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Abstrakt: V prvńı části této práce analyzujeme Kerrovy–Schildovy a rozš́ı̌rené
Kerrovy–Schildovy metriky v kontextu v́ıcerozměrné obecné relativity. Pomoćı
zobecněńı Newmanova–Penroseova formalizmu a algebraické klasifikace Weylova
tensoru, založené na existenci a násobnosti jeho vlastńıch nulových směr̊u, do
vyšš́ıch dimenźı jsou studovány geometrické vlastnosti Kerrových–Schildových
kongruenćı, určeny kompatibilńı algebraické typy a v expanduj́ıćıch př́ıpadech
diskutována př́ıtomnost singularit. Uvedeme také známá přesná řešeńı, která lze
převést na Kerr̊uv–Schild̊uv tvar metriky a zkonstruujeme nová řešeńı pomoćı
Brinkmannova

”
warp produktu“. V druhé části této práce uvažujeme vliv kvan-

tových korekćı sestávaj́ıćıch se z kvadratických invariant̊u křivosti na Einsteinovu–
Hilbertovu akci a studujeme přesná řešeńı těchto kvadratických teoríı gravitace
v libovolné dimenzi. Nalezneme tř́ıdy Einsteinových prostoročas̊u a prostoročas̊u
s nulovým zářeńım splňuj́ıćı vakuové polńı rovnice a uvedeme př́ıklady těchto
metrik.
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Chapter 1

Introduction

Almost a century ago, it was Einstein’s great insight that gravity as a universal
force could be described by a curvature of spacetime consisting of one time and
three spatial dimensions that has led him to formulate the famous Einstein field
equations of general relativity. Although since then the validity of general rel-
ativity has been confirmed by many experiments, it breaks down at the Planck
scale and is expected to emerge as a low energy limit of a full theory of quantum
gravity, whatever that is.

In recent years, growing interest in higher dimensional general relativity and
black hole solutions within this theory [1] has been influenced by several fields
including string theory which contains general relativity and consistency of which
requires an appropriate number of extra dimensions. Let us also mention higher
dimensional supergravity theories, the AdS/CFT correspondence relating string
theory in an n-dimensional anti-de Sitter bulk spacetime with conformal field
theory on the lower dimensional boundary and various brane-world scenarios
considering that our four-dimensional universe lies on a brane embedded in a
higher dimensional spacetime.

However, motivations for studying higher dimensional general relativity also
come from this theory itself since it turns out that it exhibits much more richer
dynamics then in the four-dimensional case. Let us point out, for instance, the
existence of black rings or other black objects with various non-spherical horizon
topologies leading to the violation of the four-dimensional black hole uniqueness
theorem in higher dimensions.

In n dimensions, general relativity can be described by the Einstein–Hilbert
action with a Lagrangian Lmatter of matter fields appearing in the theory

S =

∫
dnx
√
−g
(

1

κ
(R− 2Λ) + Lmatter

)
, (1.1)

where Λ is a cosmological constant and κ = 8πG
c4

is Einstein’s constant given
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by Newton’s gravitational constant G and the speed of light c so that the non-
relativistic limit in four dimensions yields Newton’s gravity. Using geometrized
units G = c = 1, the variation of the action (1.1) with respect to the metric leads
to the Einstein field equations

Rab −
1

2
Rgab + Λgab = 8πTab, (1.2)

where the energy–momentum tensor Tab is given by the variation of the matter
field Lagrangian Lmatter

Tab =
2√
−g

δ(
√
−gLmatter)

δgab
. (1.3)

From the trace of (1.2), one may express the Ricci scalar as

R =
2nΛ

n− 2
− 16π

n− 2
T cc (1.4)

and then substituting back, the Einstein field equations can be rewritten to the
equivalent form

Rab =
2Λ

n− 2
gab + 8πTab −

8π

n− 2
T ccgab. (1.5)

In this thesis, we are mainly focused on Einstein spacetimes for which the
Ricci tensor is proportional to the metric and with regard to (1.5) we define them
by

Rab =
2Λ

n− 2
gab. (1.6)

Occasionally, we also consider spacetimes with null radiation whose energy–
momentum tensor Tab is of the form

Tab =
Φ

8π
`a`b, (1.7)

where ` is a null vector.
The increasing attention to higher dimensional general relativity has also led

to the effort to generalize methods successfully applied in four dimensions such
as the Newman–Penrose formalism and algebraic classification briefly reviewed
in the following sections.

1.1 Newman–Penrose formalism

In this thesis, we frequently employ the higher dimensional generalization of the
Newman–Penrose (NP) formalism developed in [2, 3] along with the algebraic
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classification of the Weyl tensor based on the existence of Weyl aligned null
directions (WANDs) and their multiplicity outlined in the following section 1.2.
In this section, let us mention the basic concepts of the NP formalism and list
some necessary definitions and relations.

In four dimensions, the NP formalism provides a useful tool that has been
successfully applied to construct exact solutions or prove theorems of general
relativity. Although the number of equations is greater than in the standard co-
ordinate approach with the Einstein field equations, these differential equations
are only of the first order and some are redundant. Moreover, the advantages
of the NP formalism arise in connection with the algebraic classification if one
assumes a special algebraic type or if one works in a frame reflecting some sym-
metry. It then leads to considerable simplifications since many of the components
vanish.

First of all, let us mention the convention for indices. Throughout the thesis
we mainly use two types of them. Latin lower case indices a, b, . . . going from
0 to n − 1 mostly denoting the vector components and Latin lower case indices
i, j, . . . that range from 2 to n− 1 mostly numbering the spacelike frame vectors.
Especially in chapter 3, we also employ indices ı̃, ̃ denoted by tilde running from
3 to n− 2 to indicate that m(ı̃) does not include m(2). Only in exceptional cases
when we construct a metric in (n + 1) dimensions, the indices ı̃, ̃ range from 2
to n as will be properly emphasized.

A complex null tetrad consisting of two real null vectors `, n and two complex
conjugate null vectors m, m̄ plays a key role in the four-dimensional NP formal-
ism. However, such a complex frame cannot be constructed in odd dimensions
and thus, in n-dimensional spacetimes, it is convenient to introduce a real null
frame consisting of two null vectors n ≡ m(0), ` ≡ m(1) and n − 2 spacelike
orthonormal vectors m(i) obeying

nana = `a`a = nam(i)
a = `am(i)

a = 0, na`a = 1, m(i)am(j)
a = δij. (1.8)

Although only two of the frame vectors m(a) are null, we often refer to such
a frame (1.8) as a null frame. Due to the constraints (1.8) the metric can be
expressed in terms of the frame vectors as

gab = 2n(a`b) + δijm
(i)
a m

(j)
b . (1.9)

The relations (1.8) remain valid and consequently the form of the metric (1.9)
is preserved if one performs Lorentz transformations of the frame. An arbitrary
action of the Lorentz group on the vectors m(a) can be described in terms of null
rotations with n or ` fixed, boosts in the plane spanned by n and ` and spatial
rotations as follows [2]. Under null rotations with ` fixed the frame is transformed
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as
ˆ̀ = `, n̂ = n + zim

(i) − 1

2
z2`, m̂(i) = m(i) − zi`, (1.10)

where zi are real functions and z2 ≡ ziz
i, whereas null rotations with n fixed are

obtained just by interchanging `↔ n. Boosts of the frame can be expressed as

ˆ̀ = λ`, n̂ = λ−1n, m̂(i) = m(i), (1.11)

where λ is a real function. Spatial rotations are generated by (n − 2) × (n − 2)
orthogonal matrices X i

j

ˆ̀ = `, n̂ = n, m̂(i) = X i
jm

(j). (1.12)

The Ricci rotation coefficients Lab, Nab and
i

Mab are defined as frame compo-
nents of covariant derivatives of the frame vectors

`a;b = Lcdm
(c)
a m

(d)
b , na;b = Ncdm

(c)
a m

(d)
b , m

(i)
a;b =

i

M cdm
(c)
a m

(d)
b . (1.13)

From (1.8) it follows that some of the Ricci rotation coefficients are related to
others or even vanish

L0a = 0, L1a = −N0a, Lia = −
i

M0a,

N1a = 0, Nia = −
i

M1a,
i

M ja = −
j

M ia

(1.14)

and therefore we consider only L10, L11, L1i, Li0, Li1, Lij, Ni0, Ni1, Nij,
i

M j0,
i

M j1

and
i

M jk as independent. Note that, in n dimensions, the number of independent
components is n2(n − 1)/2. In four dimensions, these Ricci rotation coefficients
correspond to the twelve complex spin coefficients denoted by Greek letters.

However, in certain special cases, the number of independent coefficients can
be further reduced by an appropriate choice of the frame vectors. For instance,
since

`a;b`
b = L10`a + Li0m

(i)
a , (1.15)

the coefficients Li0 vanish if the frame vector ` is geodetic, i.e. `a;b`
b ∝ `a. More-

over, if ` is also affinely parametrized then `a;b`
b = 0 and consequently L10 = 0.

In the case that ` is geodetic and affinely parametrized, one may still perform
boosts and spins to transform the frame vectors n, m(i) to be parallelly trans-

ported along the geodesics ` and thus Ni0 and
i

M j0 vanish. Alternatively, in
Kundt spacetimes, appropriate boost and spins always lead to

L[1i] = 0, L12 6= 0, L1ı̃ = 0, (1.16)
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as it is shown in section 2.5.

The directional derivatives along the frame vectors are denoted as

D ≡ `a∇a, 4 ≡ na∇a, δi ≡ ma
(i)∇a (1.17)

and one can straightforwardly show that the commutators of these derivatives
satisfy [4]

4D−D4 = L11D + L104+ Li1δi −Ni0δi,

δiD−Dδi = (L1i +Ni0)D + Li04+ (Lji −
i

M j0)δj,

δi4−4δi = Ni1D + (Li1 − L1i)4+ (Nji −
i

M j1)δj,

δiδj − δjδi = (Nij −Nji)D + (Lij − Lji)4+ (
j

Mki −
i

Mkj)δk.

(1.18)

Lorentz transformations of the frame act on the Ricci rotation coefficients in
the following way [3]. Under null rotations with ` fixed (1.10), the Ricci rotation
coefficients transform as

L̂11 = L11 + zi(L1i + Li1) + zizjLij −
1

2
z2L10 −

1

2
z2ziLi0,

L̂10 = L10 + ziLi0, L̂1i = L1i − ziL10 + zjLji − zizjLj0,

L̂i1 = Li1 + zjLij −
1

2
z2Li0, L̂i0 = Li0, L̂ij = Lij − zjLi0,

N̂i1 = Ni1 + zjNij + ziL11 + zj
j

M i1 −
1

2
z2(Ni0 + Li1) + zizj(L1j + Lj1)

+ zjzk
j

M ik −
1

2
z2(ziL10 + zjLij + zj

j

M i0) + zizjzkLjk

+
1

2
z2

(
−zizjLj0 +

1

2
z2Li0

)
+4zi + zjδjzi −

1

2
z2Dzi, (1.19)

N̂i0 = Ni0 + ziL10 + zj
j

M i0 + zizjLj0 −
1

2
z2Li0 + Dzi,

N̂ij = Nij + ziL1j − zjNi0 + zk
k

M ij − zj(ziL10 + zk
k

M i0) + zizkLkj

− 1

2
z2Lij − zizjzkLk0 +

1

2
z2zjLi0 + δjzi − zjDzi,

i

M̂ j1 =
i

M j1 + 2z[jLi]1 + zk
i

M jk + 2zkz[jLi]k −
1

2
z2

i

M j0 − z2z[jLi]0,

i

M̂ j0 =
i

M j0 + 2z[jLi]0,
i

M̂ jk =
i

M jk + 2z[jLi]k − zk
i

M j0 + 2zkz[iLj]0,
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whereas null rotations with n fixed are obtained by interchanging L ↔ N and
0↔ 1. Under boosts (1.11), we obtain [3]

L̂11 = λ−1L11 + λ−24λ, L̂10 = λL10 + Dλ, L̂i1 = Li1,

L̂1i = L1i + λ−1δiλ, L̂i0 = λ2Li0, L̂ij = λLij,

N̂i1 = λ−2Ni1, N̂i0 = Ni0, N̂ij = λ−1Nij,
i

M̂ j1 = λ−1
i

M j1,
i

M̂ j0 = λ
i

M j0,
i

M̂ jk =
i

M jk.

(1.20)

Finally, spatial rotations (1.12) transform the Ricci rotation coefficients as [3]

L̂11 = L11, L̂10 = L10, L̂1i = X i
jL1j,

L̂i1 = X i
jLj1, L̂i0 = X i

jLj0, L̂ij = X i
kX

j
lLkl,

N̂i0 = X i
jNj0,

i

M̂ j1 = X i
kX

j
l

k

M l1 +Xj
k4X

i
k, (1.21)

N̂ij = X i
kX

j
lNkl,

i

M̂ j0 = X i
kX

j
l

k

M l0 +Xj
kDX

i
k,

N̂i1 = X i
jNj1,

i

M̂ jk = X i
lX

j
mX

k
n

l

Mmn +Xj
mX

k
nδnX

i
m.

For geodetic `, it follows from (1.19) that the optical matrix Lij is invariant
under null rotations with ` fixed. Thus, Lij has a special geometrical meaning
and can be split into three quantities, its trace θ, traceless symmetric part σij
and anti-symmetric part Aij

Sij ≡ L(ij) = σij + θδij, Aij ≡ L[ij], (1.22)

that are related to the expansion, shear and twist of the geodetic null congruence
`, respectively. The corresponding expansion, shear and twist scalars are defined
as

θ ≡ 1

n− 2
Lii, σ2 ≡ σijσij, ω2 ≡ AijAij. (1.23)

If the geodetic null congruence ` is also affinely parametrized, the following iden-
tities could be useful

`a;a = Lii, `a;b `
a;b = LijLij, `a;b `

b;a = LijLji (1.24)

and therefore

θ =
1

n− 2
`a;a, σ2 = `(a;b) `

a;b − 1

n− 2
(`a;a)

2, ω2 = `[a;b] `
a;b. (1.25)
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The NP formalism can be completed expressing the frame components of the
Ricci identities

va;bc − va;cb = Rd
abcvd, (1.26)

applied on all frame vectors va = `a, na,ma
(2), . . . ,m

a
(n−1), and the frame compo-

nents of the Bianchi identities

Rab[cd;e] = 0. (1.27)

However, we do not list them all since, in this way, one obtains many lengthy
expressions which can be found in [3] and [2], respectively. Here we present only
one of the possible contractions of the Ricci identities with the frame vectors,
namely

(`a;bc − `a;cb)m
a
(i) `

bmc
(j) = Rd

abc `dm
a
(i) `

bmc
(j), (1.28)

leading to [3]

DLij − δjLi0 = L10Lij − Li0(2L1j +Nj0)− Li1Lj0 + 2Lk[0|
k

M i|j]

− Lik(Lkj +
k

M j0)− C0i0j −
1

n− 2
R00δij. (1.29)

If the null vector field ` is geodetic and affinely parametrized then (1.29) reduces
to the Sachs equation that for spacetimes of algebraic type I or more special, i.e.
C0i0j = 0 see table 1.1, with R00 = 0 including e.g. Einstein spaces takes the
simple form

DLij = −LikLkj. (1.30)

In chapter 2, this equation allows us to express an explicit form of the optical
matrix Lij for expanding Einstein generalized Kerr–Schild spacetimes.

1.2 Algebraic classification of the Weyl tensor

In this section, we outline one of the basic tools used in the following chapters,
namely the algebraic classification of the Weyl tensor in higher dimensions based
on the existence of preferred null directions and their multiplicity. Further details
can be found in [5–7], see also [8] for an introductory review.

In n > 3 dimensions, the Weyl tensor is defined as

Cabcd = Rabcd −
2

n− 2

(
ga[cRd]b − gb[cRd]a

)
+

2

(n− 1)(n− 2)
Rga[cgd]b (1.31)

and inherits all the symmetries of the Riemann tensor, moreover, it is completely
traceless. Obviously, the Weyl tensor contains all information about the curvature
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in Ricci-flat spacetimes and therefore it is considered as the part of the Riemann
tensor describing pure gravitational field. Note also that two spacetimes related
by a conformal transformation have the same Weyl tensors.

One of the equivalent approaches to algebraic classification of the Weyl ten-
sor in four dimensions is based on the properties of the principal null directions
(PNDs). Every four-dimensional spacetime admits exactly four discrete PNDs
and the Petrov type is determined by their multiplicity. Other equivalent clas-
sifications can be formulated in terms of two-forms, spinors or scalar invariants,
see e.g. [9].

Only the algebraic classification of the Weyl tensor generalizing the four-
dimensional Petrov classification based on the existence of preferred null direc-
tions developed in [5] has been successfully formulated in arbitrary dimension.
Note also that the spinorial approach in five dimensions established in [10] is not
equivalent to the null directions approach neither to the spinorial classification in
four dimensions [11].

First, let us introduce the following definitions. If some quantity q transforms
under boosts (1.11) as

q̂ = λwq (1.32)

we say that q has a boost weight w. Therefore, the null frame vectors `, n have
boost weight 1 and −1, respectively, and the spacelike frame vectors m(i) are of
boost weight zero. It then follows that every index 0 contributes to the boost
weight of the given frame component by one, whereas each index 1 decreases the
boost weight by one, for instance, the components C010i have boost weight 1. It
is also convenient to define the following operation reflecting the symmetries of
the Riemann tensor

T{pqrs} ≡
1

2

(
T[ab][cd] + T[cd][ab]

)
, (1.33)

which allows us to express the frame components of the Weyl tensor more com-
pactly. Such symmetries immediately imply that the maximal boost weight of
the Weyl tensor components is 2 and the minimal boost weight is −2.

Next, using (1.33), we decompose the Weyl tensor into the frame components
and sort them according to their boost weight

Cabcd =

boost weight 2︷ ︸︸ ︷
4C0i0j n{am

(i)
b ncm

(j)
d}

+

boost weight 1︷ ︸︸ ︷
8C010i n{a`bncm

(i)
d} + 4C0ijk n{am

(i)
b m

(j)
c m

(k)
d}

+ 4C0101 n{a`bnc`d} + 4C01ij n{a`bm
(i)
c m

(j)
d}

+ 8C0i1j n{am
(i)
b `cm

(j)
d} + Cijklm

(i)
{am

(j)
b m(k)

c m
(l)
d}

}
boost weight 0 (1.34)
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+ 8C101i `{anb`cm
(i)
d} + 4C1ijk `{am

(i)
b m

(j)
c m

(k)
d}︸ ︷︷ ︸

boost weight −1

+ 4C1i1j `{am
(i)
b `cm

(j)
d}︸ ︷︷ ︸

boost weight −2

.

However, some of these components are redundant due to the remaining symme-
tries Ca[bcd] and tracelessness of the Weyl tensor leading to the additional relations

C0i0i = 0, C010j = C0iji, C0[ijk] = 0,

C0101 = C0i1i, Ci[jkl] = 0, C0i1j = −1

2
Cikjk +

1

2
C01ij,

C011j = −C1iji, C1[ijk] = 0, C1i1i = 0,

(1.35)

which reduce number of independent frame components of the Weyl tensor.
Choosing the vector ` such that as many as possible leading terms in (1.31)

vanish, the highest boost weight of the remaining components determines the
primary algebraic type and we say that ` is a Weyl aligned null direction (WAND).
Effectively, one may choose an arbitrary null frame and if none of the null frame
vectors is just a desired WAND perform null rotations with n fixed (1.10) to find
` that transforms away the highest possible number of the components.

If there is no WAND `, i.e. there is no frame with all boost weight 2 com-
ponents C0i0j vanishing, the spacetime is of general Weyl type G. If all boost
weight 2 components vanish and some of the boost weight 1 components are non-
zero the spacetime is of type I. Types II, III and N are determined by vanishing
components of all corresponding boost weights up to 1, 0, or −1, respectively,
and ` is then referred to as a multiple WAND. Type O denotes conformally flat
spacetimes with the Weyl tensor completely vanishing. Using the relations (1.35),
the conditions on the frame components of the Weyl tensor determining primary
algebraic type are summarized in table 1.1.

Note that the Bel–Deveber criteria generalized to higher dimensions in [12]
are equivalent conditions to those ones given in table 1.1 involving only the null
vector ` and thus construction of complete null frame in not required.

Although in [5] the notion algebraically special spacetimes means spacetimes
of Weyl type I or more special, in subsequent papers and also in this thesis,
spacetimes are denoted as algebraically special if they admit a multiple WAND,
i.e. spacetimes of Weyl type II or more special similarly as in the four dimensional
case.

Having established the primary type, similarly we introduce secondary types.
Using null rotations with the WAND ` fixed (1.10) one may find a WAND n such
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Table 1.1: The conditions on the frame components of the Weyl tensor determin-
ing primary algebraic type of a spacetime.

Weyl type vanishing components of the Weyl tensor

G ∃i, j : C0i0j 6= 0
I C0i0j = 0
II C0i0j = C0ijk = 0
III C0i0j = C0ijk = Cijkl = C01ij = 0
N C0i0j = C0ijk = Cijkl = C01ij = C1ijk = 0

that as many as possible trailing terms in (1.31) vanish. The lowest boost weight
of the remaining components determine the secondary algebraic type. If n is a
simple WAND we denote by Ii, IIi and IIIi the subtypes of the corresponding
types I, II and III, respectively. Type D is defined as a subtype of the primary
type II with n being also a multiple WAND and thus only the boost weight zero
components of the Weyl tensor are non-vanishing.

Note that an additional subclasses can be defined, for instance, type III(a) is
a subclass of type III with C101i = 0 and thus the Weyl tensor takes the form

Cabcd = 4C1ijk `{am
(i)
b m

(j)
c m

(k)
d} + 4C1i1j `{am

(i)
b `cm

(j)
d} . (1.36)

In chapter 4, we introduce other subclasses of type III, namely types III(A) and
III(B) depending on whether the quantity 1

2
C1ijkC1ijk−C101iC101i is non-vanishing

or vanishing, respectively. Obviously, type III(a) is a subclass of type III(A).
Finally, let us recall the differences of the algebraic classification based on

the existence of preferred null directions and their multiplicity in four and higher
dimensions. In four dimensions, every spacetime admits exactly four discrete
PNDs. The most general algebraic type is type I and if two or more PNDs
coincide we say that a spacetime is algebraically special. On the other hand,
in higher dimensions, a spacetime admits no, a finite number or a continuous
family of WANDs and thus new general type G arises. Types I, II and III in four
dimensions correspond to types Ii, IIi and IIIi in higher dimensions, respectively.

1.3 Goldberg–Sachs theorem

Let us briefly comment on the validity of the Goldberg–Sachs theorem in higher
dimensions. In four dimensional general relativity, the Goldberg–Sachs theorem
states that an Einstein spacetime is algebraically special if and only if it admits a
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congruence of non-shearing null geodesics. Such congruence then corresponds to
the PND. In four dimensions, this theorem is useful when searching for new exact
solutions and, for instance, it has led to the discovery of the Kerr black hole. How-
ever, the statement of the Goldberg–Sachs theorem cannot be straightforwardly
generalized to higher dimensions.

It has been shown that a multiple WAND of Weyl type III and N Ricci-flat
spacetimes is geodetic [2]. This result holds also in the case of Einstein spacetimes.
A multiple WAND of “generic” type II and D Einstein spacetimes is also geodetic,
nevertheless there exit type D spacetimes that admit a non-geodetic multiple
WAND [13]. However, it was shown in [14] that an Einstein spacetime admitting
a non-geodetic multiple WAND also admits a geodetic multiple WAND.

