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Abstrakt: V prvni ¢asti této prace analyzujeme Kerrovy—Schildovy a rozsitené
Kerrovy—Schildovy metriky v kontextu vicerozmérné obecné relativity. Pomoci
zobecnéni Newmanova—Penroseova formalizmu a algebraické klasifikace Weylova
tensoru, zalozené na existenci a nasobnosti jeho vlastnich nulovych sméru, do
vysSich dimenzi jsou studovany geometrické vlastnosti Kerrovych—Schildovych
kongruenci, urceny kompatibilni algebraické typy a v expandujicich piipadech
diskutovana ptritomnost singularit. Uvedeme také znamé presna feseni, ktera lze
prevést na Kerruv—Schilduv tvar metriky a zkonstruujeme nova reSeni pomoci
Brinkmannova ,, warp produktu®. V druhé ¢asti této prace uvazujeme vliv kvan-
tovych korekci sestavajicich se z kvadratickych invariantu krivosti na Einsteinovu—
Hilbertovu akci a studujeme pfesnd feseni téchto kvadratickych teorii gravitace
v libovolné dimenzi. Nalezneme t¥idy Einsteinovych prostorocasu a prostorocasu
s nulovym zafenim splnujici vakuové polni rovnice a uvedeme ptiklady téchto
metrik.
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Chapter 1

Introduction

Almost a century ago, it was Einstein’s great insight that gravity as a universal
force could be described by a curvature of spacetime consisting of one time and
three spatial dimensions that has led him to formulate the famous Einstein field
equations of general relativity. Although since then the validity of general rel-
ativity has been confirmed by many experiments, it breaks down at the Planck
scale and is expected to emerge as a low energy limit of a full theory of quantum
gravity, whatever that is.

In recent years, growing interest in higher dimensional general relativity and
black hole solutions within this theory [I] has been influenced by several fields
including string theory which contains general relativity and consistency of which
requires an appropriate number of extra dimensions. Let us also mention higher
dimensional supergravity theories, the AdS/CFT correspondence relating string
theory in an n-dimensional anti-de Sitter bulk spacetime with conformal field
theory on the lower dimensional boundary and various brane-world scenarios
considering that our four-dimensional universe lies on a brane embedded in a
higher dimensional spacetime.

However, motivations for studying higher dimensional general relativity also
come from this theory itself since it turns out that it exhibits much more richer
dynamics then in the four-dimensional case. Let us point out, for instance, the
existence of black rings or other black objects with various non-spherical horizon
topologies leading to the violation of the four-dimensional black hole uniqueness
theorem in higher dimensions.

In n dimensions, general relativity can be described by the Einstein—Hilbert
action with a Lagrangian L., of matter fields appearing in the theory

S = /d"x V=g (% (R—2A) + ﬁmmer> , (1.1)

where A is a cosmological constant and xk = 8:_40 is Einstein’s constant given
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by Newton’s gravitational constant G and the speed of light ¢ so that the non-
relativistic limit in four dimensions yields Newton’s gravity. Using geometrized
units G = ¢ = 1, the variation of the action (1.1) with respect to the metric leads
to the Einstein field equations

1
Rab - ERgab + Agab = 87rTab7 (12)

where the energy-momentum tensor 7j; is given by the variation of the matter
field Lagrangian L atter

- 2 6( _gﬁmatter>
Lo == T (1.3)

From the trace of (1.2), one may express the Ricci scalar as

R =

mA 1
ni 107 e (1.4)
n—2 n-—2

and then substituting back, the Einstein field equations can be rewritten to the
equivalent form
2A 8T
Rypy = ——gap + 87Ty — ——=T.qup- 1.5
b n_29b+7Tb ot cYab (1.5)
In this thesis, we are mainly focused on Einstein spacetimes for which the

Ricci tensor is proportional to the metric and with regard to (1.5) we define them
by
2A
Rap = mgab' (1.6)
Occasionally, we also consider spacetimes with null radiation whose energy—
momentum tensor T, is of the form

P
Ty = — Lol (1.7)
8

where £ is a null vector.

The increasing attention to higher dimensional general relativity has also led
to the effort to generalize methods successfully applied in four dimensions such
as the Newman—Penrose formalism and algebraic classification briefly reviewed
in the following sections.

1.1 Newman—Penrose formalism

In this thesis, we frequently employ the higher dimensional generalization of the
Newman—Penrose (NP) formalism developed in [2, 3] along with the algebraic
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classification of the Weyl tensor based on the existence of Weyl aligned null
directions (WANDs) and their multiplicity outlined in the following section 1.2.
In this section, let us mention the basic concepts of the NP formalism and list
some necessary definitions and relations.

In four dimensions, the NP formalism provides a useful tool that has been
successfully applied to construct exact solutions or prove theorems of general
relativity. Although the number of equations is greater than in the standard co-
ordinate approach with the Einstein field equations, these differential equations
are only of the first order and some are redundant. Moreover, the advantages
of the NP formalism arise in connection with the algebraic classification if one
assumes a special algebraic type or if one works in a frame reflecting some sym-
metry. It then leads to considerable simplifications since many of the components
vanish.

First of all, let us mention the convention for indices. Throughout the thesis
we mainly use two types of them. Latin lower case indices a,b, ... going from
0 to n — 1 mostly denoting the vector components and Latin lower case indices
i,7, ... that range from 2 to n — 1 mostly numbering the spacelike frame vectors.
Especially in chapter 3, we also employ indices 7, 7 denoted by tilde running from
3 to n — 2 to indicate that m® does not include m®. Only in exceptional cases
when we construct a metric in (n 4 1) dimensions, the indices 7, j range from 2
to n as will be properly emphasized.

A complex null tetrad consisting of two real null vectors £, n and two complex
conjugate null vectors m, m plays a key role in the four-dimensional NP formal-
ism. However, such a complex frame cannot be constructed in odd dimensions
and thus, in n-dimensional spacetimes, it is convenient to introduce a real null
frame consisting of two null vectors n = m©®, £ = m® and n — 2 spacelike
orthonormal vectors m® obeying

n'ng = (%, = n®m? = (*m = 0, n, =1, mDm) =5, (1.8)
Although only two of the frame vectors m(® are null, we often refer to such
a frame (1.8) as a null frame. Due to the constraints (1.8) the metric can be
expressed in terms of the frame vectors as

Gab = 2n(aly) + 5ijm((f)m,()j). (1.9)

The relations (1.8) remain valid and consequently the form of the metric (1.9)
is preserved if one performs Lorentz transformations of the frame. An arbitrary
action of the Lorentz group on the vectors m® can be described in terms of null
rotations with n or £ fixed, boosts in the plane spanned by n and £ and spatial
rotations as follows [2]. Under null rotations with £ fixed the frame is transformed
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as
A ) 1 . )
L=, ﬁ:n+%m@—§f& m =m — 20, (1.10)

where z; are real functions and 22 = z;2°, whereas null rotations with n fixed are
obtained just by interchanging £ <> n. Boosts of the frame can be expressed as

e=X, nA=\'n, m¥ =m0, (1.11)

where A is a real function. Spatial rotations are generated by (n —2) x (n — 2)
orthogonal matrices X ij

~

t=¢,  n=n mY=XxXmb. (1.12)
The Ricci rotation coefficients Ly, Ny and ]\Z/[ w are defined as frame compo-
nents of covariant derivatives of the frame vectors
Loy = Leg m((f)ml()d), Nab = Ned mff)m,()d), m% = M m((f)ml()d). (1.13)
From (1.8) it follows that some of the Ricci rotation coefficients are related to
others or even vanish

Loa=0, Liw=-Now  Lia= Mo
’ ' ’ ; (1.14)

% 7

j
Ny, =0, Nig = —Ma, Mo = —Miq

i i
and therefore we consider only L10> L117 L1i7 LiOa Li17 Lija N’iOa Nﬂ, Nz Mj[): M]l

J
and ]\ZJ jk as independent. Note that, in n dimensions, the number of independent
components is n?(n — 1)/2. In four dimensions, these Ricci rotation coefficients
correspond to the twelve complex spin coefficients denoted by Greek letters.
However, in certain special cases, the number of independent coefficients can
be further reduced by an appropriate choice of the frame vectors. For instance,
since
ga;bfb = Lloga + Liom((li), (115)

the coefficients L;y vanish if the frame vector £ is geodetic, i.e. £yl o< £,. More-
over, if £ is also affinely parametrized then £,,¢° = 0 and consequently Lo = 0.
In the case that £ is geodetic and affinely parametrized, one may still perform
boosts and spins to transform the frame vectors m, m® to be parallelly trans-

ported along the geodesics € and thus N,y and ]\Z/[ jo vanish. Alternatively, in
Kundt spacetimes, appropriate boost and spins always lead to

Lug=0, Lip#0,  Ly=0, (1.16)
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as it is shown in section 2.5.
The directional derivatives along the frame vectors are denoted as

D = ¢*V,, A =nV,, 6 = m{V, (1.17)

and one can straightforwardly show that the commutators of these derivatives
satisfy [

AD — DA = L11D + LloA + Lﬂ(sz - Nio(sz',

J

0;D — Do; = (le’ + Nio)D + LA + (L - ]\23’0)5‘
: . (1.18)

71
Nji — M j1)d;,

7 7

Lorentz transformations of the frame act on the Ricei rotation coeflicients in
the following way [3]. Under null rotations with £ fixed (1.10), the Ricci rotation
coefficients transform as

A 1 1
Lyy = Lyy + zi(Lyi + Liy) + ziz;Lij — 522L10 - 52221'[%07

fqo = Lo + ziLio, Ly = Ly — ziLio + 2z Lj; — 225 Lj0,

~ 1 ~ ~

Ly = La+ z;Lij — 5221/1'07 Lio = Lo, Lij = Lij — zj Lo,

N J 1

Nil = Nz’l + ZjNij + ZiLH + ZjMil - 522(1\[1'0 + Lzl) + ZiZj(Llj + le)

J 1 J
+ ZjZkMik — —ZZ(ZZ‘Ll() + ZjLij + ZjMiO) + ZZ'ZjZijk

1, X L, L,
+ 57 (_ZiZijO + % LiO) + Az + 2052 — 3% Dz, (1.19)
Nio = Nio + ziL1o + Zj]\inO + zizjLjo — %ZZLZ'O + Dz,
N’ij = Nij + ziL1; — 2; Ny + Zk]\k&j - Zj<ZiL10 + Zk]\kL'o) + 2z L
- %ZQLij — 2izjZk Lo + %ZQZ]-LM + 0,2 — 2;Dz,

%

~

Mjl = Mjl + ZZ[JLZH + Zijk + 2zkz[jLZ]k’ — 522]\/[]'0 — 222[]'[/2‘]0,

i %

~ ~

Mo = M jo + 22 Ly, M i = Mjx + 22 Ly, — 21 M jo + 2212 L0,
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whereas null rotations with n fixed are obtained by interchanging L <> N and
0 <» 1. Under boosts (1.11), we obtain [3]

A

Ly = A Ly + A 2AN, Lo = ALyg + D), Ly = L,

Ly = Ly + A7'0, Lig = XLy, Lij = ALy,
(1.20)

Nn = \"?Ny, Nio = N, Nij = \"'N,

)

¥R
[ 7
~

Mﬂ:)\_lel, Mj():)\Mjov M = M jx-
Finally, spatial rotations (1.12) transform the Ricci rotation coefficients as [3]
Ly = Ly, Lo = L, Ly = X', Ly,

Liy=X'Ljy,  Lio=X"Lj,  Lyj=X",X'Ly,

7

~ . ~ . .k . .
. o A Lk . A
NZ] = XZkX]lNkh Mj() = XZkXJZMlO + XJkDXZk,

~ . . . l . .
No=X" Ny, M= XX X5 Mo + X7, X5 6, X",

For geodetic £, it follows from (1.19) that the optical matrix L;; is invariant
under null rotations with £ fixed. Thus, L;; has a special geometrical meaning
and can be split into three quantities, its trace 0, traceless symmetric part o
and anti-symmetric part A;;

Sij = Lij) = 035 + 0055, Aij = Ly, (1.22)

that are related to the expansion, shear and twist of the geodetic null congruence
£, respectively. The corresponding expansion, shear and twist scalars are defined
as

1 2 2

Lii7 0" = 0044, W = AZ]AZ] (123)

0

n—2
If the geodetic null congruence £ is also affinely parametrized, the following iden-
tities could be useful

Cy=La,  Lapl™ =Lyl

a

ga;b gb;a - LZ]L]l (124)

K
and therefore

1
T n-—2

1 .
m(ﬁa;a)a UJ2 = g[a;b] ga,b. (125)

0 1% 0% = L) (%" —

a?
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The NP formalism can be completed expressing the frame components of the
Ricci identities

Ua;bc — Ua;cb = Rdabc’l}d, (126)
applied on all frame vectors v® = (%, n?, Mgy - M1y, and the frame compo-
nents of the Bianchi identities

Repjeae) = 0. (1.27)

However, we do not list them all since, in this way, one obtains many lengthy
expressions which can be found in [3] and [2], respectively. Here we present only
one of the possible contractions of the Ricci identities with the frame vectors,
namely

(Caspe = Laen) My € myy = Ry Lamiyy € m, (1.28)

leading to [3]

k
DL;j — 6;Lio = LioLij — Lio(2L1j + Njo) — LiLjo + 2Lyjo M)
1

k
— Li,(Ly; + Mjo) — Coioj — —

Roodi;. (1.29)

If the null vector field £ is geodetic and affinely parametrized then (1.29) reduces
to the Sachs equation that for spacetimes of algebraic type I or more special, i.e.
Coioj = 0 see table 1.1, with Ryy = 0 including e.g. Einstein spaces takes the
simple form

DL;j = —L;,Ly;. (1.30)

In chapter 2, this equation allows us to express an explicit form of the optical
matrix L;; for expanding Einstein generalized Kerr—Schild spacetimes.

1.2 Algebraic classification of the Weyl tensor

In this section, we outline one of the basic tools used in the following chapters,
namely the algebraic classification of the Weyl tensor in higher dimensions based
on the existence of preferred null directions and their multiplicity. Further details
can be found in [5—7], see also [3] for an introductory review.

In n > 3 dimensions, the Weyl tensor is defined as

2

2
Oa cd — Ra cd T T o acR - CR a R alc 1.31
bed bed n_Q(Q[ d)b — Gb| d])+(n—1)(n—2) GalcGd)b ( )

and inherits all the symmetries of the Riemann tensor, moreover, it is completely
traceless. Obviously, the Weyl tensor contains all information about the curvature
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in Ricci-flat spacetimes and therefore it is considered as the part of the Riemann
tensor describing pure gravitational field. Note also that two spacetimes related
by a conformal transformation have the same Weyl tensors.

One of the equivalent approaches to algebraic classification of the Weyl ten-
sor in four dimensions is based on the properties of the principal null directions
(PNDs). Every four-dimensional spacetime admits exactly four discrete PNDs
and the Petrov type is determined by their multiplicity. Other equivalent clas-
sifications can be formulated in terms of two-forms, spinors or scalar invariants,
see e.g. [9].

Only the algebraic classification of the Weyl tensor generalizing the four-
dimensional Petrov classification based on the existence of preferred null direc-
tions developed in [5] has been successfully formulated in arbitrary dimension.
Note also that the spinorial approach in five dimensions established in [10] is not
equivalent to the null directions approach neither to the spinorial classification in
four dimensions [11].

First, let us introduce the following definitions. If some quantity ¢ transforms
under boosts (1.11) as

qg=\"q (1.32)

we say that g has a boost weight w. Therefore, the null frame vectors £, n have
boost weight 1 and —1, respectively, and the spacelike frame vectors m® are of
boost weight zero. It then follows that every index 0 contributes to the boost
weight of the given frame component by one, whereas each index 1 decreases the
boost weight by one, for instance, the components Cpio; have boost weight 1. It
is also convenient to define the following operation reflecting the symmetries of
the Riemann tensor

1
Ttpgrsy = B (T[ab][cd] + Tleq [ab]) ; (1.33)

which allows us to express the frame components of the Weyl tensor more com-
pactly. Such symmetries immediately imply that the maximal boost weight of
the Weyl tensor components is 2 and the minimal boost weight is —2.

Next, using (1.33), we decompose the Weyl tensor into the frame components
and sort them according to their boost weight

boost weight 2
-

Ve

Cabea = 4Coio; n{am,(f)ncmg})

boost weight 1

+ 8Co10: n{aﬁbncmg}) + 4Co;;i n{améi)mﬁj)mg?

(1.34)
+ 8Chi1; n{am,() )ﬁcmd} + Cijn my mz(; )mgk)mg})

+4Co101 nfaloneclay + 4Cou; "{aﬁbm(i)m%) }
boost weight 0
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+ 8Ch01s f{anbﬁcmff}) + 4C1450, ﬁ{amé")mﬁ”mé’?

~
boost weight —1

+ 401i1j ﬁ{améz)fcmg}) .

TV
boost weight —2

However, some of these components are redundant due to the remaining symme-
tries Cqppeq and tracelessness of the Weyl tensor leading to the additional relations

Coioi = 0, Cor0j = Coiji, Coijr) = 0,

1 1
Coi01 = Coiti, Ciry = 0, Coinj = _Qoikjk + 5001@', (1.35)

Cor1; = —Chijis Chijr = 0, Chiii = 0,

which reduce number of independent frame components of the Weyl tensor.

Choosing the vector £ such that as many as possible leading terms in (1.31)
vanish, the highest boost weight of the remaining components determines the
primary algebraic type and we say that £ is a Weyl aligned null direction (WAND).
Effectively, one may choose an arbitrary null frame and if none of the null frame
vectors is just a desired WAND perform null rotations with n fixed (1.10) to find
£ that transforms away the highest possible number of the components.

If there is no WAND £, i.e. there is no frame with all boost weight 2 com-
ponents Cp;o; vanishing, the spacetime is of general Weyl type G. If all boost
weight 2 components vanish and some of the boost weight 1 components are non-
zero the spacetime is of type I. Types II, III and N are determined by vanishing
components of all corresponding boost weights up to 1, 0, or —1, respectively,
and £ is then referred to as a multiple WAND. Type O denotes conformally flat
spacetimes with the Weyl tensor completely vanishing. Using the relations (1.35),
the conditions on the frame components of the Weyl tensor determining primary
algebraic type are summarized in table 1.1.

Note that the Bel-Deveber criteria generalized to higher dimensions in [12]
are equivalent conditions to those ones given in table 1.1 involving only the null
vector £ and thus construction of complete null frame in not required.

Although in [5] the notion algebraically special spacetimes means spacetimes
of Weyl type I or more special, in subsequent papers and also in this thesis,
spacetimes are denoted as algebraically special if they admit a multiple WAND,
i.e. spacetimes of Weyl type II or more special similarly as in the four dimensional
case.

Having established the primary type, similarly we introduce secondary types.
Using null rotations with the WAND £ fixed (1.10) one may find a WAND n such
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Table 1.1: The conditions on the frame components of the Weyl tensor determin-
ing primary algebraic type of a spacetime.

Weyl type vanishing components of the Weyl tensor

G Jij:Cog £0
I Coioj = 0

II Coioj = Coijr =0

111 Coioj = Coij = Cijii = Co1ij =0

N Coioj = Coiji = Cijii = Corij = Chijr =0

that as many as possible trailing terms in (1.31) vanish. The lowest boost weight
of the remaining components determine the secondary algebraic type. If n is a
simple WAND we denote by I;, II; and III; the subtypes of the corresponding
types I, IT and III, respectively. Type D is defined as a subtype of the primary
type II with n being also a multiple WAND and thus only the boost weight zero
components of the Weyl tensor are non-vanishing.

Note that an additional subclasses can be defined, for instance, type I11(a) is
a subclass of type III with Cg;; = 0 and thus the Weyl tensor takes the form

Cabcd = 4Clijk E{amg)mgj)mg}? -+ 4CIi1j ﬁ{amg)ﬁcmg}) (136)

In chapter 4, we introduce other subclasses of type III, namely types ITI(A) and
ITII(B) depending on whether the quantity %Clijkclz‘jk_clolicloli is non-vanishing
or vanishing, respectively. Obviously, type IlI(a) is a subclass of type III(A).
Finally, let us recall the differences of the algebraic classification based on
the existence of preferred null directions and their multiplicity in four and higher
dimensions. In four dimensions, every spacetime admits exactly four discrete
PNDs. The most general algebraic type is type I and if two or more PNDs
coincide we say that a spacetime is algebraically special. On the other hand,
in higher dimensions, a spacetime admits no, a finite number or a continuous
family of WANDs and thus new general type G arises. Types I, IT and III in four
dimensions correspond to types I;, II; and III; in higher dimensions, respectively.

1.3 Goldberg—Sachs theorem

Let us briefly comment on the validity of the Goldberg—Sachs theorem in higher
dimensions. In four dimensional general relativity, the Goldberg—Sachs theorem
states that an Einstein spacetime is algebraically special if and only if it admits a
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congruence of non-shearing null geodesics. Such congruence then corresponds to
the PND. In four dimensions, this theorem is useful when searching for new exact
solutions and, for instance, it has led to the discovery of the Kerr black hole. How-
ever, the statement of the Goldberg—Sachs theorem cannot be straightforwardly
generalized to higher dimensions.

It has been shown that a multiple WAND of Weyl type III and N Ricci-flat
spacetimes is geodetic [2]. This result holds also in the case of Einstein spacetimes.
A multiple WAND of “generic” type Il and D Einstein spacetimes is also geodetic,
nevertheless there exit type D spacetimes that admit a non-geodetic multiple
WAND [13]. However, it was shown in [1] that an Einstein spacetime admitting
a non-geodetic multiple WAND also admits a geodetic multiple WAND.

It also turns out that there exist shearing multiple WANDs. An example of
such spacetime, namely the Kerr—(anti-)de Sitter black hole, is discussed in section
2.6.5. This fact suggests that the shear-free condition should be weakened. Let
us point out, for instance, the result of chapter 2 that the optical matrix L;; of
expanding Finstein generalized Kerr—Schild spacetimes takes the block-diagonal
form (2.137) with 2 x 2 blocks (2.138) and therefore there is no shear in any planes
spanned by pairs of the spacelike frame vectors corresponding to the 2 x 2 blocks
of the optical matrix. Note also that the optical matrices of all type N Einstein
spacetimes are of this form with just one 2 x 2 block [2].

1.4 Brinkmann warp product

Solving the Einstein field equations is a rather complicated task, especially in
higher dimensions. It would be convenient to have a method for generating new
solutions from the already existing ones. The Brinkmann warp product [15] is
one of such methods allowing construction of n-dimensional Einstein spacetimes
from known (n — 1)-dimensional Ricci-flat or Einstein metrics.

Although gravity in higher dimensions exhibits much richer dynamics due to
the existence of extended black objects with a same mass and angular momentum
but with different horizon topologies such as black strings, black rings, black
Saturns, etc., forbidden by the no-hair theorem in four dimensions, some of the
known four-dimensional exact solutions still have no higher dimensional analogue
which may be obtained using the Brinkmann warp product.

For instance, a higher dimensional C-metric is unknown unlike the four dimen-
sional case and moreover it cannot belong to the Robinson-Trautman class [16]
of spacetimes admitting expanding, non-shearing and non-twisting geodetic null
congruence. However, an example of five-dimensional C-metric is presented in [17]
using the Brinkmann warp product.

We employ the Brinkmann warp product in section 2.5.2 not only to generate
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solutions with one extra dimension but also in order to introduce a cosmological
constant to Ricci-flat solutions. Thus we construct examples of higher dimen-
sional type N Einstein Kundt spacetimes from higher dimensional type N Ricci-
flat Kundt metrics belonging to the class of spacetimes with vanishing scalar
invariants and from four-dimensional type N Einstein Kundt metrics. In section
2.6.7, we also present a few examples of expanding warped metrics such as a
rotating black string constructed from the higher dimensional Kerr—(A)dS black
hole. Taking the Minkowski and Schwarzschild metric as a seed one may also ob-
tain Randall-Sundrum brane model and Chamblin—-Hawking—Reall black hole on
a brane, respectively. Unfortunately, application of the Brinkmann warp product
has certain limits. As we mention below, the sign of cosmological constant of the
warped metric is not entirely arbitrary and, in some cases, a naked singularity
may be introduced to the spacetime.

It has been shown in [15] that using an (n — 1)-dimensional Einstein metric
as a seed d35%, we can construct an n-dimensional Einstein metric ds?

1
ds? = ——dz? + f(2)d3? 1.37
s 1) (1.37)
with the warp factor f(z) given by
f(2) = =A2% +2dz + b, (1.38)

where the cosmological constant A of the n-dimensional warped Einstein metric

is introduced via A = % and b, d are constant parameters subject to
R=(n—1)(n—2)(\b+d?), (1.39)

where R is the Ricci scalar of the (n — 1)-dimensional seed metric d5?. Note that
in the case R = R = 0, the warp product reduces to the trivial direct product of
a seed metric with a one-dimensional flat space dz2.

Since we consider only Lorentzian metrics the warp factor f(z) has to be pos-
itive. Note that the Ricci scalar R of the seed is proportional to the discriminant
of the quadratic equation f(z) = 0 and the Ricci scalar R = 225 = n(n — 1)\
of the warped metric is proportional to the quadratic term of f(z) = 0 with the
opposite sign. Therefore, it is obvious [17] that only the combinations of signs of
the Ricci scalars R and R listed in table 1.2 are allowed.

Several useful statements about Weyl types of the warped metrics have been
given in [17]. It turns out that if the Weyl tensor of the seed metric ds? is
algebraically special, i.e. of Weyl type II or more special, then the warped metric
ds? is of the same Weyl type. On the other hand, seed spacetimes of the general
Weyl type G lead to warped spacetimes of types G, [; or D and finally a seed of
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Table 1.2: Allowed combinations of signs of the Ricci scalar R corresponding to
the seed metric ds? and of the Ricci scalar R corresponding to the warped metric
ds? (1.37).

R<0 R=0 R>0

}32<0 ve X X
]3?: v v X
R>0 v v v

the Weyl type I yields warped metrics of types I or I;. It was also shown in [17]
that the Brinkmann warp product introduces a curvature or parallelly propagated
singularity to warped spacetimes ds? at any point where the warp factor vanishes
f(2) = 0. Only in the cases when both metrics d3 and ds? are Ricci-flat R = 0,
R = 0 or Einstein with negative cosmological constants R < 0, R < 0 the warp
factor f(z) does not admit roots and therefore such spacetimes are free from this
kind of singularities.

Let us conclude this brief summary of properties of the Brinkmann warp
product by listing a few expressions that are employed in sections 2.5.2 and
2.6.7. The warped metric (1.37) can be rewritten by an appropriate coordinate
transformation to a different form that could be more convenient in certain cases.
Two such forms are given in [17] and both depend on the combination of the
signs of the Ricci scalars R and R. Using one of the possible transformations,
one may put the metric (1.37) to the form conformal to a direct product

A>0:  ds® = cosh™2(VAz)(dz? + d5?) R >0, (1.40)
A=0: ds?=da?+d3? R =0, (1.41)
ds? = 2¢**(dz® + d&?) R >0, (1.42)
A<O0: ds® = cos 3(v/=Az)(dz? + d3?) R <0, (1.43)
ds? = (=A\2?)"Y(da? + d5?%) R= (1.44)
ds? = sinh (v = Az)(dz? + d5?) R >0, (1.45)

where R and X\ are related by |R| = (n — 1)(n — 2)|\| apart from (1.42) where
R = (n—1)(n—2). A different form can be obtained from (1.37) employing the
transformation dz?f(2)~! = dy? that leads to metrics with a flat extra dimension
A>0:  ds® =dy? + cos?(Vy) ds? R >0, (1.46)
A=0: ds?=dy*+y*ds® R >0, (1.47)
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A<0: ds? = dy? + cosh?(vV—\y) d3? R <0, (1.48)
ds? = dy? + 2V 432 R=0, (1.49)
ds? = dy? + sinh®*(v/—\y) d3? R>0. (1.50)

The case R = 0, R = 0 when the Brinkmann warp product reduces just to a
direct product is same as (1.41).

