

)
dx

⇒

Lipchitz solution %̃, m̃ for [0,Tmax)

Stability:

Mt(δ[%0,m0,dB ]) = δ[%̃(t,·),m̃(t,·),dB ] for all t ∈ [0,Tmax).



Distance

Relative energy

E
(
%,m

∣∣∣%̃, m̃) ≡ 1

2
%

∣∣∣∣m% − m̃

%̃

∣∣∣∣2 +
(
P(%)− P ′(%̃)(%− %̃)− P(%̃)

)
E
(
%,m

∣∣∣%̃, m̃) ≡ ∫
Ω

E
(
%,m

∣∣∣%̃, m̃) dx .

Bregman–Wasserstein distance

WE (ν1, ν2) ≡ inf
µ∈Π(ν1;ν2)

∫
D×D

E
(
%,m

∣∣∣%̃, m̃)dµ([%,m, dB ; %̃, m̃, dB ]),

Π(ν1; ν2) ≡
{
µ ∈ P(D ×D)

∣∣∣ π1(µ) = ν1, π2(µ) = ν2

}
.



Distance to regular solutions

Regular trajectories

TL,T =
{

[%,m, dB ]
∣∣∣ [%,m] is a Lipschitz solution in [0,T ]× Ω,

with the boundary data dB ,

inf
(0,T )×Ω

% ≥ L−1, ‖[%,m]‖W 1,∞(0,T )×Ω;Rd+1) ≤ L
}

Regular data

DL,T :=
{

[%(0),m(0), dB ]
∣∣∣ [%,m, dB ] ∈ TL,T

}
⊂ DR ⊂ D.



Regular data stability

Regular data

d̃B = [%B , uB , g] ∈ C(∂Ω)× C 1(Ω;Rd)× C(Ω;Rd), inf
∂Ω
%B > 0

Family of measures

{νn}∞n=1, νn ∈ P(D), ν ∈ P(D)

supp[ν] ⊂ DL,T for some L,T > 0

νn
{

dB = d̃B

}
= ν

{
dB = d̃B

}
= 1

Initial data convergence

WE

(
νn, ν

)
−→ 0 as n→∞

Conclusion

sup
t∈[0,T ]

WE

(
Mt(νn),Mt(ν)

)
−→ 0 as n→∞



Maximal solutions

Maximal energy dissipation

[%0,m0], E0 =

∫
Ω

E
(
%0,m0

∣∣∣uB

)
dx , with the boundary data dB ,

[%1,m1] ≺ [%2,m2] ⇔
∫

Ω

E
(
%1,m1

∣∣∣uB

)
(t, ·) dx ≤

∫
Ω

E
(
%2,m2

∣∣∣uB

)
(t, ·) dx

Principle of maximal dissipation

[%0,m0], E0 =

∫
Ω

E
(
%0,m0

∣∣∣uB

)
dx , with the boundary data dB

Ecg(t)→ E∞ <∞ as t →∞

[%,m] maximal ⇒
∫

Ω

E
(
%,m

∣∣∣uB

)
(t, ·) dx → E∞ as t →∞