It also turns out that there exist shearing multiple WANDs. An example of
such spacetime, namely the Kerr–(anti-)de Sitter black hole, is discussed in section
2.6.5. This fact suggests that the shear-free condition should be weakened. Let
us point out, for instance, the result of chapter 2 that the optical matrix Lij of
expanding Einstein generalized Kerr–Schild spacetimes takes the block-diagonal
form (2.137) with 2×2 blocks (2.138) and therefore there is no shear in any planes
spanned by pairs of the spacelike frame vectors corresponding to the 2× 2 blocks
of the optical matrix. Note also that the optical matrices of all type N Einstein
spacetimes are of this form with just one 2× 2 block [2].

1.4 Brinkmann warp product

Solving the Einstein field equations is a rather complicated task, especially in
higher dimensions. It would be convenient to have a method for generating new
solutions from the already existing ones. The Brinkmann warp product [15] is
one of such methods allowing construction of n-dimensional Einstein spacetimes
from known (n− 1)-dimensional Ricci-flat or Einstein metrics.

Although gravity in higher dimensions exhibits much richer dynamics due to
the existence of extended black objects with a same mass and angular momentum
but with different horizon topologies such as black strings, black rings, black
Saturns, etc., forbidden by the no-hair theorem in four dimensions, some of the
known four-dimensional exact solutions still have no higher dimensional analogue
which may be obtained using the Brinkmann warp product.

For instance, a higher dimensional C-metric is unknown unlike the four dimen-
sional case and moreover it cannot belong to the Robinson–Trautman class [16]
of spacetimes admitting expanding, non-shearing and non-twisting geodetic null
congruence. However, an example of five-dimensional C-metric is presented in [17]
using the Brinkmann warp product.

We employ the Brinkmann warp product in section 2.5.2 not only to generate
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solutions with one extra dimension but also in order to introduce a cosmological
constant to Ricci-flat solutions. Thus we construct examples of higher dimen-
sional type N Einstein Kundt spacetimes from higher dimensional type N Ricci-
flat Kundt metrics belonging to the class of spacetimes with vanishing scalar
invariants and from four-dimensional type N Einstein Kundt metrics. In section
2.6.7, we also present a few examples of expanding warped metrics such as a
rotating black string constructed from the higher dimensional Kerr–(A)dS black
hole. Taking the Minkowski and Schwarzschild metric as a seed one may also ob-
tain Randall–Sundrum brane model and Chamblin–Hawking–Reall black hole on
a brane, respectively. Unfortunately, application of the Brinkmann warp product
has certain limits. As we mention below, the sign of cosmological constant of the
warped metric is not entirely arbitrary and, in some cases, a naked singularity
may be introduced to the spacetime.

It has been shown in [15] that using an (n − 1)-dimensional Einstein metric
as a seed ds̃2, we can construct an n-dimensional Einstein metric ds2

ds2 =
1

f(z)
dz2 + f(z)ds̃2 (1.37)

with the warp factor f(z) given by

f(z) = −λz2 + 2dz + b, (1.38)

where the cosmological constant Λ of the n-dimensional warped Einstein metric
is introduced via λ = 2Λ

(n−1)(n−2)
and b, d are constant parameters subject to

R̃ = (n− 1)(n− 2)(λb+ d2), (1.39)

where R̃ is the Ricci scalar of the (n− 1)-dimensional seed metric ds̃2. Note that
in the case R̃ = R = 0, the warp product reduces to the trivial direct product of
a seed metric with a one-dimensional flat space dz2.

Since we consider only Lorentzian metrics the warp factor f(z) has to be pos-
itive. Note that the Ricci scalar R̃ of the seed is proportional to the discriminant
of the quadratic equation f(z) = 0 and the Ricci scalar R = 2nΛ

n−2
= n(n − 1)λ

of the warped metric is proportional to the quadratic term of f(z) = 0 with the
opposite sign. Therefore, it is obvious [17] that only the combinations of signs of
the Ricci scalars R and R̃ listed in table 1.2 are allowed.

Several useful statements about Weyl types of the warped metrics have been
given in [17]. It turns out that if the Weyl tensor of the seed metric ds̃2 is
algebraically special, i.e. of Weyl type II or more special, then the warped metric
ds2 is of the same Weyl type. On the other hand, seed spacetimes of the general
Weyl type G lead to warped spacetimes of types G, Ii or D and finally a seed of
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Table 1.2: Allowed combinations of signs of the Ricci scalar R̃ corresponding to
the seed metric ds̃2 and of the Ricci scalar R corresponding to the warped metric
ds2 (1.37).

R < 0 R = 0 R > 0

R̃ < 0 X × ×
R̃ = 0 X X ×
R̃ > 0 X X X

the Weyl type I yields warped metrics of types I or Ii. It was also shown in [17]
that the Brinkmann warp product introduces a curvature or parallelly propagated
singularity to warped spacetimes ds2 at any point where the warp factor vanishes
f(z) = 0. Only in the cases when both metrics ds̃2 and ds2 are Ricci-flat R̃ = 0,
R = 0 or Einstein with negative cosmological constants R̃ < 0, R < 0 the warp
factor f(z) does not admit roots and therefore such spacetimes are free from this
kind of singularities.

Let us conclude this brief summary of properties of the Brinkmann warp
product by listing a few expressions that are employed in sections 2.5.2 and
2.6.7. The warped metric (1.37) can be rewritten by an appropriate coordinate
transformation to a different form that could be more convenient in certain cases.
Two such forms are given in [17] and both depend on the combination of the
signs of the Ricci scalars R̃ and R. Using one of the possible transformations,
one may put the metric (1.37) to the form conformal to a direct product

λ > 0 : ds2 = cosh−2(
√
λx)(dx2 + ds̃2) R̃ > 0, (1.40)

λ = 0 : ds2 = dx2 + ds̃2 R̃ = 0, (1.41)

ds2 = 2e2x(dx2 + ds̃2) R̃ > 0, (1.42)

λ < 0 : ds2 = cos−2(
√
−λx)(dx2 + ds̃2) R̃ < 0, (1.43)

ds2 = (−λx2)−1(dx2 + ds̃2) R̃ = 0, (1.44)

ds2 = sinh−2(
√
−λx)(dx2 + ds̃2) R̃ > 0, (1.45)

where R̃ and λ are related by |R̃| = (n − 1)(n − 2)|λ| apart from (1.42) where
R̃ = (n− 1)(n− 2). A different form can be obtained from (1.37) employing the
transformation dz2f(z)−1 = dy2 that leads to metrics with a flat extra dimension

λ > 0 : ds2 = dy2 + cos2(
√
λy) ds̃2 R̃ > 0, (1.46)

λ = 0 : ds2 = dy2 + y2 ds̃2 R̃ > 0, (1.47)
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λ < 0 : ds2 = dy2 + cosh2(
√
−λy) ds̃2 R̃ < 0, (1.48)

ds2 = dy2 + e2
√
−λy ds̃2 R̃ = 0, (1.49)

ds2 = dy2 + sinh2(
√
−λy) ds̃2 R̃ > 0. (1.50)

The case R = 0, R̃ = 0 when the Brinkmann warp product reduces just to a
direct product is same as (1.41).

1.5 New results of this thesis

The Kerr–Schild ansatz has turned out to be an effective tool for finding exact
solutions of general relativity in four dimensions. In chapter 2, we study higher
dimensional generalized Kerr–Schild (GKS) metrics having an (anti-)de Sitter
background. We obtain the necessary and sufficient condition under which the
null Kerr-Schild vector field is geodetic. It is shown that non-expanding Einstein
GKS spacetimes are of Weyl type N and belong to the Kundt class. Using the
Brinkmann warp product, some new explicit non-expanding solutions are con-
structed. In the case of expanding Einstein GKS spacetimes, the compatible
Weyl types are D or II and the corresponding optical matrices take a special
block-diagonal form satisfying the so-called optical constraint. This allows us to
determine the dependence of various geometric quantities on the affine parameter
r along the geodetic Kerr–Schild congruence and to discuss presence of curvature
singularities at the origin r = 0. We also express the optical matrix of the five-
dimensional Kerr–(anti-)de Sitter black hole in order to compare this important
example of expanding GKS spacetime with our general results, namely the forms
of the optical matrices and the Kerr–Schild scalar functions and presence of sin-
gularities.

In a similar way, we analyze the extended Kerr–Schild (xKS) ansatz in chap-
ter 3. It is a further extension of the GKS ansatz where, in addition to the null
Kerr–Schild vector, a spacelike vector field appears in the metric. We are mo-
tivated by the known fact that a straightforward generalization of the KS form
of the Kerr–Newman black hole to higher dimensions has failed and, moreover,
that the CCLP solution of charged rotating black hole in five-dimensional min-
imal gauged supergravity takes the xKS form. In contrast to the GKS case, we
obtain in general only the necessary condition under which the Kerr–Schild vec-
tor is geodetic. However, it is shown that this condition becomes sufficient if we
appropriately restrict the geometry of the null and spacelike vectors appearing in
the metric. It turns out that xKS spacetimes with a geodetic Kerr–Schild vector
field are of Weyl type I or more special. In the case of Kundt xKS spacetimes,
the compatible Weyl types are further restricted depending on the form of the
energy–momentum tensor. A few examples of such spacetimes are also briefly
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discussed. For an example of an expanding xKS spacetime, namely the CCLP
black hole, we express the optical matrix which interestingly satisfies the optical
constraint obtained in the case of expanding GKS spacetimes.

In chapter 4, we focus on quadratic gravity (QG) in arbitrary dimension, i.e.
a generalization of the Einstein theory with a Lagrangian containing all possible
polynomial curvature invariants as quantum corrections up to the second order in
the Riemann tensor. We show that all higher dimensional Einstein spacetimes of
the Weyl type N with an appropriately chosen effective cosmological constant Λ
depending on the particular parameters of the theory are exact solutions to QG.
We refer to explicitly known metrics within this class and construct some new ones
using the Brinkmann warp product. In the case of type III Einstein spacetimes,
it is shown that the field equations of QG impose an additional constraint on
the Weyl tensor and some examples of such type III solutions are given. It turns
out that not all spacetimes with vanishing scalar invariants (VSI) solve QG since
type III pp -waves do not satisfy this constraint. We also study a wider class
of spacetimes admitting a null radiation term in the Ricci tensor aligned with a
WAND. We show that such spacetimes of type N and certain subclass of type III
solve the source-free field equations of QG and, in contrast to the Einstein case,
the optical properties of the null geodetic congruence are restricted so that these
solutions belong to the Kundt class. Examples of such type N metrics are also
given explicitly.
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Chapter 2

Kerr–Schild spacetimes

This chapter is mainly based on the original results published in [18, 19]. First,
we include a cosmological constant to the Kerr–Schild ansatz in an appropriate
way. Without any additional assumptions, we show under which conditions the
Kerr–Schild vector k is geodetic and consequently a multiple WAND. For Einstein
spacetimes which then have k necessarily geodetic, the Einstein field equations
naturally lead to the splitting of our analysis to the non-expanding and expanding
case. It will be shown that non-expanding Einstein Kerr–Schild spacetimes are
only of Weyl type N, whereas the expanding spacetimes are of Weyl types II or
D. In the expanding case, we determine the r-dependence of the optical matrix
and of the boost weight zero components of the Weyl tensor. This then allows
us to discuss the presence of curvature singularities. Some known examples of
both non-expanding and expanding Kerr–Schild spacetimes will be presented and
a few new solutions will be also given using the Brinkmann warp product.

The complexity of the Einstein field equations, which are a system of quasi-
linear partial differential equations of the second order for an unknown metric,
has led to the development of many approaches that simplify solving of these
equations. This is motivated by the fact that a direct attack on the equations is
hopeless, especially in the case of higher dimensions. Since most of the known
exact solutions of four and higher dimensional general gravity are algebraically
special, one can use an appropriate formalism, for instance the Newman–Penrose
formalism briefly summarized in section 1.1, and assume a special algebraic type
of the spacetime under consideration to reduce the number and simplify the form
of the field equations. In fact, this method will be employed in chapter 4 in the
context of quadratic theory of gravity.

Another approach is to reduce the number of unknown independent met-
ric components by considering an appropriate special form of the metric. For
instance, this form may follow from an assumption of some kind of spacetime
symmetries as in the case of the discovery of the static Schwarzschild black hole
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using spherical symmetry. Alternatively, one may directly propose a convenient
form of the unknown metric in order to simplify subsequent calculations. An im-
portant example representing this approach, which has been successfully applied
for finding exact solutions, is the Kerr–Schild (KS) ansatz

gab = ηab − 2Hkakb, (2.1)

where H is a scalar function and k is a null vector with respect to both the
Minkowski background metric ηab and full metric gab.

The KS ansatz proposed by Kerr and Schild in 1965 [20] has led to the redis-
covery of the four-dimensional rotating solution known as the Kerr black hole [21].
The reason why they considered metrics in the KS form (2.1) is that the inverse
metric is simply given by gab = ηab+2Hkakb which also means that the full metric
corresponds exactly to its linear approximation around the flat background.

Twenty years later, Myers and Perry managed to generalize the KS form of the
Kerr solution so that they obtained a metric of a rotating black hole in arbitrary
dimension [22]. The situation differs significantly from the four-dimensional case
where the black hole rotates in one rotation plane. Since in n dimensions, the
black hole may rotate arbitrarily in p independent rotation planes, where p is
given by

p ≡
⌊
n− 1

2

⌋
. (2.2)

This exhibits the fact that the rotation group SO(n− 1) has a Cartan subgroup
U(1)p.

Despite the simplicity of the Kerr–Schild ansatz (2.1), which makes analytic
calculations tractable, this class of metrics contains physically interesting solu-
tions such as the above-mentioned Kerr black hole and the Myers–Perry black
hole, both being of Weyl type D, but it also contains radiative spacetimes of Weyl
type N represented, for instance, by pp -waves.

Let us mention that various non-vacuum exact solutions in four dimensions
also admit the Kerr–Schild form, see e.g. [9], and some of them can be straight-
forwardly generalized to higher dimensions.

Vaidya’s radiating star [23] and the corresponding higher dimensional ana-
logue [24] are slight modifications of the spherically symmetric Schwarzschild
black hole where the constant mass parameter appearing in the Kerr–Schild func-
tion H is replaced by a function m = m(u) depending on the retarded time u.
As a consequence, the additional term in the Ricci tensor corresponding to a null
radiation appears due to the change of mass m(u).

Kinnersley’s photon rocket [25] and its higher dimensional counterparts [26]
are other examples of non-vacuum solutions of the Einstein field equations de-
scribing the gravitational field of an accelerating object anisotropically emitting
null radiation.
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A well-known example of electro-vacuum solutions, the Kerr–Newman black
hole, which has not yet been successfully generalized to higher dimensions as
opposite to its static limit, the Reissner–Nordstöm black hole, can be also cast to
the Kerr–Schild form. In this case, the Maxwell field is aligned with the geodetic
null congruence k, i.e. the vector potential is proportional to the Kerr–Schild
vector.

All the above examples of spacetimes admitting the Kerr–Schild form are
solutions of the Einstein field equations without cosmological constant. General
properties of such Ricci-flat Kerr–Schild metrics have been studied recently in
[27]. The aim of this chapter is to introduce cosmological constant to the Kerr–
Schild ansatz and generalize the results from the Ricci-flat case to Einstein spaces.
Moreover, we will also briefly discuss solutions with possible cosmological constant
which also contain aligned matter fields.

One of the simplest higher dimensional Ricci-flat solutions admitting Kerr–
Schild form is the Schwarzschild–Tangherlini black hole [28]. In the standard
Schwarzschild coordinates, cosmological constant Λ enters the metric in a simple
way, i.e. the (A)dS–Schwarzschild–Tangherlini metric [29] takes the form

ds2 = −U(r) dt2 + U(r)−1 dr2 + r2 dΩ2
(n−2), (2.3)

where

U(r) = 1− λr2 −
(

2m

r

)n−3

, (2.4)

λ =
2Λ

(n− 1)(n− 2)
(2.5)

and dΩ2
(n−2) is a metric on the (n− 2)-dimensional sphere Sn−2 of unit radius

dΩ2
1 = dϕ2, dΩ2

i+1 = dθ2
i + sin2 θi dΩ2

i (i ∈ N), (2.6)

with the standard angular coordinates ϕ ∈ 〈0, 2π〉, θi ∈ 〈0, π〉. Using the trans-
formation

dt′ = dt− 1− U(r)

U(r)
dr, (2.7)

the metric (2.3) can be rewritten as

ds2 = −dt′2 + dr2 + r2 dΩ2
(n−2) +

[
λr2 +

(
2m

r

)n−3
]

(dt′ − dr)2. (2.8)

The first three terms in (2.8) correspond to the Minkowski metric in the spherical
coordinates and the last term is a multiple of a null vector, therefore, the (A)dS–
Schwarzschild–Tangherlini metric (2.8) takes the Kerr–Schild form with a flat
background (2.1).
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Note that, setting m = 0 in (2.8), one directly obtains the (Anti-)de Sitter
metric in the Kerr–Schild form with a flat background

ds2 = −dt′2 + dr2 + r2 dΩ2
(n−2) +

2Λ

(n− 1)(n− 2)
r2(dt′ − dr)2. (2.9)

The metric (2.3) can be also expressed in another form. One may start with
the higher dimensional Kerr–(A)dS metric [30] and set all the rotation parameters
to zero. Thus, we arrive at the (A)dS–Schwarzschild–Tangherlini metric as a
static limit in the form

ds2 = −(1− λr2) dt̃2 +
dr2

1− λr2
+ r2 dΩ2

(n−2) +
2m

rn−1

(
dt̃− dr

1− λr2

)2

. (2.10)

The first three terms now represent the (Anti-)de Sitter metric in the spherical
coordinates and the last term is again a multiple of a null vector. Hence, the
metric (2.10) takes the generalized Kerr–Schild (GKS) form

gab = ḡab − 2Hkakb, (2.11)

where the background metric ḡab corresponds to an (A)dS spacetime, H is a scalar
function and the Kerr–Schild vector k is null with respect to both the full metric
gab and background metric ḡab.

Therefore, the (A)dS–Schwarzschild–Tangherlini metric can be cast to both
the KS form (2.1) with the flat background and the GKS form (2.11) with an
(anti-)de Sitter background. It implies that the cosmological constant Λ can
be included either to the scalar function H in the KS form or to the background
metric ḡab in the GKS form. However, these two possibilities how the cosmological
constant enters the metric occur only in exceptional cases where the Kerr–Schild
vector field k in the KS form of the (A)dS–Schwarzschild–Tangherlini metric
(2.8) and in the KS form of the (A)dS metric (2.9) has the same geometrical
properties. Namely, if k is non-twisting and shear-free with the same expansion.
It follows that Robinson–Trautman solutions with a non-vanishing cosmological
constant admitting the KS form can be transformed to the GKS form as has
been shown in the case of the higher dimensional Vaidya metric in section 2.6.6.
However, in general, Einstein GKS spacetimes do not admit the KS form with a
flat background and therefore we adopt the GKS form as a generalization of the
original KS ansatz to the cases of spacetimes with a non-vanishing cosmological
constant.

In fact, it was shown first by Carter in 1968 [31] that his solution of four-
dimensional rotating black hole with a non-vanishing cosmological constant Λ can
be cast to the GKS form (2.11). Later, Hawking et al. in 1999 [32] generalized
Carter’s solution to five dimensions, but without detailed derivation. Moreover,
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their solution is not given in the GKS form. Finally, Gibbons et al. in 2004 [30]
inspired by the previous works employed the GKS form and special ellipsoidal
coordinates which allowed them to construct a solution representing a rotating
black hole with a cosmological constant in arbitrary dimension.

Throughout the thesis, we will assume that the n-dimensional background
(anti-)de Sitter metric with a cosmological constant Λ takes the conformally flat
form

ḡab = Ωηab, (2.12)

where the conformal factor Ω is given by

ΩAdS =
(n− 2)(n− 1)

2Λt2
,

ΩdS = −(n− 2)(n− 1)

2Λx1
2

,

(2.13)

respectively, and the Minkowski metric ηab is in the canonical form

ηab = −dt2 + dx2
1 + . . .+ dx2

n−1, (2.14)

which is convenient for the following calculations.
The vacuum Einstein field equations for the conformally flat metric (2.12)

imply that the conformal factor Ω satisfies

Ω,ab

Ω
=

3

2

Ω,aΩ,b

Ω2
, −1

4

Ω,aΩ,b

Ω2
ḡab =

2

(n− 2)(n− 1)
Λ, (2.15)

with both possible signs of the cosmological constant Λ. Note that the Minkowski
limit Λ = 0 can be obtained by setting Ω = 1.

2.1 General Kerr–Schild vector field

We will study general properties of the GKS metric (2.11) with an (anti-)de Sitter
background ḡab where H is a scalar function and the Kerr–Schild vector k is null
with respect to the full metric. However, if k is null with respect to the full metric
gab then it follows that it is also null with respect to the background metric ḡab
and vice versa. Consequently, the inverse metric to (2.11) takes the simple form

gab = ḡab + 2Hkakb, (2.16)

where ḡab = Ω−1ηab. This implies that one may use both metrics for raising or
lowering index of the Kerr–Schild vector k

ka ≡ gabk
b = ḡabk

b, ka ≡ gabkb = ḡabkb. (2.17)
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Our choice of the canonical form for the background metric ḡab (2.12), (2.14)
allows us to express Christoffel symbols

Γabc = − (Hkakb),c − (Hkakc),b + gas (Hkbkc),s

+
1

2

Ω,c

Ω
δab +

1

2

Ω,b

Ω
δac −

1

2

Ω,s

Ω
gasḡbc.

(2.18)

The first crucial step in our study of properties of the GKS metric (2.11) is
to show under which conditions the Einstein field equations imply that the KS
vector field k is geodetic.

Obviously, due to the form of the GKS ansatz (2.11) it will be convenient to
employ the higher dimensional Newman–Penrose frame formalism, briefly sum-
marized in section 1.1, and naturally identify the Kerr–Schild vector k with the
null frame vector ` (1.8). From now on, we will denote both vectors as k, whereas
the corresponding Ricci rotation coefficients as Lab.

Since the KS vector k appears in many terms of the Christoffel symbols Γabc
(2.18), the simplest component of the Ricci tensor is the boost weight two com-
ponent R00 = Rabk

akb. After quite involved calculations using kak
a = ka,bk

a =
ka,bka = 0 we end up with a remarkably simple result

R00 = 2Hkc;akakc;bkb −
1

2
(n− 2)

(
Ω,ab

Ω
− 3

2

Ω,aΩ,b

Ω2

)
kakb, (2.19)

for an arbitrary conformal factor Ω. Therefore, for the conformal factor of an
(anti-)de Sitter background metric (2.13) obeying (2.15) we obtain

R00 = 2Hkc;akakc;bkb = 2HLi0Li0. (2.20)

It now follows from the Einstein field equations that Li0 = 0, i.e. k is geodetic, if
and only if T00 = 0.

Proposition 1 The Kerr–Schild vector k in the generalized Kerr–Schild metric
(2.11) is geodetic if and only if the boost weight 2 component of the energy–
momentum tensor T00 = Tabk

akb vanishes.