1.5 New results of this thesis

The Kerr—Schild ansatz has turned out to be an effective tool for finding exact
solutions of general relativity in four dimensions. In chapter 2, we study higher
dimensional generalized Kerr—Schild (GKS) metrics having an (anti-)de Sitter
background. We obtain the necessary and sufficient condition under which the
null Kerr-Schild vector field is geodetic. It is shown that non-expanding Einstein
GKS spacetimes are of Weyl type N and belong to the Kundt class. Using the
Brinkmann warp product, some new explicit non-expanding solutions are con-
structed. In the case of expanding Einstein GKS spacetimes, the compatible
Weyl types are D or II and the corresponding optical matrices take a special
block-diagonal form satisfying the so-called optical constraint. This allows us to
determine the dependence of various geometric quantities on the affine parameter
r along the geodetic Kerr—Schild congruence and to discuss presence of curvature
singularities at the origin » = 0. We also express the optical matrix of the five-
dimensional Kerr—(anti-)de Sitter black hole in order to compare this important
example of expanding GKS spacetime with our general results, namely the forms
of the optical matrices and the Kerr—Schild scalar functions and presence of sin-
gularities.

In a similar way, we analyze the extended Kerr—Schild (xKS) ansatz in chap-
ter 3. It is a further extension of the GKS ansatz where, in addition to the null
Kerr—Schild vector, a spacelike vector field appears in the metric. We are mo-
tivated by the known fact that a straightforward generalization of the KS form
of the Kerr—Newman black hole to higher dimensions has failed and, moreover,
that the CCLP solution of charged rotating black hole in five-dimensional min-
imal gauged supergravity takes the xKS form. In contrast to the GKS case, we
obtain in general only the necessary condition under which the Kerr—Schild vec-
tor is geodetic. However, it is shown that this condition becomes sufficient if we
appropriately restrict the geometry of the null and spacelike vectors appearing in
the metric. It turns out that xKS spacetimes with a geodetic Kerr—Schild vector
field are of Weyl type I or more special. In the case of Kundt xKS spacetimes,
the compatible Weyl types are further restricted depending on the form of the
energy—momentum tensor. A few examples of such spacetimes are also briefly
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discussed. For an example of an expanding xKS spacetime, namely the CCLP
black hole, we express the optical matrix which interestingly satisfies the optical
constraint obtained in the case of expanding GKS spacetimes.

In chapter 4, we focus on quadratic gravity (QG) in arbitrary dimension, i.e.
a generalization of the Einstein theory with a Lagrangian containing all possible
polynomial curvature invariants as quantum corrections up to the second order in
the Riemann tensor. We show that all higher dimensional Einstein spacetimes of
the Weyl type N with an appropriately chosen effective cosmological constant A
depending on the particular parameters of the theory are exact solutions to QG.
We refer to explicitly known metrics within this class and construct some new ones
using the Brinkmann warp product. In the case of type III Einstein spacetimes,
it is shown that the field equations of QG impose an additional constraint on
the Weyl tensor and some examples of such type III solutions are given. It turns
out that not all spacetimes with vanishing scalar invariants (VSI) solve QG since
type III pp-waves do not satisfy this constraint. We also study a wider class
of spacetimes admitting a null radiation term in the Ricci tensor aligned with a
WAND. We show that such spacetimes of type N and certain subclass of type III
solve the source-free field equations of QG and, in contrast to the Einstein case,
the optical properties of the null geodetic congruence are restricted so that these
solutions belong to the Kundt class. Examples of such type N metrics are also
given explicitly.
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1.5. New results of this thesis




Chapter 2

Kerr—Schild spacetimes

This chapter is mainly based on the original results published in [18, 19]. First,
we include a cosmological constant to the Kerr—Schild ansatz in an appropriate
way. Without any additional assumptions, we show under which conditions the
Kerr—Schild vector k is geodetic and consequently a multiple WAND. For Einstein
spacetimes which then have k necessarily geodetic, the Einstein field equations
naturally lead to the splitting of our analysis to the non-expanding and expanding
case. It will be shown that non-expanding Einstein Kerr—Schild spacetimes are
only of Weyl type N, whereas the expanding spacetimes are of Weyl types II or
D. In the expanding case, we determine the r-dependence of the optical matrix
and of the boost weight zero components of the Weyl tensor. This then allows
us to discuss the presence of curvature singularities. Some known examples of
both non-expanding and expanding Kerr—Schild spacetimes will be presented and
a few new solutions will be also given using the Brinkmann warp product.

The complexity of the Einstein field equations, which are a system of quasi-
linear partial differential equations of the second order for an unknown metric,
has led to the development of many approaches that simplify solving of these
equations. This is motivated by the fact that a direct attack on the equations is
hopeless, especially in the case of higher dimensions. Since most of the known
exact solutions of four and higher dimensional general gravity are algebraically
special, one can use an appropriate formalism, for instance the Newman—Penrose
formalism briefly summarized in section 1.1, and assume a special algebraic type
of the spacetime under consideration to reduce the number and simplify the form
of the field equations. In fact, this method will be employed in chapter 4 in the
context of quadratic theory of gravity.

Another approach is to reduce the number of unknown independent met-
ric components by considering an appropriate special form of the metric. For
instance, this form may follow from an assumption of some kind of spacetime
symmetries as in the case of the discovery of the static Schwarzschild black hole
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using spherical symmetry. Alternatively, one may directly propose a convenient
form of the unknown metric in order to simplify subsequent calculations. An im-
portant example representing this approach, which has been successfully applied
for finding exact solutions, is the Kerr—Schild (KS) ansatz

Gab = Tab — 2,7]'Ufakb7 (2].)

where H is a scalar function and k is a null vector with respect to both the
Minkowski background metric 74, and full metric g,.

The KS ansatz proposed by Kerr and Schild in 1965 [20] has led to the redis-
covery of the four-dimensional rotating solution known as the Kerr black hole [21].
The reason why they considered metrics in the KS form (2.1) is that the inverse
metric is simply given by g% = n®+2Hk*k" which also means that the full metric
corresponds exactly to its linear approximation around the flat background.

Twenty years later, Myers and Perry managed to generalize the KS form of the
Kerr solution so that they obtained a metric of a rotating black hole in arbitrary
dimension [22]. The situation differs significantly from the four-dimensional case
where the black hole rotates in one rotation plane. Since in n dimensions, the
black hole may rotate arbitrarily in p independent rotation planes, where p is

given by
n—1
= . 2.2
p L 5 J (2.2)

This exhibits the fact that the rotation group SO(n — 1) has a Cartan subgroup
U(1)P.

Despite the simplicity of the Kerr—Schild ansatz (2.1), which makes analytic
calculations tractable, this class of metrics contains physically interesting solu-
tions such as the above-mentioned Kerr black hole and the Myers—Perry black
hole, both being of Weyl type D, but it also contains radiative spacetimes of Weyl
type N represented, for instance, by pp-waves.

Let us mention that various non-vacuum exact solutions in four dimensions
also admit the Kerr—Schild form, see e.g. [J], and some of them can be straight-
forwardly generalized to higher dimensions.

Vaidya’s radiating star [23] and the corresponding higher dimensional ana-
logue [21] are slight modifications of the spherically symmetric Schwarzschild
black hole where the constant mass parameter appearing in the Kerr—Schild func-
tion H is replaced by a function m = m(u) depending on the retarded time w.
As a consequence, the additional term in the Ricci tensor corresponding to a null
radiation appears due to the change of mass m(u).

Kinnersley’s photon rocket [25] and its higher dimensional counterparts [20]
are other examples of non-vacuum solutions of the Einstein field equations de-
scribing the gravitational field of an accelerating object anisotropically emitting
null radiation.
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A well-known example of electro-vacuum solutions, the Kerr-Newman black
hole, which has not yet been successfully generalized to higher dimensions as
opposite to its static limit, the Reissner—Nordstom black hole, can be also cast to
the Kerr—Schild form. In this case, the Maxwell field is aligned with the geodetic
null congruence k, i.e. the vector potential is proportional to the Kerr—Schild
vector.

All the above examples of spacetimes admitting the Kerr—Schild form are
solutions of the Einstein field equations without cosmological constant. General
properties of such Ricci-flat Kerr—Schild metrics have been studied recently in
[27]. The aim of this chapter is to introduce cosmological constant to the Kerr—
Schild ansatz and generalize the results from the Ricci-flat case to Einstein spaces.
Moreover, we will also briefly discuss solutions with possible cosmological constant
which also contain aligned matter fields.

One of the simplest higher dimensional Ricci-flat solutions admitting Kerr—
Schild form is the Schwarzschild-Tangherlini black hole [28]. In the standard
Schwarzschild coordinates, cosmological constant A enters the metric in a simple
way, i.e. the (A)dS—-Schwarzschild-Tangherlini metric [29] takes the form

ds* = —U(r)dt* + U(r) "t dr? + r? dQ?n,g), (2.3)

where

U(r) =1 -\ (2—m)n_3, (2.4)

2A
A T )= (25)

and A9, _,, is a metric on the (n — 2)-dimensional sphere S"~2 of unit radius
402 = dg?, A%, = d6? 4 sin?6,dQ? (i € N), (2.6)

with the standard angular coordinates ¢ € (0,27), 0; € (0, 7). Using the trans-
formation

1-U(r)

dt' = dt —
U(r)

dr, (2.7)

the metric (2.3) can be rewritten as

ds? = —dt’? + dr? + r? dQ%n_Q) +

Ar? 4 (2—m>n_3] (dt’ — dr)?. (2.8)

r

The first three terms in (2.8) correspond to the Minkowski metric in the spherical
coordinates and the last term is a multiple of a null vector, therefore, the (A)dS—
Schwarzschild-Tangherlini metric (2.8) takes the Kerr—Schild form with a flat
background (2.1).
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Note that, setting m = 0 in (2.8), one directly obtains the (Anti-)de Sitter
metric in the Kerr—Schild form with a flat background
2A
(n—1)(n—2)

ds? = —dt? + dr? + 12 dQ7, o + r?(dt’ — dr)?. (2.9)

The metric (2.3) can be also expressed in another form. One may start with
the higher dimensional Kerr—(A)dS metric [30] and set all the rotation parameters
to zero. Thus, we arrive at the (A)dS—Schwarzschild-Tangherlini metric as a
static limit in the form

ds? = —(1 — \r?) d* + dr b2+ 2 (i - dr_\’ (2.10)
n 1— A2 (n=2) T pn—1 1—Mr2) '

The first three terms now represent the (Anti-)de Sitter metric in the spherical
coordinates and the last term is again a multiple of a null vector. Hence, the
metric (2.10) takes the generalized Kerr—Schild (GKS) form

Gab = gab - 2Hkakb7 (211)

where the background metric g, corresponds to an (A)dS spacetime, H is a scalar
function and the Kerr—Schild vector k is null with respect to both the full metric
Jap and background metric .

Therefore, the (A)dS—Schwarzschild-Tangherlini metric can be cast to both
the KS form (2.1) with the flat background and the GKS form (2.11) with an
(anti-)de Sitter background. It implies that the cosmological constant A can
be included either to the scalar function H in the KS form or to the background
metric g, in the GKS form. However, these two possibilities how the cosmological
constant enters the metric occur only in exceptional cases where the Kerr—Schild
vector field k in the KS form of the (A)dS-Schwarzschild-Tangherlini metric
(2.8) and in the KS form of the (A)dS metric (2.9) has the same geometrical
properties. Namely, if k is non-twisting and shear-free with the same expansion.
It follows that Robinson-Trautman solutions with a non-vanishing cosmological
constant admitting the KS form can be transformed to the GKS form as has
been shown in the case of the higher dimensional Vaidya metric in section 2.6.6.
However, in general, Einstein GKS spacetimes do not admit the KS form with a
flat background and therefore we adopt the GKS form as a generalization of the
original KS ansatz to the cases of spacetimes with a non-vanishing cosmological
constant.

In fact, it was shown first by Carter in 1968 [31] that his solution of four-
dimensional rotating black hole with a non-vanishing cosmological constant A can
be cast to the GKS form (2.11). Later, Hawking et al. in 1999 [32] generalized
Carter’s solution to five dimensions, but without detailed derivation. Moreover,
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their solution is not given in the GKS form. Finally, Gibbons et al. in 2004 [30]
inspired by the previous works employed the GKS form and special ellipsoidal
coordinates which allowed them to construct a solution representing a rotating
black hole with a cosmological constant in arbitrary dimension.

Throughout the thesis, we will assume that the n-dimensional background
(anti-)de Sitter metric with a cosmological constant A takes the conformally flat
form

Tab = Wy, (2.12)
where the conformal factor € is given by
(n—2)(n—1)
faas = 2At2 ’ 9
0 _(1=2)0-1) (2.13)
2A 1,2 ’

respectively, and the Minkowski metric 7, is in the canonical form
Nap = —dt? +daf + ... +da?_, (2.14)

which is convenient for the following calculations.
The vacuum Einstein field equations for the conformally flat metric (2.12)
imply that the conformal factor {2 satisfies

Quw 30,0, 19,2, 2 2

=2 - A 2.1
0 2 o 12 T m—m-n (2.15)

with both possible signs of the cosmological constant A. Note that the Minkowski
limit A = 0 can be obtained by setting 2 = 1.

2.1 General Kerr—Schild vector field

We will study general properties of the GKS metric (2.11) with an (anti-)de Sitter
background g,, where H is a scalar function and the Kerr—Schild vector k is null
with respect to the full metric. However, if k is null with respect to the full metric
Jap then it follows that it is also null with respect to the background metric g
and vice versa. Consequently, the inverse metric to (2.11) takes the simple form

gab — gab + 27‘U€akb, (216)

where g% = Q~1n?%. This implies that one may use both metrics for raising or
lowering index of the Kerr—Schild vector k

ka = gank® = Jak”, k= g%y = g™k, (2.17)
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Our choice of the canonical form for the background metric g, (2.12), (2.14)
allows us to express Christoffel symbols

Dy = = (MK ky) o — (HE ke) , + 9 (Hkoke)
19, ., 19, 19, ..

Segay “bga | 10 asg
o Tyl 3l P

(2.18)

The first crucial step in our study of properties of the GKS metric (2.11) is
to show under which conditions the Einstein field equations imply that the KS
vector field k is geodetic.

Obviously, due to the form of the GKS ansatz (2.11) it will be convenient to
employ the higher dimensional Newman—Penrose frame formalism, briefly sum-
marized in section 1.1, and naturally identify the Kerr—Schild vector k with the
null frame vector £ (1.8). From now on, we will denote both vectors as k, whereas
the corresponding Ricci rotation coefficients as L.

Since the KS vector k appears in many terms of the Christoffel symbols I'f.,
(2.18), the simplest component of the Ricci tensor is the boost weight two com-
ponent Ry = Rak?k. After quite involved calculations using k k% = ko pk® =
k® yka = 0 we end up with a remarkably simple result

1 Qw3920
= QH ke gk®kC K — = (n — 2 e 2.1
Roo = 2Hke,o KOk 1K 2(n ) ( q 52 )k: k. (2.19)
for an arbitrary conformal factor 2. Therefore, for the conformal factor of an
(anti-)de Sitter background metric (2.13) obeying (2.15) we obtain

Roo = 2Hkeo kK, k" = 2H Ly Lip. (2.20)

It now follows from the Einstein field equations that L,y = 0, i.e. k is geodetic, if
and only if Ty = 0.

Proposition 1 The Kerr—Schild vector k in the generalized Kerr—Schild metric
(2.11) is geodetic if and only if the boost weight 2 component of the energy—
momentum tensor Tyy = Topk®k? vanishes.

Proposition 1 implies that the Kerr—Schild vector k is geodetic not only in
Einstein GKS spacetimes, where the energy—momentum tensor is absent, but
also in spacetimes with aligned matter content such as aligned Maxwell field
Fpk® o< ky, or aligned pure radiation Ty, o< kykp.

Moreover, if the Kerr—Schild vector k is geodetic then we may assume, with-
out loss of generality, that it is also affinely parametrized since we are still able
to rescale k by an appropriate scalar factor. Subsequently, this factor can be
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included to the KS function H and hence the GKS form of the original metric
remains unchanged. In order to preserve the normalization (1.8) of an already
chosen null frame, one has to rescale k by preforming the boost (1.11)

k=Me, n=\!n (2.21)

Recall that the Kerr—Schild vector k is geodetic if ka;bkb = Lipk, and since we
require k to be affinely parametrized, therefore, Ly = 0. From the transformation
properties of the Ricci rotation coefficient Lip under the boost (1.20), it follows

DX = —)\Llo, (222)

which determines the necessary scalar factor A. Finally, we denote H = \2H,
therefore, the Kerr—Schild term Hk,k;, transforms under the boost as a quantity
with boost weight 0, i.e. 7:[/%(1]%1, = Hkyky, and the GKS form is not affected by
this operation.

Thus, in the following sections, the geodetic Kerr—Schild vector k is assumed
to be affinely parametrized. This will lead to a significant simplification of the
necessary calculations.

2.1.1 Kerr—Schild congruence in the background
spacetime

One may compare the geodesicity and the optical properties of the null Kerr—
Schild congruence k in the full GKS spacetime and in the background (A)dS
spacetime. It will be shown that there is a close relation between the congruences
in both spacetimes.

Quantities constructed from the background metric are easily obtained from
quantities constructed from the full GKS metric simply by setting H to zero. For
instance, using the Christoffel symbols (2.18), it is straightforward to show that

ka;bkb = ka,bkb = kafbkbv

0 (2.23)
k‘a;bkb — ka’bkb + ﬁybkakb — ka?bkb’
where “ 77 in the expression £,z denotes the covariant derivative with respect to

the background (A)dS metric g,. Thus, one can immediately see that the Kerr—
Schild vector k is geodetic in the full GKS metric if and only if it is geodetic in
the (A)dS background ggp.

The geometrical properties of the Kerr—Schild congruence k in the full GKS
spacetime are encoded in the optical matrix L;; (1.13). Following [27], we define
a null frame ., k, m® in the background spacetime g5, where

Mg = Mg + Hkq, (2.24)
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and the remaining frame vectors k, m® are same as in the full spacetime. This
choice guarantees o
Gab = 2k (M) + 8 ;mPml? (2.25)

and allows us to express the optical matrix Eij in the background spacetime,
which can be then compared with L;;. Using (2.18), it follows

Lij = ka;bm(i)am(j)b = k‘a;bm(i)am(j)b = L” (226)

Therefore, the optical matrices of the Kerr—Schild congruence k with respect to
the full GKS metric g, and the (A)dS background metric g, are equal, i.e. the
corresponding expansion, shear and twist scalars have the same values in both
spacetimes. Note that for k being geodetic, L;; does not depend on our particular
choice (2.24) since in such case L;; is invariant under null rotations with k fixed
(1.19).

It should be emphasized that the index of the background frame covector
Mg (2.24) is raised by the full metric as n* = ¢g%n, = n® + Hk®, whereas the
contraction with the background metric gives §g*n, = n® — Hk®. Similarly as for
the vector k (2.17), the vector indices of m) may be raised and lowered by both
metrics since mf, = g“bml(f) = g“bml(f).

One may also compare the remaining Ricci rotational coefficients with respect
to the full GKS spacetime and the background spacetime. Thus, we obtain

LiO = LiOu LlO = ElOa Lli = Eli - HEZO? Lil = Eil;

. _ 0., :
L1 =L —DH—HLlo“—Hﬁ’kaa NiO :Ni07

_ _ _ _ _ Q,
Ni = Ny + 2H Ly — HLy + HNyg — H?Lig + 6;H + Hﬁ’m((li)a (2.27)
_ _ Q. i A
Nij = Nij +HLji = H-°ki5, Mo = Mjp,
Mk = M, Mji = Mj +H (Lij — Lj;) + HMjq.
Let us mention that for k being geodetic and affinely parametrized the fol-
lowing relations hold

ook’ = ghk®,  mikb = mO k. (2.28)

In other words, the frame vectors n, m(® are parallelly transported along k in
the full GKS spacetime if and only if the frame vectors n, m(® are parallelly
transported along k in the background spacetime. This can help us in finding a
parallelly propagated frame in the full GKS spacetime, which can be a nontrivial
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task. Instead, it could be easier to find such a frame in the background (A)dS
spacetime and then use (2.24) relating these two frames.

In fact, we partially employ this procedure in section 2.6.5 since the full GKS
metric of the five dimensional Kerr—(A)dS spacetime is quite complicated and
non-diagonal, whereas the background (A)dS metric is diagonal and the calcula-
tions are not so involved.

2.2 Geodetic Kerr—Schild vector field

So far, we discussed the properties of the GKS metric (2.11) with an arbitrary
null Kerr—Schild vector field k without any additional assumptions. In the rest
of this chapter, we will consider Einstein GKS spacetimes and GKS spacetimes
with aligned matter fields. Then it follows from proposition 1 that the Kerr—
Schild vector k is geodetic as discussed in section 2.1. We also assume an affine
parametrization of k. Using higher dimensional Newman-Penrose formalism, we
employ the FEinstein field equations and analyze the conditions imposed on the
GKS ansatz.

Assuming geodesicity of k, we arrive at the convenient expressions for the
contracted Christoffel symbols frequently used in the following calculations

19, 1Q 10
gckb = _DHkakc + __7ka + ——’bkbag -5 ’bgabkm

2 Q 2 Q 2 Q (2.29)
a 19, 19, 1Q4 .- '
@ ko = DHkpk, + = —<ky + “lagag

2 Q 207 2Q
2.2.1 Ricci tensor

Despite the simple form of the GKS metric (2.11) along with the assumption
that k is geodetic, expressing the Ricci tensor is a quite complicated task since
hundreds of terms appear during the derivation. Hence, we were able to perform
this and some of the following tedious calculations only by means of the computer
algebra system CADABRA [33,31]. Fortunately, after many operations, we obtain
the Ricci tensor in the compact form

2A
Rab — (Hkakb);cd gcd _ (Hkska);bs — (Hkskb);as + —gab

n—2 (2.30)
—2H (D2H + L”D% + 27—[w2) kak'b,

which for A = 0 reduces to the result of [27] where, at first sight, the sign before
the last term is opposite. However, it can be easily shown that both results are
in full accordance, if one rewrites the covariant derivatives in (2.30) in terms of
the partial derivatives.



26 2.2. Geodetic Kerr—Schild vector field

From (2.30) it follows that the Kerr—Schild vector k is an eigenvector of the
Ricci tensor
b 2 2 2A
Rabk =—|D H + (TL — Z)QDH + 27‘[&) — m ]fa (231)

and one can immediately see that the positive boost weight frame components of
the Ricci tensor vanish

Roo=0, Ry =0. (2.32)

The non-vanishing frame components of the Ricci tensor can be straightforwardly
obtained from (2.30) by performing appropriate contractions with the correspond-
ing frame vectors

Rgl = —DQH - (n — 2)9DH — QHOJZ + A (233)

n—2’
2A

n—2
Ry = —=6;(DH) + 2L DH + 2L;0;H — Sj;0H + 2H (5jA,~j
j i
+ Aij Mk — Aje M. — L1355 + 3Li Ly + LjiL(lj)>v (2.35)
Ri1 = 6;(6:H) + (Niy — 2HS;) DH + (4[11@' — 2Ly + ]\ij) OiH

— SuAH +2H (25¢L[1ﬂ +4LyiLpg + LinLin — L11Sy
AHA

n—1’

(2.36)

+ 2[/[11]]\14” — 2A13Nz] — 2Hw2) +

where the components are sorted by their boost weight and some of them were
further simplified using the Ricci identities [3].

2.2.2 Riemann tensor and algebraic type of the Weyl
tensor

In this section, we point out that GKS spacetimes (2.11) with a geodetic Kerr—
Schild vector k are algebraically special and k is a multiple WAND of the Weyl
tensor. First, we express the frame components of the Riemann tensor. As in the
case of the Ricci tensor, the positive boost weight components of the Riemann
tensor identically vanish

Roio; = 0, Ro10i = 0, Roiji = 0. (2.37)
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The non-vanishing frame components of the Riemann tensor sorted by their boost
weight read

2A
Roin = D*H — 2.38
0101 H (n _ 2)(n — 1) ) ( )
Ry = — Li;DH + 2H Ay Ly, + 205, (2.40)
0il3 — i ik kg (n — 2)<n _ 1) (VR .
Riju = 4H (Aij A + A A + SipSir)
2A
Sikbi — Bubin) | 2.41
+<n_2)<n_1><k]l ljk) ( )
ROlli = —(51 (DH) -+ 2L[11}DH + LJZ(SJH —+ 27‘[ (Lleji - lesij) 5 (242)
l l
Ruije = 2L1i0 H + 245001 + 4H (5[k5j]i + Mk S — Mg Sk
+ Ly Ajy + Ll[kAj]i) ; (2.43)
k
— SUA'H + 2H ((5(iL1|j) — ASZ] — 2L1(iLj)1 + 2L1iL1j
k
— Ly Nyjjy + Lig Mgy — 2H L Ajye — 2H A3 Ay,
k k
— Ly Mjn — LM |- (2.44)

Note that the boost weight zero components of the Riemann tensor Royi01, Roij,
Ryj1; and Ry are given only by the Kerr—Schild function H, the optical matrix
L;; and the cosmological constant A. Actually, in section 2.6.3, this fact allows
us to explicitly determine the dependence of these components on an affine pa-
rameter r along the geodesics of the Kerr—Schild congruence k.

It is also convenient to express explicitly the frame components of the Weyl
tensor (1.31) for a general Ricci tensor that will be occasionally employed through-
out the thesis, explicitly

1
Coioj = Roioj — mRoo@j, (2.45)
1

Coi0i = Ro10i +
n—2

Ry, (2.46)
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1
Coiji = Roijr + E(R%% — Ro;dix), (2.47)
Coi01 = Roio1 + 2 R L R (2.48)
o101 = Horor + ——= foy n—)n—2)" :
Coiij = Rouij, (2.49)
Cons = B L (R, + Rondy) + L ps (2.50)
0i17 — L0¢1y n—29 ij 01Y45 (TL — 1)(n _ 2) 1] .
2 2
Cijrl = Rijii — m(R-[z(Sk]i — Rijdwy;) + (=1 =2) Roj01;, (2.51)
1
Cori = Ro1i — — 2R1ia (2.52)
1
Cuiji = Ruj + ——— (Rixdyj — Rij0u), (2.53)
1
Chriij = Ry — lelaij' (2.54)

Since the positive boost weight frame components of the Ricci tensor (2.32)
and the Riemann tensor (2.37) identically vanish it means that this holds also for
the corresponding components of the Weyl tensor (2.45)—(2.47), i.e.

Coioj = 0, Coroi = 0, Coijk = 0, (2.55)
and therefore

Proposition 2 Generalized Kerr—Schild spacetimes (2.11) with a geodetic Kerr—
Schild vector k are algebraically special with k being the multiple WAND.

In other words, GKS spacetimes (2.11) with a geodetic Kerr—Schild vector k are
of Weyl type II or more special. Let us remind that the Kerr—Schild vector k is
geodetic if and only if the boost weight 2 component of the energy—momentum
tensor vanish Ty = 0 as follows from proposition 1. Consequently, Einstein GKS
spacetimes and GKS spacetimes with an aligned matter field are algebraically
special.

It can be shown [13] that in static spacetimes admitting a WAND £ = ({;, £ 4)
with the metric not depending on the direction of time one may always construct
a distinct WAND n = (—/¢;,(4) with the same order of alignment. Thus, static
spacetimes are compatible only with Weyl types G, I;, D or O.

A similar statement also holds for stationary spacetimes with the metric
remaining unchanged under reflection symmetry, for instance, the symmetry
t — —t, p; = —¢; of the higher dimensional Kerr—(A)dS metric [30] expressed
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in the Boyer-Lindquist coordinates. If ¢ is a WAND then, again due to the sym-
metry, there is a distinct WAND n. Additional assumption has to be imposed,
namely, one has to require non-vanishing “divergence scalar” corresponding to the
expansion scalar 6 in case of geodetic WAND. This ensures that both WANDs
do not represent the same null direction £ # —n and hence such spacetimes are
of Weyl types G, I;, D or conformally flat. See [13] for further details.

Proposition 2 along with the above statements for static and stationary space-
times lead to

Corollary 3 Generalized Kerr—Schild spacetimes (2.11) with a geodetic Kerr—
Schild vector k which are

(a) either static
(b) or stationary with reflection symmetry and non-vanishing expansion
are of Weyl type D or conformally flat.

Note that these results immediately imply that the Kerr—(A)dS metrics in all
dimensions [30] are of Weyl type D, as was shown previously in [35] by explicit
calculation of the Weyl tensor.

2.3 Brinkmann warp product of Kerr—Schild
spacetimes

The Brinkmann warp product introduced in section 1.4 is a convenient method
for generating new n-dimensional solutions of the vacuum Einstein field equations
from known (n — 1)-dimensional Ricci-flat or Einstein metrics. Naturally, this
warp product can be also applied to Einstein GKS spacetimes. Thus, let us
consider the seed metric of the GKS form (2.11)

d3? = g dz® da® — 2HE Ky dz® dab. (2.56)

Then the warped metric ds? is given by (1.37)

ds? = % dz? + fgu da® da® — 2f Hk,ky dz® da®. (2.57)
Since the seed background metric g, represents Einstein space of Weyl type O,
i.e. conformally flat, and moreover the warp product preserves the Weyl type
of algebraically special spacetimes, as mentioned in section 1.4, the new warped
background metric =1 dz?+ fga, do® da® describes necessarily an (anti-)de Sitter
or Minkowski spacetime. The remaining term 2 fHk,k, doz® da® in (2.57) is again
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a multiple of two null vectors since the original Kerr—Schild vector k is obviously
null with respect to the new warped metric as well. Therefore, the warped metric
(2.57) is also an Einstein GKS metric and thus the Brinkmann warp product
preserves the GKS form.

If the (n—1)-dimensional seed background metric g, takes the canonical form
(2.12), (2.14) with the conformal factor Q given by the cosmological constant of
the seed (1.39) as

. 1

Qaas = b T B (2.58)

~ 1

Qs =———7—"-— 2.59
BTN+ )y (2:59)

respectively, then the n-dimensional warped background metric can be also put
to the corresponding canonical form

fgapdatda’ + f71d2? = fQ(=dt® + daf + ...+ da) ) + fd2
= Q(—df® +di + ...+ d2}_, +dz?), (2.60)

where 2 is defined exactly as in (2.13), the warp factor f(z) is given by (1.38)
and the new and old coordinates are related by an appropriate transformation
depending on the signs of the Ricci scalars R and R of the seed and the warped
metric, respectively. Recall that, as discussed in section 1.4, not all combinations
of the signs of R and R are possible. In the trivial case R = 0, R = 0 cor-
responding to the direct product, just one extra flat dimension is added to the
(n — 1)-dimensional Minkowski metric. In other cases, the following coordinate
transformations has to be performed in order to cast the warped background
metric to the canonical form

AdS, ;1 = AdS,, :

t=t, r? =32 4 32, T; = Ty, z= v + -,
dS, 1 = AdS, :
Va2 4+t d
2 =12 — 22, T; = &, z:;A—k—, (2.62)
—AZ A
dSn_l = dSn :
VA2 + Xz d
tz - 7§2 22, €T; = ilAZ'Z, - % + X, (263)
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M, _1 = AdSn :

R 1 d
t=t i = Ai, - N - 264
, T =1 2= + ) (2.64)

We have to emphasize that in the above expressions (2.61)—(2.64), exceptionally,
the index ¢ goes from 1 to n — 2 and the index 7 ranges from 2 to n — 2.

2.4 Einstein Kerr-Schild spacetimes

In section 2.2, we discussed the algebraic properties and expressed the Ricci and
Riemann tensors of the GKS metric with the only additional assumption that
the Kerr—Schild vector k is geodetic. As follows from proposition 1, this includes
a wide class of spacetimes, for instance, Einstein spaces or spacetimes with an
aligned matter field. In this section, we will restrict our analysis to the simplest
case, namely, Einstein GKS spacetimes. Thus, we employ the vacuum Einstein
field equations in order to study their implications for the GKS metric.

In n dimensions, the vacuum Einstein field equations can be rewritten as

2A

b = ——— ab- 2.65
b= =29 ( )

=

Since the Kerr—Schild vector k is geodetic in the case of Einstein GKS spacetimes,
we can substitute the Ricci tensor (2.30) to (2.65). The term containing the
cosmological constant A on the right hand side of (2.65) is multiplied by the
full GKS metric g4, whereas the term with the cosmological constant in the
expression of the Ricci tensor (2.30) is multiplied by the background metric G-
If we assume that both cosmological constants are equal, the difference between
these terms is proportional to the Kerr—Schild term 2Hk,k, and we arrive at the
Einstein field equations for Einstein GKS metrics in the form

(Hkakb>;cd ng - (Hkska);bs - (Hkskb);as

2A 2.66
—2H (DQH + LiDH + 2Hw® — —2> koky = 0. ( )
/”L —

Using the frame components of the Ricci tensor (2.32)—(2.36), one may express
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the frame components of the Einstein field equations (2.66) as
D?*H + (n — 2)0DH + 2 Hw? = 0, (2.67)
OH L Lix — 2 (DH + (n — 2)0H) Sy = 0, (2.68)
0;(DH) — 2LyDH — 2L;;6,H + Sj;6H — 2H (éinj
AWk — AjeM e — LSy + 3Ly Loy + Lj,»L(lj)) —0, (269
8;(0;H) + (Ny; — 2HS;;) DH + <4L1,- — 2Ly + ]\i4jj) diH

— SiAH + 2H (251’[/[11‘] + 4Ly Ly + Lin Ly — L1 Sy

4?—[/\_
n—1

Note that the cosmological constant appears only in the boost weight —2 frame
component (2.70) corresponding to the contraction of the Einstein field equations
(2.66) with two frame vectors n. It may seem that the terms containing A in
(2.66) and (2.70) are not in accordance, but the additional term with A appears
when one rewrites the derivatives of the Ricci rotation coefficients in (2.66) by
means of the Ricci identities [3].

Following [27], we rewrite the trace of (2.68) as

using H'DH = Dlog M and the decomposition of the optical matrix L;; (1.22),
as

(n—2)0(DlogH) = LijLi; — (n — 2)%6?
=0’ +w? — (n—2)(n —3)6% (2.72)

Obviously, ‘H appears in (2.72) only if § # 0, therefore, it is natural to study
non-expanding GKS spacetimes, where § = 0, and expanding GKS spacetimes,
where 6 # 0, separately. This will be done in the following sections 2.5 and 2.6,
respectively.

The positive boost weight frame components of the Weyl tensor vanish iden-
tically, as was shown in general for GKS spacetimes with a geodetic Kerr—Schild
vector field k (2.55). Substituting the Ricci tensor of Einstein spaces (2.65) to
the definition of the Weyl tensor (1.31), one obtains

4A
(n _ 1)(n IR 2) ga[cgd]b

C’abcd - Rabcd - (273)
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and the non-trivial frame components of the Weyl tensor (2.48)—(2.54) for Ein-
stein GKS spacetimes read

2A
Co01 = Roio1 + n—2)(n—1) (2.74)
C(]lij = ROlij7 (275>
2A
2A
COlli = R011i7 Clzjk = Rlijk7 Clilj = Rli1j7 (278>

where the frame components of the Riemann tensor are given in (2.38)-(2.44).
Note that the terms containing cosmological constant A in (2.74)-(2.78) cancel
the corresponding terms in the Riemann tensor (2.38)—(2.44) and therefore the
cosmological constant actually does not enter the frame components of the Weyl
tensor.

2.5 Non-expanding Kerr—Schild spacetimes

In this section, we will consider the simplest subclass of Einstein GKS spacetimes
where the null Kerr—Schild congruence k is non-expanding (# = 0). Occasionally,
we will also admit an additional aligned radiation term in the Ricci tensor.

Substituting @ = 0 to the trace (2.72) of one of the frame component of the
vacuum Einstein field equations, we immediately see that the sum of squares of
the shear o and twist w scalars has to vanish

o’ +w? =0 (2.79)

and therefore ¢ = w = 0. In other words, a non-expanding Kerr—Schild vector
field k is also non-shearing and non-twisting. In fact, this means that non-
expanding Einstein GKS spacetimes belong to the Kundt class of solutions and
the optical matrix vanishes

Ly =0. (2.80)

Vanishing of the optical matrix along with the already applied assumption that k
is geodetic and affinely parametrized, i.e. L,y = 0, significantly simplifies our cal-
culations. For instance, the vacuum Einstein field equations (2.67)—(2.70) reduce
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to
D*H =0, (2.81)

5:(6:H) + NyDH + <4Lh~ — 9Ly + J\ij> 5:H

i 4HA

The considerable simplification occurs also when we express the frame compo-
nents of the Weyl tensor (2.74)—(2.78) for the non-expanding case

Choioj = 0, Cor0i = 0, Coijr = 0, (2.84)
Coin = D*H, Corij = 0, Coirj =0, (2.85)
Ciji = 0, Coni = —0; (DH) + 2L};1)DH, Chijk = 0, (2.86)

k
k
+2H ((5(1;L1|j) — 2Ly Ljy1 + 2Ly Ly + leM(ij))> (2.87)

where the only nontrivial boost weight 0 component Cy19; and boost weight —1
component Cpy; vanish due to the Einstein field equations (2.81) and (2.82).
Thus, we can conclude that

Proposition 4 Finstein generalized Kerr—Schild spacetimes (2.11) with a non-
expanding Kerr—Schild congruence k are of Weyl type N with k being the multiple
WAND. Twist and shear of the Kerr—Schild congruence k necessarily vanish and
therefore these solutions belong to the Kundt class of Weyl type N Einstein space-
times.

Let us point out the relation of non-expanding GKS spacetimes with the VSI and
CSI classes of spacetimes defined and discussed in [1,36-39]. It was shown that
a spacetime is VSI, i.e. all curvature invariants of all orders constructed from the
Riemann tensor and its covariant derivatives vanish, if and only if there exists a
non-expanding, non-shearing and non-twisting congruence of null geodesics along
which only the negative boost weight frame components of the Riemann tensor
are non-zero. In fact, the Kundt class of spacetimes of Weyl types III, N, or O
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with the Ricci tensor of algebraic types III, N or O is equivalent to the VSI class
and all metrics within these classes are presented in [38]. On the other hand,
the CSI class is defined as spacetimes for which all scalar invariants constructed
from the Riemann tensor and its covariant derivatives are constant and, as was
conjectured in [37], a CSI spacetime is either locally homogeneous or belongs to
the Kundt class.

Obviously, non-expanding Ricci-flat GKS metrics (2.11), i.e. non-expanding
KS metrics (2.1) with the flat background, thus belong to the VSI class of space-
times since the Riemann tensor is given exactly by the Weyl tensor (2.73) which
has only the boost weight —2 components (2.87) along the Kerr—Schild vector
field k representing a non-expanding, non-shearing and non-twisting congruence
as follows from proposition 4.

Unlike the Ricci-flat case, some of the boost weight zero components (2.38)—
(2.41) of the Riemann tensor of non-expanding Einstein GKS spacetimes are
proportional to the cosmological constant A. Therefore, all curvature invariants
either vanish or are constants depending on A and thus these spacetimes belong
to the CSI class.

The arbitrariness of the choice of the frame vectors m, m can be used to
show that, without loss of generality, one may set L;;; = 0 in the case of Kundt
spacetimes L;; = Ly = 0. Note that all the following Lorentz transformations
preserve both L;; = 0 and Ly = 0. Let us assume that k is affinely parametrized.
First, we perform a boost (1.20) to break the affine parametrization, namely
L = DA, in such an appropriate way that will be clear from the final step.
Next, we employ null rotations with k fixed (1.19) under which L,y remains
unchanged and Ly; transform as [:[11'] = Lpy) — %ziLlo. This simply determines
the functions z; to set all jl[1i] to zero. Furthermore, we are still able to align the
spacelike frame vectors m¥ to Ly; by spatial rotations (1.21), where Ly = Xi;Li;
with Xj; being an orthogonal matrix, so that L;; has just one component, let say
Ly = Loy #0, L1; = Ly = 0. Again, Ly, is not affected by this operation and
therefore we can finally perform the first step reversely, i.e. N = A\~!, to recover
the affine parametrization of k. But since [A/[u] = Lpg+ %/\’_151»/\’ , We Now require
5i/\/ = 0.

Note that the natural frame (2.95) of VSI metrics (2.94) or even the natural
frame of general Kundt metrics in the canonical form [10] are examples of such
frames with Lj;; = 0 since £ = du are constant one-forms.

In the case that Lp; = 0, the Einstein field equations (2.81)—(2.83) further
simplify to

D*H =0, 5;(DH) =0, (2.88)
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i 4HA

One may integrate (2.88) to determine the r-dependence of the Kerr—Schild func-
tion ‘H
H=fOr 4499, (2.90)

where £(© and ¢ are functions not depending on r subject to 6;f(®) = 0 and it
remains only to satisfy (2.89). Recall that r is an affine parameter along the null
geodesics k.

Note also that the above statement of proposition 4 remains valid if we admit
an additional aligned null radiation term in the Ricci tensor

2A
Roypy = ——gap + Pkoky. (2.91)
n—2

Since the Ricci tensor (2.91) differs from the case of Einstein spaces (2.65) just
in the frame component Ry, the aligned null radiation term appears only on the
right hand side of the frame component (2.83) of the Einstein field equations

6i(0iH) + NyuyDH + (4L1i — 2Ly + ]\ij) oH

2.92
i AHA (2.92)
and as one can immediately see from (2.45)—(2.54), only the boost weight —2
frame components of the Weyl tensor Cy;1; depend on Ry;. Therefore, the null

radiation term does not affect the derivation of proposition 4.

2.5.1 Examples of non-expanding Einstein generalized
Kerr—Schild spacetimes

Let us recall the statement of proposition 4 that all non-expanding Einstein GKS
spacetimes belong to the Kundt class. As mentioned above, this also holds for
non-expanding GKS spacetimes with null radiation aligned with the Kerr—Schild
vector k. Geometrically, the Kundt class of solutions is defined as spacetimes
admitting a geodetic, non-expanding, non-shearing and non-twisting null congru-
ence generated by a null vector field that will be represented by the Kerr—Schild
vector k in the case of Kundt GKS spacetimes.

In four dimensions, the Goldberg—Sachs theorem implies that Kundt space-
times possibly with a cosmological constant or aligned matter fields are alge-
braically special, i.e. of Petrov type II or more special, and the geodetic non-
expanding, non-shearing and non-twisting null congruence corresponds with the
PND [9].



Chapter 2. Kerr—Schild spacetimes 37

Analogically, it was shown in [3] that higher dimensional Kundt spacetimes
with the vanishing positive boost weight frame components of the Ricci tensor,
Roo = Ry; = 0, that admit cosmological constant A and aligned matter content,
are of Weyl type II or more special again with the geodetic null congruence being
the WAND. In fact, Ryy vanishes identically for a Kundt metric and if Ry; # 0,
then the spacetime is of Weyl type I [10].

The metric of general n-dimensional Kundt spacetimes can be expressed in
the canonical form [38,10]

ds® = 2du [dv + H(u, v, 2%) du + Wi(u, v, 2%) d2’] + gij(u, 2") da’ da?,  (2.93)

where the coordinate v corresponds to an affine parameter along the geodesics of
the non-expanding, non-shearing and non-twisting null congruence k = 9, and
the transverse metric g;; does not depend on v. It should be emphasized that we
denote the transverse spatial coordinates as z2, ..., 2" ! since in our convention
i, j range from 2 to n — 1 in contrast with [35].

In general, Kundt spacetimes do not admit the GKS form (2.11). This follows
directly from the fact that, without any conditions on the Ricci tensor, the Kundt
metrics are of Weyl type I or more special, whereas the GKS metrics with geodetic
k are of Weyl type II or more special. Even in the case of Einstein spaces, there
exist, for instance, type III Einstein Kundt spacetimes which are, by proposition
4, incompatible with the GKS form.

However, it can be shown that all Weyl type N VSI metrics written in appro-
priate coordinates with a flat transverse space as [3¥]

ds® = 2du [dv + H(u, v, 2") du + Wi(u, v, 2%) dz’] + §;; da* da?, (2.94)

where H and W; satisfy certain conditions, admit the KS form (2.1). In fact, the
class of type N VSI metrics is equivalent to the class of Weyl type N Ricci-flat
Kundt spacetimes. Recall that we use the different convention for indices of W;
and z¥. Whereas in [35] indices i, j, ... ranges from 1 to n — 2, throughout the
thesis we consistently use ¢, j, ... running from 2 to n — 1.

Obviously, one may introduce a natural null frame in the VSI spacetime (2.94)

l,dx® = du, ne dz® = dv + H du + W, da, m((f) dz® = dz,

0" 0, = 0,, n* 0, = 0, — H 0, miy 0o = 0; — W, 0,. (2.95)
Then, it immediately follows from (2.94) and (2.95) that

Li=3W  Lu=0, Lu=H, (2.96)

and all other components of L, are zero. Using the notation of [38], the VSI

class can be divided into two distinct subclasses with vanishing (e = 0) and
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non-vanishing (e = 1) quantity Ly;L1;, respectively. The canonical choice of the

functions W; is
€

Way = —2—, Wi, =0. (2.97)

)
1’2

One may express the constraints imposed on the undetermined functions H and
W; following from the Einstein field equations and from the condition on the form
of the Weyl tensor. Namely, for Ricci-flat spacetimes of Weyl type N, in the case
e = 0, we obtain [38]

Wy=0,  W;=2aCi(u) + 27 By(u),

. 1 (2.98)
H=Hu,z"), AH®— 5203 —2Y Bi=0,
i<j
whereas, in the case € = 1, one gets
Wee — 20 Wi Cu) 4 TBa(), H =~ 4 HOu,a)
= —— ;i = Czlu T Dym\u), == u,x ),
2 22’ J 2(2)?
o . 2 2 (2.99)
# (%)@=
1<)
where Bj; = 0 in both cases and 7, j = 3,...,n — 1. Similarly, one may also find
HO(u, v, 2*) such that the VSI metric (2.94) with H = H° is flat [35]
0 [ 1 o B
e=0: Hg.. = 2% (Cs + BiC5) + §Bi,~€Bj,;:x ) 4+ ' Fi(u)
1 .
+3 (Z CH2)*+) C;ijZﬂ) : (2.100)
1<j
1 1 i
e=1: HY, = 521/{/;— 1—6+:c1F0(u)+x1:c Fi(u), (2.101)

where Fy(u), F;(u) are arbitrary functions of u and W; are given as for type N
(2.98), (2.99). The one-form du is associated with the geodetic null vector field
0, and therefore all Weyl type N VSI metrics (2.94) can be written in the KS
form (2.1) as

ds* = dsg,, + (H® — Hy,,) du®. (2.102)

Since a metric of general higher dimensional type N Einstein Kundt spacetimes
has not been given explicitly in the literature yet, we cannot simply follow the
above procedure in the case of such metrics. This prevents us from answering
the question whether the implication stated in proposition 4 is valid also in the
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opposite direction, i.e. whether there is an equivalency between the classes of type
N Einstein Kundt spacetimes and non-expanding Einstein GKS spacetimes.

However, we are still able to show, using the results of [11,12], that at least
all four-dimensional type N Einstein Kundt metrics admit the GKS form. The
metric of type N Kundt spacetimes admitting cosmological constant and possibly
containing pure radiation can be expressed as [/1]

2
ds® = —ZQ—2 dudv + <2kQ—21}2 — (@ )’uv — 9H> du?

P2 pP* pr P (2.103)
+ % (dx2 + dyQ) ,
where
A
P=1+3("+y),
k= %a<u>2 45 (B +7(w?) (2.104)
A

Q= (1= 5 +1) o) + Blue +2(un

with a(u), B(u) and y(u) being arbitrary functions of the coordinate u and H =
H(z,y,u). These spacetimes are Einstein if

2
P*(H . + Hy,) + SAH =0, (2.105)

which has a general solution [12]

A
H = 2f. = 55(eh +yf), (2.106)

where the functions f; = fi(u,z,y) and fo = fo(u, x,y) are subject to f1, = fay,
fiy = —fou. It can be shown that the Einstein metrics (2.103), (2.106) are
conformally flat for

1

H(z,y,u) = - (A (1 - %(ﬁ + y2)) + Bz + C’y) , (2.107)

where A(u), B(u) and C(u) are arbitrary functions of u. Therefore, all four-
dimensional type N Kundt metrics (2.103) differ from the conformally flat case
only by a factor of du? and thus such metrics take the GKS form (2.11).
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2.5.2 Warped Einstein Kundt generalized Kerr—Schild
spacetimes

In the previous section 2.5.1, we have presented explicitly known Weyl type N
Einstein Kundt metrics in order to show that they can be cast to the GKS form.
However, these metrics are either only four-dimensional but admitting cosmo-
logical constant or arbitrary dimensional but only Ricci-flat. In this section, we
employ these metrics again in order to construct examples of higher dimensional
Einstein Kundt spacetimes belonging to the GKS class with an almost arbitrary
cosmological constant by means of the Brinkmann warp product.

As discussed in sections 1.4 and 2.3, the Brinkmann warp product (1.37)
allows us to generate new n-dimensional Einstein GKS metrics ds? (2.57) from
known (n—1)-dimensional Einstein GKS seed metrics ds? in the form (2.56). The
cosmological constant of the warped metric ds? is not completely arbitrary since
its sign depends on the sign of the cosmological constant of the seed metric d3.
The allowed combinations of these signs were discussed in section 1.4. Let us also
recall that the Brinkmann warp product preserves the Weyl type of algebraically
special spacetimes.

First, let us choose the n-dimensional type N Ricci-flat Kundt metric (2.94),
(2.98) and (2.99), i.e. type N subclass of VSI spacetimes, as a seed d§%. The sign
of the Ricci scalar R of the warped metric ds? may be zero or negative. Omitting
the trivial case of the direct product, we thus construct (n + 1)-dimensional type
N Einstein GKS metrics with a negative cosmological constant. One may use
(1.44) to cast such metrics to the form conformal to the direct product

1 .
ds® = 5 (2 du [dv + H(u,v,2*) du + W;(u, v, 2*) da’]
Az (2.108)
+ (Sz'j dl‘l dxj + d§2> ,
where 7, = 2,...,n — 1. Performing the coordinate transformation v = —\0z2,
we easily put the above metric to the canonical Kundt form (2.93)
~ ~ - 1 -
ds? = 2du [d@ + Hdu+ W, daﬂ] + gt da’ Ao, (2.109)
—A\Z
with 7,7 =2,...,n and
] 1 k n z
H = )\~2H(u,v,x ), dz" = dz,
N o (2.110)
5 k o
m—mWi(%Uaﬂf ) Wn_?~
In fact, metrics (2.108), (2.109) were already discussed in [37,39] in the context

of CSI spacetimes and supergravity.
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Although one may apply the Brinkmann warp product multiple times to ob-
tain further and further solutions it does not lead to new results in this case.
Since the (n + 1)-dimensional metric (2.108) is of the form

ds?

0 a
-— (422 + ¢ az"da?), (2.111)
with ¢'% dz da® = 2du [dv + H du + W; dz?] + 6;; dz* dz? not depending on the
coordinate z. The second application of the warp product (1.37) gives

,Q_dw2 w
457 = iy T >(

where the function f(w) is defined in (1.38). The seed metric (2.111) has a
negative cosmological constant and therefore the only possibility is that the cos-
mological constant of the warped metric (2.112) is negative as well. Then the
coordinate transformation (2.61), where we replace z1 — 2, 2 — w and A — X,
along with the relation A\ = N'b + d? following from (1.39) yields

1
= (a2 + ¢l az® dxb)> , (2.112)
—AZ

f(w) 1
= 2.11
—Az2 =Nz (2.113)
dw® | f(w)
dz? = dw® 4 dz?) . 2.114
) T Dl = oy (07 +d2) (2.114)
Substituting (2.113) and (2.114) to (2.112) immediately leads to
ds” = — (gfl‘;) dz® dz? + dw? + sz) (2.115)
and using v = — X022, we finally arrive at (2.109) with (2.110) where moreover
Wiy =0,  da™) = dw. (2.116)

Therefore, we obtained the same class of (n + 2)-dimensional metrics as in the
case of applying the warp product on the subclass of (n 4 1)-dimensional metrics
(2.94) with W,, = 0 and then swaps n <> (n + 1).

So far we have used only the type N Ricci-flat VSI metrics (2.94) as a seed
and thus we constructed higher dimensional type N Einstein Kundt GKS metrics
with a negative cosmological constant. However, one can also warp the four-
dimensional Einstein Kundt metrics (2.103). In this case, there are more possible
combinations of the signs of the Ricci scalars R and R of the seed and warped
metric, respectively. Recall that only the case with both Ricci scalars being zero
or negative is free from curvature or parallelly propagated singularities at a point
where f(z) = 0.
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Such five-dimensional warped metrics can be expressed, for instance, either
in the form conformal to a direct product using (1.40)—(1.45) as in the previ-
ous case or directly in the GKS form using (2.57), (2.60) and the coordinate
transformations (2.61)—(2.64). Here, we use the latter approach.

First, we have to split the four-dimensional type N Kundt metric (2.103) into
the background (anti-)de Sitter or Minkowski metric g, and the Kerr—Schild
term Hkq,k,. The background metric can be obtained as a weak-field limit of
(2.103) [13]

Q? Q ,

ds® = —255 dudv + 2k—550 2du’ + —5 73 (dx +dy?) . (2.117)

Therefore, the four-dimensional type N Kundt metric (2.103) can be straightfor-
wardly cast to the GKS form simply by reordering the terms

Q? Q2 1
2.11
B (QQ)’U/U + QH du2 ( 8)
Pz P ’

where the functions P, @ and k are given in (2.104) and, obviously, the last term
corresponds to the Kerr-Schild term 2Hk,k,. These seed metrics with a four-
dimensional cosmological constant denoted as A can be split to several geometri-
cally distinct classes [13]. Depending on whether A and k is positive, negative or
vanishing, we will denote such possible subclasses as KN(A*, k+), KN(A°, k'),
KN(A?, k%), KN(A—, k), KN(A~, k™) and KN(A~, k), respectively.

Five-dimensional Ricci-flat metrics obtained from KN(A*, kT) KN(A?, k)
and KN(A°, k%) belong to the VSI class and the warped metrics constructed us-
ing the Ricci-flat seeds from KN(A?, k+) and KN(A?, k%) are already contained
in the class of warped VSI metrics (2.108). Therefore, we restrict ourselves to the
cases with non-vanishing cosmological constants of the seed and warped metrics.
Here, we do not present the warped metrics explicitly, instead, we give the coor-
dinate transformations putting the corresponding background metric (2.117) to
the canonical form. Then, one may perform the warp product (2.57) and employ
(2.61)—(2.64) to cast the warped background metric (2.60) back to the canonical
form.

Generalized Kundt waves KN (A, k)

The Kundt metric (2.103) with the canonical choice o = 0, 3 = v/2, v = 0, where
the functions ) and k are given by the functions «, 5 and v via (2.104)

Q=v2z, k=1, (2.119)
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represents generalized Kundt waves KN(A~, k). One may put the anti-de Sitter
background metric to the canonical form by means of the coordinate transforma-
tion

T:czz(Q—P)7
2zv
_ 4 a _a2P
WX =2 o (2.120)
2aT? — X2 — 72 142
x:ia\/ | Y:a(—l—uv)’
X+T 2v
207 ay
= Z:—
Y X+T 2zv’

where a = y/—3/A.

Generalized pp-waves KN([X*, k™)

The subclass KN(]X’, k~) which generalizes pp-waves can be described by the
canonical choice a =1, § =0, 7 = 0 leading to

_ A 2 2 _

| >

(2.121)

In this case, the anti-de Sitter background metric can be cast to the canonical
form using the coordinate transformation

2 _
u:\/§<:|:\/X2+Y2+Z2—T>, T:x/§“2"w,
v
a’ a’P
v=1+ , =—,
V2VX2H Y2+ 72 V2Qu
(2.122)
207 ar
T = , Yy = —,
X+VX24+Y2 422 V2Qu
B 2aY 7 ay
T XiVxX it 22 V2Qu’

where again a = y/—3/A.

Generalized Siklos waves KN (A~ k%)

The last subclass with a negative cosmological constant A, generalized Siklos
waves KN(A™, k%), is determined by the canonical choice = 1, 3 = \/—A/3 cos 0
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and 7 = y/—A/3sinf. The coordinate transformation

~T*+ X2 +Y?+ 27 1 ( ) ax)
u= , I'=—|a" —uw——1,
V2(T+Y) V2v Q
a? a’P

V2T +Y) CV2Qu’
T+Y)?— X2— 22
:\/§a( +Y) . - yzi+ ’
(T+X+Y)2+Z V2 2Qu
Z(T+Y) ay
:2\/§ ) Z =
ST T X Yy 22 V2Qu

(2.123)

witha =/ —3/ A, brings the background metric to the canonical form. Note that,
in the special subcase when 6 is independent of u, such metrics are equivalent to
the Siklos metric [13]

ds? dudr + H du® 4 dz* + dy?) . (2.124)

3
= e
Obviously, since the Siklos metric (2.124) is conformal to pp-waves, one may ob-
tain the same five-dimensional metric either by warping the Siklos metric (2.124)
and using (2.61) or by warping pp-waves and using (2.64). Thus, one may per-
haps conjecture that appropriate seeds from KN(A~, k%) and KN(A°, k%) may
lead to the same warped metric.