Proposition 1 implies that the Kerr–Schild vector k is geodetic not only in
Einstein GKS spacetimes, where the energy–momentum tensor is absent, but
also in spacetimes with aligned matter content such as aligned Maxwell field
Fabk

a ∝ kb or aligned pure radiation Tab ∝ kakb.
Moreover, if the Kerr–Schild vector k is geodetic then we may assume, with-

out loss of generality, that it is also affinely parametrized since we are still able
to rescale k by an appropriate scalar factor. Subsequently, this factor can be
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included to the KS function H and hence the GKS form of the original metric
remains unchanged. In order to preserve the normalization (1.8) of an already
chosen null frame, one has to rescale k by preforming the boost (1.11)

k̂ = λk, n̂ = λ−1n. (2.21)

Recall that the Kerr–Schild vector k is geodetic if ka;bk
b = L10ka and since we

require k̂ to be affinely parametrized, therefore, L̂10 = 0. From the transformation
properties of the Ricci rotation coefficient L10 under the boost (1.20), it follows

Dλ = −λL10, (2.22)

which determines the necessary scalar factor λ. Finally, we denote Ĥ ≡ λ−2H,
therefore, the Kerr–Schild term Hkakb transforms under the boost as a quantity
with boost weight 0, i.e. Ĥk̂ak̂b = Hkakb, and the GKS form is not affected by
this operation.

Thus, in the following sections, the geodetic Kerr–Schild vector k is assumed
to be affinely parametrized. This will lead to a significant simplification of the
necessary calculations.

2.1.1 Kerr–Schild congruence in the background
spacetime

One may compare the geodesicity and the optical properties of the null Kerr–
Schild congruence k in the full GKS spacetime and in the background (A)dS
spacetime. It will be shown that there is a close relation between the congruences
in both spacetimes.

Quantities constructed from the background metric are easily obtained from
quantities constructed from the full GKS metric simply by setting H to zero. For
instance, using the Christoffel symbols (2.18), it is straightforward to show that

ka;bk
b = ka,bk

b = ka;bk
b,

ka;bk
b = ka,bk

b +
Ω,b

Ω
kakb = ka;bk

b,
(2.23)

where “ ; ” in the expression ka;b denotes the covariant derivative with respect to
the background (A)dS metric ḡab. Thus, one can immediately see that the Kerr–
Schild vector k is geodetic in the full GKS metric if and only if it is geodetic in
the (A)dS background ḡab.

The geometrical properties of the Kerr–Schild congruence k in the full GKS
spacetime are encoded in the optical matrix Lij (1.13). Following [27], we define
a null frame n̄, k, m(i) in the background spacetime ḡab, where

n̄a = na +Hka, (2.24)
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and the remaining frame vectors k, m(i) are same as in the full spacetime. This
choice guarantees

ḡab = 2k(an̄b) + δijm
(i)
a m

(j)
b (2.25)

and allows us to express the optical matrix L̄ij in the background spacetime,
which can be then compared with Lij. Using (2.18), it follows

Lij ≡ ka;bm
(i)am(j)b = ka;bm

(i)am(j)b ≡ L̄ij. (2.26)

Therefore, the optical matrices of the Kerr–Schild congruence k with respect to
the full GKS metric gab and the (A)dS background metric ḡab are equal, i.e. the
corresponding expansion, shear and twist scalars have the same values in both
spacetimes. Note that for k being geodetic, Lij does not depend on our particular
choice (2.24) since in such case Lij is invariant under null rotations with k fixed
(1.19).

It should be emphasized that the index of the background frame covector
n̄a (2.24) is raised by the full metric as n̄a ≡ gabn̄b = na + Hka, whereas the
contraction with the background metric gives ḡabn̄b = na −Hka. Similarly as for
the vector k (2.17), the vector indices of m(i) may be raised and lowered by both

metrics since ma
(i) ≡ gabm

(i)
b = ḡabm

(i)
b .

One may also compare the remaining Ricci rotational coefficients with respect
to the full GKS spacetime and the background spacetime. Thus, we obtain

Li0 = L̄i0, L10 = L̄10, L1i = L̄1i −HL̄i0, Li1 = L̄i1,

L11 = L̄11 −DH−HL̄10 +HΩ,a

Ω
ka, Ni0 = N̄i0,

Ni1 = N̄i1 + 2HL̄1i −HL̄i1 +HN̄i0 −H2L̄i0 + δiH +HΩ,a

Ω
ma

(i),

Nij = N̄ij +HL̄ji −H
Ω,a

Ω
kaδij,

i

M j0 =
i

M̄ j0,

i

M jk =
i

M̄ jk,
i

M j1 =
i

M̄ j1 +H
(
L̄ij − L̄ji

)
+H

i

M̄ j0.

(2.27)

Let us mention that for k being geodetic and affinely parametrized the fol-
lowing relations hold

na;bk
b = n̄ā;bk

b, m
(i)
a;bk

b = m
(i)
ā;bk

b. (2.28)

In other words, the frame vectors n, m(i) are parallelly transported along k in
the full GKS spacetime if and only if the frame vectors n̄, m(i) are parallelly
transported along k in the background spacetime. This can help us in finding a
parallelly propagated frame in the full GKS spacetime, which can be a nontrivial
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task. Instead, it could be easier to find such a frame in the background (A)dS
spacetime and then use (2.24) relating these two frames.

In fact, we partially employ this procedure in section 2.6.5 since the full GKS
metric of the five dimensional Kerr–(A)dS spacetime is quite complicated and
non-diagonal, whereas the background (A)dS metric is diagonal and the calcula-
tions are not so involved.

2.2 Geodetic Kerr–Schild vector field

So far, we discussed the properties of the GKS metric (2.11) with an arbitrary
null Kerr–Schild vector field k without any additional assumptions. In the rest
of this chapter, we will consider Einstein GKS spacetimes and GKS spacetimes
with aligned matter fields. Then it follows from proposition 1 that the Kerr–
Schild vector k is geodetic as discussed in section 2.1. We also assume an affine
parametrization of k. Using higher dimensional Newman–Penrose formalism, we
employ the Einstein field equations and analyze the conditions imposed on the
GKS ansatz.

Assuming geodesicity of k, we arrive at the convenient expressions for the
contracted Christoffel symbols frequently used in the following calculations

Γabck
b = −DHkakc +

1

2

Ω,c

Ω
ka +

1

2

Ω,b

Ω
kbδac −

1

2

Ω,b

Ω
ḡabkc,

Γabcka = DHkbkc +
1

2

Ω,c

Ω
kb +

1

2

Ω,b

Ω
kc −

1

2

Ω,a

Ω
kaḡbc.

(2.29)

2.2.1 Ricci tensor

Despite the simple form of the GKS metric (2.11) along with the assumption
that k is geodetic, expressing the Ricci tensor is a quite complicated task since
hundreds of terms appear during the derivation. Hence, we were able to perform
this and some of the following tedious calculations only by means of the computer
algebra system Cadabra [33,34]. Fortunately, after many operations, we obtain
the Ricci tensor in the compact form

Rab = (Hkakb);cd g
cd − (Hkska);bs − (Hkskb);as +

2Λ

n− 2
ḡab

− 2H
(
D2H + LiiDH + 2Hω2

)
kakb,

(2.30)

which for Λ = 0 reduces to the result of [27] where, at first sight, the sign before
the last term is opposite. However, it can be easily shown that both results are
in full accordance, if one rewrites the covariant derivatives in (2.30) in terms of
the partial derivatives.
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From (2.30) it follows that the Kerr–Schild vector k is an eigenvector of the
Ricci tensor

Rabk
b = −

[
D2H + (n− 2)θDH + 2Hω2 − 2Λ

n− 2

]
ka (2.31)

and one can immediately see that the positive boost weight frame components of
the Ricci tensor vanish

R00 = 0, R0i = 0. (2.32)

The non-vanishing frame components of the Ricci tensor can be straightforwardly
obtained from (2.30) by performing appropriate contractions with the correspond-
ing frame vectors

R01 = −D2H− (n− 2)θDH− 2Hω2 +
2Λ

n− 2
, (2.33)

Rij = 2HLikLjk − 2 (DH + (n− 2)θH)Sij +
2Λ

n− 2
δij, (2.34)

R1i = −δi(DH) + 2L[i1]DH + 2LijδjH− SjjδiH + 2H
(
δjAij

+ Aij
j

Mkk − Ajk
i

M jk − L1iSjj + 3LijL[1j] + LjiL(1j)

)
, (2.35)

R11 = δi(δiH) + (Nii − 2HSii) DH +

(
4L1i − 2Li1 +

i

M jj

)
δiH

− Sii∆H + 2H
(

2δiL[1i] + 4L1iL[1i] + Li1Li1 − L11Sii

+ 2L[1i]

i

M jj − 2AijNij − 2Hω2

)
+

4HΛ

n− 1
, (2.36)

where the components are sorted by their boost weight and some of them were
further simplified using the Ricci identities [3].

2.2.2 Riemann tensor and algebraic type of the Weyl
tensor

In this section, we point out that GKS spacetimes (2.11) with a geodetic Kerr–
Schild vector k are algebraically special and k is a multiple WAND of the Weyl
tensor. First, we express the frame components of the Riemann tensor. As in the
case of the Ricci tensor, the positive boost weight components of the Riemann
tensor identically vanish

R0i0j = 0, R010i = 0, R0ijk = 0. (2.37)
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The non-vanishing frame components of the Riemann tensor sorted by their boost
weight read

R0101 = D2H− 2Λ

(n− 2)(n− 1)
, (2.38)

R01ij = −2AijDH + 4HSk[jAi]k, (2.39)

R0i1j = −LijDH + 2HAikLkj +
2Λ

(n− 2)(n− 1)
δij, (2.40)

Rijkl = 4H
(
AijAkl + Al[iAj]k + Sl[iSj]k

)
+

2Λ

(n− 2)(n− 1)
(δikδjl − δilδjk) , (2.41)

R011i = −δi (DH) + 2L[i1]DH + LjiδjH + 2H (L1jLji − Lj1Sij) , (2.42)

R1ijk = 2L[j|iδ|k]H + 2AjkδiH + 4H
(
δ[kSj]i +

l

M [jk]Sil −
l

M i[jSk]l

+ L1iAjk + L1[kAj]i

)
, (2.43)

R1i1j = δi(δjH) +
k

M (ij)δkH + 4L1(iδj)H− 2L(i|1δj)H +N(ij)DH

− Sij∆H + 2H
(
δ(iL1|j) −∆Sij − 2L1(iLj)1 + 2L1iL1j

− Lk(iNk|j) + L1k

k

M (ij) − 2HLk(iAj)k − 2HAikAjk

− Lk(i

k

M j)1 − L(i|k
k

M j)1

)
. (2.44)

Note that the boost weight zero components of the Riemann tensor R0101, R01ij,
R0i1j and Rijkl are given only by the Kerr–Schild function H, the optical matrix
Lij and the cosmological constant Λ. Actually, in section 2.6.3, this fact allows
us to explicitly determine the dependence of these components on an affine pa-
rameter r along the geodesics of the Kerr–Schild congruence k.

It is also convenient to express explicitly the frame components of the Weyl
tensor (1.31) for a general Ricci tensor that will be occasionally employed through-
out the thesis, explicitly

C0i0j = R0i0j −
1

n− 2
R00δij, (2.45)

C010i = R010i +
1

n− 2
R0i, (2.46)
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C0ijk = R0ijk +
1

n− 2
(R0kδij −R0jδik), (2.47)

C0101 = R0101 +
2

n− 2
R01 −

1

(n− 1)(n− 2)
R, (2.48)

C01ij = R01ij, (2.49)

C0i1j = R0i1j −
1

n− 2
(Rij +R01δij) +

1

(n− 1)(n− 2)
Rδij, (2.50)

Cijkl = Rijkl −
2

n− 2
(Rj[lδk]i −Ri[lδk]j) +

2

(n− 1)(n− 2)
Rδi[kδl]j, (2.51)

C011i = R011i −
1

n− 2
R1i, (2.52)

C1ijk = R1ijk +
1

n− 2
(R1kδij −R1jδik), (2.53)

C1i1j = R1i1j −
1

n− 2
R11δij. (2.54)

Since the positive boost weight frame components of the Ricci tensor (2.32)
and the Riemann tensor (2.37) identically vanish it means that this holds also for
the corresponding components of the Weyl tensor (2.45)–(2.47), i.e.

C0i0j = 0, C010i = 0, C0ijk = 0, (2.55)

and therefore

Proposition 2 Generalized Kerr–Schild spacetimes (2.11) with a geodetic Kerr–
Schild vector k are algebraically special with k being the multiple WAND.

In other words, GKS spacetimes (2.11) with a geodetic Kerr–Schild vector k are
of Weyl type II or more special. Let us remind that the Kerr–Schild vector k is
geodetic if and only if the boost weight 2 component of the energy–momentum
tensor vanish T00 = 0 as follows from proposition 1. Consequently, Einstein GKS
spacetimes and GKS spacetimes with an aligned matter field are algebraically
special.

It can be shown [13] that in static spacetimes admitting a WAND ` = (`t, `A)
with the metric not depending on the direction of time one may always construct
a distinct WAND n = (−`t, `A) with the same order of alignment. Thus, static
spacetimes are compatible only with Weyl types G, Ii, D or O.

A similar statement also holds for stationary spacetimes with the metric
remaining unchanged under reflection symmetry, for instance, the symmetry
t → −t, ϕi → −ϕi of the higher dimensional Kerr–(A)dS metric [30] expressed
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in the Boyer–Lindquist coordinates. If ` is a WAND then, again due to the sym-
metry, there is a distinct WAND n. Additional assumption has to be imposed,
namely, one has to require non-vanishing “divergence scalar” corresponding to the
expansion scalar θ in case of geodetic WAND. This ensures that both WANDs
do not represent the same null direction ` 6= −n and hence such spacetimes are
of Weyl types G, Ii, D or conformally flat. See [13] for further details.

Proposition 2 along with the above statements for static and stationary space-
times lead to

Corollary 3 Generalized Kerr–Schild spacetimes (2.11) with a geodetic Kerr–
Schild vector k which are

(a) either static

(b) or stationary with reflection symmetry and non-vanishing expansion

are of Weyl type D or conformally flat.

Note that these results immediately imply that the Kerr–(A)dS metrics in all
dimensions [30] are of Weyl type D, as was shown previously in [35] by explicit
calculation of the Weyl tensor.

2.3 Brinkmann warp product of Kerr–Schild

spacetimes

The Brinkmann warp product introduced in section 1.4 is a convenient method
for generating new n-dimensional solutions of the vacuum Einstein field equations
from known (n − 1)-dimensional Ricci-flat or Einstein metrics. Naturally, this
warp product can be also applied to Einstein GKS spacetimes. Thus, let us
consider the seed metric of the GKS form (2.11)

ds̃2 = ḡab dxa dxb − 2Hkakb dxa dxb. (2.56)

Then the warped metric ds2 is given by (1.37)

ds2 =
1

f
dz2 + fḡab dxa dxb − 2fHkakb dxa dxb. (2.57)

Since the seed background metric ḡab represents Einstein space of Weyl type O,
i.e. conformally flat, and moreover the warp product preserves the Weyl type
of algebraically special spacetimes, as mentioned in section 1.4, the new warped
background metric f−1 dz2 +fḡab dxa dxb describes necessarily an (anti-)de Sitter
or Minkowski spacetime. The remaining term 2fHkakb dxa dxb in (2.57) is again
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a multiple of two null vectors since the original Kerr–Schild vector k is obviously
null with respect to the new warped metric as well. Therefore, the warped metric
(2.57) is also an Einstein GKS metric and thus the Brinkmann warp product
preserves the GKS form.

If the (n−1)-dimensional seed background metric ḡab takes the canonical form
(2.12), (2.14) with the conformal factor Ω̃ given by the cosmological constant of
the seed (1.39) as

Ω̃AdS =
1

(λb+ d2)t2
, (2.58)

Ω̃dS = − 1

(λb+ d2)x1
2
, (2.59)

respectively, then the n-dimensional warped background metric can be also put
to the corresponding canonical form

fḡabdx
adxb + f−1dz2 = f Ω̃(−dt2 + dx2

1 + . . .+ dx2
n−2) + f−1dz2

= Ω(−dt̂2 + dx̂2
1 + . . .+ dx̂2

n−2 + dẑ2), (2.60)

where Ω is defined exactly as in (2.13), the warp factor f(z) is given by (1.38)
and the new and old coordinates are related by an appropriate transformation
depending on the signs of the Ricci scalars R̃ and R of the seed and the warped
metric, respectively. Recall that, as discussed in section 1.4, not all combinations
of the signs of R̃ and R are possible. In the trivial case R̃ = 0, R = 0 cor-
responding to the direct product, just one extra flat dimension is added to the
(n − 1)-dimensional Minkowski metric. In other cases, the following coordinate
transformations has to be performed in order to cast the warped background
metric to the canonical form

AdSn−1 ⇒ AdSn :

t = t̂, x2
1 = x̂2

1 + ẑ2, xı̃ = x̂ı̃, z =

√
− (d2 + λb)ẑ

λx̂1

+
d

λ
, (2.61)

dSn−1 ⇒ AdSn :

t2 = t̂2 − ẑ2, xi = x̂i, z =

√
d2 + λb t̂

−λẑ
+
d

λ
, (2.62)

dSn−1 ⇒ dSn :

t2 = t̂2 − ẑ2, xi = x̂i, z =

√
d2 + λb ẑ

λt̂
+
d

λ
, (2.63)
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Mn−1 ⇒ AdSn :

t = t̂, xi = x̂i, z =
1

λẑ
+
d

λ
. (2.64)

We have to emphasize that in the above expressions (2.61)–(2.64), exceptionally,
the index i goes from 1 to n− 2 and the index ı̃ ranges from 2 to n− 2.

2.4 Einstein Kerr-Schild spacetimes

In section 2.2, we discussed the algebraic properties and expressed the Ricci and
Riemann tensors of the GKS metric with the only additional assumption that
the Kerr–Schild vector k is geodetic. As follows from proposition 1, this includes
a wide class of spacetimes, for instance, Einstein spaces or spacetimes with an
aligned matter field. In this section, we will restrict our analysis to the simplest
case, namely, Einstein GKS spacetimes. Thus, we employ the vacuum Einstein
field equations in order to study their implications for the GKS metric.

In n dimensions, the vacuum Einstein field equations can be rewritten as

Rab =
2Λ

n− 2
gab. (2.65)

Since the Kerr–Schild vector k is geodetic in the case of Einstein GKS spacetimes,
we can substitute the Ricci tensor (2.30) to (2.65). The term containing the
cosmological constant Λ on the right hand side of (2.65) is multiplied by the
full GKS metric gab, whereas the term with the cosmological constant in the
expression of the Ricci tensor (2.30) is multiplied by the background metric ḡab.
If we assume that both cosmological constants are equal, the difference between
these terms is proportional to the Kerr–Schild term 2Hkakb and we arrive at the
Einstein field equations for Einstein GKS metrics in the form

(Hkakb);cd g
cd − (Hkska);bs − (Hkskb);as

− 2H
(

D2H + LiiDH + 2Hω2 − 2Λ

n− 2

)
kakb = 0.

(2.66)

Using the frame components of the Ricci tensor (2.32)–(2.36), one may express
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the frame components of the Einstein field equations (2.66) as

D2H + (n− 2)θDH + 2Hω2 = 0, (2.67)

2HLikLjk − 2 (DH + (n− 2)θH)Sij = 0, (2.68)

δi(DH)− 2L[i1]DH− 2LijδjH + SjjδiH− 2H
(
δjAij

+ Aij
j

Mkk − Ajk
i

M jk − L1iSjj + 3LijL[1j] + LjiL(1j)

)
= 0, (2.69)

δi(δiH) + (Nii − 2HSii) DH +

(
4L1i − 2Li1 +

i

M jj

)
δiH

− Sii∆H + 2H
(

2δiL[1i] + 4L1iL[1i] + Li1Li1 − L11Sii

+ 2L[1i]

i

M jj − 2AijNij − 2Hω2

)
+

4HΛ

n− 1
= 0. (2.70)

Note that the cosmological constant appears only in the boost weight −2 frame
component (2.70) corresponding to the contraction of the Einstein field equations
(2.66) with two frame vectors n. It may seem that the terms containing Λ in
(2.66) and (2.70) are not in accordance, but the additional term with Λ appears
when one rewrites the derivatives of the Ricci rotation coefficients in (2.66) by
means of the Ricci identities [3].

Following [27], we rewrite the trace of (2.68) as

2HLijLij − 2 (DH + (n− 2)θH) (n− 2)θ = 0, (2.71)

using H−1DH = D logH and the decomposition of the optical matrix Lij (1.22),
as

(n− 2)θ(D logH) = LijLij − (n− 2)2θ2

= σ2 + ω2 − (n− 2)(n− 3)θ2. (2.72)

Obviously, H appears in (2.72) only if θ 6= 0, therefore, it is natural to study
non-expanding GKS spacetimes, where θ = 0, and expanding GKS spacetimes,
where θ 6= 0, separately. This will be done in the following sections 2.5 and 2.6,
respectively.

The positive boost weight frame components of the Weyl tensor vanish iden-
tically, as was shown in general for GKS spacetimes with a geodetic Kerr–Schild
vector field k (2.55). Substituting the Ricci tensor of Einstein spaces (2.65) to
the definition of the Weyl tensor (1.31), one obtains

Cabcd = Rabcd −
4Λ

(n− 1)(n− 2)
ga[cgd]b (2.73)
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and the non-trivial frame components of the Weyl tensor (2.48)–(2.54) for Ein-
stein GKS spacetimes read

C0101 = R0101 +
2Λ

(n− 2)(n− 1)
, (2.74)

C01ij = R01ij, (2.75)

C0i1j = R0i1j −
2Λ

(n− 2)(n− 1)
δij, (2.76)

Cijkl = Rijkl −
2Λ

(n− 2)(n− 1)
(δikδjl − δilδjk) , (2.77)

C011i = R011i, C1ijk = R1ijk, C1i1j = R1i1j, (2.78)

where the frame components of the Riemann tensor are given in (2.38)–(2.44).
Note that the terms containing cosmological constant Λ in (2.74)–(2.78) cancel
the corresponding terms in the Riemann tensor (2.38)–(2.44) and therefore the
cosmological constant actually does not enter the frame components of the Weyl
tensor.

2.5 Non-expanding Kerr–Schild spacetimes

In this section, we will consider the simplest subclass of Einstein GKS spacetimes
where the null Kerr–Schild congruence k is non-expanding (θ = 0). Occasionally,
we will also admit an additional aligned radiation term in the Ricci tensor.