Generalized Kundt and pp-waves KN(AT, k™)

In the case with a positive cosmological constant A, there is only one canonical
subclass KN(A*, k). The canonical choice is either a = 0, f = v/2, v = 0
or « = 1, B = 0, v = 0, where both choices are equivalent and correspond
to generalized Kundt or pp-waves. The functions () and k are given in (2.119)
and (2.121), respectively. The de Sitter background metric can be cast to the
canonical form using the transformation

P
2zv
N a X:a(1+2uv)

NS )
WIP—Y—2 2v (2.125)

20V T? —Y? — 72 ay
=+ Y = —
o T+ Z ’ 220’
2aY ZﬁaZ(Q—P)
T+ Z n 20v
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in the case of generalized Kundt waves or

a’P
u:\/§<Z \/TQ—XQ—Y2>, =2
" V2Qu
a’ ax
v=* , X =—"
VT — X2 = Y2 V2Qu (2.126)
2aX ay '
T = , Y = ——2
T+VT?2-X2-Y? V2Qu
2aY a? + uv
= 9 Z: \/§ )
T ri Vx> 20

in the case of generalized pp-waves, respectively, where a = 4/3/ A.

2.6 Expanding Kerr—Schild spacetimes

In the previous section 2.5, we have discussed the consequences of the Einstein
field equations for non-expanding (# = 0) Einstein GKS spacetimes. In that case,
the Kerr—Schild function H does not enter the trace (2.72) of the components
(2.68) of the Einstein field equations, which then implies that such spacetimes
belong to the Kundt class. In the expanding case (6 # 0), on the other hand, we
can immediately express D log H from the trace (2.72) as

Lig Liy

Dlog?—[ = (9(71——2)

— (n—2)0. (2.127)

2.6.1 Optical constraint

Substituting (2.127) back to (2.68) eliminates the Kerr—Schild function H and
therefore we obtain purely geometrical condition on the geodetic Kerr—Schild

congruence k
Ly Ly,

LipLiy = ——2 G, 2.128
kHjk (n — 2)0 J ( )
referred to as “the optical constraint” [27]. Suppressing indices in matrix nota-
tion, the optical constraint (2.128) reads

LL" = aS. (2.129)

It can be easily shown that L satisfying the optical constraint is a normal matrix
since (2.129) can be rewritten as [11]

(1-2a7'L) (1 —227'L") =1, (2.130)
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where, obviously, the matrix 1 — 2oL is unitary, one may swap the terms on
the left hand side of (2.130) to obtain an equivalent relation which then leads to
the optical constraint in the form

L'L = aS. (2.131)

Therefore, comparing (2.129) with (2.131), the optical matrix L commutes with
its transpose and indeed it is a normal matrix.
A real matrix M is normal if and only if there is a real orthogonal matrix O
such that [15]
M,

T My
O"MO = ) , (2.132)

M,

where M, is either a real 1 x 1 matrix or a real 2 x 2 matrix of the form

M; = < 5 a") . (2.133)

—Q; S

This implies that the optical matrix L;; can be put into the block-diagonal
form (2.132), (2.133) by appropriate spins (1.12) of the frame. Furthermore, such
a canonical frame is compatible with parallel transport along the geodetic null
congruence k [10].

The sparse structure of the optical matrix L;; considerably simplifies the de-
termination of its dependence on the affine parameter r along null geodesics k
from the Sachs equation (1.30). Due to the block-diagonal form (2.132), (2.133)
of the optical matrix L;; in the canonical frame, one may integrate (1.30). In the
case of a block corresponding to the 1 x 1 matrix, we get

1

Y 2.134
T+ b ( )

Ly =

whereas, for a block consisting of the 2 x 2 matrix, the Sachs equation implies

(a?)

_ 7

Liiy1 = —Lip1:= ,
i+l T b9)2 + (a?)?

r+ by
Low = Lamern = Gy oy

(2

(2.135)

where a” and b are arbitrary functions not depending on r. Putting (2.134) and
(2.135) to the optical constraint (2.129), we obtain

alr+b)) =1, (2.136)
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for all values of the index i. Therefore, all functions b) are equal and, without loss
of generality, we may set them to zero. Thus, we may conclude that the optical
matrix L;; of expanding Einstein GKS spacetimes in a canonical frame takes the
block-diagonal form

L)

Lij = , (2.137)

o

with 2 x 2 blocks Ly, ..., L) of the form

S A
Ly = ( 21 2zieed > . u=1....p (2.138)

—Aguour1 S

where the corresponding symmetric diagonal and anti-symmetric anti-diagonal
parts are given by

r a?2u)

) A2,u,2,u+1 =
12 4 (afy,)? 2

_— (2.139)
T+ (a(()Qu))2

S(2u) =

respectively. The remaining block £ is (n—2— 2p) x (n—2 — 2p) diagonal matrix

|
L = —diag(1,...,1,0,...,0), (2.140)
r —— ——
(m=2p) (n—2-m)

where m and n — 2 denote the rank and dimension of the optical matrix L;; and
p corresponds to the number of 2 x 2 blocks. Clearly, these quantities are subject
to the relation 0 < 2p <m < n — 2.

Now, we are able to express the expansion, shear and twist scalars defined in
(1.23) as

1 u r m — 2p
= 2 2.141
-5 (). 211y

= (20)
P r? m— 2p
2 2
o° =2 + — (n—2)6%, (2.142)
L Er e e
P (ao )2
2 (20)
w =2 (2.143)
207+ a7
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and the quantity L;;L;; reads
1
r

Using the above results, we can determine the r-dependence of the Kerr—Schild
function H by integrating (2.127)

Ho L 1
H= Jm—2p—1 H 21 (a0, )2 (2.145)

i Qo)

which is identical to the case with vanishing A discussed in [27].

Note that H behaves as H =~ TZZEI for large r and therefore Einstein GKS
spacetimes (2.11) are asymptotically (anti-)de Sitter or Minkowski depending on
the cosmological constant of the background metric g,; as one approaches the null
infinity along a null geodesic of the Kerr—Schild congruence k. The behaviour

near the origin r = 0 will be investigated in section 2.6.4.

2.6.2 Algebraic type

In section 2.2.2, we have already shown that GKS spacetimes (2.11) with a geode-
tic Kerr—Schild vector k which include Einstein spaces are of Weyl type II or
more special as follows from proposition 1. Moreover, non-expanding Einstein
GKS spacetimes are necessarily only of Weyl type N by proposition 4.

Now, we generalize the argument given in [27] for the Ricci-flat case to Einstein
spaces in order to show that expanding Einstein GKS spacetimes are incompatible
with Weyl types III and N and therefore such spacetimes are only of types II, D
or conformally flat.

The boost weight zero components of the Weyl tensor vanish, by definition,
for Weyl types III and N. In particular, the vanishing frame components Cy;; of
Einstein GKS spacetimes given by (2.40) and (2.76) imply

Multiplying the above equation by L;; and using the optical constraint (2.128),
one obtains

SyDH = 2H Ay S (2.147)

Taking the trace of (2.147) and eliminating the constant factor (n — 2) gives

ODH = 0. (2.148)
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Next, we employ the Einstein field equations. Substituting DH = 0 to (2.67)
leads to w = 0, therefore, the optical matrix is symmetric L;; = S;; and one may
rewrite (2.68) as

In a frame of the eigenvectors, S;; takes the form S;; = diag(s(2), 5¢3), - - - S(n-1))
and (2.149) reduces to s?i) = 5(i) 2_; () Which has the only solution

L;; = diag(s,0,...,0). (2.150)

Indeed, substituting DH = 0 along with (2.150) to the Weyl tensor cancels the
remaining non-vanishing boost weight zero components Cy;; (2.39), (2.75) and
Cijr (2.41), (2.77).

The canonical form of the optical matrix L;; for Ricci-flat spacetimes of type
N and non-twisting subclass of type III was determined in [2] using the Bianchi
identities and the fact that Cpeq = Rapeq- The same result can be also obtained for
Einstein spaces since the additional terms in the Weyl tensor of such spacetimes
(2.73) are proportional to the cosmological constant A and the metric tensor g
which does not affect the Bianchi identities, i.e. Cypjegse] = Fapjease)- Therefore,
in the case of non-twisting Einstein spacetimes of types III and N, the canonical
form of the optical matrix is

L;; = diag(s, s,0,...,0). (2.151)

The form of the optical matrix of expanding Einstein GKS spacetimes with
D#H = 0 (2.150) is not compatible with the form of the optical matrix for general
non-twisting Einstein spacetimes of Weyl types III and N (2.151). Consequently,
expanding Einstein GKS solutions of types III and N do not exist and we can
conclude that

Proposition 5 Einstein generalized Kerr—Schild spacetimes (2.11) with an ex-
panding geodetic Kerr—Schild congruence k are of Weyl types I, D or conformally

flat.

Note that the conformally flat case occurs only if we admit the cosmological
constants of the full and background spacetimes not to be equal, otherwise H has
to vanish and g, is given just by the background metric ggp.

Conversely, one can immediately see that DH has to be non-vanishing in
expanding Einstein GKS spacetimes and thus the Kerr—Schild function ‘H has to
depend on an affine parameter along the null geodesics k. If we compare this
result with the r-dependence of H (2.145), it is obvious that m # 1. Therefore,
in accordance with the Goldberg—Sachs theorem, the optical matrix of expanding
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Table 2.1: Weyl types compatible with Einstein generalized Kerr—Schild space-
times depending on the values of the expansion scalar 6.

Weyl type
Expansion II D III N

=0 X X X
040 v v xX X

Einstein GKS spacetimes is necessarily non-shearing in the case n = 4 since it
consists either of one 2 x 2 block (2.138) or of the unit matrix multiplied by r~1.
The optical constraint can thus be essentially considered as a higher dimensional
generalization of the Goldberg—Sachs theorem for Einstein GKS spacetimes which
states that there is no shear in two dimensional planes spanned by two spacelike
frame vectors m®, m() corresponding to the 2 x 2 blocks in the optical matrix.

Now, we are able to summarize all possible algebraic types of Einstein GKS
spacetimes. Omitting more general types G and I, excluded by proposition 2,
and the trivial conformally flat case, the allowed combinations of the Weyl types
and values of the expansion scalar are depicted in table 2.1.

Let us conclude that Einstein GKS spacetimes of Weyl type N admit only a
non-expanding Kerr—Schild congruence k and belong to the Kundt class. Type
IIT is incompatible with the GKS ansatz in the case of Einstein spaces, whereas
types I and D imply that such spacetimes are expanding.

Note also that the higher dimensional Robinson-Trautman class contains only
solutions of Weyl type D [10] and although there is an intersection with type D
Einstein GKS spacetimes, such as the Schwarzschild-Tangherlini black hole, in
general higher dimensional Robinson—Trautman metrics do not admit the GKS
form. However, it was shown in [10] that general Robinson-Trautman metric

2

ds? sda'da? — 2dudr — 2Hdu? (2.152)

= ﬁ%‘
is conformally flat and Einstein if 7;; is of constant curvature which then implies

Vij = 0ijs P = a(u) + bi(u)x’ + c(u)dya'a? (2.153)
where a(u), b;(u) and c(u) are arbitrary functions of the coordinate u. Therefore,

every Einstein Robinson—Trautman metric (2.152) possibly admitting aligned null
radiation in the Ricci tensor with 7;; and P of the form (2.153) differs from the
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corresponding (anti-)de Sitter or Minkowski background by the factor

9 Hkoky dz® da® = 2(H — HO) du? = —“(ug du?. (2.154)
rnT
If the function p(u) does not depend on wu, such metrics describe static (A)dS—
Schwarzschild—Tangherlini black holes. Otherwise, a null radiation term appears
in the Ricci tensor and the metric corresponds to the Vaidya solution.

2.6.3 r-dependence of the Weyl tensor

The boost weight zero components of the Weyl tensor of Einstein GKS spacetimes
(2.74)-(2.77), (2.38)-(2.41) are given only in terms of the optical matrix L;;,
the Kerr-Schild function H and its first and second derivatives DH and D?*H,
respectively. This now allows us to determine easily the r-dependence of these
components of the Weyl tensor using the r-dependence of the quantities L;; and
‘H derived already in section 2.6.1. We will employ these results later in order
to discuss the presence of curvature singularities in expanding Einstein GKS
spacetimes in section 2.6.4.

It is convenient to adopt more compact notation for the boost weight zero
components of the Weyl tensor [13]

1 1
(I)ij = COilja P = 00101, (I)g = —écikjk, q)é = 50011']" (2155)

First, we express the derivatives of the function H from (2.145)

p p p
1 1 1
+4 S — (2.157)

n=1 p=1

Substituting the r-dependence of the optical matrix L;; (2.137)-(2.140) and the
function H (2.145) and its derivatives (2.156), (2.157) to the expressions for the
corresponding boost weight zero components of the Weyl tensor (2.38)—(2.41),
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(2.74)—(2.77), we immediately obtain the r-dependence of ®;;

Copon = Popr12u1 = —DHs2u) — 2HA§M,2M+1
~ Ho 1 m—2p — 2 1
E

Topm=2p=3 42 | (a0 r? * r? + (a(()gu))Z

(1)
1 p
] L= o S

p=1
®2u72u+1 = ‘I)Izqu,zuﬂ = _D(%A2u,2u+1)
~ Ho @2, (m —2p—1 2
rm=2p=2p2 4 (a?2#))2 r2 r2 + (a((g“))2

p p
1 1
+2y _—, 2.159
Z 7“2 + (a02y)>2> ,H 7a2 + (CLO )2 ( )
Dopg=—1r""005,  ©=DH. (2.160)

Hence, ®;; reproduces the block diagonal structure of the optical matrix L;;,
where u,v,... = 1,...,p number the 2 x 2 blocks, whereas the elements of the
diagonal block are indexed by «,f3,... = 2p + 2,...,n — 1. Similarly, one may
determine the r-dependence of the remaining non-vanishing boost weight zero
components Cjj

C2u,2u+1 2p,2p+1 — =2H (3A2u 2p+1 Séu))
2

_ —QTmZ(;_l 3" ™ (2.161)
(2 + (a((gu)) ) o7 (0
Con2uti2v20+41 = 200, 0005412041 = =202, 204+1,2u+1,20
= 4H Aoy 0114202041
ey a? aly, 1
= 47”’”—2(;’—1 "2y EZ%)?H))Q "2 EZ(())2V))2 }:[1 "2 4 (a(()2p)>27 (2.162)
02;1,,21/,2/14,21/ = C2,u,21/+1,2u,2l/+1 = _2H5(2p)8(2u)

Ho 1 1 P 1
— 9 | | 2.163
O (2 0 pu 7“2 ‘l‘ 0 ( )
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Clayiyey@) = —2Hs@r™

Ho 1 L 1
— 9
Tm—2p—1 7»2 + (aol )2 H 7,,2 + (ao
(@) pn=

-, (2.164)

—_
—~
DO
=
=
N

where p # v.

2.6.4 Singularities

Let us briefly discuss curvature singularities of expanding Einstein GKS metrics.
It is obvious from the r-dependence of the Kerr—Schild function H (2.145) that it
may diverge for r — 0. Namely, H and consequently the full GKS metric blows
up at r = 0 in the following cases:

e in the “generic” case when neither 2p = m nor 2p =m — 1, or

e in the special cases when 2p = m (for m even) or 2p = m — 1 (for m odd)
if at least one of the functions a(()2 > ot depending on r, admits a real root
at r = xg.

One may express the Kretschmann scalar at the singular point to verify whether
there is a real curvature singularity. Omitting the trivial conformally flat case,
expanding Einstein GKS spacetimes are of Weyl types D or II as follows from
proposition 5. Thus, the positive boost weight components of the Weyl tensor
and consequently the corresponding components of the Riemann tensor vanish.
Note that the negative boost weight components do not have the appropriate
counterparts in the following contractions. For instance, the term Romnakbk md)
may give a non-zero contribution only with the term R;g;k*n’n (Z). Therefore,
the Kretschmann scalar is determined only by the boost weight zero components
of the Riemann tensor

Rupea ™ = 4 (30101)2 — 4Ro145 Roij + 8Roivj Rojii + Rijra Rijna- (2.165)

Expressing the frame components of the Riemann tensor in terms of the Weyl
tensor from (2.74)—(2.77) and using the notation (2.155), we can rewrite the
Kretschmann scalar as

Rapeg R = 40 4+ 805,05 — 240404 + CijraCiju

Sn ) (2.166)
_l’_
CERCESE
The only additional term in comparison with the Ricci-flat case [27] is the last

constant term proportional to A? which clearly cannot influence the divergence
of the Kretschmann scalar and thus the presence of singularities.
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Let us discuss behavior of (2.166) for » — 0 in the above mentioned singular
cases. The Kretschmann scalar consists of a sum of squares, except the third
term which is negative, and, as we will see, it is sufficient to compare only the
first and the third term.

In the “generic” case 2p # m, 2p # m — 1, one may determine the behaviour
of the following quantities near r = 0 from the r-dependence of H (2.145) and
Agpzptr (2.139)

Hoor 27D DU T () DR D,

) (2.167)
Aosyopr1 ~ 1 it a((]2u) # 0, Aopyopr1 =0 if a(m) =0 at x = x9.

Substituting (2.167) to (2 159) and (2.160), we obtain that ® ~ r~=(m=2r+1) and
either @2# o1 ™ r=(m=2p) for o 2 7é 0 or (I)Qu our1 = 0 for a(2 ) = 0. Therefore,
the first term dominates over the third term in (2.166) and the Kretschmann
scalar diverges. Thus, in the “generic” case, a curvature singularity is always
located at r = 0.

Note that this case also includes all non-twisting expanding Einstein GKS
solutions, where p = 0, such as the higher dimensional (A)dS—Schwarzschild—
Tangherlini black holes. A five-dimensional example of these metrics will be
presented in section 2.6.5 as a static limit of the (A)dS—Kerr metric (2.179) with
m = 3, p = 0, where the corresponding optical metric L;; and the function H
will be also given explicitly.

Similarly, one may analyze the special cases 2p = m (for m even), 2p = m —1
(for m odd) where some of the functions a( .y have real roots. Let ¢ (¢ > 1)
denotes the number of such vanishing a(%) Now, from (2.139) it follows that if
a?2u) has no root then As, 2,41 ~ 1 near r = 0, whereas if a((JQM) admits a root
x = o then Ay, 9,41 = 0 at this point. The Kerr-Schild function A (2.145) and
its derivatives behave for 2p = m as

H~r 2 DH~r™2 D*H o~y (2.168)
therefore, ® ~ 727! and ®®;; ~ 2(p — q)r~*7. In the case 2p = m — 1 one gets
H~r 2, DH ~ 207t D*H ~ 2072 (2.169)

and consequently ® ~ r=2472 and CIDf‘jq)f} ~ 2(p — q)r~22a+Y)_ Therefore, in both
special cases 2p = m and 2p = m — 1, the first term in (2.166) dominates again
over the third term and if any a(Q#) has a real root at x = xg then a curvature
singularity is located at » = 0, * = zy. Note that this corresponds, for instance,
to the well-known ring shaped singularity of the Kerr black hole.

As will be shown in section 2.6.5, these special cases are represented, e.g., by
the five-dimensional Kerr—(A)dS metric (2.179), where the optical matrix L;; of



Chapter 2. Kerr—Schild spacetimes 55

rank m = 3 has, in the rotating case, one 2 x 2 block, i.e. p = 1. The function a?Q)

is given by the spins a, b as (a(()Q))2 = a® cos? 0 +b?sin? 6. If one of the spins is zero,

a(()2) admits a root and, indeed, this corresponds to the special case (2p = m — 1,
m odd) with a curvature singularity located at » = 0. In the case with both
spins being non-zero, this metric belongs neither to the “generic” case nor to the
special cases since a(()Q) never vanishes and therefore no singularity is present at

r=0.

2.6.5 Example of expanding Einstein generalized
Kerr—Schild spacetime: Kerr—(A)dS

In this section, we compare our results obtained for general expanding Einstein
GKS spacetimes with an explicit physically interesting example, namely, the
higher dimensional Kerr—(A)dS metric. Considering such metrics in five dimen-
sions, we find a parallelly transported frame which allows us to express the optical
matrix L;; in the block-diagonal form. Subsequently, we compare this optical ma-
trix and the Kerr—Schild function H with the r-dependence of the corresponding
quantities of general expanding Einstein GKS spacetimes derived in the previous
sections and discuss the presence of curvature singularities.

The higher dimensional Kerr—(A)dS metric is an example of an expanding
Einstein GKS spacetime describing a black hole rotating in [(n — 1)/2] inde-
pendent planes with a possible cosmological constant A. In this sense, it is a
generalization of the Myers—Perry black hole, which can be obtained by taking
the limit A — 0. The Kerr—(A)dS metric in arbitrary dimension was derived
in [30] in the GKS form (2.11) using the spheroidal coordinates consisting of the
radial coordinate r, time coordinate ¢, | (n—1)/2| azimuthal angular coordinates
¢; and |n/2] coordinates yu; subject to

Ln/2]

S opi=1 (2.170)
=1

The background metric g,,, Kerr—Schild vector k and function H in n = 2k + 1
dimensions are given by

Jap dz®da® = =W (1 = M) dt® + Fdr® + Z (du, + 12 dg?)

1—1—)\ 2

k 2
r? + a?)p; A
W 1- )\r2 <Z 1+ Aa? ) ’ (2.171)

=1
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k
ko dz® = W dt + Fdr — Z : jj‘i@aQ dé;, (2.172)

2 — M (2.173)

k
Do 1T2+a2 H] 1(7‘2+a )

whereas in n = 2k dimensions

Gup dz® dz® = W (1 = \r?) df? + F dr? +Zr ol Z g 12 do
W(l—Ar?) \ = 1+ A\a? ’ ‘
k—1 a2
kodz® =W dt + Fdr — L dey, 2.175
M
H=— - . (2.176)
r Zi:l T2+a2 H (TQ + aj)
where the functions W and F' are defined as
o2 2 e 2
W = k F = ! 2.177
—~ 1+ Aaj’ 1— X2 &= 12 4 a3 ( )
and A is related to the cosmological constant A via
2A
A= . 2.178
(n—1)(n—2) ( )

In five dimensions, one may choose the coordinates y; as 1y = sin 6, ps = cos
that clearly satisfy (2.170) and denote the azimuthal coordinates as ¢; = ¢,
¢o = 1 and the rotation parameters as a; = a, as = b. The background metric
Jap, Kerr—Schild vector k and function H are then given by

(1 - XA r?p?

gude*de’ =~ s e T e e
+ %2d92 MG jf;;ﬁ bag + jf;ggsz b aw?, (2.119)
2 2
hade® =77 )\aQ)A(l ) s ArQ)(rgn[za?)(r? )
2y M (2.181)

p*’
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where the angular coordinate ranges are as usual 6 € (0,7), ¢ € (0,27), ¢ €
(0,27) and the functions p, A and v are defined as

0’ =1+ A=1+ N> v =V a2cos2 6 + b2sin® 0. (2.182)

In agreement with propositions 1 and 2, it can be shown by a straightforward
calculation that the Kerr—Schild vector k (2.180) is the geodetic multiple WAND.
Moreover, k is already scaled to be affinely parametrized.

Now we construct a parallelly transported null frame, with k being one of the
vectors, such that the optical matrix L;; takes the block-diagonal form (2.137).
However, first of all we find an arbitrary null frame satisfying the constraints
(1.8) and then we can transform it to the desired form using null rotations and
spins which preserve k.

Note that, unlike the full Kerr—(A)dS metric, the background metric gg
(2.179) is diagonal and much more simpler. Therefore, it is easier to construct a
null frame in the background spacetime k, i, m® which is related to the frame
in the full spacetime k, n, m® by (2.24). One may immediately express the
inverse background metric as

gaba o (1+/\a2)(1+/\b2)(a>2+A<8>2

or, Ory (1 —=Ar2)A ot ? a9

1+ Aa? 0\ 1+ b 2\?
(r2 + a2) sin* 0 (8_¢) + (r2 + %) cos2 0 (@) (2.183)
(L= A?)(* + @) +17) (9

+ (@)

r2p? or

Since g is diagonal we can easily choose the covector 7 same as k with the only
difference that we change the sign of the “dt” component to ensure that n is
also null and then we multiply it by an appropriate factor to satisfy the frame
normalization §%k,ny = 1

. 1— M (14 Xa?)(1 + Ab*)r?p?
Rada” = — 2 dt+ 2A(r2 4+ a?)(r?2 + b?
_ a(1+)\b2)(1 —/\7"2) sin29d¢ (2184)
2A
b(1 4+ Xa®)(1 — Ar?) cos?

— oA dv.

dr

Consequently, the corresponding frame vector n in the full spacetime is given by
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(2.24) as
MA 1—Ar?
dz® = — dt
Mot ( 21 21+ XF) 2 >
N r? (14 Aa®)(1 + \b?)p?
(r? + a?)(r? + b?) 2A
M o (LAY (1 = Ar?)
—_ — 2.1
+(1_>\r2>)dr asin 9( oA (2.185)
M o (14 Xa?)(1 — Ar?)
+p2(1+>\a2))d¢—bcos 9( oA
M
TR W)) e

It remains to determine three spacelike frame vectors. A general spacelike
vector is of the form m, d:v = Adt+Bdr+Cdf+FE d¢+F dip. The orthogonality
conditions §%k,my, = §%n,mp = 0 imply that A =0 and B = E% 2+a2 + F = 2+b2
Then from §*®mgmy, = 1 it follows that

A 1 2cos? 0 b? b(1 — \r?
B [ ) o[
p p?sin“ 0 r2p r2p
1+ \b?sin? 6 a?
F? =1. (2.1
+ [ p? cos? 0 r2p? (2.186)

Obviously, the simplest solution is C' = p/ VA, E = F = 0 which determines the
first of the spacelike frame vectors m®

@ g = L qg 2.187
m,” dx . .

Pt = L (2.187)
Expressing g“bmff)mb = 0, one obtains C' = 0 and therefore the “df” component
of two remaining spacelike vectors has to vanish, i.e.

(K) a _ a b .
me dz® = (Eﬁm—f-an) dT—f-EﬁdQS—FFRdl/}, KJ—3,4. (2188)

The four unknown functions Em F, have to satisfy three equations following from
Lo : ()@ — g gaby, 3, @) — gaby, (4) ()

the remaining constraints g*meg’m, ’ = 0, §%mq ' m;”’ = g = 1, which

are rather complicated to solve at this moment Since there is an arbltrarmess

we can try to find m™ to be parallelly transported along k, i.e. to satisfy the

condition m k;a = 0. Only the contraction m 4)k“ @) is sufficiently simple to
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bsin? 6
acos? 6

express and we obtain Fy = F) relating the functions Fs, F5. Putting this

ar cos? 6
v

expression to the normalization gabmg‘”mg“) = 1 yields Fy = and therefore

) gt — abr ( sin? 0 N cos® 0 ) dr

@ v \r24a?2 r24+02

bin? g 2 (2.189)
7 sin ar cos

d¢ + —— dv.

v

The remaining unknown functions £, F; can be determined from g“bmgl)ml()?’) =0
leading to Fy = —F1% and subsequently gabm((f’)mgg) = 1 implies F}, = W.
Finally, we thus obtain

@ qga = £SO COSO [ b T\ —ado+ bdy (2.190)

my” dz® = — r—a . .
. VAY r2+02  r2+4a?

So far we have constructed the null frame consisting of k (2.180), n (2.185),
m® (2.187), m® (2.190) and m® (2.189) which can be expressed in the con-
travariant form as

SN A N S A
L—=XM20t  Or r2+a?dp 1r2+0b020)’
" <1 (1+2a®)(1+A0%)(1 = Ar?) M) %

2 A 02
N (1+Aa®)(L+ M%) 9
A ot’
VA 9
m® = ) 00’ (2.191)
m® — psinfcosf [ (b* — a?)(1 — )\7"2)2 _a(l4Aa?) 0
- VAv P> or  (r2+a?)sin® 6 dyp

b(L+A0%) 9
(12 4+ b?) cos? 0 0 |’
@ _ abr [1=X? 9 1+ Xa®> 0 L+ A% 0
m® = — — + — |
r2  Or  a(r?4a?)0p  b(r?+b2) 0y

v

One may show that although this frame is not parallelly transported along the
geodetic Kerr—Schild vector k, it is already adapted to the block-diagonal form
of the optical matrix L;;, where the 2 x 2 block corresponds to the plane spanned
by the frame vectors m® and m(®.

Recall that the condition that a frame is parallelly transported along a geode-
tic (L;o = 0) and affinely parametrized (Lo = 0) null congruence k can be written
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using Ricci rotation coefficients as
Nio = Mo = 0. (2.192)

Considering our chosen frame (2.191), we have to transform away the following
non-zero coefficients

Aa® — b?) sinf cos @ A(a? — b*)rsinf cos

Noy = , Nyp=-— )
pVA prvA (2.193)
Aab 2 v 3 v
Ny = —, Mso = —, M = ——,
v p p

by appropriate Lorentz transformations. First, it is convenient to perform spins

to set ]\Z/[ jo to zero since this simplifies the equations determining the parameters
z; of an appropriate null rotation around k setting N;o to zero.

Note that null rotations with k fixed and spins in any plane spanned by m®
and mY corresponding to a 2 x 2 block in the canonical form of the optical
matrix L;; preserve the block-diagonal form of this matrix.

Therefore, we assume the transformation matrix of appropriate spins (1.21)
in the form

cose(r) —sine(r) 0
Xi; = | sine(r) cose(r) 0. (2.194)
0 0 1

Requiring M jo = 0 and using the orthogonality X! = X’ of the transformation
matrix, it follows from (1.21) that

DX = —XM. (2.195)
This is satisfied if De(r) = dz(:) = 2%z which has a solution £(r) = tan™' ~ and
therefore
v o_r o
pp
Xy=|t ¢ o], (2.196)
0 0 1

Thus, the spin represented by the transformation matrix (2.196) ensures that

all ]\14 jo vanish and N;y transform as

. v r Ma? — b?)sin @ cos 6
Noy = —Nyyg — —N3p = ( \/)Z ;
P P v (2.197)

~ r 1 ~ )\ab
N3g = =Ny + —N3o =0, Nyg = Nyp = —
p p v
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and now we set the remaining NQO, N40 to zero using an appropriate null rotation
with k fixed (1.19) which leads to

~
~ A

Requiring Nj = 0 and substituting (2.197) to (2.198), we can integrate over r to
obtain the functions z;

2 12,
fY— _AMa b\/)gsm@cos@’ - _)\abr' (2.199)
v v

Therefore, we have found a parallelly transported frame k, ';7,, fn(?), m®, m!
which is related to the null frame k, n, m®, m® m® (2.191) by

~

1)

n=m+ 2z (Zm@) — Cm(?’)) + zymW
P

p
B l)\272°2 [azbg N (a® — b%)?sin? § cos? 0} .
2 v A (2.200)
m® = Ym@ _Lm® _
p p
m® = Lm® 1 Z® @ — @ g
p p

The optical matrix L;; of the five-dimensional Kerr—(A)dS metric (2.179)-

(2.181) can be straightforwardly expressed in the parallelly transported frame
(2.200) as

7 2
Lj=|-% % 0|, (2.201)
0 o0 1

which is obviously of rank m = 3 and contains one 2 x 2 block, i.e. p = 1, where

r v
2 2 Agg = 2 2"
¢+ v e+ v

5(2) = (2.202)
One may compare this particular optical matrix L;; (2.201) and the Kerr—Schild
function H (2.181) of the five-dimensional Kerr—(A)dS metric with the corre-
sponding quantities L;; (2.137)

S(2) A273 0
Lij = —A273 5(2) 0 (2203)
o o0 1
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and H (2.145)
1
H=Ho—
r? + (a(()z))2
of general expanding Einstein GKS spacetimes with the same parameters n = 5,
m =3, p=1, where

(2.204)

5(2) = 73 - 0 V2 Az = 5" a(()Z)O 5 (2.205)
2+ (afy) %+ (afy)
The presented optical matrices (2.201), (2.203) and the functions H (2.181),
(2.204) are in accordance and obviously

a?z) = v =V a?cos? 0 + b?sin? 0, Ho = —M. (2.206)

Now we employ the results of section 2.6.4 to investigate the presence of curva-
ture singularities at r = 0 in five-dimensional Kerr—(A)dS spacetimes. According
to number of non-zero rotation parameters a, b our discussion can be split into
three distinct cases.

In the first case where both rotation parameters are non-zero a # 0, b # 0, the
optical matrix L;; has one 2 x 2 block, i.e. p = 1, and therefore 2p = m — 1. This
corresponds to the special cases in section 2.6.4 when a curvature singularity is
presented if a?z) (2.206) admits a real root. Since a®cos® § + b? sin? § never vanish
there is no curvature singularity .

If we set one of the rotation parameters to zero, for instance a # 0, b = 0,
then the optical matrix L;; has still one 2 x 2 block and therefore 2p = m — 1.
However, now a(()g) = acost has a real root at § = 7 and this corresponds to the
ring-shaped singularity known from the four-dimensional Kerr solution.

Whereas in the previous cases the presence of a curvature singularity depends
on the behaviour of the function a(()z), in the last static case a = b = 0, the
Kerr—(A)dS metric reduces to the (A)dS-Schwarzschild-Tangherlini black hole
where the optical matrix L;; is obviously diagonal, i.e. p = 0. Since neither
2p = m — 1 nor 2p = m, this corresponds to the “generic” case in section 2.6.4
where a curvature singularity is located at r = 0.

2.6.6 Expanding generalized Kerr—Schild spacetimes with
null radiation

In this section, we present two explicit examples of expanding GKS spacetimes
with a null radiation term in the Ricci tensor which is aligned with the Kerr—
Schild vector k as in (2.91). Namely, the Kinnersley photon rocket and the
Vaidya shining star. Both solutions belong to the Robinson-Trautman class of
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spacetimes admitting an expanding, non-shearing and non-twisting geodetic null
congruence.

First, let us point out the differences between four and higher dimensional
cases. In four dimensions, the Robinson—Trautman class contains solutions of all
algebraically special Petrov types II, D, III and N, see, e.g., [9]. On the other
hand, in higher dimensions, the form of the optical matrix of spacetimes with
non-zero expansion and vanishing shear and twist L;; = 00;; excludes Weyl types
IIT and N. It follows directly from the fact that all type N and non-twisting type
1T Einstein spacetimes have the optical matrix of rank 2 which, in an appropriate
frame, takes the form L;; = diag(s,s,0,...,0) [10] and therefore, omitting the
Kundt class, these types III and N spacetimes are non-shearing only in dimension
n = 4. Indeed, it was shown in [10] that the higher dimensional Robinson—
Trautman class is not so rich as in the four-dimensional case and contains only
solutions of Weyl type D.

Kinnersley photon rocket

The Kinnersley photon rocket [25] is a four-dimensional solution of the Einstein
field equations with a null radiation term on the right-hand side representing
arbitrarily moving test particle in the Minkowski background due to the back-
reaction caused by emitted photons. The metric of such spacetime admitting
the KS form (2.1) can be generalized by adding a cosmological constant A and
is of Petrov type D [13]. This suggests that it could have a higher dimensional
analogue.

Such a solution in arbitrary dimension was found as a special case in [20],
where Kerr—Schild metrics with an acceleration due to null radiation were studied
in the context of the Einstein—-Maxwell theory. Subsequently, a cosmological
constant A was taken into account in [17] and enters the metric via the Kerr—
Schild function H

2y _m(ug) B A 2,
rn- (n—2)(n—1)
in the KS form (2.1) with the flat background metric expressed in the Cartesian-
like coordinates as

(2.207)

U

2
Nap dz® da’ = %@j da'dz? — 2dudr — (1 —2r (log P) ) du?, (2.208)

where )
P:@%¢w—%yﬂ+zghvﬁ%ﬂﬂ (2.209)
and the Kerr—Schild vector k is given by
k* 0, = 0. (2.210)
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The limit m = 0 represents an (anti-)de Sitter spacetime. Therefore, the metric
can be cast to the GKS form (2.11) since we can split H = H,, + Ha to the parts
containing only m(u) or A, respectively, and then denote G = 1ap — 2Hakaks
which is obviously an (anti-)de Sitter background metric and where H,,k,k;, now
corresponds to the Kerr—Schild term.

The Ricci tensor takes the form (2.91) with a null radiation term aligned with
the Kerr—Schild vector k, where ® is given by

<(n —1)m (log P),, — m,u> . (2.211)

As already mentioned above, this higher dimensional solution is of the Weyl
type D with an expanding, non-twisting and non-shearing null congruence corre-
sponding to the Kerr—Schild vector k. An arbitrary motion of a photon rocket
can be prescribed by an appropriate choice of the functions z*(u) defining a time-
like worldline in the flat background metric with u being the proper time. Such
various trajectories and corresponding radiation patterns of emitted photons and
mass loss of the rocket were studied in [13].

Note that, for a rocket at rest, photons are radiated isotropically and the
Kinnersley metric reduces to the spherically symmetric Vaidya solution.

Tn—2

Vaidya shining star

The four-dimensional Vaidya solution originally found in [19] is a non-static gen-

eralization of the Schwarzschild metric representing a spherically symmetric star

losing mass which is carried away by emitted radiation. The higher dimensional

Vaidya metric obtained in the Ricci-flat case [21] and subsequently in the case

of Einstein spaces [50] can be transformed to the KS form (2.1) with the flat
background metric as

ds? = —dt* + dr® + 72 dQ7, )
m(u) Ar? 9
2 dt —d
s Yt aoymo) W)

and differs from the Schwarzschild-Tangherlini metric (2.8) in the way that the
mass m(u) may vary and depends on the retarded time u =t — r. This leads to
the null radiation term

(2.212)

(n —2)

¢ = rn—?

m (2.213)

appearing in the Ricci tensor of the form (2.91). The metric (2.212) can be
transformed to the GKS form (2.11) with an (A)dS background by introducing a
new time coordinate ¢/

Ar?
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where \ is given by the cosmological constant A via (2.178), or explicitly for a
positive and negative cosmological constant

t,:{t—r—l-%tanhl\/%" A >0,

2.215
t—r+\/+—)\tan’1\/—)\r A <0, ( )

respectively. Therefore, the cosmological constant A moves from the Kerr—Schild
function H to the background metric and one thus obtains

dr?

ds? = —(1 — Ar?)dt” + Tz T r?dQE,
2m(u) dr \? (2.216)
+ dt’ — ,
rn—3 1—Ar2

where the first three terms represent the corresponding (anti-)de Sitter back-
ground metric in the spherical coordinates.

Note that some other generalizations of the Vaidya metric are known. Four-
dimensional charged Vaidya metrics in the electro-vacuum case were investigated
in [51]. It was shown there that the four-dimensional Reissner-Nordstrom—Vaidya
metric is of Petrov type D and the four-dimensional Kerr—Newman—Vaidya solu-
tion is of Petrov type II unlike the Kerr—Newman black hole which is of type D.
Vaidya solutions were studied also in the Einstein-Maxwell theory with sources,
for instance, a four-current proportional to the Kerr—Schild vector k was consid-
ered in [52].

2.6.7 Warped expanding Einstein generalized
Kerr—Schild spacetimes

In section 2.5.2, we employed the Brinkmann warp product, presented in section
1.4, in order to generate examples of higher dimensional non-expanding Einstein
GKS metrics from known four-dimensional Einstein Kundt metrics and higher
dimensional VSI metrics. In this way we obtained solutions with one extra di-
mension and this also allowed us to introduce cosmological constant to Ricci-flat
metrics.

Naturally, one may use this method also in the case of expanding Einstein
GKS spacetimes. We already know that the Brinkmann warp product (1.37)
preserves the Weyl type of algebraically special spacetimes. Furthermore, as we
have shown in section 2.3, it preserves the GKS form as well. Therefore, starting
with an (n — 1)-dimensional expanding Einstein GKS seed metric, which is of
Weyl type II or D by proposition 5, we construct an n-dimensional Einstein GKS
metric of the same Weyl type as the seed. This implies that the warped metric
has non-zero expansion.
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More precisely, the optical matrices of general seed and warped metrics in
parallelly propagated frames satisfy [10]

Lij = ZN—Jij7 Li,nfl = Lnfl,j = Lnfl,nfl = 07 (2217)

where ¢, 7 = 2,...,n — 2. Obviously, the optical matrix L;; of the warped metric
is degenerate and the corresponding optical scalars read

n—3-

—3.
- 2 o, W =a” (2.218)

9271—26’ ol =5+

The zeros in the last row and column of the optical matrix L;; lead to the fact
that an expanding warped metric is shearing even if the seed metric is shear-free.
Thus, for instance, metrics belonging to the Robinson-Trautman class do not
remain within this class after application of the Brinkmann warp product.

The simplest example of a warped expanding GKS metric is an anti-de Sitter
spacetime which has a non-trivial Kerr—Schild term with expanding k if it is
rewritten in the KS form as in (2.9). It can be obtained by using (1.49), i.e. the
case R = 0, R < 0, and taking the Minkowski spacetime as a seed d3%. Then the
warp product leads to the metric expressed in the form

ds? = dy?® + €2V 1, dz® da’. (2.219)

In fact, these coordinates cover only a part of the complete AdS spacetime and
a similar five-dimensional metric was already considered to solve the hierarchy
problem in the Randall-Sundrum braneworld scenario [53,51]

ds? = dy? + e 2Vl g, dz® da?, (2.220)

where the absolute value causes a jump discontinuity in the first derivatives of the
metric leading subsequently to a delta function in the second derivatives. Effec-
tively, there appears a term proportional to §(y) in the Ricci tensor corresponding
to an energy-momentum tensor lying on the brane y = 0.

Of course, one may choose any Einstein spacetime as a seed in (2.220) instead
of the flat Minkowski metric 7,,. For instance, substituting the Schwarzschild
metric as a slice d3?, we obtain the Chamblin-Hawking-Reall black hole on a
brane

ds® = dy? + e 2V 432, (2.221)

discussed in [55].

In general, choosing expanding Einstein GKS metrics representing black holes
as a seed, one obtains black string solutions. It can be easily seen directly from
the form of the warp product with a flat extra dimension (1.46)—(1.50) that an
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(n — 1)-dimensional slice d5? of the full n-dimensional metric ds® is multiplied by
a conformal factor depending on the extra dimension coordinate y and therefore
these black strings are in general non-homogeneous. They are homogeneous only
in the case of direct product R = 0, R = 0.

Thus, one may generate various black string solutions by warping appropriate
black holes, for instance, taking the Kerr—(A)dS metric as a seed, we get spinning
black string. Nevertheless, let us remind that these warped spacetimes suffer from
naked singularity at points where the warp factor vanishes, i.e. f(z) = 0, except
the cases R =0,R=0and R <0, R < 0 when f(z) does not admit a root.

Here we present only an example of the latter case, i.e. n-dimensional black
string with a negative cosmological constant A sliced by an (n — 1)-dimensional
Kerr—AdS metric (2.172)—(2.176). Using the form conformal to a direct product
(1.43), the warped metric can be expressed in the GKS form (2.11) with the
background metric g,5, Kerr—Schild vector k and function H given by

1
gab d:Ea dl‘b - ﬁ ldl‘z - W(]. - )\Tz) dt2 ‘I’ Fd?“2
cos?(v/— Az
[(n—1)/2] 2 2 [n/2—1] 2 2
4+ aj T 4+ aj
Ldu? L2 de?
* —~ 1+ A} i ; 1+ )\(JL?'MZ ¢
2
[(n—1)/2]
A (r* + af)p dp
—_— : 2.222
+ W(1l— Ar?) ; 1+ A\a? ’ ( )
1 [n/2—-1] CLMQ
kodr® = ————— |[Wdt + Fdr — T dey |, 2.223
cos(vV—Ax) [ ; 1+ Aaf ¢ ] ( )
LQM if n is even,
I B (2.224)
- L(n-1)/2] 13 i L(n—1)/2] if n is odd, |
sl iz L 2 va)

where the functions W and F' are defined as
[(n=1)/2] 112 2 L2 12
W= ; F=— = 2.225
2 L+ dag” L= Ar? Zl r?+a?’ (2:225)

=1 1=

A < 0 is related to the cosmological constant A via (2.178) and the coordinate

r is subject to —5 < v/=Ar < 7. In the case n = 5, such metrics have been

already constructed in [17].
Let us remark that if we set A = 0, the black string metric (2.223)—(2.224)

reduces to the direct product of an (n — 1)-dimensional Myers—Perry black hole
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with a flat extra dimension since, in this limit, the form of a warped metric (1.43)
for R < 0, R < 0 smoothly transforms to the form (1.41) for R = 0, R = 0 and
again a naked singularity is not present.

2.7 Other generalizations of the Kerr—Schild
ansatz

Apart from the GKS metric (2.11), there are other possible generalizations of the
original Kerr—Schild ansatz (2.1) that also lead to exact solutions. One of such
examples, referred to as the extended Kerr—Schild ansatz, was proposed in [50].
In fact, it was shown that the CCLP solution [57] representing charged rotating
black holes in five-dimensional minimal gauged supergravity previously found by
the trial and error method can be put into this form. Besides an (anti-)de Sitter
background metric and the null Kerr—Schild congruence appearing in the GKS
form, this ansatz also consists of an additional spacelike vector field and will be
studied in more detail in chapter 3.

Another extension of the Kerr—Schild ansatz was also discovered by rewriting
an already known solution. If one performs a Wick rotation of the higher dimen-
sional Kerr-NUT—(A)dS spacetime [58] in order to change the signature (1,n—1)
of the metric either to the signature (k,k + 1) in odd dimension n = 2k + 1 or
to the signature (k, k) in even dimension n = 2k, respectively, then the resulting
metric can be cast to the multi-Kerr—Schild form [59]

k
Gob =T — 2> H, kR (2.226)

pu=1

In odd dimensions, the (A)dS background metric ggp, the Kerr-Schild vectors k*
and the functions #,, of the Kerr-NUT—(A)dS spacetime are given by

Gap A2 dz® = —dr? + Z “ da: - Z — de?,  (2.227)
Hz 1 =i j;éz CL — aj )
k;(#) dl’a w dT Uﬂ_d'xﬂ

@ 1+ a2 H mer X,

ai”; dg;
- , (2.228)

; a - xZ) H];éz(a az)
b _ (1+ )\x k

H, = - X, H ai — (2.229)

i—1
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whereas, in even dimensions, they can be expressed as

k k—1

W U i
Gab dz?® d;pb = f:_ll Ei dT2 —+ ; X_l; dZEZ - ; G?Ei Hj;;(a? IR ajg) d@?v (2.230)
B qp® — w dr B Uuidxﬂ

' LHAZ IS S X,

S ;g
_ ZZI (a? — a:i)ajEi f[pj#(al? _ a?)’ (2.231)

b,x _ k—1

H, = — P[quu’ X, = —(1+ Xz H(af —12), (2.232)

where A is given as in (2.178), b, corresponds to the mass and NUT parameters
and Z;, v;, W, U, are defined as

=i =1+ \aj, %:H(al — ),
v=1
X (2.233)
W =T+ Ax), U, =[] =2 - 23).
v=1 vEL

Each of the scalar functions H, contains just one of the mass or NUT param-
eters which appears in H, linearly. Therefore, the NUT parameters enter the
metric of this form in an analogous way as the mass parameter. The vectors A%
are linearly independent, mutually orthogonal and tangent to the corresponding
affinely parametrized geodetic null congruences.

The last presented example of possible generalizations of the Kerr—Schild
ansatz has appeared recently in [60] where the higher dimensional charged ro-
tating Kaluza—Klein AdS black hole has been obtained in the form

1 [ 2m 2ms In(H)
Jab = HD—=2 (gab + U—H]Cak‘b) s Aa = U—Hk’a, ¢ = —D — (2234)

as a solution of the Einstein-Maxwell-dilaton theory with the Lagrangian

L= \/—_g(R - %(n —1)(n —2)(0®)* — }le_("_l)q’]-“2

+ @3 (n—1) ((n —3)e® + e~ =) ) (2.235)
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The background metric g, represents again an AdS spacetime, but now k is a
timelike vector field

N+e o ) N 2 9
e+ a; 4 a; -
Japda®da’ = — (1 + ¢*r®) W dE + § ——dpi + § Tw? d¢?
i=1 v i=1 v

N+e

2
2 | 2
2 g rta oo
+ Fdr ) ( E ” 1 d,uz> , (2.236)

i=1 ¢
N
koda® = cW dt ++/ f(r)F dr — Z ai
i=1

fi/ﬁ aé, (2.237)

where the functions H, U, W, F, f(r), Z; and x; are defined as

2m32 N+e ILLQ N

= = g€ i 2 2

H=1+ i U=r ;7‘2+a?£[1(r +a3),
T2 N-+e M2

= . _ 2 2 2 9
F_1+92T2i21r2+a?’ fr)=c 8(1+g7“), (2.238)

N+€ 2
W:Z&’ S = & — sy, Yi = 1—g’a?

— Xi

and ¢ = coshd, s = sinh¢d with 0 being a charge. The timelike vector field
k is geodetic and its norm with respect to the background metric depends on
the charge g,,k°k® = —s?. Note that in the uncharged case, the metric (2.235)
reduces to the GKS form (2.11) and the vector k becomes null.



Chapter 3

Extended Kerr—Schild spacetimes

The aim of this chapter is to investigate general properties of an extension of the
original Kerr—Schild ansatz, referred to as the extended Kerr—Schild ansatz, in a
similar way as it is performed for GKS spacetimes in chapter 2. Later, we may
find the results of such analysis useful in finding new exact solutions in this form.
In fact, this extension has been already studied in [(1] using the method of per-
turbative expansion. It has been shown that the vacuum field equations truncate
beyond a certain low order in an expansion around the background metric sim-
ilarly as in the case of GKS spacetimes. Here we employ the Newman—Penrose
formalism which allows us to formulate some statements about geodesicity and
optical properties of the null congruence and Weyl types of extended Kerr—Schild
spacetimes. However, these results have not been published yet since the analysis
is not completed and some aspects can be further investigated.
We define the extended Kerr-Schild ansatz (xKS) as a metric of the form

Gab = gab - 2Hkakb - 2]Ck(amb)a (31)

where the background metric g, represents an (anti-)de Sitter or Minkowski
spacetime, ‘H and K are scalar functions, k is a null vector and m is a spacelike
unit vector both with respect to the full metric

kky = gapk®k? =0, k*mg = gapk®m® = 0, mmg = gaym®m® = 1. (3.2)

From the form of the xKS metric (3.1) it then follows that the same holds also
with respect to the background metric

Jakk* =0,  guk*m’ =0, Jam®m® =1 (3.3)
and the inverse metric is simply given by

g =g + (21 — K) k"K" + 2Kk m"). (3.4)
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Note that our definition of the xKS ansatz (3.1) slightly differs from those ones
in [56,61] by the factors since we follow the notation of the GKS form (2.11) and
also by the fact that we consider the spacelike vector m to be normalized to unity
since we will identify it with one of the frame vectors.

First, let us provide a motivation for studying xKS spacetimes. As will be
shown in section 3.2, one of the reasons why to consider xKS ansatz (3.1) is that
such metrics cover more general algebraic types than the GKS metrics (2.11).
Recall the results of chapter 2 that GKS spacetimes with a geodetic Kerr—Schild
vector k without any further assumptions are of Weyl type II or more special.
Expanding Einstein GKS spacetimes are compatible only with types II or D unless
conformally flat and non-expanding Einstein GKS spacetimes are of type N and
belong to the Kundt class. Therefore, expanding Einstein xKS spacetimes could
include black hole solutions of a more general Weyl type than II, for instance
black rings [02] that are of type I; [03]. Non-expanding Einstein xKS spacetimes
could contain Kundt metrics of a more general type than N.

Furthermore, unlike the static charged black hole, rotating charged black hole
as an exact solution of higher dimensional Einstein-Maxwell theory is unknown.
The four-dimensional Kerr—-Newman black hole can be cast to the KS form (2.1)
with the background metric 74, the Kerr—Schild vector k and the function H
given by

Nap dz® da® = —dt* + da? 4 dy® + d2?,

kadxa:dt+wdx+w
T2+CL2 r2+a2

7“2 Q2
= as (””‘7)’

where M, () are mass and charge of the black hole, respectively, the coordinate
r satisfy

z
dy + —dz, (3.5)

2y’ 22
r24+a?  r?
and the vector potential is proportional to the Kerr—Schild vector k

—1 (3.6)

Qr’
=—k. 3.7
rt+a?z? (37)
However, the attempt to generalize this ansatz to higher dimensions using the
KS form of the Myers—Perry black hole has failed [22]. It has turned out that a

vector potential proportional to k cannot simultaneously satisfy the correspond-
ing Einstein and Maxwell field equations. An open question is whether the xKS
ansatz may resolve these problems.

Another significant reason is that some of the known exact solutions can be
cast to the xKS form. For instance, VSI metrics are examples of such xKS
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spacetimes as will be pointed out in section 3.3. Some expanding xKS spacetimes
representing black holes are also known, namely CCLP solution [57] discussed in
section 3.4. In fact, the investigation of the CCLP metric has led to the xKS
ansatz introduced in [56].

Lastly, the xKS metric seems to be still sufficiently simple to be treated an-
alytically. As in the case of GKS spacetimes in chapter 2, we assume that the
background metric g, representing an (anti-)de Sitter or Minkowski spacetime
takes the conformally flat form (2.12) with a conformal factor (2.13) and with the
flat Minkowski metric in Cartesian coordinates (2.14). Note that throughout this
chapter we do not discuss the limit & = 0 when the xKS ansatz (3.1) reduces to
the GKS metric (2.11) studied in chapter 2.

3.1 General Kerr—Schild vector field

As in the case of the GKS ansatz, it can be seen directly from the form of the
xKS metric (3.1) and its inverse (3.4) that the index of the Kerr—Schild vector k
can be raised and lowered by both the full metric g,, and the background metric
Jap- The form of the xKS ansatz also implies that it is convenient to employ
the higher dimensional Newman—Penrose formalism reviewed in section 1.1 and
identify the null and spacelike vectors k, m appearing in the xKS metric (3.1)
with the vectors £, m® of the null frame (1.8), respectively. The corresponding

Ricci rotation coefficients will be denoted as L., and My, = ]\2/[ ab-

Despite the fact that the xKS metric (3.1) has only few additional terms with
respect to the GKS metric (2.11), the Christoffel symbols contain several times
more terms and it is convenient or in fact necessary to use the computer algebra
system CADABRA [33,341]. Although the calculations are much more involved
than in the case of GKS spacetimes the boost weight 2 component of the Ricci
tensor Ry = Rak®k® contains again many vanishing contractions with the null
Kerr—Schild vector k leading to the simple expression

1
Roo = 2H Lo Lo — §,C2LZOL€O + 2K Lii Layo + KLy My + 2DK Log

3.8)
1 Q ab 30 aQ b b (

DLy — =(n—2 —— - @
+’C 20 2(77, )<Q 5 2 )kk’,
where apart from the indices 4,75,... = 2,...,n — 1 employed throughout the
thesis, we define new indices 7, 7,... = 3,...,n — 1 denoted by tilde such that the

vector m is excluded in the notation m®.

Since the conformal factor €2 of an (anti-)de Sitter background satisfies (2.15)
or € = 1 in the case of Minkowski background, the last term in (3.8) is identically
zero. Moreover, the component Rgg completely vanishes if L;y = 0 and therefore
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Proposition 6 If the Kerr—Schild vector k in the extended Kerr—Schild metric
(3.1) is geodetic then the boost weight 2 component of the energy-momentum
tensor Too = Tupk®k? vanishes.

Note that if I = 0, the xKS metric (3.1) reduces to the GKS form (2.11) and the
implication of proposition 6 also holds in the opposite direction as follows from
proposition 1. However, in the case of xKS spacetimes, we obtain only a sufficient
condition and it is possible to set Ry to zero also for non-geodetic k by a special
choice of H, K and m.

Inspired by the relation (3.88) valid in CCLP spacetimes, we can formulate
an additional covariant condition in order to restrict the geometry of the vectors
k and m so that the implication of proposition 6 becomes an equivalence. It
turns out that such an convenient condition is Lxm, x My, Lmks = 0 since then
Loy = 0, Mg = —Lo; = — Lz as will be shown in section 3.1.2 and therefore all
terms apart from the first two in (3.8) vanish

1
ROO - (2% - §IC2) Lgo[qo, (39)

which ensures that the implication holds in both directions and we can conclude
that

Corollary 7 In the special case when Lym, < mg, and Ly,k, = 0, the Kerr—
Schild vector k in the extended Kerr—Schild metric (3.1) is geodetic if and only
if the boost weight 2 component of the energy-momentum tensor Ty = Topk®k?
vanishes.