Substituting θ = 0 to the trace (2.72) of one of the frame component of the
vacuum Einstein field equations, we immediately see that the sum of squares of
the shear σ and twist ω scalars has to vanish

σ2 + ω2 = 0 (2.79)

and therefore σ = ω = 0. In other words, a non-expanding Kerr–Schild vector
field k is also non-shearing and non-twisting. In fact, this means that non-
expanding Einstein GKS spacetimes belong to the Kundt class of solutions and
the optical matrix vanishes

Lij = 0. (2.80)

Vanishing of the optical matrix along with the already applied assumption that k
is geodetic and affinely parametrized, i.e. La0 = 0, significantly simplifies our cal-
culations. For instance, the vacuum Einstein field equations (2.67)–(2.70) reduce
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to

D2H = 0, (2.81)

δi(DH)− 2L[i1]DH = 0, (2.82)

δi(δiH) +NiiDH +

(
4L1i − 2Li1 +

i

M jj

)
δiH

+ 2H
(

2δiL[1i] + 4L1iL[1i] + Li1Li1 + 2L[1i]

i

M jj

)
+

4HΛ

n− 1
= 0. (2.83)

The considerable simplification occurs also when we express the frame compo-
nents of the Weyl tensor (2.74)–(2.78) for the non-expanding case

C0i0j = 0, C010i = 0, C0ijk = 0, (2.84)

C0101 = D2H, C01ij = 0, C0i1j = 0, (2.85)

Cijkl = 0, C011i = −δi (DH) + 2L[i1]DH, C1ijk = 0, (2.86)

C1i1j = δi(δjH) +
k

M (ij)δkH + 4L1(iδj)H− 2L(i|1δj)H +N(ij)DH

+ 2H
(
δ(iL1|j) − 2L1(iLj)1 + 2L1iL1j + L1k

k

M (ij)

)
, (2.87)

where the only nontrivial boost weight 0 component C0101 and boost weight −1
component C011i vanish due to the Einstein field equations (2.81) and (2.82).
Thus, we can conclude that

Proposition 4 Einstein generalized Kerr–Schild spacetimes (2.11) with a non-
expanding Kerr–Schild congruence k are of Weyl type N with k being the multiple
WAND. Twist and shear of the Kerr–Schild congruence k necessarily vanish and
therefore these solutions belong to the Kundt class of Weyl type N Einstein space-
times.

Let us point out the relation of non-expanding GKS spacetimes with the VSI and
CSI classes of spacetimes defined and discussed in [4, 36–39]. It was shown that
a spacetime is VSI, i.e. all curvature invariants of all orders constructed from the
Riemann tensor and its covariant derivatives vanish, if and only if there exists a
non-expanding, non-shearing and non-twisting congruence of null geodesics along
which only the negative boost weight frame components of the Riemann tensor
are non-zero. In fact, the Kundt class of spacetimes of Weyl types III, N, or O
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with the Ricci tensor of algebraic types III, N or O is equivalent to the VSI class
and all metrics within these classes are presented in [38]. On the other hand,
the CSI class is defined as spacetimes for which all scalar invariants constructed
from the Riemann tensor and its covariant derivatives are constant and, as was
conjectured in [37], a CSI spacetime is either locally homogeneous or belongs to
the Kundt class.

Obviously, non-expanding Ricci-flat GKS metrics (2.11), i.e. non-expanding
KS metrics (2.1) with the flat background, thus belong to the VSI class of space-
times since the Riemann tensor is given exactly by the Weyl tensor (2.73) which
has only the boost weight −2 components (2.87) along the Kerr–Schild vector
field k representing a non-expanding, non-shearing and non-twisting congruence
as follows from proposition 4.

Unlike the Ricci-flat case, some of the boost weight zero components (2.38)–
(2.41) of the Riemann tensor of non-expanding Einstein GKS spacetimes are
proportional to the cosmological constant Λ. Therefore, all curvature invariants
either vanish or are constants depending on Λ and thus these spacetimes belong
to the CSI class.

The arbitrariness of the choice of the frame vectors n, m(i) can be used to
show that, without loss of generality, one may set L[1i] = 0 in the case of Kundt
spacetimes Lij = Li0 = 0. Note that all the following Lorentz transformations
preserve both Lij = 0 and Li0 = 0. Let us assume that k is affinely parametrized.
First, we perform a boost (1.20) to break the affine parametrization, namely
L̂10 = Dλ, in such an appropriate way that will be clear from the final step.
Next, we employ null rotations with k fixed (1.19) under which L10 remains
unchanged and L[1i] transform as L̂[1i] = L[1i] − 1

2
ziL10. This simply determines

the functions zi to set all L̂[1i] to zero. Furthermore, we are still able to align the

spacelike frame vectors m(i) to L1i by spatial rotations (1.21), where L̂1i = XijL1j

with Xij being an orthogonal matrix, so that L1i has just one component, let say
L12 = L21 6= 0, L1ı̃ = Lı̃1 = 0. Again, L10 is not affected by this operation and
therefore we can finally perform the first step reversely, i.e. λ′ = λ−1, to recover
the affine parametrization of k. But since L̂[1i] = L[1i] +

1
2
λ′−1δiλ

′, we now require
δiλ
′ = 0.

Note that the natural frame (2.95) of VSI metrics (2.94) or even the natural
frame of general Kundt metrics in the canonical form [40] are examples of such
frames with L[1i] = 0 since ` = du are constant one-forms.

In the case that L[1i] = 0, the Einstein field equations (2.81)–(2.83) further
simplify to

D2H = 0, δi(DH) = 0, (2.88)
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δi(δiH) +NiiDH +

(
2L1i +

i

M jj

)
δiH + 2HLi1Li1 +

4HΛ

n− 1
= 0. (2.89)

One may integrate (2.88) to determine the r-dependence of the Kerr–Schild func-
tion H

H = f (0)r + g(0), (2.90)

where f (0) and g(0) are functions not depending on r subject to δif
(0) = 0 and it

remains only to satisfy (2.89). Recall that r is an affine parameter along the null
geodesics k.

Note also that the above statement of proposition 4 remains valid if we admit
an additional aligned null radiation term in the Ricci tensor

Rab =
2Λ

n− 2
gab + Φkakb. (2.91)

Since the Ricci tensor (2.91) differs from the case of Einstein spaces (2.65) just
in the frame component R11, the aligned null radiation term appears only on the
right hand side of the frame component (2.83) of the Einstein field equations

δi(δiH) +NiiDH +

(
4L1i − 2Li1 +

i

M jj

)
δiH

+ 2H
(

2δiL[1i] + 4L1iL[1i] + Li1Li1 + 2L[1i]

i

M jj

)
+

4HΛ

n− 1
= Φ

(2.92)

and as one can immediately see from (2.45)–(2.54), only the boost weight −2
frame components of the Weyl tensor C1i1j depend on R11. Therefore, the null
radiation term does not affect the derivation of proposition 4.

2.5.1 Examples of non-expanding Einstein generalized
Kerr–Schild spacetimes

Let us recall the statement of proposition 4 that all non-expanding Einstein GKS
spacetimes belong to the Kundt class. As mentioned above, this also holds for
non-expanding GKS spacetimes with null radiation aligned with the Kerr–Schild
vector k. Geometrically, the Kundt class of solutions is defined as spacetimes
admitting a geodetic, non-expanding, non-shearing and non-twisting null congru-
ence generated by a null vector field that will be represented by the Kerr–Schild
vector k in the case of Kundt GKS spacetimes.

In four dimensions, the Goldberg–Sachs theorem implies that Kundt space-
times possibly with a cosmological constant or aligned matter fields are alge-
braically special, i.e. of Petrov type II or more special, and the geodetic non-
expanding, non-shearing and non-twisting null congruence corresponds with the
PND [9].
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Analogically, it was shown in [3] that higher dimensional Kundt spacetimes
with the vanishing positive boost weight frame components of the Ricci tensor,
R00 = R0i = 0, that admit cosmological constant Λ and aligned matter content,
are of Weyl type II or more special again with the geodetic null congruence being
the WAND. In fact, R00 vanishes identically for a Kundt metric and if R0i 6= 0,
then the spacetime is of Weyl type I [40].

The metric of general n-dimensional Kundt spacetimes can be expressed in
the canonical form [38,40]

ds2 = 2du
[
dv +H(u, v, xk) du+Wi(u, v, x

k) dxi
]

+ gij(u, x
k) dxi dxj, (2.93)

where the coordinate v corresponds to an affine parameter along the geodesics of
the non-expanding, non-shearing and non-twisting null congruence k = ∂v and
the transverse metric gij does not depend on v. It should be emphasized that we
denote the transverse spatial coordinates as x2, . . . , xn−1 since in our convention
i, j range from 2 to n− 1 in contrast with [38].

In general, Kundt spacetimes do not admit the GKS form (2.11). This follows
directly from the fact that, without any conditions on the Ricci tensor, the Kundt
metrics are of Weyl type I or more special, whereas the GKS metrics with geodetic
k are of Weyl type II or more special. Even in the case of Einstein spaces, there
exist, for instance, type III Einstein Kundt spacetimes which are, by proposition
4, incompatible with the GKS form.

However, it can be shown that all Weyl type N VSI metrics written in appro-
priate coordinates with a flat transverse space as [38]

ds2 = 2du
[
dv +H(u, v, xk) du+Wi(u, v, x

k) dxi
]

+ δij dxi dxj, (2.94)

where H and Wi satisfy certain conditions, admit the KS form (2.1). In fact, the
class of type N VSI metrics is equivalent to the class of Weyl type N Ricci-flat
Kundt spacetimes. Recall that we use the different convention for indices of Wi

and xk. Whereas in [38] indices i, j, . . . ranges from 1 to n − 2, throughout the
thesis we consistently use i, j, . . . running from 2 to n− 1.

Obviously, one may introduce a natural null frame in the VSI spacetime (2.94)

`a dxa = du, na dxa = dv +H du+Wi dx
i, m(i)

a dxa = dxi,

`a ∂a = ∂v, na ∂a = ∂u −H ∂v, ma
(i) ∂a = ∂i −Wi ∂v.

(2.95)

Then, it immediately follows from (2.94) and (2.95) that

L1i =
1

2
Wi,v, L[1i] = 0, L11 = H,v (2.96)

and all other components of Lab are zero. Using the notation of [38], the VSI
class can be divided into two distinct subclasses with vanishing (ε = 0) and



38 2.5. Non-expanding Kerr–Schild spacetimes

non-vanishing (ε = 1) quantity L1iL1i, respectively. The canonical choice of the
functions Wi is

W2,v = −2
ε

x2
, Wı̃,v = 0. (2.97)

One may express the constraints imposed on the undetermined functions H and
Wi following from the Einstein field equations and from the condition on the form
of the Weyl tensor. Namely, for Ricci-flat spacetimes of Weyl type N, in the case
ε = 0, we obtain [38]

W2 = 0, Wı̃ = x2Cı̃(u) + x̃B̃̃ı(u),

H = H0(u, xi), ∆H0 − 1

2

∑
C2
ı̃ − 2

∑
ı̃<̃

B2
ı̃̃ = 0,

(2.98)

whereas, in the case ε = 1, one gets

W2 = −2v

x2
, Wı̃ = Cı̃(u) + x̃B̃̃ı(u), H =

v2

2(x2)2
+H0(u, xi),

x2∆

(
H0

x2

)
− 1

(x2)2

∑
W 2
ı̃ − 2

∑
ı̃<̃

B2
ı̃̃ = 0,

(2.99)

where B[̃ı̃] = 0 in both cases and ı̃, ̃ = 3, . . . , n− 1. Similarly, one may also find
H0(u, v, xk) such that the VSI metric (2.94) with H = H0 is flat [38]

ε = 0 : H0
flat =

1

2
x1xı̃(Cı̃,u +Bı̃̃C̃) +

1

2
Bı̃k̃B̃k̃x

ı̃x̃ + xiFi(u)

+
1

8

(∑
C2
ı̃ (x2)2 +

∑
ı̃≤̃

Cı̃C̃x
ı̃x̃

)
, (2.100)

ε = 1 : H0
flat =

1

2

∑
W 2
m −

1

16
+ x1F0(u) + x1xiFi(u), (2.101)

where F0(u), Fi(u) are arbitrary functions of u and Wi are given as for type N
(2.98), (2.99). The one-form du is associated with the geodetic null vector field
∂v and therefore all Weyl type N VSI metrics (2.94) can be written in the KS
form (2.1) as

ds2 = ds2
flat +

(
H0 −H0

flat

)
du2. (2.102)

Since a metric of general higher dimensional type N Einstein Kundt spacetimes
has not been given explicitly in the literature yet, we cannot simply follow the
above procedure in the case of such metrics. This prevents us from answering
the question whether the implication stated in proposition 4 is valid also in the
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opposite direction, i.e. whether there is an equivalency between the classes of type
N Einstein Kundt spacetimes and non-expanding Einstein GKS spacetimes.

However, we are still able to show, using the results of [41, 42], that at least
all four-dimensional type N Einstein Kundt metrics admit the GKS form. The
metric of type N Kundt spacetimes admitting cosmological constant and possibly
containing pure radiation can be expressed as [41]

ds2 = −2
Q2

P 2
du dv +

(
2k
Q2

P 2
v2 −

(Q2),u
P 2

v − Q

P
H

)
du2

+
1

P 2

(
dx2 + dy2

)
,

(2.103)

where

P = 1 +
Λ

12
(x2 + y2),

k =
Λ

6
α(u)2 +

1

2

(
β(u)2 + γ(u)2

)
,

Q =

(
1− Λ

12
(x2 + y2)

)
α(u) + β(u)x+ γ(u)y,

(2.104)

with α(u), β(u) and γ(u) being arbitrary functions of the coordinate u and H =
H(x, y, u). These spacetimes are Einstein if

P 2(H,xx +H,yy) +
2

3
ΛH = 0, (2.105)

which has a general solution [42]

H = 2f1,x −
Λ

3P
(xf1 + yf2), (2.106)

where the functions f1 = f1(u, x, y) and f2 = f2(u, x, y) are subject to f1,x = f2,y,
f1,y = −f2,x. It can be shown that the Einstein metrics (2.103), (2.106) are
conformally flat for

H(x, y, u) =
1

P

(
A

(
1− Λ

12
(x2 + y2)

)
+Bx+ Cy

)
, (2.107)

where A(u), B(u) and C(u) are arbitrary functions of u. Therefore, all four-
dimensional type N Kundt metrics (2.103) differ from the conformally flat case
only by a factor of du2 and thus such metrics take the GKS form (2.11).
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2.5.2 Warped Einstein Kundt generalized Kerr–Schild
spacetimes

In the previous section 2.5.1, we have presented explicitly known Weyl type N
Einstein Kundt metrics in order to show that they can be cast to the GKS form.
However, these metrics are either only four-dimensional but admitting cosmo-
logical constant or arbitrary dimensional but only Ricci-flat. In this section, we
employ these metrics again in order to construct examples of higher dimensional
Einstein Kundt spacetimes belonging to the GKS class with an almost arbitrary
cosmological constant by means of the Brinkmann warp product.

As discussed in sections 1.4 and 2.3, the Brinkmann warp product (1.37)
allows us to generate new n-dimensional Einstein GKS metrics ds2 (2.57) from
known (n−1)-dimensional Einstein GKS seed metrics ds̃2 in the form (2.56). The
cosmological constant of the warped metric ds2 is not completely arbitrary since
its sign depends on the sign of the cosmological constant of the seed metric ds̃2.
The allowed combinations of these signs were discussed in section 1.4. Let us also
recall that the Brinkmann warp product preserves the Weyl type of algebraically
special spacetimes.

First, let us choose the n-dimensional type N Ricci-flat Kundt metric (2.94),
(2.98) and (2.99), i.e. type N subclass of VSI spacetimes, as a seed ds̃2. The sign
of the Ricci scalar R of the warped metric ds2 may be zero or negative. Omitting
the trivial case of the direct product, we thus construct (n+ 1)-dimensional type
N Einstein GKS metrics with a negative cosmological constant. One may use
(1.44) to cast such metrics to the form conformal to the direct product

ds2 =
1

−λz̃2

(
2 du

[
dv +H(u, v, xk) du+Wi(u, v, x

k) dxi
]

+ δij dxi dxj + dz̃2
)
,

(2.108)

where i, j = 2, . . . , n− 1. Performing the coordinate transformation v = −λṽz̃2,
we easily put the above metric to the canonical Kundt form (2.93)

ds2 = 2 du
[
dṽ + H̃ du+ W̃ı̃ dx

ı̃
]

+
1

−λz̃2
δı̃̃ dxı̃ dx̃, (2.109)

with ı̃, ̃ = 2, . . . , n and

H̃ =
1

−λz̃2
H(u, v, xk), dxn = dz̃,

W̃i =
1

−λz̃2
Wi(u, v, x

k), W̃n =
2ṽ

z̃
.

(2.110)

In fact, metrics (2.108), (2.109) were already discussed in [37,39] in the context
of CSI spacetimes and supergravity.
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Although one may apply the Brinkmann warp product multiple times to ob-
tain further and further solutions it does not lead to new results in this case.
Since the (n+ 1)-dimensional metric (2.108) is of the form

ds2 =
1

−λz2

(
dz2 + g

(0)
ab dxa dxb

)
, (2.111)

with g
(0)
ab dxa dxb = 2 du [dv +H du+Wi dx

i] + δij dxi dxj not depending on the
coordinate z. The second application of the warp product (1.37) gives

ds′2 =
dw2

f(w)
+ f(w)

(
1

−λz2

(
dz2 + g

(0)
ab dxa dxb

))
, (2.112)

where the function f(w) is defined in (1.38). The seed metric (2.111) has a
negative cosmological constant and therefore the only possibility is that the cos-
mological constant of the warped metric (2.112) is negative as well. Then the
coordinate transformation (2.61), where we replace x1 → z, z → w and λ → λ′,
along with the relation λ = λ′b+ d2 following from (1.39) yields

f(w)

−λz2
=

1

−λ′z̃2
, (2.113)

dw2

f(w)
+
f(w)

−λz2
dz2 =

1

−λ′z̃2

(
dw̃2 + dz̃2

)
. (2.114)

Substituting (2.113) and (2.114) to (2.112) immediately leads to

ds′2 =
1

−λ′z̃2

(
g

(0)
ab dxa dxb + dw̃2 + dz̃2

)
(2.115)

and using v = −λ′ṽz̃2, we finally arrive at (2.109) with (2.110) where moreover

W(n+1) = 0, dx(n+1) = dw̃. (2.116)

Therefore, we obtained the same class of (n + 2)-dimensional metrics as in the
case of applying the warp product on the subclass of (n+ 1)-dimensional metrics
(2.94) with Wn = 0 and then swaps n↔ (n+ 1).

So far we have used only the type N Ricci-flat VSI metrics (2.94) as a seed
and thus we constructed higher dimensional type N Einstein Kundt GKS metrics
with a negative cosmological constant. However, one can also warp the four-
dimensional Einstein Kundt metrics (2.103). In this case, there are more possible
combinations of the signs of the Ricci scalars R̃ and R of the seed and warped
metric, respectively. Recall that only the case with both Ricci scalars being zero
or negative is free from curvature or parallelly propagated singularities at a point
where f(z) = 0.
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Such five-dimensional warped metrics can be expressed, for instance, either
in the form conformal to a direct product using (1.40)–(1.45) as in the previ-
ous case or directly in the GKS form using (2.57), (2.60) and the coordinate
transformations (2.61)–(2.64). Here, we use the latter approach.

First, we have to split the four-dimensional type N Kundt metric (2.103) into
the background (anti-)de Sitter or Minkowski metric ḡab and the Kerr–Schild
term Hkakb. The background metric can be obtained as a weak-field limit of
(2.103) [43]

ds2 = −2
Q2

P 2
du dv + 2k

Q2

P 2
v2 du2 +

1

P 2

(
dx2 + dy2

)
. (2.117)

Therefore, the four-dimensional type N Kundt metric (2.103) can be straightfor-
wardly cast to the GKS form simply by reordering the terms

ds2 = −2
Q2

P 2
du dv + 2k

Q2

P 2
v2 du2 +

1

P 2

(
dx2 + dy2

)
−

(
(Q2),u
P 2

v +
Q

P
H

)
du2,

(2.118)

where the functions P , Q and k are given in (2.104) and, obviously, the last term
corresponds to the Kerr-Schild term 2Hkakb. These seed metrics with a four-
dimensional cosmological constant denoted as Λ̃ can be split to several geometri-
cally distinct classes [43]. Depending on whether Λ̃ and k is positive, negative or
vanishing, we will denote such possible subclasses as KN(Λ̃+, k+), KN(Λ̃0, k+),
KN(Λ̃0, k0), KN(Λ̃−, k+), KN(Λ̃−, k−) and KN(Λ̃−, k0), respectively.

Five-dimensional Ricci-flat metrics obtained from KN(Λ̃+, k+) KN(Λ̃0, k+)
and KN(Λ̃0, k0) belong to the VSI class and the warped metrics constructed us-
ing the Ricci-flat seeds from KN(Λ̃0, k+) and KN(Λ̃0, k0) are already contained
in the class of warped VSI metrics (2.108). Therefore, we restrict ourselves to the
cases with non-vanishing cosmological constants of the seed and warped metrics.
Here, we do not present the warped metrics explicitly, instead, we give the coor-
dinate transformations putting the corresponding background metric (2.117) to
the canonical form. Then, one may perform the warp product (2.57) and employ
(2.61)–(2.64) to cast the warped background metric (2.60) back to the canonical
form.

Generalized Kundt waves KN(Λ̃−, k+)

The Kundt metric (2.103) with the canonical choice α = 0, β =
√

2, γ = 0, where
the functions Q and k are given by the functions α, β and γ via (2.104)

Q =
√

2x, k = 1, (2.119)
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represents generalized Kundt waves KN(Λ̃−, k+). One may put the anti-de Sitter
background metric to the canonical form by means of the coordinate transforma-
tion

u =
Y ∓

√
T 2 −X2 − Z2

a
, T =

a2 (2− P )

2xv
,

v = ± a

2
√
T 2 −X2 − Z2

, X =
a2P

2xv
,

x = ±2a
√
T 2 −X2 − Z2

X + T
, Y =

a (1 + 2uv)

2v
,

y =
2aZ

X + T
, Z =

ay

2xv
,

(2.120)

where a =
√
−3/Λ̃.

Generalized pp -waves KN(Λ̃−, k−)

The subclass KN(Λ̃−, k−) which generalizes pp -waves can be described by the
canonical choice α = 1, β = 0, γ = 0 leading to

Q = 1− Λ̃

12
(x2 + y2), k =

Λ̃

6
. (2.121)

In this case, the anti-de Sitter background metric can be cast to the canonical
form using the coordinate transformation

u =
√

2
(
±
√
X2 + Y 2 + Z2 − T

)
, T =

√
2
a2 − uv

2v
,

v = ± a2

√
2
√
X2 + Y 2 + Z2

, X =
a2P√
2Qv

,

x =
2aZ

X ±
√
X2 + Y 2 + Z2

, Y =
ax√
2Qv

,

y =
2aY

X ±
√
X2 + Y 2 + Z2

, Z =
ay√
2Qv

,

(2.122)

where again a =
√
−3/Λ̃.

Generalized Siklos waves KN(Λ̃−, k0)

The last subclass with a negative cosmological constant Λ̃, generalized Siklos
waves KN(Λ̃−, k0), is determined by the canonical choice α = 1, β =

√
−Λ/3 cos θ
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and γ =
√
−Λ/3 sin θ. The coordinate transformation

u =
−T 2 +X2 + Y 2 + Z2

√
2 (T + Y )

, T =
1√
2v

(
a2 − uv − ax

Q

)
,

v =
a2

√
2 (T + Y )

, X =
a2P√
2Qv

,

x =
√

2a
(T + Y )2 −X2 − Z2

(T +X + Y )2 + Z2
, Y =

u√
2

+
ax√
2Qv

,

y = 2
√

2a
Z(T + Y )

(T +X + Y )2 + Z2
, Z =

ay√
2Qv

,

(2.123)

with a =
√
−3/Λ̃, brings the background metric to the canonical form. Note that,

in the special subcase when θ is independent of u, such metrics are equivalent to
the Siklos metric [43]

ds2 =
3

−Λx2

(
du dr +H du2 + dx2 + dy2

)
. (2.124)

Obviously, since the Siklos metric (2.124) is conformal to pp -waves, one may ob-
tain the same five-dimensional metric either by warping the Siklos metric (2.124)
and using (2.61) or by warping pp -waves and using (2.64). Thus, one may per-
haps conjecture that appropriate seeds from KN(Λ̃−, k0) and KN(Λ̃0, k0) may
lead to the same warped metric.