3.1.1 Kerr—Schild congruence in the background

Following section 2.1.1, the full metric g4, can be expressed in the null frame (1.8)
simply as o
Gab = 2Ky + mamy + (5;j~mg)ml(f) (3.10)

and can be compared with the xKS form (3.1). Obviously, if one chooses
Mg = Ng + Hkg + Km, (3.11)

then n, k, m, m® form a null frame in the background metric g,. Although
the indices of the vectors k and m® can be raised and lowered by both the full
metric g, and the background metric g, one has to operate with the vectors n
and m carefully since

% = ¢%n, = n® + HE® + Km?, m® = g®m,, (3.12)
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whereas
G0, = n® —HE",  §m, =m® — KK (3.13)

Similarly as for GKS spacetimes in section 2.1.1, the covariant derivative com-
patible with the background metric g,;, can be easily obtained from the covariant
derivative compatible with the full metric g, by setting H = I = 0. Thus, we
can compare the Ricci rotation coefficients constructed in the full spacetime using
the frame k, n, m, m® with those ones in the background spacetime denoted
by barred letters and expressed in terms of the frame k, n, m, m®

Lo = Ly, Lo = Ly, L;j = Eij — IC(SQ[i[_Jj]Ov (3.14)
_ _ 1. - _ 1 DK DR

Ly; = Ly —HLj — §K(L2i + M) + §IC <L10 K + 0 ) 02, (3.15)
_ 1. - _ 1 . DI DQ
_ _ DQ

Lll = L11 - HLlO - DH + H_ - IC(L21 - N2O) (317)
_ 1 - 1..DQ

Moy = Mo + §/CL50, M = sz + ICSU —IC q 37, (3.18)

My = My + /C(E% + Mio), (3.19)

_ _ 1 _ _ 1 _ _
Mgl = Mﬂ — %ng -+ (H - §IC)<L2'Z‘ + M’iO) - §7‘UCL50 + K:L(lg)

— KM+ 5K, (3.20)
Mmﬂ%—éK@%+MM—%MEm+DM&% (3.21)
Nop = Ny + 6oH + 2HL1o — HK Loy — H*Log + HNog — HLoy

— KNy + IC(’H + /cz)%ﬂ - 1&% 322t 52 + HK Ly,

+ K?(La1 — Nog) — AK, (3.22)

Nijy = Ny + 6H + 2HLy; — %IC(I/% + MiO) — H?Lio + HNyp — HLi
_ ~ 1 _ _
— KM;; — KNy + §K2(1 — KC)(La; + M), (3.23)
_ - 1 - 1 - 1 - _

1 _ _
— S KMz + KN, (3.24)
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— 10,0 D
N22 - N22 - _]C2_ + HLQQ - (H + = ’Cz)ﬁ - IC(LQl — NQO) (325)

Nai = Ny + HLi + 57'UCL1'0 - §5i/C — KLy + §}C (Lo + M)

1
+ 5K, (3.26)
. 1o 1 DO 1,50
Ny = Ny + HLji = 5KN + 5KNG; = Hog=6y — 5K =505, (3.27)
MjO == Mj07 Mjk: M "’ IC <L[74J] + Mj~0> (52k7 (328)
M = M + 2HLg; + HMJO + KM, (3.29)

From (3.14) it follows that the Kerr—Schild vector k is geodetic with respect to
the full spacetime g, if and only if it is geodetic with respect to the background
spacetime g,;,. Moreover, an affine parametrization in the former spacetime corre-
sponds to the affine parametrization in the latter spacetime and vice versa. Note
also that a geodetic k has the same optical properties in the full and background
spacetimes since the corresponding optical matrices are equal L;; = Z_Lij.

3.1.2 Relation of the vector fields k£ and m

Motivated by the observation that the congruences k and m of the CCLP black
hole obey (3.88), let us study the consequences of the relation

(ma;b - mb;a)kb = _Tmaa (ka;b - kb;a>mb =0, (330)

for general xKS spacetimes. The contractions of the first equation in (3.30) with
the vectors n, m and m® give

Loy — Nyy = 0, Loy = — Loi + Mo = 0, (3.31)

D¢
C J

respectively. Similarly, the contractions of the second equation in (3.30) with k,
n and m® lead to

L20 - 07 L[12] - O, L[Qﬂ - 0, (332)
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respectively. We can also express the relations (3.31) and (3.32) for the Ricci
rotation coefficients in the background spacetime using (3.14)-(3.29)

_ _ _ 1. DO
Loy = Loy, Loy — Noy = Loy — Nag — §Kﬁu

_ _ 1 1

Loy = Lo, Lpg = Lo + éHLzo — §ICL10, (3.33)
_ 1 _ _

Loy = Ly + §’CL50, Loz + Mo = Loz + M.

Obviously, since k is geodetic and the conformal factor reads 2 = 1 for the
CCLP metric with the Minkowski background, from (3.33) it follows that (3.30)

«@,”

also holds in the background metric where the covariant derivatives “;” reduce
to the ones 77 compatible with the background metric. Then substituting m, =
¢m, where ( is the norm of m, we obtain (3.88). In other words, (3.30) is indeed
equivalent to (3.88) for the CCLP black hole.

Let us point out that the relation (3.30) can be expressed in terms of the Lie
derivative in the full spacetime g,,. Note that if X%w, = 0, then the Lie derivative

of a one-form w along a vector field X in coordinate notation reads
(LxwW)e = wap X" + Xb;awb = (Wap — wb;a)Xb (3.34)
and therefore (3.30) is equivalent to
Limg X My, Lok, =0. (3.35)

Note also that the Lie bracket of the vectors k and m in terms of the Ricci
rotation coefficients reads

[k, m]a = L20 n“ —+ (L12 + Ngo)ka + (ng — Mlo)m‘&) (336)
If k and m satisfy the relation (3.30) then
[k), m]“ = 2L12 k® + L22 m® + 2L25 m?i) (337)

and therefore the vector fields k and m are surface-forming provided that Lo; = 0.

To conclude this section, let us point out the compatibility of the relation
(3.30) with the form of the optical matrix (2.137) satisfying the optical constraint
(2.128) since it holds also for the CCLP black hole as it is shown in section
3.4. Comparing Ly = 0 (3.32) with the optical matrix (2.137), it follows that
the vector m must not lie in any plane spanned by two spacelike frame vectors
corresponding to a 2 X 2 block with non-vanishing twist of the null geodetic
congruence k and therefore, omitting the degenerate case Loy = 0, m lies in a
1 x 1 block of the optical matrix, i.e. Ly = % Then one may integrate (3.31)
to obtain ( = %, where C' is an arbitrary function not depending on the affine
parameter r along null geodesics k. In the case of the CCLP metric, the function
C' corresponds to v.
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3.2 Geodetic Kerr—Schild vector field

From now on, we assume the null Kerr—Schild vector field k to be geodetic.
Proposition 6 then implies that Ty = 0 which holds not only if the energy—
momentum tensor is absent, i.e. in Einstein spaces, but also for spacetimes with
aligned matter content such as aligned Maxwell field F,,k® o< k, or aligned null
radiation T, o k.k,. As commented in section 2.1, without loss of generality, we
also assume that k is affinely parametrized which further simplifies the following
calculations. Note that in the case of GKS spacetimes, i.e. if = 0, the assump-
tion of Einstein spaces or spacetimes with aligned matter fields is a sufficient
condition for the Kerr—Schild vector k to be geodetic as stated in proposition 1.

3.2.1 Ricci tensor

Now we express the frame components of the Ricci tensor for xKS spacetimes
(3.1) with the Kerr—Schild vector k being geodetic and affinely parametrized.
Apart from Ry, these components are much more complicated then for GKS
spacetimes and Ry no longer vanishes identically. In addition, we present only
the components Ry; and R;; which have been crucial in the analysis of GKS
spacetimes in chapter 2

Ry = 0, (3.38)
Roi = —% (D*K + Lj;DK + 2Kw?) b; + 2K.85;S;j — 2K LajLi; — So;DK

+ %KD(L% — M) + (DIC + %ICLJ-J) (Lo; — Mo)

+ %/C (Lij - J\iijo) (Laj = Mjo), (3.39)
Ro1 = —D*H — Li;DH — 2Hw? + %ICDQIC + %(DIC)Q — %IC (Lo + M) J\ij

1 1
+ /Cle(ICZNQO) — 561(’CL2z + ICMzo) + = (}CL“ — Mm) DI — AgzéllC

2
1
+ §D(]C2L22) + K (Li1Sai — L1iAgi — AgjMij + LiiNoog + MigNio)
1 , 1, 2
_ 265,DK — K (Los + Mig) Ass + ~K2Lop L + — (3.40)
2 2 n—2

1 1
— 5 (ng + MjO) 52,C — 5 (LZ2 + MzO) 5]IC —+ IC (Lgl + Ngo) Sij
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1 1
5 (Lj2 + Mjo) Ly; — B (Lia + Mjo) L1 + (Agj + Mjo) Liy

1 1
+ (Ao + Myo) Ljr + 5 (Lo; — M;o) Njo + B (Loj — M;o) Nig — Sij My,
k J
+ 2A3 My + Lig Mgy + Ljp Mgy — Ly M5y — 25k M jy2 + Mir) Mro
i 1
+ M(jk;)Mk;O:| + K2 [AQiAQj + 3 (Lai + Mio) (Loj + Mjo) — 2 L2 M0

1
— Liksjk — LkiAjk + kaSZJ:| -+ |:2/CA2J*D/C — §5JD/C + leD’C

1 1 1 1
— EIC (ng — Mj0> DK + L]kéle — éka(SJK: — §’CkaL1J + §’CL1ijk

+ KLy Mjo + EICkale - §/CL1<;1 (2Lix — Lyi) + KA; My
J
— lCLklM[kl] — ICAjkaO — ICDL[U] + IC&]CA]],C + KzAQijk + ’C2Ak2ij
51 L oo, k 1 L o
-K §L2kij — §/C LM jo + §/C Lyi Mo — §/C DLjs| 02

1 1
+ |2KA2DK — 58.DK + LuDK — 5K (Liz = Mio) DK + Lud K

1 1 1 k 1
- éka(SiK: - §’CkaL1i + §K:L1kLik + KLpgyMio + QICkaLu

1 k i
- EICLkl (2L, — L) + KAg My — KL Mg — KA Nro — KDLy

1 1 k
+ KOk Aig, + K?Agi Ly, + K?Ago Liy, — K2§L2kLki - §K2Lk2Mi0

1 1 1
+ §’C2Lk1Mkz0 — §K2DL12:| (52]' + |:§(DIC)2 _ IC2W2:| 521'52]'

2A

n—2
In the case of Einstein GKS spacetimes, the constraints following from the Ein-
stein field equations involving the components R;; imply that non-expanding
Einstein GKS spacetimes belong to the Kundt class and that the optical matri-
ces of expanding Einstein GKS spacetimes satisfy the optical constraint (2.128).
Moreover, Ry; has been also employed to show that expanding Einstein GKS
spacetimes are not compatible with Weyl types III and N.

Unfortunately, in the case of xKS spacetimes these components of the Ricci
tensor are rather complicated and it seems that we cannot straightforwardly ob-
tain similar results. However, if one considers a restrictive assumption on the
geometry of the vectors k and m, for instance, such as (3.35), then (3.31) and

5ij. (3.41)
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(3.32) obviously lead to the simplification of the Ricci tensor components and
this analysis is left for future work.

3.2.2 Riemann tensor and algebraic type of the Weyl
tensor

The frame components of the Riemann tensor for xKS spacetimes with a geodetic
Kerr—Schild vector field k are also more complex than those ones of GKS space-
times. Therefore, we list only the non-negative boost weight components which
are be employed in the following sections

Roio; = 0,

(3.42)

Ry = %DQIC Sai + %D(ICLZZ- + KMy) + %MNDIC

_ %IC (Lo; + Mio) Mo, (3.43)
Roijk = Lijj0y2 DK — (LijxyDK + 2K.Syj Apyr) 62i — 2K Ay Ly 0r

— K (Lai + Mio) Lijay + K Lo Ligs — KMo Liy, (3.44)
Roior = D*H — }l(DIC)Q — K (Lg; + M) Nig + D(K Ly — KNog)

— NyDK — %KLQQDIC - }l/@ (Lagi + Mig) (La; + M)

R 22)/(\71 — (3.45)

Ry

+ K LogLyyy) + KLoy Ly — 2K As; (Lay — Nag) — KLy My,

— K (Lak + M) ]\Z[ij] + KLy My — %’C 0;(Lai + M)

+ %IC 6i(Laj + Mjo) + K? Lo Mjjo — L6 )2 01K + K Loyi6;12 DK

— 2K Ly L, (3.46)

DH Li; + 2H Ai Lyj — %@-DIC 02; + }1(
1

+ 5 (2Lendayy) — Mij + K (Liij) + Azida; — Sjadas)) DK

1
DK)Q(SQZ'(SQ]‘ + §L2](51]C
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1 1 1

1 1 1
— Eéj(ICLgi + K M) + §IC (Lo; + Mo) Lj1 + §IC (Loj + Mjo) Liy
1 k
- §IC (Log + Miyo) Mij — K (Lay — Nao) Lij — KL14)Loj
1
+ KLy Mgy + KLy Sij — KLy Aigdoj + §’C2L22Sij

1
— Z/CQ (Laj — Mjo) (La; + Mig) + K2 (Lag + Myo) Arid)e

1 2A
+ §/C (L1kLij — Lia Ljk) 02; + (n=2)(n = 1)57;]'- (3.47)

Unlike for the GKS spacetimes, the boost weight 1 components Rgi; (3.43) and
Roiji (3.44) of xKS spacetimes do not vanish identically. However, since the boost
weight 2 components Ro,o; (3.42) and Rg (3.38) of the Riemann and Ricci tensor,
respectively, are identically zero, from (2.45) it follows that the same also holds
for the Weyl tensor

Coioj =0 (3.48)

and therefore

Proposition 8 FEztended Kerr—Schild spacetimes (3.1) with a geodetic Kerr—
Schild vector k are of the Weyl type I or more special with k being the WAND.

This proposition confirms one of our motivations for considering the xKS form of
metrics that such spacetimes with a geodetic k may cover more general algebraic
types than Einstein GKS spacetimes.

Note also that if we assume that the vectors k and m obey (3.35) the frame
components of the Riemann tensor are dramatically simplified as in the case of
the Ricci tensor.

3.3 Kundt extended Kerr—Schild spacetimes

In this section, we study xKS spacetimes with a non-expanding, non-shearing
and non-twisting geodetic null congruence of integral curves of the Kerr—Schild
vector k, i.e. the subclass of Kundt metrics admitting the xKS form (3.1). First,
substituting L;; = 0, we rewrite the components of the Ricci tensor (3.38)—(3.41)
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of general xKS spacetimes with a geodetic k for the Kundt case

Ry =0, (3.49)
1 o 1 1 i
Ry = —3D*Kéy — KD Mg — MioDK + SKM;oT 0, (3.50)
1 1 1
Ryy = —D?*H + §ICD2IC + §(DIC)2 — §5QDIC + IC’lD(lCQNQO)
1 1 1 i 2A
RQQ - ICMkQMkO - (52DK: + 2D(’CL21) - 2’CL[k1]Mk0 - 2ICDL(12)
1 2A
~(DK)* + —— 3.52
1 1 1 1
1
— §/C [ (L12 — 2Lo1 + Noo) Mg — My Myo — Mz Mio
k k
+ Mo Mio | + KLy Mio — KDLy, (3.53)
1
Ry = —D(KMgy) — Modpk — K [5 (L1j — 2L + Nyo) Mo
1 k k
+t3 (L1i — 2L + Nyo) Mio + M Mo + Mya Mo
1 2A
+ §]C2M50Mjo + w9 2555- (3.54)
Similarly, the components of the Riemann tensor (3.42)—(3.47) reduce to
Roioj = 0, Roijr = 0, (3.55)
1 1 1.
Ro0i = §D2K 02i + QICDMZ‘O + MyDK — éKMjOMjOa (3.56)
1
R0101 - DQH - Z(DIC)2 - ICMZ‘()NZ‘() ‘I— D(ICLQl - ICNQ()) - NQQD’C
1 2A
— — K%M, M — , 3.57
4 O =2 (n—1) (3:57)
1 1 1 k
Rglgg — EégDK - 5(52(’CM§0) — §M§QDIC — ,CMkoM[n}, (358)

k
Row; = 5[5(’CM5}0) — Mz DK — KMo Miz, (3.59)
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1 1 1 2A
Roiz = —56,DK + Z(D/C)2 + Lot DK + S KMy Mo + CEDICEL (3.60)
1 1 1 1
ROQH = —5(5;D,C + Z (2L51 + ICM;Q) DK + §ICM;0L21 + §/CM]€0MM, (361)
1 1
Rozlg = Z_l (2[/{1 - 2M§2 -+ ICM{()) DIC - 5(52(’CM{0)
1 k
+ §IC (M{()Lgl — MkOMZQ) y (362)
1 1 1 k
Ronj = —5 7DK — §5j(KMio) + KLan Mpo — §’CMkoMij
1., 2A
—IC= My M; 0. .
T MaoMp + Ty 0 (3.63)

As has been shown in section 3.1, a general xKS metric (3.1) with a geodetic
Kerr—Schild vector k is of Weyl type I or more special. In the case of Kundt
xKS spacetimes, the only non-trivial boost weight 1 frame components of the
Riemann tensor satisfy Rgpi0; = —Ro; as one can directly see from (3.50) and
(3.56). Putting this relation to (2.45) and Ry, = 0 (3.55) to (2.46), we obtain
the boost weight 1 components of the Weyl tensor

1 3—n

Coijk = E(Romz‘j — Ro;0i), Coroi = — 2301‘ (3.64)

and thus Kundt xKS spacetimes are of Weyl type II or more special if and only
if To; = 0. Note that this statement holds even for general Kundt metrics [3]
not necessarily of the xKS form. Assuming Ty; = 0, the Einstein field equations
Rz = 0 and Ry; = 0, where Ry; is given by (3.50), can be written as

DK = K M;jo My, (3.65)
D (K> M) = K> Mjo M, (3.66)
respectively. The trivial solution X = 0 corresponds to the GKS limit when

To; = 0 is a necessary condition in order to satisfy the Einstein field equations
since in this case the components Ry; identically vanish as was shown in section

2.2.1. The Ricci rotation coefficients ]\14 ja are antisymmetric in the indices ¢ and
j, therefore by multiplying (3.66) with 2K?M;, we eliminate the term on the
right-hand side and the remaining term can be combined as

O - 2D (}C2Mgo) ’CzMgo - D(IC4M50M§0) . (367)

Consequently, K*M;M;y = (c°)?, where the function ¢® does not depend on
the affine parameter r along the null geodesics of the Kerr—Schild congruence
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k. Obviously, since we assume K to be non-zero, ¢ vanishes if and only if all

Mo vanish. Substituting the result of (3.67) to (3.65), we obtain a differential
equation K3D2K = (c)? determining the r-dependence of the function K which
has two distinct branches of solutions

K = sgn do\/(do(fr + bO))2 + (20)2 if ¢* #£0, (3.68)
K= f4¢ if ¢ =0, (3.69)

where b°, d°, ¢ and f° are arbitrary functions not depending on 7. Finally, we
can conclude that

Proposition 9 For Kundt extended Kerr—Schild spacetimes with IC # 0 solving
the Finstein field equations the following statements are equivalent

(i) the boost weight 1 components Ty; = Tabk“ml(’i) = 0 of the energy—momentum
tensor vanish,

(i) the spacetime is of Weyl type II or more special,
(7ii) the function IC takes the form (3.68) or (3.69).

Moreover, K is a linear function (3.69) of an affine parameter r along the null
geodesics of the Kerr—Schild congruence k if and only if M;y = 0.

Note that in Kundt spacetimes the relation between the vectors k and m
(3.30) holds if and only if

Lgl — NQ[), DC — 0, Mgo — 07 L[lg] — O (370)

Obviously, (3.70) is not satisfied for IC of the form (3.68).

3.3.1 Explicit example

Now we present explicit examples of Ricci-flat Kundt xKS spacetimes, namely
the class of spacetimes with vanishing scalar invariants (2.94). Such VSI metrics
can be written as

ds® = 2dudr + 0;; da’ da? + 2H (u, r, 2%) du® 4+ 2W;(u, r, 2¥) dudz?,  (3.71)

which better exhibits its xKS form (3.1) with the flat background metric described
by the first two terms in (3.71). Obviously, one may identify the null one-form
du with the Kerr—Schild vector k

ko dz® = du. (3.72)
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Therefore, the function H appearing in the xKS ansatz (3.1) is given by

H = —H(u,r 2" (3.73)
and the remaining term Km = —W;(u,r, 2*)dz’ can be split to the function K
and the vector m as
W, da’
K=-VWiW, m=-—"1°2_ (3.74)

so that m is a unit vector. It turns out that all VSI metrics (3.71) admit the
xKS form (3.1).

Recall that xKS spacetimes with a geodetic Kerr—Schild vector field k are of
Weyl type I or more special as follows from proposition 6. Furthermore, propo-
sition 9 implies that Kundt xKS spacetimes with Ry = 0 are of Weyl type II
or more special. On the other hand, it is known [!] that VSI spacetimes are of
Weyl types III, N or O with the Ricci tensor of type III or more special, i.e.
Ry = Ro; = Ro1 = R;j = 0, and all VSI metrics with the Ricci tensor of types
N and O have been given explicitly in [38]. As has been already mentioned in
section 2.5.1, the VSI class can be divided into two distinct subclasses with van-
ishing and non-vanishing quantity Li;Lq; denoted as ¢ = 0 and € = 1, respectively.
The canonical choices of the functions W; in these subclasses are given in (2.97).
The functions W; and H can be further constrained employing the Einstein field
equations and assuming an appropriate special algebraic type of the spacetime.
Note also that for VSI spacetimes the statements (i) and (ii) of proposition 9
are clearly satisfied and therefore the function K takes one of the forms (3.68) or
(3.69) depending on the functions W;(u, r, z*) which differ in the subclasses € = 0
and € = 1.

Case e=0

In the subclass ¢ = 0 of VSI spacetimes, the functions W;(u,r,z¥) are given

by [35]
Wy =0, Wi = W2(u, 2"), (3.75)

where the superscript 0 denotes that the quantity is independent on the coordi-
nate r corresponding to an affine parameter along the geodesics of the Kerr—Schild
congruence k. Then from (3.74) it follows that K is of the form (3.69) with f* =0

and does not depend on r
K=—/WOWP = ¢°. (3.76)

Therefore ¢ = 0 and thus all the Ricci rotation coefficients M;, vanish. Moreover,
if also Nog = 0, then the vector m is parallelly transported along the null geodesics
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of the congruence k. On the other hand, if N,y is non-vanishing, it can be
transformed to zero by a null rotation with k fixed (1.19) setting Dzy = — Ny,
however, this Lorentz transformation changes the vector m.

General case e =1

In the subclass € = 1, the functions W;(u, r, 2*) read [35]

2

— _ 0
W2 = —PT, Wg = Wi . (377)

If at least one of W is non-zero, the function K (3.74) takes the form (3.68)

IC = —\/ﬁTQ + WiOWiO. (378)

Comparing (3.78) with (3.68), it immediately follows that b° = 0, d” = —2 and
(") = @WQWQ . Since Mz My = K~4(c")? # 0 the vector m is not parallelly
transported along k.

Special case € =1

In the special case of the subclass € = 1 of VSI spacetimes where all W2 in (3.77)
vanish, the function K is of the form (3.69) with ¢ = 0

K=——"-r= 1 (3.79)

As in the case € = 0, ¢ and consequently Mj, vanish and if Ny is zero, the vector
m is parallelly transported along k.

3.3.2 Not all vacuum higher dimensional pp-waves belong
to the class of Ricci-flat xKS spacetimes

In the previous section, we have shown that all VSI metrics admit the xKS form
(3.1). The question is whether also all vacuum pp-waves belong to the class of
xKS spacetimes. As mentioned in section 4.1.3, higher dimensional pp-waves are
of Weyl type II or more special and Ricci-flat if not supported by an appropriate
matter field. It is also known that vacuum pp-waves of type III or more special
belong to the VSI class. Therefore, it remains to investigate the situation of the
Weyl type II pp-waves.
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Table 3.1: Properties of higher dimensional Ricci-flat pp-waves.

Weyl type KS xKS VSI

N v v v
I11 X v v
IT x only CSI X

All Ricci-flat pp-wave metrics can be written in the form
ds* = 2du [dv + H(u, 2") du + W;(u, 2*) da'] + g;(u, 2*) da’ da’ (3.80)

and it does not seem that for general transversal metric g;;, pp-wave metrics
(3.80) can be cast to the xKS form. However, one may use the result of [10] that
the transversal Riemannian metric g;; of vacuum pp-waves is Ricci-flat and the
statement that the transversal Riemannian space is locally homogeneous in the
case of CSI Kundt metrics as has been shown in [37]. Since a Ricci-flat locally
homogeneous Riemannian space is flat [641], we can conclude that Ricci-flat CSI
pp-wave metrics can be written in the form (3.80) with a flat transversal space,
i.e. gij = 0;;, which is obviously in the xKS form with the Minkowski background.
However, note that there could exist non-CSI Ricci-flat pp-waves and therefore
we cannot decide whether all higher dimensional Ricci-flat pp-waves belong to
the class of xKS spacetimes.

Recall also that type N Ricci-flat VSI spacetimes and consequently vacuum
type N pp-waves can be cast to the KS form (2.1) as has been shown in [27] and
as also immediately follows from the results of section 2.5.1. All the mentioned
facts about higher dimensional vacuum pp-waves are summarized in table 3.1.
Finally, note that in four dimensions, all vacuum pp-wave metrics are only of
Weyl type N, belong to the VSI class and take the KS form.

3.4 Expanding extended Kerr—Schild
spacetimes

In this section, we construct a null frame in the CCLP spacetime [57] which then
allows us to express the optical matrix, show that it obeys the optical constraint
and determine the algebraic type. The CCLP solution represents a charged ro-
tating black hole in five-dimensional minimal gauged supergravity or equivalently
in the Einstein-Maxwell-Chern—Simons theory with a negative cosmological con-
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stant A and the Chern—Simons coefficient y = 1 described by the field equations
2

3A

el Fre =0 (3.82)

1
Ry — 2(FyF° — gachchd) + 61 =0, (3.81)

X

23V5

and it is an example of expanding xKS spacetime. In fact, the xKS ansatz has
been proposed in [56] where it has been shown that the CCLP black hole can be
cast to the form

VbFab +

Gab = Jab — 2Mkaky — 2K ka1, (3.83)

where we put hat over the K and 7 since unlike our definition of the xKS ansatz
(3.1), the vector m is not normalized to unity.

In the case A = 0, the CCLP metric can be rewritten in terms of spheroidal
coordinates in the form (3.83) with the flat background metric and the vectors
k, m given by [50]

Gop dz® da? = —dt? — 2dr (dt —asin®#d¢ — beos? 6§ dw) + p? d6?

+ (7"2 + a2) sin? @ d¢* + (7‘2 + b2) cos®  dy?, (3.84)
k,dz® = —dt + asin® 0 deé + bcos® 6 dip, (3.85)
Me dz® = bsin® @ d¢ + a cos® 0 dip. (3.86)

The functions H, K and the one-form gauge potential proportional to the Kerr—
Schild vector k then read

M Q’ ;@:_Q A:—@k,

H - + a A0 )
p* - 2pt p? 2p

(3.87)
where r is the spheroidal radial coordinate, the angular coordinates have usual
ranges ¢ € (0,27), ¥ € (0,27), 6 € (0,7) and p? = r2 + a®cos? 0 + b*sin?§. One
may show that the vectors k (3.85) and m (3.86) in the background spacetime
satisfy [01]

(Map — Mga)k” = 0, (Kazp — kia)? = 0, (3.88)

where ;7 denotes the covariant derivative compatible with the background metric
Jap and as follows from (3.13) the contractions can be performed by both the
full and background metrics since k is geodetic. It is also convenient to define
v =p?—ri

Since the metric is in the form (3.83) we put it into our definition of the xKS
form (3.1) with a unit vector m by rescaling the vector m and including its norm
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to the function K. Thus, the norm of the vector mm is || = Z, therefore the
normalized m reads

L2 2
m, dz® = br sin 9d¢+arcos 9d¢ (3.89)

14 14

and since the scalar functions are related via K = K|ri| one gets

Qv

rp?