Generalized Kundt and pp -waves KN(Λ+, k+)

In the case with a positive cosmological constant Λ̃, there is only one canonical
subclass KN(Λ+, k+). The canonical choice is either α = 0, β =

√
2, γ = 0

or α = 1, β = 0, γ = 0, where both choices are equivalent and correspond
to generalized Kundt or pp -waves. The functions Q and k are given in (2.119)
and (2.121), respectively. The de Sitter background metric can be cast to the
canonical form using the transformation

u =
X ∓

√
T 2 − Y 2 − Z2

a
, T =

a2P

2xv
,

v = ± a

2
√
T 2 − Y 2 − Z2

, X =
a (1 + 2uv)

2v
,

x = ±2a
√
T 2 − Y 2 − Z2

T + Z
, Y =

ay

2xv
,

y =
2aY

T + Z
, Z =

a2 (2− P )

2xv
,

(2.125)



Chapter 2. Kerr–Schild spacetimes 45

in the case of generalized Kundt waves or

u =
√

2
(
Z ∓
√
T 2 −X2 − Y 2

)
, T =

a2P√
2Qv

,

v = ± a2

√
2
√
T 2 −X2 − Y 2

, X =
ax√
2Qv

,

x =
2aX

T ±
√
T 2 −X2 − Y 2

, Y =
ay√
2Qv

,

y =
2aY

T ±
√
T 2 −X2 − Y 2

, Z =
√

2
a2 + uv

2v
,

(2.126)

in the case of generalized pp -waves, respectively, where a =
√

3/Λ̃.

2.6 Expanding Kerr–Schild spacetimes

In the previous section 2.5, we have discussed the consequences of the Einstein
field equations for non-expanding (θ = 0) Einstein GKS spacetimes. In that case,
the Kerr–Schild function H does not enter the trace (2.72) of the components
(2.68) of the Einstein field equations, which then implies that such spacetimes
belong to the Kundt class. In the expanding case (θ 6= 0), on the other hand, we
can immediately express D logH from the trace (2.72) as

D logH =
LikLik
θ(n− 2)

− (n− 2)θ. (2.127)

2.6.1 Optical constraint

Substituting (2.127) back to (2.68) eliminates the Kerr–Schild function H and
therefore we obtain purely geometrical condition on the geodetic Kerr–Schild
congruence k

LikLjk =
LlkLlk

(n− 2)θ
Sij, (2.128)

referred to as “the optical constraint” [27]. Suppressing indices in matrix nota-
tion, the optical constraint (2.128) reads

LLT = αS. (2.129)

It can be easily shown that L satisfying the optical constraint is a normal matrix
since (2.129) can be rewritten as [44](

1− 2α−1L
) (

1− 2α−1LT
)

= 1, (2.130)
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where, obviously, the matrix 1 − 2α−1L is unitary, one may swap the terms on
the left hand side of (2.130) to obtain an equivalent relation which then leads to
the optical constraint in the form

LTL = αS. (2.131)

Therefore, comparing (2.129) with (2.131), the optical matrix L commutes with
its transpose and indeed it is a normal matrix.

A real matrix M is normal if and only if there is a real orthogonal matrix O
such that [45]

OTMO =


M1

M2

. . .

Mk

 , (2.132)

where Mi is either a real 1× 1 matrix or a real 2× 2 matrix of the form

Mi =

(
si ai
−ai si

)
. (2.133)

This implies that the optical matrix Lij can be put into the block-diagonal
form (2.132), (2.133) by appropriate spins (1.12) of the frame. Furthermore, such
a canonical frame is compatible with parallel transport along the geodetic null
congruence k [46].

The sparse structure of the optical matrix Lij considerably simplifies the de-
termination of its dependence on the affine parameter r along null geodesics k
from the Sachs equation (1.30). Due to the block-diagonal form (2.132), (2.133)
of the optical matrix Lij in the canonical frame, one may integrate (1.30). In the
case of a block corresponding to the 1× 1 matrix, we get

L(i)(i) =
1

r + b0
i

, (2.134)

whereas, for a block consisting of the 2× 2 matrix, the Sachs equation implies

Li,i+1 = −Li+1,i =
(a0
i )

2

(r + b0
i )

2 + (a0
i )

2
,

L(i)(i) = L(i+1)(i+1) =
r + b0

i

(r + b0
i )

2 + (a0
i )

2
,

(2.135)

where a0 and b0
i are arbitrary functions not depending on r. Putting (2.134) and

(2.135) to the optical constraint (2.129), we obtain

α(r + b0
i ) = 1, (2.136)
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for all values of the index i. Therefore, all functions b0
i are equal and, without loss

of generality, we may set them to zero. Thus, we may conclude that the optical
matrix Lij of expanding Einstein GKS spacetimes in a canonical frame takes the
block-diagonal form

Lij =



L(1)

. . .

L(p)

L̃


, (2.137)

with 2× 2 blocks L(1), . . . ,L(p) of the form

L(µ) =

(
s(2µ) A2µ,2µ+1

−A2µ,2µ+1 s(2µ)

)
, µ = 1, . . . , p, (2.138)

where the corresponding symmetric diagonal and anti-symmetric anti-diagonal
parts are given by

s(2µ) =
r

r2 + (a0
(2µ))

2
, A2µ,2µ+1 =

a0
(2µ)

r2 + (a0
(2µ))

2
, (2.139)

respectively. The remaining block L̃ is (n−2−2p)× (n−2−2p) diagonal matrix

L̃ =
1

r
diag(1, . . . , 1︸ ︷︷ ︸

(m−2p)

, 0, . . . , 0︸ ︷︷ ︸
(n−2−m)

), (2.140)

where m and n− 2 denote the rank and dimension of the optical matrix Lij and
p corresponds to the number of 2×2 blocks. Clearly, these quantities are subject
to the relation 0 ≤ 2p ≤ m ≤ n− 2.

Now, we are able to express the expansion, shear and twist scalars defined in
(1.23) as

θ =
1

n− 2

(
2

p∑
µ=1

r

r2 + (a0
(2µ))

2
+
m− 2p

r

)
, (2.141)

σ2 = 2

p∑
µ=1

r2

(r2 + (a0
(2µ))

2)2
+
m− 2p

r2
− (n− 2)θ2, (2.142)

ω2 = 2

p∑
µ=1

(a0
(2µ))

2

(r2 + (a0
(2µ))

2)2
(2.143)
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and the quantity LijLij reads

LikLik = (n− 2)θ
1

r
. (2.144)

Using the above results, we can determine the r-dependence of the Kerr–Schild
function H by integrating (2.127)

H =
H0

rm−2p−1

p∏
µ=1

1

r2 + (a0
(2µ))

2
, (2.145)

which is identical to the case with vanishing Λ discussed in [27].

Note that H behaves as H ≈ H0

rm−1 for large r and therefore Einstein GKS
spacetimes (2.11) are asymptotically (anti-)de Sitter or Minkowski depending on
the cosmological constant of the background metric ḡab as one approaches the null
infinity along a null geodesic of the Kerr–Schild congruence k. The behaviour
near the origin r = 0 will be investigated in section 2.6.4.

2.6.2 Algebraic type

In section 2.2.2, we have already shown that GKS spacetimes (2.11) with a geode-
tic Kerr–Schild vector k which include Einstein spaces are of Weyl type II or
more special as follows from proposition 1. Moreover, non-expanding Einstein
GKS spacetimes are necessarily only of Weyl type N by proposition 4.

Now, we generalize the argument given in [27] for the Ricci-flat case to Einstein
spaces in order to show that expanding Einstein GKS spacetimes are incompatible
with Weyl types III and N and therefore such spacetimes are only of types II, D
or conformally flat.

The boost weight zero components of the Weyl tensor vanish, by definition,
for Weyl types III and N. In particular, the vanishing frame components C0i1j of
Einstein GKS spacetimes given by (2.40) and (2.76) imply

LijDH = 2HAikLkj. (2.146)

Multiplying the above equation by Llj and using the optical constraint (2.128),
one obtains

SilDH = 2HAikSkl. (2.147)

Taking the trace of (2.147) and eliminating the constant factor (n− 2) gives

θDH = 0. (2.148)
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Next, we employ the Einstein field equations. Substituting DH = 0 to (2.67)
leads to ω = 0, therefore, the optical matrix is symmetric Lij = Sij and one may
rewrite (2.68) as

SikSjk = (n− 2)θSij. (2.149)

In a frame of the eigenvectors, Sij takes the form Sij = diag(s(2), s(3), . . . , s(n−1))
and (2.149) reduces to s2

(i) = s(i)

∑
j s(j) which has the only solution

Lij = diag(s, 0, . . . , 0). (2.150)

Indeed, substituting DH = 0 along with (2.150) to the Weyl tensor cancels the
remaining non-vanishing boost weight zero components C01ij (2.39), (2.75) and
Cijkl (2.41), (2.77).

The canonical form of the optical matrix Lij for Ricci-flat spacetimes of type
N and non-twisting subclass of type III was determined in [2] using the Bianchi
identities and the fact that Cabcd = Rabcd. The same result can be also obtained for
Einstein spaces since the additional terms in the Weyl tensor of such spacetimes
(2.73) are proportional to the cosmological constant Λ and the metric tensor gab
which does not affect the Bianchi identities, i.e. Cab[cd;e] = Rab[cd;e]. Therefore,
in the case of non-twisting Einstein spacetimes of types III and N, the canonical
form of the optical matrix is

Lij = diag(s, s, 0, . . . , 0). (2.151)

The form of the optical matrix of expanding Einstein GKS spacetimes with
DH = 0 (2.150) is not compatible with the form of the optical matrix for general
non-twisting Einstein spacetimes of Weyl types III and N (2.151). Consequently,
expanding Einstein GKS solutions of types III and N do not exist and we can
conclude that

Proposition 5 Einstein generalized Kerr–Schild spacetimes (2.11) with an ex-
panding geodetic Kerr–Schild congruence k are of Weyl types II, D or conformally
flat.

Note that the conformally flat case occurs only if we admit the cosmological
constants of the full and background spacetimes not to be equal, otherwise H has
to vanish and gab is given just by the background metric ḡab.

Conversely, one can immediately see that DH has to be non-vanishing in
expanding Einstein GKS spacetimes and thus the Kerr–Schild function H has to
depend on an affine parameter along the null geodesics k. If we compare this
result with the r-dependence of H (2.145), it is obvious that m 6= 1. Therefore,
in accordance with the Goldberg–Sachs theorem, the optical matrix of expanding
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Table 2.1: Weyl types compatible with Einstein generalized Kerr–Schild space-
times depending on the values of the expansion scalar θ.

Weyl type

Expansion II D III N

θ = 0 × × × X
θ 6= 0 X X × ×

Einstein GKS spacetimes is necessarily non-shearing in the case n = 4 since it
consists either of one 2× 2 block (2.138) or of the unit matrix multiplied by r−1.
The optical constraint can thus be essentially considered as a higher dimensional
generalization of the Goldberg–Sachs theorem for Einstein GKS spacetimes which
states that there is no shear in two dimensional planes spanned by two spacelike
frame vectors m(i), m(j) corresponding to the 2× 2 blocks in the optical matrix.

Now, we are able to summarize all possible algebraic types of Einstein GKS
spacetimes. Omitting more general types G and I, excluded by proposition 2,
and the trivial conformally flat case, the allowed combinations of the Weyl types
and values of the expansion scalar are depicted in table 2.1.

Let us conclude that Einstein GKS spacetimes of Weyl type N admit only a
non-expanding Kerr–Schild congruence k and belong to the Kundt class. Type
III is incompatible with the GKS ansatz in the case of Einstein spaces, whereas
types II and D imply that such spacetimes are expanding.

Note also that the higher dimensional Robinson–Trautman class contains only
solutions of Weyl type D [16] and although there is an intersection with type D
Einstein GKS spacetimes, such as the Schwarzschild–Tangherlini black hole, in
general higher dimensional Robinson–Trautman metrics do not admit the GKS
form. However, it was shown in [16] that general Robinson–Trautman metric

ds2 =
r2

P 2
γij dxi dxj − 2du dr − 2Hdu2 (2.152)

is conformally flat and Einstein if γij is of constant curvature which then implies

γij = δij, P = a(u) + bi(u)xi + c(u)δijx
ixj, (2.153)

where a(u), bi(u) and c(u) are arbitrary functions of the coordinate u. Therefore,
every Einstein Robinson–Trautman metric (2.152) possibly admitting aligned null
radiation in the Ricci tensor with γij and P of the form (2.153) differs from the
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corresponding (anti-)de Sitter or Minkowski background by the factor

2Hkakb dxa dxb = 2(H −H0) du2 = −µ(u)

rn−3
du2. (2.154)

If the function µ(u) does not depend on u, such metrics describe static (A)dS–
Schwarzschild–Tangherlini black holes. Otherwise, a null radiation term appears
in the Ricci tensor and the metric corresponds to the Vaidya solution.

2.6.3 r-dependence of the Weyl tensor

The boost weight zero components of the Weyl tensor of Einstein GKS spacetimes
(2.74)–(2.77), (2.38)–(2.41) are given only in terms of the optical matrix Lij,
the Kerr–Schild function H and its first and second derivatives DH and D2H,
respectively. This now allows us to determine easily the r-dependence of these
components of the Weyl tensor using the r-dependence of the quantities Lij and
H derived already in section 2.6.1. We will employ these results later in order
to discuss the presence of curvature singularities in expanding Einstein GKS
spacetimes in section 2.6.4.

It is convenient to adopt more compact notation for the boost weight zero
components of the Weyl tensor [13]

Φij ≡ C0i1j, Φ = C0101, ΦS
ij = −1

2
Cikjk, ΦA

ij =
1

2
C01ij. (2.155)

First, we express the derivatives of the function H from (2.145)

DH = − H0

rm−2p−2

(
m− 2p− 1

r2
+ 2

p∑
µ=1

1

r2 + (a0
(2µ))

2

)
p∏

ν=1

1

r2 + (a0
(2ν))

2
, (2.156)

D2H =
H0

rm−2p−3

(
(m− 2p− 1)(m− 2p)

r4

+ 2
2m− 4p− 3

r2

p∑
µ=1

1

r2 + (a0
(2µ))

2
+ 4

p∑
µ=1

1

(r2 + (a0
(2µ))

2)2

+ 4

p∑
µ=1

1

r2 + (a0
(2µ))

2

p∑
ρ=1

1

r2 + (a0
(2ρ))

2

)
p∏

ν=1

1

r2 + (a0
(2ν))

2
. (2.157)

Substituting the r-dependence of the optical matrix Lij (2.137)–(2.140) and the
function H (2.145) and its derivatives (2.156), (2.157) to the expressions for the
corresponding boost weight zero components of the Weyl tensor (2.38)–(2.41),
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(2.74)–(2.77), we immediately obtain the r-dependence of Φij

Φ2µ,2µ = Φ2µ+1,2µ+1 = −DHs(2µ) − 2HA2
2µ,2µ+1

=
H0

rm−2p−3

1

r2 + (a0
(2µ))

2

(
m− 2p− 2

r2
+

1

r2 + (a0
(2µ))

2

+ 2

p∑
ν=1

1

r2 + (a0
(2ν))

2

)
p∏
ρ=1

1

r2 + (a0
(2ρ))

2
, (2.158)

Φ2µ,2µ+1 = ΦA
2µ,2µ+1 = −D(HA2µ,2µ+1)

=
H0

rm−2p−2

a0
(2µ)

r2 + (a0
(2µ))

2

(
m− 2p− 1

r2
+

2

r2 + (a0
(2µ))

2

+ 2

p∑
ν=1

1

r2 + (a0
(2ν))

2

)
p∏
ρ=1

1

r2 + (a0
(2ρ))

2
, (2.159)

Φαβ = −r−1δαβ, Φ = D2H. (2.160)

Hence, Φij reproduces the block diagonal structure of the optical matrix Lij,
where µ, ν, . . . = 1, . . . , p number the 2 × 2 blocks, whereas the elements of the
diagonal block are indexed by α, β, . . . = 2p + 2, . . . , n − 1. Similarly, one may
determine the r-dependence of the remaining non-vanishing boost weight zero
components Cijkl

C2µ,2µ+1,2µ,2µ+1 = 2H
(
3A2

2µ,2µ+1 − s2
(2µ)

)
= −2

H0

rm−2p−1

r2 − 3(a0
(2µ))

2(
r2 + (a0

(2µ))
2
)2

p∏
ν=1

1

r2 + (a0
(2ν))

2
, (2.161)

C2µ,2µ+1,2ν,2ν+1 = 2C2µ,2ν,2µ+1,2ν+1 = −2C2µ,2ν+1,2µ+1,2ν

= 4HA2µ,2µ+1A2ν,2ν+1

= 4
H0

rm−2p−1

a0
(2µ)

r2 + (a0
(2µ))

2

a0
(2ν)

r2 + (a0
(2ν))

2

p∏
ρ=1

1

r2 + (a0
(2ρ))

2
, (2.162)

C2µ,2ν,2µ,2ν = C2µ,2ν+1,2µ,2ν+1 = −2Hs(2µ)s(2ν)

= −2
H0

rm−2p−3

1

r2 + (a0
(2µ))

2

1

r2 + (a0
(2ν))

2

p∏
ρ=1

1

r2 + (a0
(2ρ))

2
, (2.163)
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C(α)(i)(α)(i) = −2Hs(i)r
−1

= −2
H0

rm−2p−1

1

r2 + (a0
(i))

2

p∏
µ=1

1

r2 + (a0
(2µ))

2
, (2.164)

where µ 6= ν.

2.6.4 Singularities

Let us briefly discuss curvature singularities of expanding Einstein GKS metrics.
It is obvious from the r-dependence of the Kerr–Schild function H (2.145) that it
may diverge for r → 0. Namely, H and consequently the full GKS metric blows
up at r = 0 in the following cases:

• in the “generic” case when neither 2p = m nor 2p = m− 1, or

• in the special cases when 2p = m (for m even) or 2p = m− 1 (for m odd)
if at least one of the functions a0

(2µ), not depending on r, admits a real root
at x = x0.

One may express the Kretschmann scalar at the singular point to verify whether
there is a real curvature singularity. Omitting the trivial conformally flat case,
expanding Einstein GKS spacetimes are of Weyl types D or II as follows from
proposition 5. Thus, the positive boost weight components of the Weyl tensor
and consequently the corresponding components of the Riemann tensor vanish.
Note that the negative boost weight components do not have the appropriate
counterparts in the following contractions. For instance, the term R011inakbkcm

(i)
d

may give a non-zero contribution only with the term R100ik
anbncmd

(i). Therefore,
the Kretschmann scalar is determined only by the boost weight zero components
of the Riemann tensor

RabcdR
abcd = 4 (R0101)2 − 4R01ijR01ij + 8R0i1jR0j1i +RijklRijkl. (2.165)

Expressing the frame components of the Riemann tensor in terms of the Weyl
tensor from (2.74)–(2.77) and using the notation (2.155), we can rewrite the
Kretschmann scalar as

RabcdR
abcd = 4Φ2 + 8ΦS

ijΦ
S
ij − 24ΦA

ijΦ
A
ij + CijklCijkl

+
8n

(n− 1)(n− 2)2
Λ2.

(2.166)

The only additional term in comparison with the Ricci-flat case [27] is the last
constant term proportional to Λ2 which clearly cannot influence the divergence
of the Kretschmann scalar and thus the presence of singularities.
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Let us discuss behavior of (2.166) for r → 0 in the above mentioned singular
cases. The Kretschmann scalar consists of a sum of squares, except the third
term which is negative, and, as we will see, it is sufficient to compare only the
first and the third term.

In the “generic” case 2p 6= m, 2p 6= m− 1, one may determine the behaviour
of the following quantities near r = 0 from the r-dependence of H (2.145) and
A2µ,2µ+1 (2.139)

H ∼ r−(m−2p−1), DH ∼ r−(m−2p), D2H ∼ r−(m−2p+1),

A2µ,2µ+1 ∼ 1 if a0
(2µ) 6= 0, A2µ,2µ+1 = 0 if a0

(2µ) = 0 at x = x0.
(2.167)

Substituting (2.167) to (2.159) and (2.160), we obtain that Φ ∼ r−(m−2p+1) and
either ΦA

2µ,2µ+1 ∼ r−(m−2p) for a0
(2µ) 6= 0 or ΦA

2µ,2µ+1 = 0 for a0
(2µ) = 0. Therefore,

the first term dominates over the third term in (2.166) and the Kretschmann
scalar diverges. Thus, in the “generic” case, a curvature singularity is always
located at r = 0.

Note that this case also includes all non-twisting expanding Einstein GKS
solutions, where p = 0, such as the higher dimensional (A)dS–Schwarzschild–
Tangherlini black holes. A five-dimensional example of these metrics will be
presented in section 2.6.5 as a static limit of the (A)dS–Kerr metric (2.179) with
m = 3, p = 0, where the corresponding optical metric Lij and the function H
will be also given explicitly.

Similarly, one may analyze the special cases 2p = m (for m even), 2p = m− 1
(for m odd) where some of the functions a0

(2µ) have real roots. Let q (q ≥ 1)

denotes the number of such vanishing a0
(2µ). Now, from (2.139) it follows that if

a0
(2µ) has no root then A2µ,2µ+1 ∼ 1 near r = 0, whereas if a0

(2µ) admits a root

x = x0 then A2µ,2µ+1 = 0 at this point. The Kerr–Schild function H (2.145) and
its derivatives behave for 2p = m as

H ∼ r−2q+1 , DH ∼ r−2q , D2H ∼ r−2q−1 , (2.168)

therefore, Φ ∼ r−2q−1 and ΦA
ijΦ

A
ij ∼ 2(p− q)r−4q. In the case 2p = m− 1 one gets

H ∼ r−2q , DH ∼ r−2q−1 , D2H ∼ r−2q−2 (2.169)

and consequently Φ ∼ r−2q−2 and ΦA
ijΦ

A
ij ∼ 2(p− q)r−2(2q+1). Therefore, in both

special cases 2p = m and 2p = m − 1, the first term in (2.166) dominates again
over the third term and if any a0

(2µ) has a real root at x = x0 then a curvature
singularity is located at r = 0, x = x0. Note that this corresponds, for instance,
to the well-known ring shaped singularity of the Kerr black hole.

As will be shown in section 2.6.5, these special cases are represented, e.g., by
the five-dimensional Kerr–(A)dS metric (2.179), where the optical matrix Lij of
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rank m = 3 has, in the rotating case, one 2×2 block, i.e. p = 1. The function a0
(2)

is given by the spins a, b as (a0
(2))

2 = a2 cos2 θ+b2 sin2 θ. If one of the spins is zero,

a0
(2) admits a root and, indeed, this corresponds to the special case (2p = m− 1,

m odd) with a curvature singularity located at r = 0. In the case with both
spins being non-zero, this metric belongs neither to the “generic” case nor to the
special cases since a0

(2) never vanishes and therefore no singularity is present at
r = 0.