K = (3.90)

Obviously, one may identify k and m with the null and spacelike frame vectors £
and m(? respectively. The remaining vectors n, m® and m® can be obtained
by solving the constraints (1.8). Similarly as for the five-dimensional Kerr—(anti-
)de Sitter metric in section 2.6.5, it is easier to find a null frame in the background
spacetime first

m® dz® = £ cot 0 (dt — bdy) (3.91)
v
mW dz® = pdo, (3.92)
. 1pP—r%sin®f 1 p?>—7r?sin®0
nada: = §mdt+d7’+ §aTd¢
1 2 2 2 0
— Sbeot? eﬁ% do, (3.93)

from which we then construct the frame in the full spacetime using (3.11). There-
fore, the vectors m® and m® are same in both frames and n is given by

u 1p?—7r%sin?0  2Mp* — Q?
ng dz® = (5 g 2 dt +dr
1 2 22 0 IM 2 M2
Ll st (MmO QN Gep) e (3.94)
9 2 20" 02

1, p*+7r%sin®0 2M p* — Q? Q 9
— (ﬁbm - bT + a; COs 9d¢

Straightforwardly, one may also obtain the contravariant components of the frame
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vectors (3.85), (3.89), (3.91), (3.92) and (3.94)

k%8, = 8, (3.95)
o o _ ab QV* + abp® b a
m(2) aa—ﬁat—m—%&%—;(%—i—ﬁ&p, (396)
" sinfcosf[, , ., (r? + a?)
m(3)8a2p—y|:(a —b)at—m—Qear
a b
T T %~ cos? 0 &b] ’ (3:97)
1
miy 0 = . (3.98)
“ b? p?— (r?4+20%)sin? M Q?
g a“__ﬁat_( 202 sin *;‘z—pz)@
acot? 6 b
O Os = 5 0. (3.99)

Having established the frame, we can easily calculate the Ricci rotation coeffi-
cients (1.13). It can be shown that L,o = 0 and therefore k is geodetic and affinely
parametrized. The frame (3.99) is not parallelly transported along the geodesics
of the Kerr—Schild congruence k since some of the independent components N

7
and M jo are non-vanishing

v rcotf cot 0

Ny = —Q—;, N3p = ; Ny = — : (3.100)
p pv p

2 2 3 y

M3zo =0, Mo =0, M40:—,¥- (3.101)

Note that we cannot set this frame to be parallelly transported using appropriate
spins and null rotations with k fixed as in the case of the Kerr—(anti-)de Sitter
black hole in section 2.6.5 since we are not able to transform away the component
Ny unless the identification of the vector m appearing in the xKS metric (3.1)
with the frame vector m(? is relaxed.

The optical matrix L;; takes the block-diagonal form

Lo oo
Ly=|0 % % (3.102)
0 = »

and it immediately follows that L;; is a normal matrix. Moreover, interestingly,
the optical matrix L;; (3.102) of the CCLP black hole satisfies the optical con-
straint (2.128). Note that, in section 2.6.1, it has been pointed out that in a
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certain sense the optical constraint can be considered as a possible generalization
of the Goldberg—Sachs theorem to higher dimensions restricted to Einstein GKS
spacetimes.

As has been mentioned in section 3.1.2, the vectors k and m of the CCLP
metric satisfy the relation (3.30) and therefore (3.31) and (3.32) also hold. It
can be seen directly from (3.102) that Loy = %, Ly; = 0 and using (3.31) from
(3.100) it follows that Lis = —Q 7. Substituting these Ricci rotation coefficients
to (3.37), we obtain

a Via 1 a

and therefore the vector fields k and m are surface-forming. Note also that

Loy = 1 following from the optical matrix (3.102) is in accordance with (3.31)
DC_ 1
¢
Employing the frame (3.99), we can express frame components of the Weyl

tensor and determine the algebraic type. In accordance with proposition 8, the
boost weight 2 components of the Weyl tensor vanish

since ¢ = || = ¥ implies that

COin - O (3104)

and therefore the spacetime is of Weyl type I or more special. Due to the trace-
lessness of the Weyl tensor, the boost weight 1 components Cyio; are not inde-
pendent (1.35) and thus vanishing of the components C;;, is sufficient condition
for a spacetime to be of Weyl type II or more special. In the case of the CCLP
black hole, one gets the non-zero components

4Qv?
Cogzs = —Clonaz = — P
2Qrv
Cosz2z = —Cozza = Couza = —Coaaz = — PO (3.105)
2Qv?
Coz2a = —Cozaa = —Coazz = Coazz = — gﬁ ;

which suggests that the spacetime is of Weyl type 1.

In section 2.2.2, we have mentioned the results of [13] that stationary space-
times with the metric remaining unchanged under reflection symmetry and with
non-vanishing expansion are of Weyl types G, [;, D or conformally flat. The CCLP
spacetimes obey these conditions along with the reflection symmetry t — —t,
¢ — —¢, v — — of the metric in Boyer—Lindquist-type coordinates given
in [57]. Therefore we can conclude that in general the CCLP solution is of Weyl
type I; with k being the WAND unless a distinct multiple WAND exists. How-
ever, the form of the xKS metric (3.1) suggests that k should have the highest
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order of alignment. Then only either in the uncharged case when the metric cor-
responds to the five-dimensional Myers—Perry black hole or in the non-rotating
limit v = 0, the spacetime is of more special Weyl type D and the metric reduces
to the GKS form since K (3.90) vanishes.



Chapter 4

Quadratic gravity

In this chapter, we mainly present our results published in [65], which will be
occasionally extended. First of all, let us provide a motivation for considering
generalizations of the Einstein theory referred to as quadratic gravity with a
general Lagrangian containing all possible polynomial curvature invariants up to
the second order in the Riemann tensor and summarize some basic properties of
such theories.

As it is known, the Einstein—Hilbert action (1.1) is non-renormalizable [66]. In
perturbative quantum gravity, corrections have to be added and, demanding coor-
dinate invariance, these corrections should consist of various curvature invariants.
If one includes curvature squared terms aR? 4+ BRqR® to the four-dimensional
Einstein—Hilbert action, the theory becomes renormalizable [67,6%]. Note that
such terms give the most general action up to the second order in curvature since
the term Rgpeq R can be rewritten using the squared Ricci tensor, squared cur-
vature scalar and the Gauss—Bonnet term which is topological invariant in four
dimensions and thus does not contribute to the dynamics. Unfortunately, the
field equations then contain the fourth derivatives of the metric and unitarity is
lost due to the introduced massive ghost-like graviton.

In string theory, the ghost freedom of low-energy effective action requires
that the quadratic corrections to the Einstein—Hilbert term, which is the lowest
order term in the Regge slope expansion of strings, are of the Gauss-Bonnet
form [69]. Therefore, the action up to the second order consists of dimensionally
extended Euler densities which correspond to the first three terms of the Lovelock
Lagrangian yielding the field equations of the second order in derivatives of the
metric. However, the forms of the corrections depend on the type of string theory
[70] and in higher orders they are no longer given only by Euler densities.

Recently, in four dimensions [71] and later in arbitrary dimension [72], it has
been shown that despite non-zero v and [ producing ghosts, the massive spin-0
mode can be eliminated and the massive spin-2 mode becomes massless by an
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appropriate choice of the parameters of the theory denoted as the critical point.
This fact has led to a current growing interest in such theories [73-77].

We will consider a general action of quadratic gravity which can be rearranged
to a more convenient form [78]

1
S = / d"z /=g (— (R —2Ao) + aR? + BR4R™
" (4.1)
47 (Rupea B — 4Ry B + F2) ) ,

where the term multiplied by ! is the well-known Einstein-Hilbert term leading

to the Einstein field equations. The last term multiplied by ~ is the Gauss—
Bonnet term and these both terms appear as the first three terms in the Lovelock
theory [79] with the Lagrangian

p
L =V —g Z Oékﬁk, (42)
k=0

which consists of a linear combination of dimensionally extended 2k-dimensional
Euler densities

k
L oibyoagb .
Ly = ?‘ngdi...s:d: H Rambmc J (4.3)
m=1
where 5?11311::_'3:3: = %5[“611521 o -5?:62’;] is the totally anti-symmetric generalized

Kronecker delta. In n dimensions, 2k-dimensional Euler densities, where 2k > n,
are topological invariants or vanish identically and thus do not contribute to
the field equations. Since these equations are quasi-linear of the second order
in derivatives of the metric, Lovelock theories are natural generalizations of the
Einstein gravity to higher dimensions, in contrast to general quadratic gravity
(4.1) where, due to non-zero « and f3, the field equations are of the fourth order.

Varying the action (4.1) with respect to the metric leads to the source-free
field equations of quadratic gravity [30]

1

1 1
— | Rap — =Rgap + NoGap | + 2R | Ropy — —Rgap
K 2 4

+ (2& + B) (gab[l - VaVb) R + 2’7 (RRab — QRacbdRCd
) (4.4)
+ RacdeRdee - 2RacRbc - Zgab (RcdefRCdEf - 4RcdRCd + R2> )

1 1
+ 80 (Rab — §Rgab) + 20 (Racbd — ZgabRcd) R = 0.
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As in the Gauss—Bonnet theory, quadratic gravity in dimension n > 4 admits, in
general, two distinct maximally symmetric vacua with the corresponding cosmo-
logical constants A given by

A—A of (n—4) o (n—3)(n—4) _
on +A (—(n—2)2( +6)+(n—2)(n—1)7) 0. (4.5)

In general relativity, Birkhoff’s theorem states that a spherically symmet-
ric solution of the Einstein field equations in vacuum is locally isometric to the
Schwarzschild solution, consequently, spherically pulsating objects cannot emit
gravitational waves. It has been shown in [31] that Birkhoff’s theorem is valid
also in the Lovelock theories, namely, that solutions of the source-free Lovelock
field equations with spherical, planar or hyperbolic symmetry are locally iso-
metric to the corresponding static black hole. Although the fact that the field
equations are of the second order is crucial in the proof of the Birkhoff’s theo-
rem, as has been discussed recently in [32], this theorem can be extended also
to higher derivative theories with the field equations of the fourth order if the
traced field equations are of the second order, i.e. the massive spin-0 mode is not
present in the linearized field equations of the theory and if the field equations for
spherically, plane or hyperbolically symmetric spacetimes reduce to the second
order. However, note that in the case of quadratic gravity (4.1) the extended
Birkhoft’s theorem requires o = = 0 and thus the action is given only by the
Gauss—Bonnet term.

Let us also point out that at least certain subclasses of quadratic gravity
possess well-posed initial value formulation. For instance, the Cauchy problem
in the case of Einstein—Gauss—Bonnet gravity, i.e. « = = 0, 7 # 0, was studied
in [83]. In four dimensions, effectively with 4 = 0, it has been shown that the
Cauchy problem can be solved for initial data if 5 # 0 [31].

As has been already mentioned, although quadratic gravity at the linearized
level around any of two vacua describes massless and massive spin-2 and massive
spin-0 modes, by an appropriate choice of the parameters of the theory, one
may eliminate the massive scalar mode and subsequently ensure that the massive
spin-2 mode becomes massless. Following [72], the trace of the linearized field
equations for the metric fluctuations hqp = gap + gap around an (A)dS vacuum ggp
reads

- 1
(A(n —Da+np)0— (n—2) (E + 4€A>:| Rt =0, (4.6)
where R is the linearized Ricci scalar and € is defined in (4.15). Setting

4(n —Da+np =0, (4.7)
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we get rid of the massive spin-0 mode provided that x # —4eA and then, choosing
the gauge V®hg,, = Vyh, the linearized field equations reduce to [72]

(O ) (O 5y =

Therefore, vanishing M? defines the critical point only with the massless spin-2
excitation

4N (1 nao B (n—3)(n—4)
M?=—— = 0. 4.8
6(4A/@+n—2+n—2+(n—1)(n—2)7 (48)
Note that the parameters cannot be tuned so that both distinct (A)dS vacua
become simultaneously critical. However, as has been also shown in [72], one

may still employ the remaining arbitrariness of the parameters to obtain a theory
with only one unique critical (A)dS vacuum. The cosmological constant of such
(A)dS vacuum is then given by

(n—1)(n—2)
8(n — 3)ky

A=Ay = (4.9)

and the action reduces to the form of the Einstein-Weyl gravity

S = /d":v V=g (% (R —2Ag) + vCabch“de) (4.10)

with only one additional parameter v besides Einstein’s constant x. Although at
first sight it could seem that all type III and N solutions of the Einstein gravity
are also solutions of the Einstein-Weyl gravity since the last term in the action
(4.10) vanishes for these Weyl types such reasoning is incorrect. In the following
sections, we will thus study type III and N solutions of the field equations of
general quadratic gravity (4.4) in detail. It will be shown, for instance, that apart
from a subclass of type III Einstein spacetimes that are solutions of quadratic
gravity with arbitrary parameters of theory, there exist a subclass of type III
Einstein spacetimes that do not satisfy the field equations if the Gauss-Bonnet
term is present in the action (4.1), i.e. v # 0.

The field equations of quadratic gravity (4.4) are very complex and a direct
approach to finding exact solutions seems to be hopeless, therefore, so far the
known solutions of quadratic gravity has been obtained mostly by means of an
appropriate ansatz for the metric inspired by the form of known solutions in the
Einstein theory. Apart from the recently found AdS-wave solution of general
quadratic gravity in arbitrary dimension [71] using the Kerr—Schild ansatz, at
least to the author’s knowledge, previously known exact solutions of quadratic
gravity belong only to one of two subclasses with either v =0 or a« = § = 0.
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In the former case v = 0, few exact solutions are known. Four-dimensional
plane wave spacetimes have been analyzed in [35]. It has turned out that such
solutions with null radiation in a theory with § = 0 are the same as in the
Einstein gravity, whereas if g # 0, an additional condition is imposed on the null
radiation term. Note that this is in accordance with our more general results in
section 4.2. A perturbative solution of the field equations has been used in [20] to
compare gravitational waves in the linearized quadratic gravity with those in the
linearized Einstein gravity. It has been shown that the corrections to amplitude
depend on the parameter § and the angular frequency of the wave but not on
a. Charged black holes were also studied within this subclass of theories. It has
been pointed out in [37] that the four-dimensional Reissner—Nordstrom solution
of the Einstein field equations is a solution of quadratic gravity if g = 0.

In the case @« = = 0 corresponding to the Einstein—-Gauss—Bonnet gravity,
much more exact solutions have been found. The spherically symmetric solutions
in this theory consist of two branches, asymptotically Schwarzschild black holes
with a positive mass parameter and asymptotically Schwarzschild-AdS space-
times with a negative one [38]. Both are included in the more general solution
found in [39] using the Kerr—Schild ansatz with an (anti-)de Sitter background
metric in the spheroidal coordinates. However, this solution does not represent ro-
tating black hole solutions which have been so far studied only numerically [90-92]
or in the limit of small angular momentum [93].

In the following section, we employ a different strategy to find a solution. In
section 4.1, we determine under which conditions known solutions of the source-
free Einstein theory solve also the field equations of quadratic gravity and in
section 4.2 we find explicit solutions of reduced field equations assuming a special
form of the Ricci tensor.

4.1 Einstein spacetimes

One of the approaches which may lead to the simplification of the very complex
field equations of quadratic gravity (4.4) is to assume a special form of the Ricci
tensor. Let us first study the simplest case of such a form, i.e. Einstein spacetimes
2A
Rab = mgaln (411)
as exact solutions to quadratic gravity.
One may substitute the expression of the Riemann tensor in terms of the Weyl
tensor (1.31)

2
n—1)(n—2)

2
Rabcd = Cabcd + n—(ga[cRd]b - gb[cRd]a) - ( Rga[cgd]b7 (412)

-2
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along with the Ricci tensor (4.11) and the corresponding scalar curvature R =
2 A to the field equations (4.4). Since the Weyl tensor is traceless its contrac-
tions with the metric vanish and (4.4) reduces to the simple form

1
Bga — (CaCdecbcde - ZgabCCdechdef> =0, (4.13)

with the constant factor B given only by the effective cosmological constant A,
parameters of theory a, (3, v, k, Ag and dimension of spacetime n as

g A ;KA“ +eA?, (4.14)
where (-1 (0= 30— 1
= m(n&Jrﬁ)Jr n—2m=-1" (4.15)

Obviously, in the special case v = 0, i.e. when the Gauss—Bonnet term is
not present in the action (4.1), all Einstein spacetimes (4.11) with a cosmological
constant A solve the field equations of quadratic gravity (4.4) provided that B = 0.

The condition B = 0 appears several times in this chapter and, in fact, it is
a quadratic equation determining the effective cosmological constant A in terms
of the parameters of particular theory «, 3, v, K, Ag. In four dimensions, € = 0
and then (4.14) implies that B = 0 admits only one root A = Ag. In dimension
n > 4, there are two possible roots

AL (1 +/1+ 8/<¢er> , (4.16)

4ke

where the Einstein constant x in our convention is assumed to be positive. In the
case that 1 + 8xeAy = 0, the unique solution is A = 2Ay. If B = 0 admits two
roots, the following combinations of their signs depending on the parameters of
the theory are possible:

e if Ay < 0 then either

1. 0 <4dre < —ﬁ when both roots A are negative, or
2. 4rke < 0 when one root is positive and the other is negative.

e If Ag = 0 then one of the roots is zero A = 0 and the sign of second root

A= —ﬁ is either positive or negative depending on the sign of e.

e If Ay > 0 then either

1. 0> 4ke > —ﬁ when both roots are positive, or
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2. 4ke > 0 when one root is positive and the other is negative.

Finally, if 1 + 8xkeAg < 0 then B = 0 does not admit any real root. Obviously,
the same discussion also applies to the possible signs of cosmological constants of
two conformally flat vacua of quadratic gravity since in that case the Weyl tensor
vanishes.

Note also that in four dimensions the Gauss-Bonnet term is purely topolog-
ical and does not contribute to the field equations (4.4). The assumption that
the spacetime is Einstein leads to (4.13) effectively with v = 0 and thus B = 0.
For n = 4, from (4.15) it follows that ¢ = 0 and then (4.14) implies that the
cosmological constants A and Ay have to be equal. In other words, all four-
dimensional Einstein spaces with A = Ay are solutions of the field equations of
quadratic gravity (4.4). In fact, it has been already pointed out in [71], where
the four-dimensional action of quadratic gravity has been studied, that the corre-
sponding field equations reduce for Einstein spaces to the Einstein field equations.
At the level of the Weyl tensor, this can be seen as a consequence of the iden-
tity C,“*Chege = 19apC* Cegey which holds in four dimensions but is not valid
without additional restrictions in dimension n > 4 [9].

In the rest of this chapter, we study the conditions under which (4.13) can be
satisfied in a general case v # 0 in arbitrary dimension. Thus we will look for
various classes of spacetimes satisfying C’aCdercde = igabc cdef C e f-

4.1.1 Type N Einstein spacetimes

Now we show that the relation C’aCdercde = igabCCdef Cedey holds for Weyl type
N spacetimes since both sides vanish. The Weyl tensor expressed in the frame
(1.8) has only boost weight —2 components in the decomposition (1.34), i.e.

Cabcd = 4Q;j€{amib€cmjd}v (417)

where we adopt more compact notation Q;; = Cy;1; from [95]. Note that the
null vector £ is a multiple WAND and (2}, is symmetric and traceless. Obviously,
the following contractions of the Weyl tensor appearing in the field equations of
quadratic gravity for Einstein spacetimes (4.13) vanish

C % Clhege = CF Cligep = 0 (4.18)

and thus we are left with the algebraic constraint B = 0 which, similarly as in
the case of (A)dS vacua, prescribes two possible effective cosmological constants
A of the solution for given parameters «, 3, 7, k, Ag. Therefore,

Proposition 10 All Weyl type N FEinstein spacetimes (4.11) in arbitrary dimen-
sion with appropriately chosen effective cosmological constant A (4.16) are exact
solutions of the vacuum field equations of quadratic gravity (4.4).
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Note that in the special case of Ricci-flat spacetimes A = 0 in the Gauss—
Bonnet gravity o = f = 0 with vanishing cosmological constant Ay = 0 this
result has been already pointed out in [96].

We can also relate the result of proposition 10 with chapter 2 using the state-
ment of proposition 4. It follows that all non-expanding Einstein GKS spacetimes
(2.11) with a cosmological constant (4.16) are consequently solutions of the field
equations of quadratic gravity.

Let us briefly overview known type N Einstein spacetimes in higher dimen-
sions. The multiple WAND of such spacetimes is always geodetic. This was
shown in [2] for the Ricci-flat case where the Bianchi identity (B.9) in [2] leads
to ChiijLio = 0 which then implies that the WAND £ is geodetic. Although
it is obvious from (2.74), (2.76) and (2.77) that the Riemann tensor of type N
Einstein spacetimes not only has Ry;;; components as in the Ricci-flat case but
also Roio1, Ronj and R;jp are non-zero. Still, the Bianchi identity (B.9) in [2]
reduces to the equation Cy;1[; Ly = 0 as well and one may follow the same steps
as in [2] to show immediately that the WAND is geodetic. Moreover, without
loss of generality, one may assume the geodetic WAND is affinely parametrized.

In an appropriately chosen frame the optical matrix L;; of type N Einstein
spacetimes consists of just one block 2 x 2 [1(]

(4.19)

From the definition of the optical scalars (1.23) follows that the expansion, shear
and twist are given by
n—4 4 9

s, o’ = 2ms , w? = 2d?, (4.20)

respectively. Type N Einstein spacetimes can be thus further classified according
to the optical properties of the multiple WAND.

Type N Einstein Kundt spacetimes

The Kundt class is defined as spacetimes admitting a non-expanding 6§ = 0, non-
shearing 02 = 0 and non-twisting w? = 0 geodetic null congruence £, in other
words, the optical matrix vanishes, L;; = 0. Spacetimes belonging to this class
can be described by a metric of the form [37,10]

ds® = 2du [dv + H(u, v, 2%) du + Wi(u, v, 2%) dz’] + gij(u, 2") da’ dz?.  (4.21)



Chapter 4. Quadratic gravity 101

In general, higher dimensional Einstein Kundt metrics are of Weyl type II or more
special [3] and the functions H, W; and g¢;; have not been expressed explicitly in
the literature for the Weyl type N yet. However, the situation differs for Ricci-flat
Kundt metrics of types N and IIT where one can set [38]

and the corresponding functions W; and H for Weyl type N are given in (2.98) and
(2.99). In four dimensions, all type N Kundt metrics are completely known [13]
and given by (2.103), (2.104) and (2.106).

As we have already mentioned, non-expanding Einstein GKS spacetimes (2.11)
discussed in section 2.5 solve the field equations of quadratic gravity since they
belong to this class of spacetimes.

Further details and examples of type N Kundt metrics can be found, for
instance, in section 2.5.1 and in [37,39]. In section 2.5.2, the Brinkmann warp
product is used to generate new Einstein type N Kundt metrics from the known
ones.

Expanding, non-twisting type N Einstein spacetimes

In four dimensions, expanding 6 # 0 and non-twisting w? = 0 type N Ein-
stein metrics are necessarily shear-free due to the Goldberg—Sachs theorem. This
fact follows also immediately from (4.20). Therefore, such metrics belong to
the Robinson—Trautman class and are completely known [97], see also [13] and
references therein.

In contrast, for type N Einstein spacetimes in dimension n > 4, it follows from
(4.20) that non-vanishing expansion  # 0 implies non-zero shear o > 0. Higher
dimensional metrics belonging to this class of spacetimes can be constructed by
warping four-dimensional type N Einstein Robinson—Trautman metrics [97]

ds? = —2¢ dudr + 2r*(da® + dy?®) — 2r(2rf1 + ex) dudz

4.23
—2r(2rfy + ey) dudy + 2(¢B + A) du?, 423
with )
A= 162(132 + %) + e(fix + foy)r + (f + f3)r?,
B = —%e — 10 f1+ é]\rQw, (4.24)
1
V=14 —e(z? +9?),

2

where ¢ = +1 or 0, A is a four-dimensional cosmological constant and the func-
tions f; = fi(z,y) and fo = fo(z,y) are subject to

Orf1=0yf2, Oyfr = —0:f2. (4.25)
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Then the five-dimensional metric takes one of the forms (1.40), (1.41), (1.43)-
(1.45) depending on the signs of A and A, where A = % and the five-dimensional
cosmological constant A obeys |[A| = 2|A[. Whereas, in the case A = 0, A > 0,

the metric is given by (1.44) with A = 3.

Twisting type N Einstein spacetimes

Very few four-dimensional exact solutions of Einstein gravity within this class are
known. This includes the Ricci-flat Hauser metric [98] and the Leroy metric [99]
for a negative cosmological constant, see also [9].

As in the previous case, higher dimensional solutions in this class can be
constructed from four-dimensional twisting solutions using the Brinkmann warp
product. An example of such warped spacetimes can be obtained using the Leroy
metric in the form given in [10] as a seed. Since the cosmological constant of the
seed metric is negative, there is just one possibility of the sign of the cosmological
constant of the warped metric and thus we employ (1.43). After the substitution
7 = v/=\z, the five-dimensional metric reads

1 2

di? = ————
° —Ay?cos? Z | 3

(dz + y* du) [6y dr + y*(1 — %) du
(4.26)

+ (13 = r?) dz + 12r dy| 4 3(r* + 1)(d2” + dy?) + 6dz?|,
where A = 6\ < 0 is a five-dimensional cosmological constant.

4.1.2 Type III Einstein spacetimes

In general, for type III Einstein spacetimes the term Ca"dercde - }L GarC% Cge f
in (4.13) does not vanish as in the case of Weyl type N. Using the compact
notation [95]

) = Cho, ;jk = Chijr, ng = Chay, (4.27)
where

\IJ’.jk =y

% ikjo

\I]/[ijk} =0, \I’; = \I];cikv (4-28)
the Weyl tensor of type III can be expressed from (1.34) as
Ciobed = 8\1128{anbﬁcmil} + 4\If;jk€{amf,mﬁm§} + 4Q;j€{amiﬁcm§}. (4.29)

Obviously, C*fC.,. ¢ vanishes and if we define U as

~ 1
b= w0,

— W, (4.30)
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then )
C. % Chege = Wyl (4.31)

Therefore, in the case of Weyl type III, one may further simplify the field equa-
tions of quadratic gravity for Einstein spaces (4.13) to the form

Bga, — YUl = 0. (4.32)

The trace of (4.32) implies B = 0, which again determines two possible effective
cosmological constants A for the given parameters of theory, and subsequently it
remains to satisfy ¥ = 0.

Proposition 11 Weyl type 111 Finstein spacetimes with an effective cosmological
constant A subject to (4.16) are exvact solutions of the vacuum field equations of
quadratic gravity (4.4) if and only if ¥ = 0.

From (4.28) it follows that in four dimensions ¥ = 0. This is in agreement with
the already mentioned statement that all four-dimensional Einstein spacetimes
with an appropriate cosmological constant are solutions of quadratic gravity since
in this case effectively v = 0 in (4.13).

A wide class of higher dimensional Einstein spacetimes with ¥ = 0 can be
obtained by using the Brinkmann warp product. In order to show that we start
with the following observation. The components of the Weyl tensor of the seed
ds? and warped metric ds? (1.37) expressed in coordinates 2% = (z, z*) are related
by [17] i

Crvpe = [Cuvpo, Copwp = Copz = 0. (4.33)

Raising the indices by the corresponding metrics, it then follows that the con-
tractions C,“*Cy.qe are given by

C, " Cripe = =C "7 Cripers (4.34)

with all z-components being zero.

Let us also recall that the Brinkmann warp product preserves the Weyl type
of algebraically special spacetimes. Therefore, if one takes an arbitrary four-
dimensional type III Einstein metric as a seed, for which C‘H”""éﬂ,pa = 0 holds
identically, then the warped metric represents a type III Einstein spacetime with
¥ = 0 and thus, by proposition 11, it is also an exact solution of the field equations
of quadratic gravity (4.4) provided that the effective cosmological constant A
satisfies (4.16). A few examples of such twisting and non-twisting type I11 Einstein
spacetimes obtained by the Brinkmann warp product are given in [16].

It should be emphasized that in contrast with the type N case, there exist type
1T Einstein spacetimes which are not solutions of quadratic gravity. For instance,
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¥ is clearly non-vanishing for the type III(a) subclass of type III spacetimes
characterized by W, = 0 [5]. Type IlI(a) Kundt spacetimes with null radiation
given in [38] contain type III(a) Ricci-flat metrics (4.21), (4.22) with a covariantly
constant null vector, where

H = H(u,2"), Wy =0, W; = Wi(u, %),

W', =0, W' = AW, (4.35)

AH — —(Wi; — W) (W — W) — W' = 0.