2.6.5 Example of expanding Einstein generalized
Kerr–Schild spacetime: Kerr–(A)dS

In this section, we compare our results obtained for general expanding Einstein
GKS spacetimes with an explicit physically interesting example, namely, the
higher dimensional Kerr–(A)dS metric. Considering such metrics in five dimen-
sions, we find a parallelly transported frame which allows us to express the optical
matrix Lij in the block-diagonal form. Subsequently, we compare this optical ma-
trix and the Kerr–Schild function H with the r-dependence of the corresponding
quantities of general expanding Einstein GKS spacetimes derived in the previous
sections and discuss the presence of curvature singularities.

The higher dimensional Kerr–(A)dS metric is an example of an expanding
Einstein GKS spacetime describing a black hole rotating in b(n − 1)/2c inde-
pendent planes with a possible cosmological constant Λ. In this sense, it is a
generalization of the Myers–Perry black hole, which can be obtained by taking
the limit Λ → 0. The Kerr–(A)dS metric in arbitrary dimension was derived
in [30] in the GKS form (2.11) using the spheroidal coordinates consisting of the
radial coordinate r, time coordinate t, b(n−1)/2c azimuthal angular coordinates
φi and bn/2c coordinates µi subject to

bn/2c∑
i=1

µ2
i = 1. (2.170)

The background metric ḡab, Kerr–Schild vector k and function H in n = 2k + 1
dimensions are given by

ḡab dxa dxb = −W (1− λr2) dt2 + F dr2 +
k∑
i=1

r2 + a2
i

1 + λa2
i

(dµ2
i + µ2

i dφ2
i )

+
λ

W (1− λr2)

(
k∑
i=1

(r2 + a2
i )µi dµi

1 + λa2
i

)2

, (2.171)
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ka dxa = W dt+ F dr −
k∑
i=1

aiµ
2
i

1 + λa2
i

dφi, (2.172)

H = − M∑k
i=1

µ2i
r2+a2i

∏k
j=1(r2 + a2

j)
, (2.173)

whereas in n = 2k dimensions

ḡab dxa dxb = −W (1− λr2) dt2 + F dr2 +
k∑
i=1

r2 + a2
i

1 + λa2
i

dµ2
i +

k−1∑
i=1

r2 + a2
i

1 + λa2
i

µ2
i dφ2

i

+
λ

W (1− λr2)

(
k∑
i=1

(r2 + a2
i )µi dµi

1 + λa2
i

)2

, (2.174)

ka dxa = W dt+ F dr −
k−1∑
i=1

aiµ
2
i

1 + λa2
i

dφi, (2.175)

H = − M

r
∑k

i=1
µ2i

r2+a2i

∏k−1
j=1(r2 + a2

j)
, (2.176)

where the functions W and F are defined as

W =
k∑
i=1

µ2
i

1 + λa2
i

, F =
r2

1− λr2

k∑
i=1

µ2
i

r2 + a2
i

(2.177)

and λ is related to the cosmological constant Λ via

λ =
2Λ

(n− 1)(n− 2)
. (2.178)

In five dimensions, one may choose the coordinates µi as µ1 = sin θ, µ2 = cos θ
that clearly satisfy (2.170) and denote the azimuthal coordinates as φ1 = φ,
φ2 = ψ and the rotation parameters as a1 = a, a2 = b. The background metric
ḡab, Kerr–Schild vector k and function H are then given by

ḡab dxa dxb = − (1− λr2)∆

(1 + λa2)(1 + λb2)
dt2 +

r2ρ2

(1− λr2)(r2 + a2)(r2 + b2)
dr2

+
ρ2

∆
dθ2 +

(r2 + a2) sin2 θ

1 + λa2
dφ2 +

(r2 + b2) cos2 θ

1 + λb2
dψ2, (2.179)

ka dxa =
∆

(1 + λa2)(1 + λb2)
dt+

r2ρ2

(1− λr2)(r2 + a2)(r2 + b2)
dr

− a sin2 θ

1 + λa2
dφ− b cos2 θ

1 + λb2
dψ, (2.180)

H = −M
ρ2
, (2.181)
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where the angular coordinate ranges are as usual θ ∈ 〈0, π〉, φ ∈ 〈0, 2π), ψ ∈
〈0, 2π) and the functions ρ, ∆ and ν are defined as

ρ2 = r2 + ν2, ∆ = 1 + λν2, ν =
√
a2 cos2 θ + b2 sin2 θ. (2.182)

In agreement with propositions 1 and 2, it can be shown by a straightforward
calculation that the Kerr–Schild vector k (2.180) is the geodetic multiple WAND.
Moreover, k is already scaled to be affinely parametrized.

Now we construct a parallelly transported null frame, with k being one of the
vectors, such that the optical matrix Lij takes the block-diagonal form (2.137).
However, first of all we find an arbitrary null frame satisfying the constraints
(1.8) and then we can transform it to the desired form using null rotations and
spins which preserve k.

Note that, unlike the full Kerr–(A)dS metric, the background metric ḡab
(2.179) is diagonal and much more simpler. Therefore, it is easier to construct a
null frame in the background spacetime k, n̄, m(i) which is related to the frame
in the full spacetime k, n, m(i) by (2.24). One may immediately express the
inverse background metric as

ḡab
∂

∂xa

∂

∂xb
= −(1 + λa2)(1 + λb2)

(1− λr2)∆

(
∂

∂t

)2

+
∆

ρ2

(
∂

∂θ

)2

+
1 + λa2

(r2 + a2) sin2 θ

(
∂

∂φ

)2

+
1 + λb2

(r2 + b2) cos2 θ

(
∂

∂ψ

)2

+
(1− λr2)(r2 + a2)(r2 + b2)

r2ρ2

(
∂

∂r

)2

.

(2.183)

Since ḡab is diagonal we can easily choose the covector n̄ same as k with the only
difference that we change the sign of the “dt” component to ensure that n̄ is
also null and then we multiply it by an appropriate factor to satisfy the frame
normalization ḡabkan̄b = 1

n̄adx
a = −1− λr2

2
dt+

(1 + λa2)(1 + λb2)r2ρ2

2∆(r2 + a2)(r2 + b2)
dr

− a(1 + λb2)(1− λr2) sin2 θ

2∆
dφ

− b(1 + λa2)(1− λr2) cos2 θ

2∆
dψ.

(2.184)

Consequently, the corresponding frame vector n in the full spacetime is given by
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(2.24) as

nadx
a =

(
M∆

ρ2(1 + λa2)(1 + λb2)
− 1− λr2

2

)
dt

+
r2

(r2 + a2)(r2 + b2)

(
(1 + λa2)(1 + λb2)ρ2

2∆

+
M

(1− λr2)

)
dr − a sin2 θ

(
(1 + λb2)(1− λr2)

2∆

+
M

ρ2(1 + λa2)

)
dφ− b cos2 θ

(
(1 + λa2)(1− λr2)

2∆

+
M

ρ2(1 + λb2)

)
dψ.

(2.185)

It remains to determine three spacelike frame vectors. A general spacelike
vector is of the form ma dxa = A dt+B dr+C dθ+E dφ+F dψ. The orthogonality
conditions ḡabkamb = ḡabn̄amb = 0 imply that A = 0 and B = E a

r2+a2
+ F b

r2+b2
.

Then from ḡabmamb = 1 it follows that

C2 ∆

ρ2
+ E2

[
1 + λa2 cos2 θ

ρ2 sin2 θ
+

b2

r2ρ2

]
+ 2EF

[
ab(1− λr2)

r2ρ2

]
+ F 2

[
1 + λb2 sin2 θ

ρ2 cos2 θ
+

a2

r2ρ2

]
= 1. (2.186)

Obviously, the simplest solution is C = ρ/
√

∆, E = F = 0 which determines the
first of the spacelike frame vectors m(2)

m(2)
a dxa =

ρ√
∆

dθ. (2.187)

Expressing ḡabm
(2)
a mb = 0, one obtains C = 0 and therefore the “dθ” component

of two remaining spacelike vectors has to vanish, i.e.

m(κ)
a dxa =

(
Eκ

a

r2 + a2
+ Fκ

b

r2 + b2

)
dr + Eκ dφ+ Fκ dψ, κ = 3, 4. (2.188)

The four unknown functions Eκ, Fκ have to satisfy three equations following from
the remaining constraints ḡabm

(3)
a m

(4)
b = 0, ḡabm

(3)
a m

(3)
b = ḡabm

(4)
a m

(4)
b = 1, which

are rather complicated to solve at this moment. Since there is an arbitrariness,
we can try to find m(4) to be parallelly transported along k, i.e. to satisfy the
condition m

(4)
a;bk

a = 0. Only the contraction m
(4)
a;bk

amb
(2) is sufficiently simple to
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express and we obtain E2 = F2
b sin2 θ
a cos2 θ

relating the functions E2, F2. Putting this

expression to the normalization ḡabm
(4)
a m

(4)
b = 1 yields F2 = ar cos2 θ

ν
and therefore

m(4)
a dxa =

abr

ν

(
sin2 θ

r2 + a2
+

cos2 θ

r2 + b2

)
dr

+
br sin2 θ

ν
dφ+

ar cos2 θ

ν
dψ.

(2.189)

The remaining unknown functions E1, F1 can be determined from ḡabm
(4)
a m

(3)
b = 0

leading to E1 = −F1
a
b

and subsequently ḡabm
(3)
a m

(3)
b = 1 implies F1 = bρ sin θ cos θ√

∆ν
.

Finally, we thus obtain

m(3)
a dxa =

ρ sin θ cos θ√
∆ν

[(
b2

r2 + b2
− a2

r2 + a2

)
dr − a dφ+ b dψ

]
. (2.190)

So far we have constructed the null frame consisting of k (2.180), n (2.185),
m(2) (2.187), m(3) (2.190) and m(4) (2.189) which can be expressed in the con-
travariant form as

k = − 1

1− λr2

∂

∂t
+

∂

∂r
− a

r2 + a2

∂

∂ϕ
− b

r2 + b2

∂

∂ψ
,

n =

(
1

2

(1 + λa2)(1 + λb2)(1− λr2)

∆
− M

ρ2

)
k

+
(1 + λa2)(1 + λb2)

∆

∂

∂t
,

m(2) =

√
∆

ρ

∂

∂θ
,

m(3) =
ρ sin θ cos θ√

∆ν

[
(b2 − a2)(1− λr2)

ρ2

∂

∂r
− a(1 + λa2)

(r2 + a2) sin2 θ

∂

∂ϕ

+
b(1 + λb2)

(r2 + b2) cos2 θ

∂

∂ψ

]
,

m(4) =
abr

ν

[
1− λr2

r2

∂

∂r
+

1 + λa2

a(r2 + a2)

∂

∂ϕ
+

1 + λb2

b(r2 + b2)

∂

∂ψ

]
.

(2.191)

One may show that although this frame is not parallelly transported along the
geodetic Kerr–Schild vector k, it is already adapted to the block-diagonal form
of the optical matrix Lij, where the 2×2 block corresponds to the plane spanned
by the frame vectors m(2) and m(3).

Recall that the condition that a frame is parallelly transported along a geode-
tic (Li0 = 0) and affinely parametrized (L10 = 0) null congruence k can be written
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using Ricci rotation coefficients as

Ni0 =
i

M j0 = 0. (2.192)

Considering our chosen frame (2.191), we have to transform away the following
non-zero coefficients

N20 =
λ(a2 − b2) sin θ cos θ

ρ
√

∆
, N30 = −λ(a2 − b2)r sin θ cos θ

ρν
√

∆
,

N40 =
λab

ν
,

2

M30 =
ν

ρ2
,

3

M20 = − ν

ρ2
,

(2.193)

by appropriate Lorentz transformations. First, it is convenient to perform spins

to set
i

M j0 to zero since this simplifies the equations determining the parameters
zi of an appropriate null rotation around k setting Ni0 to zero.

Note that null rotations with k fixed and spins in any plane spanned by m(i)

and m(j) corresponding to a 2 × 2 block in the canonical form of the optical
matrix Lij preserve the block-diagonal form of this matrix.

Therefore, we assume the transformation matrix of appropriate spins (1.21)
in the form

Xij =

cos ε(r) − sin ε(r) 0
sin ε(r) cos ε(r) 0

0 0 1

 . (2.194)

Requiring
i

M̂ j0 = 0 and using the orthogonality X−1 = XT of the transformation
matrix, it follows from (1.21) that

DX = −XM. (2.195)

This is satisfied if Dε(r) ≡ dε(r)
dr

= ν
r2+ν2

which has a solution ε(r) = tan−1 r
ν

and
therefore

Xij =

ν
ρ
− r
ρ

0
r
ρ

ν
ρ

0

0 0 1

 . (2.196)

Thus, the spin represented by the transformation matrix (2.196) ensures that

all
i

M j0 vanish and Ni0 transform as

N̂20 =
ν

ρ
N20 −

r

ρ
N30 =

λ(a2 − b2) sin θ cos θ√
∆ν

,

N̂30 =
r

ρ
N20 +

ν

ρ
N30 = 0, N̂40 = N40 =

λab

ν

(2.197)
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and now we set the remaining N̂20, N̂40 to zero using an appropriate null rotation
with k fixed (1.19) which leads to

ˆ̂
Ni0 = N̂i0 + Dzi. (2.198)

Requiring
ˆ̂
Ni0 = 0 and substituting (2.197) to (2.198), we can integrate over r to

obtain the functions zi

z2 = −λ(a2 − b2)r sin θ cos θ√
∆ν

, z4 = −λabr
ν

. (2.199)

Therefore, we have found a parallelly transported frame k, ˆ̂n, ˆ̂m(2), ˆ̂m(3), ˆ̂m(4)

which is related to the null frame k, n, m(2), m(3), m(4) (2.191) by

ˆ̂n = m + z2

(
ν

ρ
m(2) − r

ρ
m(3)

)
+ z4m

(4)

− 1

2

λ2r2

ν2

[
a2b2 +

(a2 − b2)2 sin2 θ cos2 θ

∆

]
k,

ˆ̂m(2) =
ν

ρ
m(2) − r

ρ
m(3) − z2k,

ˆ̂m(3) =
r

ρ
m(2) +

ν

ρ
m(3), ˆ̂m(4) = m(4) − z4k.

(2.200)

The optical matrix Lij of the five-dimensional Kerr–(A)dS metric (2.179)–
(2.181) can be straightforwardly expressed in the parallelly transported frame
(2.200) as

Lij =

 r
ρ2

ν
ρ2

0

− ν
ρ2

r
ρ2

0

0 0 1
r

 , (2.201)

which is obviously of rank m = 3 and contains one 2 × 2 block, i.e. p = 1, where

s(2) =
r

r2 + ν2
, A2,3 =

ν

r2 + ν2
. (2.202)

One may compare this particular optical matrix Lij (2.201) and the Kerr–Schild
function H (2.181) of the five-dimensional Kerr–(A)dS metric with the corre-
sponding quantities Lij (2.137)

Lij =

 s(2) A2,3 0
−A2,3 s(2) 0

0 0 1
r

 (2.203)
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and H (2.145)

H = H0
1

r2 + (a0
(2))

2
(2.204)

of general expanding Einstein GKS spacetimes with the same parameters n = 5,
m = 3, p = 1, where

s(2) =
r

r2 + (a0
(2))

2
, A2,3 =

a0
(2)

r2 + (a0
(2))

2
. (2.205)

The presented optical matrices (2.201), (2.203) and the functions H (2.181),
(2.204) are in accordance and obviously

a0
(2) = ν ≡

√
a2 cos2 θ + b2 sin2 θ, H0 = −M. (2.206)

Now we employ the results of section 2.6.4 to investigate the presence of curva-
ture singularities at r = 0 in five-dimensional Kerr–(A)dS spacetimes. According
to number of non-zero rotation parameters a, b our discussion can be split into
three distinct cases.

In the first case where both rotation parameters are non-zero a 6= 0, b 6= 0, the
optical matrix Lij has one 2× 2 block, i.e. p = 1, and therefore 2p = m− 1. This
corresponds to the special cases in section 2.6.4 when a curvature singularity is
presented if a0

(2) (2.206) admits a real root. Since a2 cos2 θ+ b2 sin2 θ never vanish
there is no curvature singularity .

If we set one of the rotation parameters to zero, for instance a 6= 0, b = 0,
then the optical matrix Lij has still one 2 × 2 block and therefore 2p = m − 1.
However, now a0

(2) = a cos θ has a real root at θ = π
2

and this corresponds to the
ring-shaped singularity known from the four-dimensional Kerr solution.

Whereas in the previous cases the presence of a curvature singularity depends
on the behaviour of the function a0

(2), in the last static case a = b = 0, the

Kerr–(A)dS metric reduces to the (A)dS–Schwarzschild–Tangherlini black hole
where the optical matrix Lij is obviously diagonal, i.e. p = 0. Since neither
2p = m − 1 nor 2p = m, this corresponds to the “generic” case in section 2.6.4
where a curvature singularity is located at r = 0.

2.6.6 Expanding generalized Kerr–Schild spacetimes with
null radiation

In this section, we present two explicit examples of expanding GKS spacetimes
with a null radiation term in the Ricci tensor which is aligned with the Kerr–
Schild vector k as in (2.91). Namely, the Kinnersley photon rocket and the
Vaidya shining star. Both solutions belong to the Robinson–Trautman class of
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spacetimes admitting an expanding, non-shearing and non-twisting geodetic null
congruence.

First, let us point out the differences between four and higher dimensional
cases. In four dimensions, the Robinson–Trautman class contains solutions of all
algebraically special Petrov types II, D, III and N, see, e.g., [9]. On the other
hand, in higher dimensions, the form of the optical matrix of spacetimes with
non-zero expansion and vanishing shear and twist Lij = θδij excludes Weyl types
III and N. It follows directly from the fact that all type N and non-twisting type
III Einstein spacetimes have the optical matrix of rank 2 which, in an appropriate
frame, takes the form Lij = diag(s, s, 0, . . . , 0) [46] and therefore, omitting the
Kundt class, these types III and N spacetimes are non-shearing only in dimension
n = 4. Indeed, it was shown in [16] that the higher dimensional Robinson–
Trautman class is not so rich as in the four-dimensional case and contains only
solutions of Weyl type D.

Kinnersley photon rocket

The Kinnersley photon rocket [25] is a four-dimensional solution of the Einstein
field equations with a null radiation term on the right-hand side representing
arbitrarily moving test particle in the Minkowski background due to the back-
reaction caused by emitted photons. The metric of such spacetime admitting
the KS form (2.1) can be generalized by adding a cosmological constant Λ and
is of Petrov type D [43]. This suggests that it could have a higher dimensional
analogue.

Such a solution in arbitrary dimension was found as a special case in [26],
where Kerr–Schild metrics with an acceleration due to null radiation were studied
in the context of the Einstein–Maxwell theory. Subsequently, a cosmological
constant Λ was taken into account in [47] and enters the metric via the Kerr–
Schild function H

H = −m(u)

rn−3
− Λ

(n− 2)(n− 1)
r2, (2.207)

in the KS form (2.1) with the flat background metric expressed in the Cartesian-
like coordinates as

ηab dxa dxb =
r2

P 2
δij dxi dxj − 2du dr −

(
1− 2r (logP ),u

)
du2, (2.208)

where

P =
(
ż0 − ż1

)
− δij żjxi +

1

4

(
ż0 + ż1

)
δijx

ixj (2.209)

and the Kerr–Schild vector k is given by

ka ∂a = ∂r. (2.210)
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The limit m = 0 represents an (anti-)de Sitter spacetime. Therefore, the metric
can be cast to the GKS form (2.11) since we can split H = Hm +HΛ to the parts
containing only m(u) or Λ, respectively, and then denote ḡab = ηab − 2HΛkakb
which is obviously an (anti-)de Sitter background metric and where Hmkakb now
corresponds to the Kerr–Schild term.

The Ricci tensor takes the form (2.91) with a null radiation term aligned with
the Kerr–Schild vector k, where Φ is given by

Φ =
n− 2

rn−2

(
(n− 1)m (logP ),u −m,u

)
. (2.211)

As already mentioned above, this higher dimensional solution is of the Weyl
type D with an expanding, non-twisting and non-shearing null congruence corre-
sponding to the Kerr–Schild vector k. An arbitrary motion of a photon rocket
can be prescribed by an appropriate choice of the functions za(u) defining a time-
like worldline in the flat background metric with u being the proper time. Such
various trajectories and corresponding radiation patterns of emitted photons and
mass loss of the rocket were studied in [48].

Note that, for a rocket at rest, photons are radiated isotropically and the
Kinnersley metric reduces to the spherically symmetric Vaidya solution.

Vaidya shining star

The four-dimensional Vaidya solution originally found in [49] is a non-static gen-
eralization of the Schwarzschild metric representing a spherically symmetric star
losing mass which is carried away by emitted radiation. The higher dimensional
Vaidya metric obtained in the Ricci-flat case [24] and subsequently in the case
of Einstein spaces [50] can be transformed to the KS form (2.1) with the flat
background metric as

ds2 = −dt2 + dr2 + r2 dΩ2
(n−2)

+ 2

[
m(u)

rn−3
+

Λr2

(n− 2)(n− 1)

]
(dt− dr)2 (2.212)

and differs from the Schwarzschild–Tangherlini metric (2.8) in the way that the
mass m(u) may vary and depends on the retarded time u = t− r. This leads to
the null radiation term

Φ =
(n− 2)

rn−2
m,u, (2.213)

appearing in the Ricci tensor of the form (2.91). The metric (2.212) can be
transformed to the GKS form (2.11) with an (A)dS background by introducing a
new time coordinate t′

t′ = t+

∫
λr2

1− λr2
dr, (2.214)
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where λ is given by the cosmological constant Λ via (2.178), or explicitly for a
positive and negative cosmological constant

t′ =

{
t− r + 1√

λ
tanh−1

√
λr λ > 0,

t− r + 1√
−λ tan−1

√
−λr λ < 0,

(2.215)

respectively. Therefore, the cosmological constant Λ moves from the Kerr–Schild
function H to the background metric and one thus obtains

ds2 = −(1− λr2) dt′2 +
dr2

1− λr2
+ r2 dΩ2

(n−2)

+
2m(u)

rn−3

(
dt′ − dr

1− λr2

)2

,

(2.216)

where the first three terms represent the corresponding (anti-)de Sitter back-
ground metric in the spherical coordinates.

Note that some other generalizations of the Vaidya metric are known. Four-
dimensional charged Vaidya metrics in the electro-vacuum case were investigated
in [51]. It was shown there that the four-dimensional Reissner–Nordström–Vaidya
metric is of Petrov type D and the four-dimensional Kerr–Newman–Vaidya solu-
tion is of Petrov type II unlike the Kerr–Newman black hole which is of type D.
Vaidya solutions were studied also in the Einstein–Maxwell theory with sources,
for instance, a four-current proportional to the Kerr–Schild vector k was consid-
ered in [52].

2.6.7 Warped expanding Einstein generalized
Kerr–Schild spacetimes

In section 2.5.2, we employed the Brinkmann warp product, presented in section
1.4, in order to generate examples of higher dimensional non-expanding Einstein
GKS metrics from known four-dimensional Einstein Kundt metrics and higher
dimensional VSI metrics. In this way we obtained solutions with one extra di-
mension and this also allowed us to introduce cosmological constant to Ricci-flat
metrics.

Naturally, one may use this method also in the case of expanding Einstein
GKS spacetimes. We already know that the Brinkmann warp product (1.37)
preserves the Weyl type of algebraically special spacetimes. Furthermore, as we
have shown in section 2.3, it preserves the GKS form as well. Therefore, starting
with an (n − 1)-dimensional expanding Einstein GKS seed metric, which is of
Weyl type II or D by proposition 5, we construct an n-dimensional Einstein GKS
metric of the same Weyl type as the seed. This implies that the warped metric
has non-zero expansion.
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More precisely, the optical matrices of general seed and warped metrics in
parallelly propagated frames satisfy [46]

Lij = L̃ij, Li,n−1 = Ln−1,j = Ln−1,n−1 = 0, (2.217)

where i, j = 2, . . . , n− 2. Obviously, the optical matrix Lij of the warped metric
is degenerate and the corresponding optical scalars read

θ =
n− 3

n− 2
θ̃, σ2 = σ̃2 +

n− 3

n− 2
θ̃2, ω2 = ω̃2. (2.218)

The zeros in the last row and column of the optical matrix Lij lead to the fact
that an expanding warped metric is shearing even if the seed metric is shear-free.
Thus, for instance, metrics belonging to the Robinson–Trautman class do not
remain within this class after application of the Brinkmann warp product.

The simplest example of a warped expanding GKS metric is an anti-de Sitter
spacetime which has a non-trivial Kerr–Schild term with expanding k if it is
rewritten in the KS form as in (2.9). It can be obtained by using (1.49), i.e. the
case R̃ = 0, R < 0, and taking the Minkowski spacetime as a seed ds̃2. Then the
warp product leads to the metric expressed in the form

ds2 = dy2 + e2
√
−λy ηab dxa dxb. (2.219)

In fact, these coordinates cover only a part of the complete AdS spacetime and
a similar five-dimensional metric was already considered to solve the hierarchy
problem in the Randall–Sundrum braneworld scenario [53,54]

ds2 = dy2 + e−2
√
−λ|y| ηab dxa dxb, (2.220)

where the absolute value causes a jump discontinuity in the first derivatives of the
metric leading subsequently to a delta function in the second derivatives. Effec-
tively, there appears a term proportional to δ(y) in the Ricci tensor corresponding
to an energy–momentum tensor lying on the brane y = 0.

Of course, one may choose any Einstein spacetime as a seed in (2.220) instead
of the flat Minkowski metric ηab. For instance, substituting the Schwarzschild
metric as a slice ds̃2, we obtain the Chamblin–Hawking–Reall black hole on a
brane

ds2 = dy2 + e−2
√
−λ|y| ds̃2, (2.221)

discussed in [55].
In general, choosing expanding Einstein GKS metrics representing black holes

as a seed, one obtains black string solutions. It can be easily seen directly from
the form of the warp product with a flat extra dimension (1.46)–(1.50) that an
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(n− 1)-dimensional slice ds̃2 of the full n-dimensional metric ds2 is multiplied by
a conformal factor depending on the extra dimension coordinate y and therefore
these black strings are in general non-homogeneous. They are homogeneous only
in the case of direct product R̃ = 0, R = 0.

Thus, one may generate various black string solutions by warping appropriate
black holes, for instance, taking the Kerr–(A)dS metric as a seed, we get spinning
black string. Nevertheless, let us remind that these warped spacetimes suffer from
naked singularity at points where the warp factor vanishes, i.e. f(z) = 0, except
the cases R̃ = 0, R = 0 and R̃ < 0, R < 0 when f(z) does not admit a root.

Here we present only an example of the latter case, i.e. n-dimensional black
string with a negative cosmological constant Λ sliced by an (n − 1)-dimensional
Kerr–AdS metric (2.172)–(2.176). Using the form conformal to a direct product
(1.43), the warped metric can be expressed in the GKS form (2.11) with the
background metric ḡab, Kerr–Schild vector k and function H given by

ḡab dxa dxb =
1

cos2(
√
−λx)

[
dx2 −W (1− λr2) dt2 + F dr2

+

b(n−1)/2c∑
i=1

r2 + a2
i

1 + λa2
i

dµ2
i +

bn/2−1c∑
i=1

r2 + a2
i

1 + λa2
i

µ2
i dφ2

i

+
λ

W (1− λr2)

b(n−1)/2c∑
i=1

(r2 + a2
i )µi dµi

1 + λa2
i

2 ]
, (2.222)

ka dxa =
1

cos(
√
−λx)

[
W dt+ F dr −

bn/2−1c∑
i=1

aiµ
2
i

1 + λa2
i

dφi

]
, (2.223)

H =


− M

r
∑b(n−1)/2c
i=1

µ2
i

r2+a2
i

∏bn/2−1c
j=1 (r2+a2j )

if n is even,

− M∑b(n−1)/2c
i=1

µ2
i

r2+a2
i

∏b(n−1)/2c
j=1 (r2+a2j )

if n is odd,
(2.224)

where the functions W and F are defined as

W =

b(n−1)/2c∑
i=1

µ2
i

1 + λa2
i

, F =
r2

1− λr2

b(n−1)/2c∑
i=1

µ2
i

r2 + a2
i

, (2.225)

λ < 0 is related to the cosmological constant Λ via (2.178) and the coordinate
x is subject to −π

2
<
√
−λx < π

2
. In the case n = 5, such metrics have been

already constructed in [17].
Let us remark that if we set λ = 0, the black string metric (2.223)–(2.224)

reduces to the direct product of an (n − 1)-dimensional Myers–Perry black hole
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with a flat extra dimension since, in this limit, the form of a warped metric (1.43)
for R̃ < 0, R < 0 smoothly transforms to the form (1.41) for R̃ = 0, R = 0 and
again a naked singularity is not present.

2.7 Other generalizations of the Kerr–Schild

ansatz

Apart from the GKS metric (2.11), there are other possible generalizations of the
original Kerr–Schild ansatz (2.1) that also lead to exact solutions. One of such
examples, referred to as the extended Kerr–Schild ansatz, was proposed in [56].
In fact, it was shown that the CCLP solution [57] representing charged rotating
black holes in five-dimensional minimal gauged supergravity previously found by
the trial and error method can be put into this form. Besides an (anti-)de Sitter
background metric and the null Kerr–Schild congruence appearing in the GKS
form, this ansatz also consists of an additional spacelike vector field and will be
studied in more detail in chapter 3.

Another extension of the Kerr–Schild ansatz was also discovered by rewriting
an already known solution. If one performs a Wick rotation of the higher dimen-
sional Kerr–NUT–(A)dS spacetime [58] in order to change the signature (1, n−1)
of the metric either to the signature (k, k + 1) in odd dimension n = 2k + 1 or
to the signature (k, k) in even dimension n = 2k, respectively, then the resulting
metric can be cast to the multi-Kerr–Schild form [59]

gab = ḡab − 2
k∑

µ=1

Hµk
(µ)
a k

(µ)
b . (2.226)

In odd dimensions, the (A)dS background metric ḡab, the Kerr–Schild vectors k(µ)

and the functions Hµ of the Kerr–NUT–(A)dS spacetime are given by

ḡab dxa dxb =
W∏n
i=1 Ξi

dτ 2 +
n∑
µ=1

Uµ
X̄µ

dx2
µ −

n∑
i=1

γi
Ξi

∏
j 6=i(a

2
i − a2

j)
dϕ2

i , (2.227)

k(µ)
a dxa =

W

1 + λx2
µ

dτ∏k
i=1 Ξi

− Uµ dxµ
X̄µ

−
k∑
i=1

aiγi dϕi
(a2
i − x2

µ)Ξi

∏
j 6=i(a

2
i − a2

j)
, (2.228)

Hµ = − bµ
Uµ
, X̄µ =

(1 + λx2
µ)

x2
µ

k∏
i−1

(a2
i − x2

µ), (2.229)
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whereas, in even dimensions, they can be expressed as

ḡab dxa dxb =
W∏k−1
i=1 Ξi

dτ 2 +
k∑

µ=1

Uµ
X̄µ

dx2
µ −

k−1∑
i=1

γi
a2
iΞi

∏
j 6=i(a

2
i − a2

j)
dϕ2

i , (2.230)

k(µ)
a dxa =

W

1 + λx2
µ

dτ∏k−1
i=1 Ξi

− Uµ dxµ
X̄µ

−
k−1∑
i=1

γi dϕi
(a2
i − x2

µ)aiΞi

∏
j 6=i(a

2
i − a2

j)
, (2.231)

Hµ = −bµxµ
Uµ

, X̄µ = −(1 + λx2
µ)

k−1∏
i=1

(a2
i − x2

µ), (2.232)

where λ is given as in (2.178), bµ corresponds to the mass and NUT parameters
and Ξi, γi, W , Uµ are defined as

Ξi = 1 + λa2
i , γi =

k∏
ν=1

(a2
i − x2

ν),

W =
k∏
ν=1

(1 + λx2
ν), Uµ =

∏
ν 6=µ

(x2
ν − x2

µ).

(2.233)

Each of the scalar functions Hµ contains just one of the mass or NUT param-
eters which appears in Hµ linearly. Therefore, the NUT parameters enter the

metric of this form in an analogous way as the mass parameter. The vectors k(µ)

are linearly independent, mutually orthogonal and tangent to the corresponding
affinely parametrized geodetic null congruences.

The last presented example of possible generalizations of the Kerr–Schild
ansatz has appeared recently in [60] where the higher dimensional charged ro-
tating Kaluza–Klein AdS black hole has been obtained in the form

gab = H
1

D−2

(
ḡab +

2m

UH
kakb

)
, Aa =

2ms

UH
ka, Φ = − ln(H)

D − 2
, (2.234)

as a solution of the Einstein–Maxwell–dilaton theory with the Lagrangian

L =
√
−g
(
R− 1

4
(n− 1)(n− 2)(∂Φ)2 − 1

4
e−(n−1)ΦF2

+ g2(n− 1)
(
(n− 3)eΦ + e−(n−3)Φ

))
. (2.235)
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The background metric ḡab represents again an AdS spacetime, but now k is a
timelike vector field

ḡab dxa dxb = −
(
1 + g2r2

)
W dt̄2 +

N+ε∑
i=1

r2 + a2
i

χi
dµ2

i +
N∑
i=1

r2 + a2
i

χi
µ2
i dφ̄2

i

+ F dr2 − g2

(1 + g2r2)W

(
N+ε∑
i=1

r2 + a2
i

χi
µi dµi

)2

, (2.236)

ka dxa = cW dt̄+
√
f(r)F dr −

N∑
i=1

ai
√

Ξi

χi
µ2
i dφ̄i, (2.237)

where the functions H, U , W , F , f(r), Ξi and χi are defined as

H = 1 +
2ms2

U
, U = rε

N+ε∑
i=1

µ2
i

r2 + a2
i

N∏
j=1

(
r2 + a2

j

)
,

F =
r2

1 + g2r2

N+ε∑
i=1

µ2
i

r2 + a2
i

, f(r) = c2 − s2
(
1 + g2r2

)
,

W =
N+ε∑
i=1

µ2
i

χi
, Ξi = c2 − s2χi, χi = 1− g2a2

i

(2.238)

and c ≡ cosh δ, s ≡ sinh δ with δ being a charge. The timelike vector field
k is geodetic and its norm with respect to the background metric depends on
the charge ḡabk

akb = −s2. Note that in the uncharged case, the metric (2.235)
reduces to the GKS form (2.11) and the vector k becomes null.



Chapter 3

Extended Kerr–Schild spacetimes

The aim of this chapter is to investigate general properties of an extension of the
original Kerr–Schild ansatz, referred to as the extended Kerr–Schild ansatz, in a
similar way as it is performed for GKS spacetimes in chapter 2. Later, we may
find the results of such analysis useful in finding new exact solutions in this form.
In fact, this extension has been already studied in [61] using the method of per-
turbative expansion. It has been shown that the vacuum field equations truncate
beyond a certain low order in an expansion around the background metric sim-
ilarly as in the case of GKS spacetimes. Here we employ the Newman–Penrose
formalism which allows us to formulate some statements about geodesicity and
optical properties of the null congruence and Weyl types of extended Kerr–Schild
spacetimes. However, these results have not been published yet since the analysis
is not completed and some aspects can be further investigated.

We define the extended Kerr–Schild ansatz (xKS) as a metric of the form

gab = ḡab − 2Hkakb − 2Kk(amb), (3.1)

where the background metric ḡab represents an (anti-)de Sitter or Minkowski
spacetime, H and K are scalar functions, k is a null vector and m is a spacelike
unit vector both with respect to the full metric

kaka ≡ gabk
akb = 0, kama ≡ gabk

amb = 0, mama ≡ gabm
amb = 1. (3.2)

From the form of the xKS metric (3.1) it then follows that the same holds also
with respect to the background metric

ḡabk
akb = 0, ḡabk

amb = 0, ḡabm
amb = 1 (3.3)

and the inverse metric is simply given by

gab = ḡab +
(
2H−K2

)
kakb + 2Kk(amb). (3.4)
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Note that our definition of the xKS ansatz (3.1) slightly differs from those ones
in [56,61] by the factors since we follow the notation of the GKS form (2.11) and
also by the fact that we consider the spacelike vector m to be normalized to unity
since we will identify it with one of the frame vectors.

First, let us provide a motivation for studying xKS spacetimes. As will be
shown in section 3.2, one of the reasons why to consider xKS ansatz (3.1) is that
such metrics cover more general algebraic types than the GKS metrics (2.11).
Recall the results of chapter 2 that GKS spacetimes with a geodetic Kerr–Schild
vector k without any further assumptions are of Weyl type II or more special.
Expanding Einstein GKS spacetimes are compatible only with types II or D unless
conformally flat and non-expanding Einstein GKS spacetimes are of type N and
belong to the Kundt class. Therefore, expanding Einstein xKS spacetimes could
include black hole solutions of a more general Weyl type than II, for instance
black rings [62] that are of type Ii [63]. Non-expanding Einstein xKS spacetimes
could contain Kundt metrics of a more general type than N.

Furthermore, unlike the static charged black hole, rotating charged black hole
as an exact solution of higher dimensional Einstein–Maxwell theory is unknown.
The four-dimensional Kerr–Newman black hole can be cast to the KS form (2.1)
with the background metric ηab, the Kerr–Schild vector k and the function H
given by

ηab dxa dxb = −dt2 + dx2 + dy2 + dz2,

ka dxa = dt+
rx+ ay

r2 + a2
dx+

ry − ax
r2 + a2

dy +
z

r
dz,

H = − r2

r4 + a2z2

(
Mr − Q2

2

)
,

(3.5)

where M , Q are mass and charge of the black hole, respectively, the coordinate
r satisfy

x2 + y2

r2 + a2
+
z2

r2
= 1 (3.6)

and the vector potential is proportional to the Kerr–Schild vector k

A =
Qr3

r4 + a2z2
k. (3.7)

However, the attempt to generalize this ansatz to higher dimensions using the
KS form of the Myers–Perry black hole has failed [22]. It has turned out that a
vector potential proportional to k cannot simultaneously satisfy the correspond-
ing Einstein and Maxwell field equations. An open question is whether the xKS
ansatz may resolve these problems.

Another significant reason is that some of the known exact solutions can be
cast to the xKS form. For instance, VSI metrics are examples of such xKS
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spacetimes as will be pointed out in section 3.3. Some expanding xKS spacetimes
representing black holes are also known, namely CCLP solution [57] discussed in
section 3.4. In fact, the investigation of the CCLP metric has led to the xKS
ansatz introduced in [56].

Lastly, the xKS metric seems to be still sufficiently simple to be treated an-
alytically. As in the case of GKS spacetimes in chapter 2, we assume that the
background metric ḡab representing an (anti-)de Sitter or Minkowski spacetime
takes the conformally flat form (2.12) with a conformal factor (2.13) and with the
flat Minkowski metric in Cartesian coordinates (2.14). Note that throughout this
chapter we do not discuss the limit K = 0 when the xKS ansatz (3.1) reduces to
the GKS metric (2.11) studied in chapter 2.

3.1 General Kerr–Schild vector field

As in the case of the GKS ansatz, it can be seen directly from the form of the
xKS metric (3.1) and its inverse (3.4) that the index of the Kerr–Schild vector k
can be raised and lowered by both the full metric gab and the background metric
ḡab. The form of the xKS ansatz also implies that it is convenient to employ
the higher dimensional Newman–Penrose formalism reviewed in section 1.1 and
identify the null and spacelike vectors k, m appearing in the xKS metric (3.1)
with the vectors `, m(2) of the null frame (1.8), respectively. The corresponding

Ricci rotation coefficients will be denoted as Lab and Mab ≡
2

Mab.
Despite the fact that the xKS metric (3.1) has only few additional terms with

respect to the GKS metric (2.11), the Christoffel symbols contain several times
more terms and it is convenient or in fact necessary to use the computer algebra
system Cadabra [33, 34]. Although the calculations are much more involved
than in the case of GKS spacetimes the boost weight 2 component of the Ricci
tensor R00 = Rabk

akb contains again many vanishing contractions with the null
Kerr–Schild vector k leading to the simple expression

R00 = 2HLi0Li0 −
1

2
K2Lı̃0Lı̃0 + 2KLi(iL2)0 +KLı̃0Mı̃0 + 2DKL20

+KDL20 −
1

2
(n− 2)

(
Ω,ab

Ω
− 3

2

Ω,aΩ,b

Ω2

)
kakb,

(3.8)

where apart from the indices i, j, . . . = 2, . . . , n − 1 employed throughout the
thesis, we define new indices ı̃, ̃, . . . = 3, . . . , n− 1 denoted by tilde such that the
vector m is excluded in the notation m(ı̃).

Since the conformal factor Ω of an (anti-)de Sitter background satisfies (2.15)
or Ω = 1 in the case of Minkowski background, the last term in (3.8) is identically
zero. Moreover, the component R00 completely vanishes if Li0 = 0 and therefore
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Proposition 6 If the Kerr–Schild vector k in the extended Kerr–Schild metric
(3.1) is geodetic then the boost weight 2 component of the energy–momentum
tensor T00 = Tabk

akb vanishes.

Note that if K = 0, the xKS metric (3.1) reduces to the GKS form (2.11) and the
implication of proposition 6 also holds in the opposite direction as follows from
proposition 1. However, in the case of xKS spacetimes, we obtain only a sufficient
condition and it is possible to set R00 to zero also for non-geodetic k by a special
choice of H, K and m.

Inspired by the relation (3.88) valid in CCLP spacetimes, we can formulate
an additional covariant condition in order to restrict the geometry of the vectors
k and m so that the implication of proposition 6 becomes an equivalence. It
turns out that such an convenient condition is Lkma ∝ ma, Lmka = 0 since then
L20 = 0, Mı̃0 = −L2ı̃ = −Lı̃2 as will be shown in section 3.1.2 and therefore all
terms apart from the first two in (3.8) vanish

R00 =

(
2H− 1

2
K2

)
Lı̃0Lı̃0, (3.9)

which ensures that the implication holds in both directions and we can conclude
that

Corollary 7 In the special case when Lkma ∝ ma and Lmka = 0, the Kerr–
Schild vector k in the extended Kerr–Schild metric (3.1) is geodetic if and only
if the boost weight 2 component of the energy–momentum tensor T00 = Tabk

akb

vanishes.

3.1.1 Kerr–Schild congruence in the background

Following section 2.1.1, the full metric gab can be expressed in the null frame (1.8)
simply as

gab = 2k(anb) +mamb + δı̃̃m
(ı̃)
a m

(̃)
b (3.10)

and can be compared with the xKS form (3.1). Obviously, if one chooses

n̄a = na +Hka +Kma (3.11)

then n̄, k, m, m(ı̃) form a null frame in the background metric ḡab. Although
the indices of the vectors k and m(ı̃) can be raised and lowered by both the full
metric gab and the background metric ḡab one has to operate with the vectors n̄
and m carefully since

n̄a ≡ gabn̄b = na +Hka +Kma, ma ≡ gabma, (3.12)
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whereas

ḡabn̄a = nb −Hkb, ḡabma = mb −Kkb. (3.13)

Similarly as for GKS spacetimes in section 2.1.1, the covariant derivative com-
patible with the background metric ḡab can be easily obtained from the covariant
derivative compatible with the full metric gab by setting H = K = 0. Thus, we
can compare the Ricci rotation coefficients constructed in the full spacetime using
the frame k, n, m, m(ı̃) with those ones in the background spacetime denoted
by barred letters and expressed in terms of the frame k, n̄, m, m(ı̃)

Li0 = L̄i0, L10 = L̄10, Lij = L̄ij −Kδ2[iL̄j]0, (3.14)

L1i = L̄1i −HL̄i0 −
1

2
K(L̄2i + M̄i0) +

1

2
K
(
L̄10 −

DK
K

+
DΩ

Ω

)
δ2i, (3.15)

Li1 = L̄i1 −
1

2
K(L̄2i + M̄i0)− 1

2
K
(
L̄10 +

DK
K
− DΩ

Ω

)
δ2i, (3.16)

L11 = L̄11 −HL̄10 −DH +HDΩ

Ω
−K(L21 −N20), (3.17)

Mı̃0 = M̄ı̃0 +
1

2
KL̄ı̃0, Mı̃̃ = M̄ı̃̃ +KS̄ı̃̃ −

1

2
KDΩ

Ω
δı̃̃, (3.18)

Mı̃2 = M̄ı̃2 +K(L̄2ı̃ + M̄ı̃0), (3.19)

Mı̃1 = M̄ı̃1 −HL̄ı̃2 + (H− 1

2
K)(L̄2ı̃ + M̄ı̃0)− 1

2
HKL̄ı̃0 +KL̄(1ı̃)

− 1

2
KM̄ı̃2 +

1

2
δı̃K, (3.20)

Ni0 = N̄i0 −
1

2
K(L̄2i + M̄i0)− 1

2

(
KL̄10 + DK

)
δ2i, (3.21)

N21 = N̄21 + δ2H + 2HL̄12 −HKL̄22 −H2L̄20 +HN̄20 −HL̄21

−KN̄22 +
1

2
K(H +

1

2
K2)

DΩ

Ω
− 1

2
K4Ω

Ω
+

3

2
K2 δ2Ω

Ω
+HKL̄10

+K2(L̄21 − N̄20)−4K, (3.22)

Ni1 = N̄i1 + δiH + 2HL̄1i −HK(L̄2i + M̄i0)−H2L̄i0 +HN̄i0 −HL̄i1

−KM̄i1 −KN̄2i +
1

2
K2(1−K)(L̄2i + M̄i0), (3.23)

Ni2 = N̄i2 +HL̄2i −
1

2
HKL̄i0 +

1

2
δiK +KL̄[1i] −

1

2
K2(L̄2i + M̄i0)

− 1

2
KM̄i2 +KN̄i0, (3.24)
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N22 = N̄22 −
1

2
Kδ2Ω

Ω
+HL̄22 − (H +

1

2
K2)

DΩ

Ω
−K(L̄21 − N̄20), (3.25)

N2i = N̄2i +HL̄i2 +
1

2
HKL̄i0 −

1

2
δiK −KL̄(1i) +

1

2
K2(L̄2i + M̄i0)

+
1

2
KM̄i2, (3.26)

Nij = N̄ij +HL̄ji −
1

2
KM̄ij +

1

2
KM̄ji −H

DΩ

Ω
δij −

1

2
Kδ2Ω

Ω
δij, (3.27)

ı̃

M ̃0 =
ı̃

M̄ ̃0,
ı̃

M ̃k =
ı̃

M̄ ̃k +K
(
L̄[ij] +

ı̃

M̄ ̃0

)
δ2k, (3.28)

ı̃

M ̃1 =
ı̃

M̄ ̃1 + 2HL̄[̃ı̃] +H
ı̃

M̄ ̃0 +KM̄[̃ı̃]. (3.29)

From (3.14) it follows that the Kerr–Schild vector k is geodetic with respect to
the full spacetime gab if and only if it is geodetic with respect to the background
spacetime ḡab. Moreover, an affine parametrization in the former spacetime corre-
sponds to the affine parametrization in the latter spacetime and vice versa. Note
also that a geodetic k has the same optical properties in the full and background
spacetimes since the corresponding optical matrices are equal Lij = L̄ij.