1
- Z Ju
Here the indices 7, 7 run from 3 to n — 1 and necessarily at least one of the
components C5 = %(VVM— W;:) x has to be non-vanishing, otherwise the metric
reduces to Weyl type N. An explicit five-dimensional example of such pp-wave

metric is given by [27]

Wy =0, W3 = h(u)z?z?, Wy = h(u)z?z?, (4.36)

H = Hy = h(u)? {i ((a:3)4 + (51:4)4) + ho(xQ,:c?’,a:‘l)] : (4.37)

where h%(x2, 23, 2%) is subject to Ah® = 0. In fact, all type III Ricci-flat pp-
waves belong to the type III(a) subclass since the existence of the covariantly
constant null vector £ implies Cypeaf® = 0 and thus W, vanishes. Therefore, type
IIT Ricci-flat pp-waves are not solutions of quadratic gravity.

Motivated by the above results we naturally introduce two new subclasses of
the principal Weyl type 111, namely type ITII(A) characterized by ¥ # 0 and type
I11(B) defined by ¥ = 0. Obviously, type III(a) is a subclass of type III(A) since,
as already mentioned, ¥ = 5V Wi # 0 in this case.

4.1.3 Comparison with other classes of spacetimes

It is of interest to compare the set of exact solutions of quadratic gravity (QG)
with other overlapping classes of spacetimes. Namely, spacetimes with vanish-
ing curvature invariants (VSI) [1], spacetimes with constant curvature invariants
(CSI) [37], Kundt subclass of CSI (KCSI), pp-waves which will be denoted as
ppN, pplll, etc., depending on a particular Weyl type, and universal metrics (U)
for which quantum corrections, i.e. all symmetric covariantly conserved tensors of
rank 2 constructed from the metric, Riemann tensor and its covariant derivatives,
are a multiple of the metric [100, 101]. Einstein or Ricci-flat subclasses of these
sets will be indicated by the appropriate subscript, for instance, QGg and QGgg.

The class of pp-waves is defined geometrically as spacetimes admitting a co-
variantly constant null vector field, say £, and thus ¢,;, = 0. It then follows from
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the definition of the Riemann tensor that R,.¢¢* = 0. The contraction with
respect to the second and fourth index yields Ry, = 0, where we identify £ with
the corresponding null frame vector (1.8). On the other hand, in the case of Ein-
stein spaces, the frame component of the Ricci tensor Ry; is proportional to the
cosmological constant Ry, = f—i; and therefore Einstein pp-waves do not admit
non-vanishing A, i.e. ppg = pprr- In the Ricci-flat case, the Weyl tensor is given
exactly by the Riemann tensor and thus for pprr we obtain Cypqf® = 0. In four
dimensions this corresponds to the Bel criterion ensuring that the spacetime is of
type N, whereas, in higher dimensions, it implies that the spacetime is of Weyl
type II or more special.

We will consider n > 4 since in four dimensions all pprr are of type N and as
discussed above all Einstein spacetimes with A = Ay belong to QG which leads
to a considerable simplification.

From the definition of U, it is obvious that U C QG since the action of
quadratic gravity (4.1) contains quantum corrections only up to the second order
in curvature. The results of [1] that VSI spacetimes are of Weyl type III or more
special and admit a congruence of non-expanding, non-shearing and non-twisting
null geodesics and thus belong to the Kundt class imply VSI € KCSI. All pp-
waves from the set ppNgr U pplllgrr belong to VSI, whereas, as was shown above,
pplllgr N QG is 0 and therefore VSIgr € QG and pprr € QG. It also holds that
pprr € VSI since ppllgp solutions exist in higher dimensions.

Recently, it was conjectured in [101] that U C KCSI. Obviously, ppIllgg are
examples of spacetimes which are VSI and thus KCSI but not U. However, note
that QGg ¢ CSI since examples of QGg metrics with non-vanishing expansion
mentioned in this section have in general non-trivial curvature invariants [10].

4.2 Spacetimes with aligned null radiation

One may attempt to find a wider class of solutions of quadratic gravity considering
more general form of the Ricci tensor than for Einstein spacetimes (4.11) but still
sufficiently simple to considerably reduce the field equations (4.4). Therefore, we
will assume that the Ricci tensor contains an additional aligned null radiation
term

2A
Roy = ——=Ggap + PLols. (4.38)
n—2
Then the contracted Bianchi identities V*R,, = %VbR imply that the null radi-
ation term has to be covariantly conserved (®¢%(°)., = 0, which one may rewrite
s

using the derivatives (1.17) and the optical scalars (1.25) as

[D® + &(n — 2)0] £y + Ployl® = 0. (4.39)
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We identify £ with the corresponding null frame vector (1.8) so that the contrac-
tion of (4.39) with the vector m() implies L;o = 0 in terms of the Ricci rotation
coefficients (1.13). Therefore, £ has to be geodetic and, without loss of generality,
we choose £ to be affinely parametrized. Consequently, the contraction of (4.39)
with the frame vector n yields

D® = —(n — 2)69. (4.40)

Now, following the same steps as for Einstein spaces in section 4.1, we express
the field equations (4.4) in terms of the Weyl tensor and the Ricci tensor (4.38)
and simplify them using the tracelessness of the Weyl tensor and the fact that £
is a null vector

1
(ﬁ[’ + A)(q)gagb) — QBgab + 2"}/ <Cacdecbcde — ZgabCCdefCCdef)
! (4.41)
2’}/) Cacbdgcgd = 0,

n —

+ 20 <B -2
where A is defined as

A:é+4A<n"_a2+nfl+EZ:‘;’%EZ:?;O (4.42)

and B is given by (4.14). If the Weyl tensor is of type III or more special then
the last term in (4.41) vanishes and one may rewrite (4.41) using ¥ (4.31) as

(B0 + A)(Dloly) — 2Bgay + 27T Lely = 0. (4.43)

From now on, we restrict ourselves to spacetimes with ¥ = 0. The trace of
(4.43) yields B = 0 which again determines two possible effective cosmological
constants A via (4.16). The remaining part of (4.43) reads

(B0 + A)(Loly) = 0. (4.44)

Using the notion of the subclasses I1I(A) and III(B) of the Weyl type III defined
at the end of section 4.1.2, we arrive to

Proposition 12 All spacetimes of Weyl types III(B), N and O with the Ricci
tensor of the form (4.38) are vacuum solutions of quadratic gravity provided that
B =0 and the null radiation term ®L,0, satisfies (4.44).

It should be emphasized that these spacetimes with a null radiation term in
the Ricci tensor, i.e. solutions of the non-vacuum Einstein field equations, are
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solutions of the vacuum field equations of quadratic gravity without any matter
field terms in the action.

Let us briefly comment the special case § = 0. Then it follows that both A
(4.42) and B (4.14) have to vanish and from these relations, one may eliminate
the parameter v to obtain

Snak |,
(= 2>2A A+2Ay = 0. (4.45)
Therefore, the effective cosmological constant A is determined only by the param-
eters «, k and Ag. If the constraint on A (4.45) admits a real solution then the
remaining parameter vy is subject to A = 0 or B = 0. In other words, for special
values of the parameters «, v, kK and Ag of a theory with g = 0, all spacetimes
of Weyl types III(B), N and O with the Ricci tensor of the form (4.38) with an
arbitrary ® and an effective cosmological constant A given by (4.45) are exact
solutions of quadratic gravity. However, none of such spacetimes with null radi-
ation satisfies the field equations of quadratic gravity if A # 0, which occurs, for
instance, in the case A = 0. For the pure Gauss—Bonnet gravity a = 8 = 0, this
implies that if A = 2A following from (4.45) and simultaneously

. (n=2)(n—-1) 1
7= ~(n—3)(n—4) 8A¢k’

(4.46)

then both A, B vanish and ® can be arbitrary, otherwise ® has to be zero in
order to satisfy the field equations.

Since we are interested in solutions of quadratic gravity with arbitrary pa-
rameters we assume [ # 0 in the rest of this chapter. The contraction of (4.44)
with the frame vectors £ and n gives

®Li;Lij = ®[(n — 2)0* + 0 + w? =0, (4.47)

where the optical matrix L;; is defined in (1.13) and the scalars 6, o and w (1.23)
correspond to expansion, shear, and twist, respectively. This implies that the
geodetic vector £ is non-expanding, # = 0, non-shearing, ¢ = 0, and non-twisting,
w = 0, and thus the optical matrix vanishes L;; = 0. Then it immediately follows
from (4.40) that D® = 0, i.e. ® does not depend on an affine parameter along
the null geodesics £.

Proposition 13 All Weyl type III(B), N or conformally flat solutions of the
source-free field equations of quadratic gravity (4.4) with § # 0 and the Ricci
tensor of the form (4.38) belong to the Kundt class.
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Note that in general, not only in quadratic gravity, conformally flat spacetimes
with null radiation belong to the Kundt class as follows directly from the Bianchi
identities.

Contracting (4.44) twice with the frame vector n and substituting Ly = 0,
i.e. £ being geodetic and affinely parametrized, L;; = 0 and D® = 0, we obtain
the remaining non-trivial frame component of (4.44)

4.4
i AND . (4.48)
+ 4L1iL[1i] + 2L[1Z’]ij + m + A9 =0,

where we also employed the Ricci identities [3] and the commutators of the deriva-
tives along the frame vectors (1.18). The Ricci rotation coefficients Ly;, L;; and

]\Z/[jk are defined in (1.13).

It has been shown in section 2.5 that one may always set the frame in Kundt
spacetimes so that Lp; = 0, L1z # 0, Li; = 0. For Kundt metrics in the canonical
form (4.21), the natural frame with the geodetic WAND /¢,dz* = du as the null
frame vector £ implies that the antisymmetric part of Ly; vanishes

Liyg) = lagn®myy = Lagn®myy — Ty len®miy = 0, (4.49)
since £, = 0 in these coordinates and the Christoffel symbols are symmetric in
the lower indices. However, L;, are in general non-vanishing in this frame. Let
us emphasize that this result does not depend on the choice of the frame vectors

n and m® and it can be used for further simplification of (4.48). Moreover, one
may rewrite 0;0;$ in terms of the d’Alembert operator to get

AND
00 + 4L1;0:® + 2Ly L@ + —— + AB7I® = 0. (4.50)
/rL p—

Note that, as argued under proposition 4, non-expanding GKS spacetimes
(2.11) with the Ricci tensor of the form (4.38) belong to the Kundt class of Weyl
type N. Therefore, such spacetimes with an appropriate effective cosmological
constant A solve the field equations of quadratic gravity provided that the null
radiation term ®/,0, satisfies (4.44) or equivalently (4.50) in the case Ly, = 0.

Interestingly, if we assume that the function H of non-expanding GKS space-
times with aligned null radiation is independent on an affine parameter along null
geodesics of the Kerr-Schild congruence k = £, i.e. DH = 0, and set Ly = 0,
the corresponding Einstein field equations (2.81), (2.82), (2.92) reduce to

A4NH

/”L —
Let us point out the similarity of (4.50) and (4.51) which effectively decouples
these two equations and thus allows us to solve for H and ® independently.
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4.2.1 Explicit solutions of Weyl type N

In this section, we present a few examples of type N solutions of the field equations
of quadratic gravity with the Ricci tensor of the form (4.38). We solve the cases
with a vanishing and non-vanishing effective cosmological constant A separately
since the form of all higher dimensional type N Kundt metrics with A = 0 and
aligned null radiation is explicitly known [38], whereas, in the case A # 0 we
employ at least a particular example of such Kundt metrics known as the Siklos
metric.

Case A =0

Type N Kundt metrics with aligned null radiation and the vanishing cosmological
constant A which belong to a subclass of VSI spacetimes, admit the form (4.21),
(4.22). As in the Ricci-flat case discussed in section 2.5.1, these metrics can be
split into two subclasses with vanishing (e = 0) and non-vanishing (e = 1) quan-
tity Lq;L1;. One may choose the same null frame as in (2.95) and, consequently,
the Ricci rotation coefficients Ly;, Ly and Ly; are given as in (2.96).

The constraints on the undetermined metric functions W; and H imposed by
the form of the Weyl tensor (4.17) and the Ricci tensor (4.38) differ from the
Ricci-flat case since the null radiation term ® now occurs [35]

W2 = 0, Wz = QEQC;(U) —+ l'jBﬁ(U),

; 1 (4.52)
H=H(uz'), AH'—2% -2y Bi+®=0
i<j
in the case e = 0 and
2v j U2 0 %
Wgz-;, W; = Ci(u) + 2’ Bz (u), H= 20 + H"(u, z"),
) HO 1 , , (4.53)
i<j
in the case € = 1, respectively. Where the indices 7, j, ...range from 3 to n — 1

and Bp; = 0 in both cases.

Now we determine the form of the function ®. Obviously, ® , = D® = 0 and
thus ® does not depend on the coordinate v. In the Einstein gravity, no further
conditions are imposed on ®, whereas in quadratic gravity theory with g # 0,
® still has to satisfy (4.44) or equivalently (4.50) since Lp;; = 0 in our chosen
frame. The latter one is simpler to express and leads directly to

2€ 2€
o+ —=P+ (k8) P = 0. (4.54)

D, — —
’ x (x?)
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In the case € = 0, (4.54) reads
A + (k)10 = 0. (4.55)

Substituting (4.55) into (4.52), we obtain

1
AH®  — 5 d -2 B=0, (4.56)
i<j
where we define H® , = H° — k3®. Thus, H?  corresponds to a vacuum VSI

solution of the Einstein gravity, i.e. it obeys (4.52) with ® = 0.
Similarly, in the case € = 1, (4.54) reads

2 A (%) + (kB)'® = 0. (4.57)

Putting (4.57) to (4.53) and denoting H?,. = H® — k3P gives the Einstein field

vac

equations for Ricci-flat type N VSI metrics, i.e. (4.53) with ® = 0 for H?

vac

HY 1
2 vac E :1172 § 2

1<j

In other words, these steps may be performed backwards. We take an arbitrary
vacuum type N VST metric (4.21), (4.22) with HY ., W; and ® = 0, i.e. a solution
of the Einstein field equations (4.56) or (4.58), and independently find ® solving
the corresponding equation (4.55) or (4.57), respectively. Therefore, we finally
arrive at a solution of the field equations of quadratic gravity (4.4) represented
by the metric (4.21), (4.22) with ® # 0, H® = H? . 4+ k3% and W; unchanged.

Note that in this case where we assume A = 0 the condition B = 0 (4.14)
determining the effective cosmological constant A in terms of the parameters «a, 3,
v, k and A implies Ay = 0 and therefore we are not able to satisfy the criticality

condition (4.7), (4.8) by tuning the remaining parameters.

Case A #0

One may perform a similar procedure also in the case of a non-vanishing effective
cosmological constant A. Unlike in the previous case A = 0, to our knowledge a
general form of the metric describing all type N Kundt spacetimes with A # 0
and aligned null radiation is not explicitly known. Therefore, we consider the
n-dimensional Siklos metric [102]

ds?

= 2 [2dudv + 2H (u,v,2") du® + 6;; da’ da’] (4.59)
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where oA
n—1
)\_(n—l)(n—Q)’ z=a""", (4.60)
as an example belonging to this class of spacetimes.

The Siklos metric is conformally related to pp-waves. However, note that
the terms inside the parentheses correspond to the metric which describes all
pp-waves only in four dimensions. In higher dimensions, this metric does not
represent the pp-wave class completely and not even the type N pp-wave subclass.

Obviously, the metric (4.59) takes the GKS form (2.11) since the first and
third terms in the parentheses represent an anti-de Sitter background and du
corresponds to the null vector. Then proposition 4 ensures that this metric is
indeed of Weyl type N even if we admit an aligned null radiation term in the
Ricci tensor as commented under this proposition.

We need to split the Kerr-Schild term Hk kp dz? dzb = % du? into the vector
k and the function H so that k is affinely parametrized. The simplest way how
to do that is to employ the coordinate transformation v = —A02% to put (4.59)
to the canonical Kundt form

. H 20 1 i1

ds? = 2du |dD — IV du + ~ dz| — E(ngdx dz’. (4.61)
In this form, du corresponds to the congruence of non-expanding, non-shearing
and non-twisting affinely parametrized null geodesics. Therefore, k = k,dz* = du
and H = ﬁH . Furthermore, if we identify the Kerr—Schild vector k with the
frame vector £, then from (4.49) follows that Lj;) = 0. One may complete the

frame by a natural choice of the remaining vectors
1 H A _
a a __ (3) a __ 7
l,dx® = du, ng dz® = 2 dv + 2 du, m,’ dz® = da’,

029, = =222 0,, n*0, = 0, — H 0,, m‘(li) Oy = 0;.

(4.62)

For the simplicity, we assume that DH = 0, i.e. H is independent on an affine
parameter along the null geodesics k. On the other hand, using the frame (4.62),
it follows that DH = —\2?H_, and thus H and consequently H does not depend
on the coordinate v. Therefore, we can use the Einstein field equations for non-
expanding GKS spacetimes with aligned null radiation (4.51) which for the Siklos

metric (4.59) leads to
n—2

AH —

H, =05 (4.63)

z
The condition on @ (4.50) for the metric (4.59) reads

—2 (—A2%®) - £(—Az2c1>) =0, (4.64)

z : 22

A(=22*®) — =
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where we defined

CEZ+%=%(ﬁ—i—(n—1)(n0¢+ﬁ)+(n—3)(n—4)’y>. (4.65)

Now we eliminate ® from (4.63) by combining (4.63) with (4.64) and denoting

HY = H — C'22®. This leads to the vacuum (® = 0) equation (4.63) for H"*
n—2

AHY — 7[{7‘;&0 = 0. (4.66)

Therefore, we can take an arbitrary higher dimensional Siklos metric (4.59)
obeying the vacuum Einstein field equations (4.66) and find a solution ® of (4.64).
Then the metric (4.59) with H = H"* + C~'22®, where the obtained ® enters
also the corresponding Ricci tensor (4.38), satisfies the field equations of quadratic
gravity (4.4).

Unfortunately, this procedure cannot be performed for quadratic gravity the-
ories with the parameters at critical points (4.7), (4.8). Since C = 0 in these
cases, we are not able to solve for ® and H independently. Instead, one has to
find ® obeying (4.64) and then solve (4.63) for H with the given ®.

Let us point out how the solution (4.59), (4.63), (4.64) is related to the AdS-
wave solution that has been found in [71] by direct substitution of the Siklos
metric to the field equations of quadratic gravity (4.4). After necessary long
calculations of the Riemann tensor and its various contractions, the authors of
[71] have obtained the constraint for the function H which can be equivalently
expressed from (4.63) and (4.64) eliminating ®

(A—n;282—%) [z2<A—”;262)H]:0. (4.67)

In [74], it has been further integrated to get a particular solution.




Chapter 5

Conclusions and outlook

In chapter 2, we have investigated GKS spacetimes (2.11) with an (anti-)de Sitter
background in arbitrary dimension. It has turned out that the Kerr—Schild vector
k is geodetic if and only if the boost weight zero component Tgy of the energy—
momentum tensor vanishes as stated in proposition 1. It has been shown that the
vector field k is geodetic in the background spacetime if and only if it is geodetic
in the full spacetime and the same also holds for the affine parametrization.
For GKS spacetimes with a geodetic Kerr—Schild vector k including Einstein
spaces and spacetimes containing matter fields aligned with k such as aligned
Maxwell field or aligned null radiation, we have given the explicit form of the
Ricci tensor and shown that the optical properties of the Kerr—Schild congruence
k encoded in the optical matrix L;; in the full spacetime are same as those in
the background spacetime. If k is geodetic then Tj; as well as the positive boost
weight components of the Weyl tensor vanish and thus such GKS spacetimes are
algebraically special, i.e. of Weyl type II or more special, see proposition 2.

In section 2.5, we have focused on non-expanding Einstein GKS spacetimes.
The Einstein field equations imply that these spacetimes belong to the Kundt
class and are only of Weyl type N, see proposition 4. It has been pointed out that
the same statement also holds if we admit null radiation term in the Ricci tensor
and that the Kerr—Schild function H of non-expanding Einstein spacetimes is a
linear function of the affine parameter r along the null geodesics k. We have also
presented some known examples of non-expanding Einstein GKS spacetimes in
section 2.5.1 and constructed some new ones in section 2.5.2 using the Brinkmann
warp product.

Expanding Einstein GKS spacetimes have been discussed in section 2.6. The
compatible Weyl types are II or D with k being the multiple WAND as stated
in proposition 5 and the corresponding optical matrix L;; satisfies the optical
constraint (2.128) implying that L;; is a normal matrix and in an appropriate
frame takes the block diagonal form consisting of 2 x 2 and identical 1 x 1 blocks
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and zeros. This sparse form has allowed us to integrate the Sachs equation and
explicitly express the r-dependence of the optical matrix L;; and subsequently of
the Kerr—Schild function H and boost weight zero components of the Weyl tensor.
The 2 x2 blocks in the optical matrix correspond to planes spanned by pairs of the
spacelike frame vectors in which the geodetic congruence k is twisting. Only if L;;
is non-degenerate and does not contain any 2 x 2 block or if in even dimensions L;;
contains only identical 2 x 2 blocks then the congruence k is non-shearing. It has
been also shown that the rank of L;; is at least 2. Therefore, in four dimensions,
the optical matrix consists of one 2 x 2 block or two identical 1 x 1 blocks which
is in accordance with the Goldberg—Sachs theorem. Expressing the Kretschmann
scalar, we have discussed presence of curvature singularities at the origin » = 0
in section 2.6.4. It has turned out that there are three possible cases depending
on the form of the optical matrix L;;. Namely, either no singularity is present or
there is a point or Kerr-like singularity. In section 2.6.5, the analysis of expanding
Einstein GKS spacetimes has been compared with the explicit example of the five-
dimensional Kerr—(anti-)de Sitter black hole. We have established the null frame
parallelly transported along the geodetic Kerr—Schild vector k and expressed the
optical matrix. Using the results of section 2.6.4, we have discussed the presence
of curvature singularities depending on the two rotation parameters of the black
hole.

In future work, the analysis of the GKS spacetimes could be extended to higher
order theories of gravity such as the Gauss—Bonnet or more general Lovelock
theories, some basic analysis in this field has been already done in [103] and the
particular case of the GKS metrics in five-dimensional Gauss-Bonnet gravity has
been studied in [29, 104]. It may be also useful to employ the GKS ansatz to
investigate Weyl type D solutions of quadratic gravity and thus extend the work
started in chapter 4.

Higher dimensional GKS metrics could be also studied in the context of the
Einstein-Maxwell theory. As has been mentioned above, the generalization of
the four-dimensional Kerr-Newman black hole to higher dimensions using its KS
form with the vector potential proportional to the Kerr—Schild vector k has failed.
However, if one assumes the vector potential given by a linear combination of the
Kerr—Schild vector k and a spacelike vector m, i.e. A, = ak,+ fm,, where a and
[ are scalar functions then it can be shown that this choice is compatible with
Too = To; = 0 if the relations (3.31) appearing in the analysis of xKS spacetimes
hold. This suggests that a solution in the GKS form with this vector potential
could be found if m corresponds to a 1 x 1 block in the optical matrix and thus
does not lie in any plane in which k is twisting.

In chapter 3, we have studied xKS spacetimes (3.1), i.e. an extension of the
GKS ansatz where, in addition to the null Kerr— Schild vector k, a spacelike
vector field m appears in the metric. Unlike for GKS spacetimes, in general we
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have obtained only the necessary condition for the component Ty under which the
Kerr—Schild vector k is geodetic, see proposition 6. However, if one appropriately
restricts the geometry of the vectors k and m this condition becomes sufficient,
see corollary 7. As for GKS spacetimes, the Kerr—Schild vector field k is geodetic
and affinely parametrized in the background spacetime if it is geodetic and affinely
parametrized in the full spacetime and vice versa. Similarly, if k is geodetic the
optical matrices in both spacetimes are identical. In contrast with the GKS case,
it has been shown that xKS metrics with a geodetic Kerr—Schild vector k are of
Weyl type I or more special, as stated in proposition 8, and the components Ry;
of the Ricci tensor do not vanish identically.

In section 3.3, we have restricted ourselves to Kundt xKS spacetimes and
determined the r-dependence of the scalar function K in the case of Weyl type
IT when the components Ty; vanish, see proposition 9. It has turned out that all
VSI spacetimes belong to the xKS class of solutions and explicit examples with
the corresponding forms of the function I have been given. Higher dimensional
pp-waves are of Weyl type II or more special and type III and N Ricci-flat pp-
waves belong to the VSI and consequently to the xKS class. It has been also
shown that type II CSI Ricci-flat pp-waves admit the xKS form. However, it is
not clear whether all Ricci-flat pp-waves can be cast to the xKS form.

An important example of an expanding xKS spacetime, namely the charged
rotating CCLP black hole in five-dimensional minimal gauged supergravity, has
been studied in section 3.4. In the case with the flat background, we have estab-
lished a null frame and expressed the optical matrix which interestingly satisfies
the optical constraint (2.128). Non-vanishing boost weight 1 components of the
Weyl tensor suggest that the CCLP black hole is in general of Weyl type I;. In
the uncharged case which corresponds to the Myers—Perry black hole and in the
non-rotating limit, the metric reduces to the GKS form and is of Weyl type D.

Although the necessary calculations are more involved than for GKS space-
times, it is obvious that the Ricci and Riemann tensors of the xKS metrics dra-
matically simplify if one assumes that the relations (3.30) restricting the geometry
of the vectors k and m hold. The analysis of these simplified expressions is left
for future work.

In chapter 4, we have studied exact solutions of the field equations of quadratic
gravity. In fact, we have determined under which conditions certain exact solu-
tions of the Einstein theory solve also the source-free field equations of quadratic
gravity. In the case of Einstein spacetimes, it has turned out that only the Gauss—
Bonnet term in the action of quadratic gravity imposes an additional conditions
on the Weyl types of a solution. If the Gauss—Bonnet term is not present, i.e.
v = 0, or in four dimensions when the Gauss—Bonnet term effectively vanishes
then Einstein spaces of all Weyl types with an appropriate effective cosmological
constant A given by B = 0 (4.14) are solutions of quadratic gravity. Otherwise,
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restricting ourselves to types III and more special, Einstein spacetimes only of
Weyl types N or III(B) with an effective cosmological constant A given by B =0
solve the field equations of quadratic gravity as stated in propositions 10 and
11. The subclass III(B) of type III is defined via vanishing quantity ¥ (4.30)
constructed from the Weyl tensor. Note that type III Einstein spaces belonging
to the subclass denoted as ITI(A) are not solutions of quadratic gravity. More-
over, the class of type III(A) spacetimes contains the class of I1I(a) spacetimes
and therefore type I1I(a) Ricci-flat Kundt metrics including all type III Ricci-flat
pp-waves do not solve the field equations of quadratic gravity. We have also re-
ferred to known examples of higher dimensional type N metrics solving quadratic
gravity and constructed some examples of type III solutions using the fact that
the Brinkmann warp product of four-dimensional type III Einstein spacetimes
leads to the five-dimensional type III(B) Einstein spacetimes.

In section 4.2, we have found a wider class of solutions of quadratic gravity
considering the Ricci tensor with an additional null radiation term aligned with
a WAND. Restricting to the subclasses of type III with vanishing quantity ¥,
i.e. types III(B), N and O, we have obtained the algebraic condition B = 0
determining the effective cosmological constant A and also the constraint for the
null radiation term which implies that the only allowed metrics belong to the
Kundt class, see propositions 12 and 13.

Recall that GKS spacetimes with null radiation belong to the type N Kundt
class and thus solve the field equations of quadratic gravity with an appropriate A
given by B = 0. In section 4.2.1, we have given explicit examples of such metrics
with A = 0 and A # 0. Due to the similarity of the corresponding equations
for the null radiation term ® and for the Kerr—Schild function H, we have been
able to express two completely independent equations for ® and Hae, where H..c
corresponds to a Ricci-flat or Einstein part of the solution. However, at critical
points of quadratic gravity the equations for ® and H cannot be separated in this
way.

In future work, type D solutions of quadratic gravity could be also studied,
however, the significant simplification as in the type III cases does not occur and
a non-trivial form of the Ricci tensor could be necessary. Therefore, it could
be convenient to employ, for instance, the GKS ansatz. Note also that the field
equations of quadratic gravity (4.43) for spacetimes of Weyl type III and the
Ricci tensor with aligned null radiation can be also solved with the assumption
T £ 0, i.e. for spacetimes of type ITI(A). Therefore, unlike ITI(A) Einstein spaces
which do not solve the field equations of quadratic gravity, type II1I(A) solutions
of quadratic gravity with null radiation in the Ricci tensor could exist.
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