3.1.2 Relation of the vector fields k and m

Motivated by the observation that the congruences k and m̂ of the CCLP black
hole obey (3.88), let us study the consequences of the relation

(ma;b −mb;a)k
b = −Dζ

ζ
ma, (ka;b − kb;a)mb = 0, (3.30)

for general xKS spacetimes. The contractions of the first equation in (3.30) with
the vectors n, m and m(ı̃) give

L21 −N20 = 0, L22 = −Dζ

ζ
, L2ı̃ +Mı̃0 = 0, (3.31)

respectively. Similarly, the contractions of the second equation in (3.30) with k,
n̄ and m(ı̃) lead to

L20 = 0, L[12] = 0, L[2ı̃] = 0, (3.32)
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respectively. We can also express the relations (3.31) and (3.32) for the Ricci
rotation coefficients in the background spacetime using (3.14)–(3.29)

L̄20 = L20, L̄21 − N̄20 = L21 −N20 −
1

2
KDΩ

Ω
,

L̄22 = L22, L̄[12] = L[12] +
1

2
HL20 −

1

2
KL10,

L̄[2ı̃] = L[2ı̃] +
1

2
KLı̃0, L̄2ı̃ + M̄ı̃0 = L2ı̃ +Mı̃0.

(3.33)

Obviously, since k is geodetic and the conformal factor reads Ω = 1 for the
CCLP metric with the Minkowski background, from (3.33) it follows that (3.30)
also holds in the background metric where the covariant derivatives “;” reduce
to the ones “̄;” compatible with the background metric. Then substituting m̂a =
ζma where ζ is the norm of m̂, we obtain (3.88). In other words, (3.30) is indeed
equivalent to (3.88) for the CCLP black hole.

Let us point out that the relation (3.30) can be expressed in terms of the Lie
derivative in the full spacetime gab. Note that if Xaωa = 0, then the Lie derivative
of a one-form ω along a vector field X in coordinate notation reads

(LXω)a = ωa;bX
b +Xb

;aωb = (ωa;b − ωb;a)Xb (3.34)

and therefore (3.30) is equivalent to

Lkma ∝ ma, Lmka = 0. (3.35)

Note also that the Lie bracket of the vectors k and m in terms of the Ricci
rotation coefficients reads

[k,m]a = L20 n
a + (L12 +N20)ka + (Li2 −Mi0)ma

(i). (3.36)

If k and m satisfy the relation (3.30) then

[k,m]a = 2L12 k
a + L22m

a + 2L2ı̃m
a
(ı̃) (3.37)

and therefore the vector fields k and m are surface-forming provided that L2ı̃ = 0.
To conclude this section, let us point out the compatibility of the relation

(3.30) with the form of the optical matrix (2.137) satisfying the optical constraint
(2.128) since it holds also for the CCLP black hole as it is shown in section
3.4. Comparing L[2ı̃] = 0 (3.32) with the optical matrix (2.137), it follows that
the vector m must not lie in any plane spanned by two spacelike frame vectors
corresponding to a 2 × 2 block with non-vanishing twist of the null geodetic
congruence k and therefore, omitting the degenerate case L22 = 0, m lies in a
1 × 1 block of the optical matrix, i.e. L22 = 1

r
. Then one may integrate (3.31)

to obtain ζ = C
r

, where C is an arbitrary function not depending on the affine
parameter r along null geodesics k. In the case of the CCLP metric, the function
C corresponds to ν.
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3.2 Geodetic Kerr–Schild vector field

From now on, we assume the null Kerr–Schild vector field k to be geodetic.
Proposition 6 then implies that T00 = 0 which holds not only if the energy–
momentum tensor is absent, i.e. in Einstein spaces, but also for spacetimes with
aligned matter content such as aligned Maxwell field Fabk

b ∝ ka or aligned null
radiation Tab ∝ kakb. As commented in section 2.1, without loss of generality, we
also assume that k is affinely parametrized which further simplifies the following
calculations. Note that in the case of GKS spacetimes, i.e. if K = 0, the assump-
tion of Einstein spaces or spacetimes with aligned matter fields is a sufficient
condition for the Kerr–Schild vector k to be geodetic as stated in proposition 1.

3.2.1 Ricci tensor

Now we express the frame components of the Ricci tensor for xKS spacetimes
(3.1) with the Kerr–Schild vector k being geodetic and affinely parametrized.
Apart from R00, these components are much more complicated then for GKS
spacetimes and R0i no longer vanishes identically. In addition, we present only
the components R01 and Rij which have been crucial in the analysis of GKS
spacetimes in chapter 2

R00 = 0, (3.38)

R0i = −1

2

(
D2K + LjjDK + 2Kω2

)
δ2i + 2KS2jSij − 2KL2jLij − S2iDK

+
1

2
KD(L2i −Mi0) +

(
DK +

1

2
KLjj

)
(L2i −Mi0)

+
1

2
K
(
Lij −

i

M j0

)
(L2j −Mj0) , (3.39)

R01 = −D2H− LiiDH− 2Hω2 +
1

2
KD2K +

1

2
(DK)2 − 1

2
K (L2i +Mi0)

i

M jj

+K−1D
(
K2N20

)
− 1

2
δi(KL2i +KMi0) +

1

2
(KLii −Mii) DK − A2iδiK

+
1

2
D
(
K2L22

)
+K (Li1S2i − L1iA2i − AijMij + LiiN20 +Mi0Ni0)

− 1

2
δ2DK −K2 (L2i +Mi0)A2i +

1

2
K2L22Lii +

2Λ

n− 2
, (3.40)

Rij = −2SijDH + 2HLikLjk − 2HLkkSij −D
(
KM(ij)

)
+ 2KSijDK − δ2 (KSij)

− 1

2
(Lj2 +Mj0) δiK −

1

2
(Li2 +Mi0) δjK +K

[
(L21 +N20)Sij
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− 1

2
(Lj2 +Mj0)L1i −

1

2
(Li2 +Mi0)L1j + (A2j +Mj0)Li1

+ (A2i +Mi0)Lj1 +
1

2
(L2i −Mi0)Nj0 +

1

2
(L2j −Mj0)Ni0 − SijMkk

+ 2A(i|kMj)k + LikM[jk] + LjkM[ik] − LkkM(ij) − 2Sk(i

k

M j)2 +M(ik)

j

Mk0

+M(jk)

i

Mk0

]
+K2

[
A2iA2j +

1

2
(L2i +Mi0) (L2j +Mj0)− 2L(i|2Mj)0

− LikSjk − LkiAjk + LkkSij

]
+

[
2KA2jDK −

1

2
δjDK + Lj1DK

− 1

2
K (Lj2 −Mj0) DK + LjkδkK −

1

2
LkkδjK −

1

2
KLkkL1j +

1

2
KL1kLjk

+KL[k1]

k

M j0 +
1

2
KLkkLj1 −

1

2
KLk1 (2Lik − Lki) +KAjk

k

M ll

−KLkl
j

M [kl] −KAjkNk0 −KDL[1j] +KδkAjk +K2A2jLkk +K2Ak2Ljk

−K2 1

2
L2kLkj −

1

2
K2Lk2

k

M j0 +
1

2
K2LkjMk0 −

1

2
K2DLj2

]
δ2i

+

[
2KA2iDK −

1

2
δiDK + Li1DK − 1

2
K (Li2 −Mi0) DK + LikδkK

− 1

2
LkkδiK −

1

2
KLkkL1i +

1

2
KL1kLik +KL[k1]

k

M i0 +
1

2
KLkkLi1

− 1

2
KLk1 (2Lik − Lki) +KAik

k

M ll −KLkl
i

M [kl] −KAikNk0 −KDL[1i]

+KδkAik +K2A2iLkk +K2Ak2Lik −K2 1

2
L2kLki −

1

2
K2Lk2

k

M i0

+
1

2
K2LkiMk0 −

1

2
K2DLi2

]
δ2j +

[
1

2
(DK)2 −K2ω2

]
δ2iδ2j

+
2Λ

n− 2
δij. (3.41)

In the case of Einstein GKS spacetimes, the constraints following from the Ein-
stein field equations involving the components Rij imply that non-expanding
Einstein GKS spacetimes belong to the Kundt class and that the optical matri-
ces of expanding Einstein GKS spacetimes satisfy the optical constraint (2.128).
Moreover, R01 has been also employed to show that expanding Einstein GKS
spacetimes are not compatible with Weyl types III and N.

Unfortunately, in the case of xKS spacetimes these components of the Ricci
tensor are rather complicated and it seems that we cannot straightforwardly ob-
tain similar results. However, if one considers a restrictive assumption on the
geometry of the vectors k and m, for instance, such as (3.35), then (3.31) and
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(3.32) obviously lead to the simplification of the Ricci tensor components and
this analysis is left for future work.

3.2.2 Riemann tensor and algebraic type of the Weyl
tensor

The frame components of the Riemann tensor for xKS spacetimes with a geodetic
Kerr–Schild vector field k are also more complex than those ones of GKS space-
times. Therefore, we list only the non-negative boost weight components which
are be employed in the following sections

R0i0j = 0, (3.42)

R010i =
1

2
D2K δ2i +

1

2
D(KL2i +KMi0) +

1

2
Mi0DK

− 1

2
K (L2j +Mj0)

i

M j0, (3.43)

R0ijk = Li[jδk]2 DK −
(
L[jk]DK + 2KSl[jAk]l

)
δ2i − 2KAilLl[jδk]2

−K (L2i +Mi0)L[jk] +KL2[jLk]i −KM[j|0Li|k], (3.44)

R0101 = D2H− 1

4
(DK)2 −K (L2i +Mi0)Ni0 + D(KL21 −KN20)

−N20DK − 1

2
KL22DK − 1

4
K2 (L2i +Mi0) (L2i +Mi0)

− 2Λ

(n− 2)(n− 1)
, (3.45)

R01ij = −2AijDH− 4HSk[iAj]k −M[ij]DK −M[i|0 δj]K + δ[iDK δj]2

+KL2[iL1|j] +KL2[iLj]1 − 2KAij (L21 −N20)−KLk[iMj]k

−K (L2k +Mk0)
k

M [ij] +KLk[iMk|j] −
1

2
K δj(L2i +Mi0)

+
1

2
K δi(L2j +Mj0) +K2L2[iMj]0 − Lk[iδj]2 δkK +KL2[iδj]2 DK

− 2KL[1k]Lk[iδj]2, (3.46)

R0i1j = −DHLij + 2HAikLkj −
1

2
δjDK δ2i +

1

4
(DK)2δ2iδ2j +

1

2
L2jδiK

+
1

2

(
2L(i|1δ2|j) −Mij +K

(
L(ij) + A2iδ2j − Sj2δ2i

))
DK
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+
1

2
LkjδkKδ2i +

1

4
K (L2i +Mi0) DKδ2j +

1

4
K (L2j +Mj0) DKδ2i

− 1

2
δj(KL2i +KMi0) +

1

2
K (L2i +Mi0)Lj1 +

1

2
K (L2j +Mj0)Li1

− 1

2
K (L2k +Mk0)

k

M ij −K (L21 −N20)Lij −KL(1i)L2j

+KLkjM[ik] +KL21Sij −KLk1Aikδ2j +
1

2
K2L22Sij

− 1

4
K2 (L2j −Mj0) (L2i +Mi0) +K2 (L2k +Mk0)Ak(iδj)2

+
1

2
K (L1kLkj − Lk1Ljk) δ2i +

2Λ

(n− 2)(n− 1)
δij. (3.47)

Unlike for the GKS spacetimes, the boost weight 1 components R010i (3.43) and
R0ijk (3.44) of xKS spacetimes do not vanish identically. However, since the boost
weight 2 components R0i0j (3.42) and R00 (3.38) of the Riemann and Ricci tensor,
respectively, are identically zero, from (2.45) it follows that the same also holds
for the Weyl tensor

C0i0j = 0 (3.48)

and therefore

Proposition 8 Extended Kerr–Schild spacetimes (3.1) with a geodetic Kerr–
Schild vector k are of the Weyl type I or more special with k being the WAND.

This proposition confirms one of our motivations for considering the xKS form of
metrics that such spacetimes with a geodetic k may cover more general algebraic
types than Einstein GKS spacetimes.

Note also that if we assume that the vectors k and m obey (3.35) the frame
components of the Riemann tensor are dramatically simplified as in the case of
the Ricci tensor.

3.3 Kundt extended Kerr–Schild spacetimes

In this section, we study xKS spacetimes with a non-expanding, non-shearing
and non-twisting geodetic null congruence of integral curves of the Kerr–Schild
vector k, i.e. the subclass of Kundt metrics admitting the xKS form (3.1). First,
substituting Lij = 0, we rewrite the components of the Ricci tensor (3.38)–(3.41)
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of general xKS spacetimes with a geodetic k for the Kundt case

R00 = 0, (3.49)

R0i = −1

2
D2Kδ2i −

1

2
KDMi0 −Mi0DK +

1

2
KMj0

i

M j0, (3.50)

R01 = −D2H +
1

2
KD2K +

1

2
(DK)2 − 1

2
δ2DK +K−1D

(
K2N20

)
− 1

2
MiiDK −

1

2
δi(KMi0) +KMi0Ni0 −

1

2
KMi0

i

M jj +
2Λ

n− 2
, (3.51)

R22 = KMk2Mk0 − δ2DK + 2D(KL21)− 2KL[k1]Mk0 − 2KDL(12)

+
1

2
(DK)2 +

2Λ

n− 2
, (3.52)

Rı̃2 = −1

2
δı̃DK −

1

2
D(KMı̃2)− 1

2
Mı̃0δ2K + Lı̃1DK +

1

2
KMı̃0DK

− 1

2
K
[

(L12 − 2L21 +N20)Mı̃0 −Mı̃kMk0 −Mkı̃Mk0

+Mk2

k

M ı̃0

]
+KL[k1]

k

M ı̃0 −KDL[1ı̃], (3.53)

Rı̃̃ = −D
(
KM(ı̃̃)

)
−M(ı̃|0δ̃)K −K

[
1

2
(L1̃ − 2L̃1 +N̃0)Mı̃0

+
1

2
(L1ı̃ − 2Lı̃1 +Nı̃0)M̃0 +M(ı̃|k

k

M ̃)0 +Mk(ı̃

k

M ̃)0

]
+

1

2
K2Mı̃0M̃0 +

2Λ

n− 2
δı̃̃. (3.54)

Similarly, the components of the Riemann tensor (3.42)–(3.47) reduce to

R0i0j = 0, R0ijk = 0, (3.55)

R010i =
1

2
D2K δ2i +

1

2
KDMi0 +Mi0DK − 1

2
K

i

M j0Mj0, (3.56)

R0101 = D2H− 1

4
(DK)2 −KMi0Ni0 + D(KL21 −KN20)−N20DK

− 1

4
K2Mi0Mi0 −

2Λ

(n− 2)(n− 1)
, (3.57)

R01ı̃2 =
1

2
δı̃DK −

1

2
δ2(KMı̃0)− 1

2
Mı̃2DK −KMk0

k

M [̃ı2], (3.58)

R01ı̃̃ = δ[̃ı

(
KM̃]0

)
−M[̃ı̃]DK −KMk0

k

M [̃ı̃], (3.59)



Chapter 3. Extended Kerr–Schild spacetimes 83

R0212 = −1

2
δ2DK +

1

4
(DK)2 + L21DK +

1

2
KMk0Mk2 +

2Λ

(n− 2)(n− 1)
, (3.60)

R021ı̃ = −1

2
δı̃DK +

1

4
(2Lı̃1 +KMı̃0) DK +

1

2
KMı̃0L21 +

1

2
KMk0Mkı̃, (3.61)

R0ı̃12 =
1

4
(2Lı̃1 − 2Mı̃2 +KMı̃0) DK − 1

2
δ2(KMı̃0)

+
1

2
K
(
Mı̃0L21 −Mk0

k

M ı̃2

)
, (3.62)

R0ı̃1̃ = −1

2
Mı̃̃DK −

1

2
δ̃(KMı̃0) +KL(ı̃|1M̃)0 −

1

2
KMk0

k

M ı̃̃

+
1

4
K2Mı̃0M̃0 +

2Λ

(n− 2)(n− 1)
δı̃̃. (3.63)

As has been shown in section 3.1, a general xKS metric (3.1) with a geodetic
Kerr–Schild vector k is of Weyl type I or more special. In the case of Kundt
xKS spacetimes, the only non-trivial boost weight 1 frame components of the
Riemann tensor satisfy R010i = −R0i as one can directly see from (3.50) and
(3.56). Putting this relation to (2.45) and R0ijk = 0 (3.55) to (2.46), we obtain
the boost weight 1 components of the Weyl tensor

C0ijk =
1

n− 2
(R0kδij −R0jδik), C010i =

3− n
n− 2

R0i (3.64)

and thus Kundt xKS spacetimes are of Weyl type II or more special if and only
if T0i = 0. Note that this statement holds even for general Kundt metrics [3]
not necessarily of the xKS form. Assuming T0i = 0, the Einstein field equations
R02 = 0 and R0ı̃ = 0, where R0i is given by (3.50), can be written as

D2K = KM̃0M̃0, (3.65)

D
(
K2Mı̃0

)
= K2M̃0

ı̃

M ̃0, (3.66)

respectively. The trivial solution K = 0 corresponds to the GKS limit when
T0i = 0 is a necessary condition in order to satisfy the Einstein field equations
since in this case the components R0i identically vanish as was shown in section

2.2.1. The Ricci rotation coefficients
i

M ja are antisymmetric in the indices i and
j, therefore by multiplying (3.66) with 2K2Mı̃0 we eliminate the term on the
right-hand side and the remaining term can be combined as

0 = 2D
(
K2Mı̃0

)
K2Mı̃0 = D

(
K4Mı̃0Mı̃0

)
. (3.67)

Consequently, K4Mı̃0Mı̃0 = (c0)2, where the function c0 does not depend on
the affine parameter r along the null geodesics of the Kerr–Schild congruence
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k. Obviously, since we assume K to be non-zero, c0 vanishes if and only if all
Mi0 vanish. Substituting the result of (3.67) to (3.65), we obtain a differential
equation K3D2K = (c0)2 determining the r-dependence of the function K which
has two distinct branches of solutions

K = sgn d0

√(
d0(r + b0)

)2
+

(c0)2

(d0)2
if c0 6= 0, (3.68)

K = f 0r + e0 if c0 = 0, (3.69)

where b0, d0, e0 and f 0 are arbitrary functions not depending on r. Finally, we
can conclude that

Proposition 9 For Kundt extended Kerr–Schild spacetimes with K 6= 0 solving
the Einstein field equations the following statements are equivalent

(i) the boost weight 1 components T0i ≡ Tabk
amb

(i) = 0 of the energy–momentum
tensor vanish,

(ii) the spacetime is of Weyl type II or more special,

(iii) the function K takes the form (3.68) or (3.69).

Moreover, K is a linear function (3.69) of an affine parameter r along the null
geodesics of the Kerr–Schild congruence k if and only if Mı̃0 = 0.

Note that in Kundt spacetimes the relation between the vectors k and m
(3.30) holds if and only if

L21 = N20, Dζ = 0, Mı̃0 = 0, L[12] = 0. (3.70)

Obviously, (3.70) is not satisfied for K of the form (3.68).

3.3.1 Explicit example

Now we present explicit examples of Ricci-flat Kundt xKS spacetimes, namely
the class of spacetimes with vanishing scalar invariants (2.94). Such VSI metrics
can be written as

ds2 = 2du dr + δij dxi dxj + 2H(u, r, xk) du2 + 2Wi(u, r, x
k) du dxi, (3.71)

which better exhibits its xKS form (3.1) with the flat background metric described
by the first two terms in (3.71). Obviously, one may identify the null one-form
du with the Kerr–Schild vector k

ka dxa = du. (3.72)
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Therefore, the function H appearing in the xKS ansatz (3.1) is given by

H = −H(u, r, xk) (3.73)

and the remaining term Km = −Wi(u, r, x
k) dxi can be split to the function K

and the vector m as

K = −
√
WiWi, m =

Wi dx
i√

WjWj

, (3.74)

so that m is a unit vector. It turns out that all VSI metrics (3.71) admit the
xKS form (3.1).

Recall that xKS spacetimes with a geodetic Kerr–Schild vector field k are of
Weyl type I or more special as follows from proposition 6. Furthermore, propo-
sition 9 implies that Kundt xKS spacetimes with R0i = 0 are of Weyl type II
or more special. On the other hand, it is known [4] that VSI spacetimes are of
Weyl types III, N or O with the Ricci tensor of type III or more special, i.e.
R00 = R0i = R01 = Rij = 0, and all VSI metrics with the Ricci tensor of types
N and O have been given explicitly in [38]. As has been already mentioned in
section 2.5.1, the VSI class can be divided into two distinct subclasses with van-
ishing and non-vanishing quantity L1iL1i denoted as ε = 0 and ε = 1, respectively.
The canonical choices of the functions Wi in these subclasses are given in (2.97).
The functions Wi and H can be further constrained employing the Einstein field
equations and assuming an appropriate special algebraic type of the spacetime.
Note also that for VSI spacetimes the statements (i) and (ii) of proposition 9
are clearly satisfied and therefore the function K takes one of the forms (3.68) or
(3.69) depending on the functions Wi(u, r, x

k) which differ in the subclasses ε = 0
and ε = 1.

Case ε = 0

In the subclass ε = 0 of VSI spacetimes, the functions Wi(u, r, x
k) are given

by [38]
W2 = 0, Wı̃ = W 0

ı̃ (u, xk), (3.75)

where the superscript 0 denotes that the quantity is independent on the coordi-
nate r corresponding to an affine parameter along the geodesics of the Kerr–Schild
congruence k. Then from (3.74) it follows that K is of the form (3.69) with f 0 = 0
and does not depend on r

K = −
√
W 0
ı̃ W

0
ı̃ = e0. (3.76)

Therefore c0 = 0 and thus all the Ricci rotation coefficients Mi0 vanish. Moreover,
if alsoN20 = 0, then the vector m is parallelly transported along the null geodesics
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of the congruence k. On the other hand, if N20 is non-vanishing, it can be
transformed to zero by a null rotation with k fixed (1.19) setting Dz2 = −N20,
however, this Lorentz transformation changes the vector m.

General case ε = 1

In the subclass ε = 1, the functions Wi(u, r, x
k) read [38]

W2 = − 2

x2
r, Wı̃ = W 0

ı̃ . (3.77)

If at least one of Wı̃ is non-zero, the function K (3.74) takes the form (3.68)

K = −

√
4

(x2)2
r2 +W 0

ı̃ W
0
ı̃ . (3.78)

Comparing (3.78) with (3.68), it immediately follows that b0 = 0, d0 = − 2
x2

and

(c0)2 = (x2)2

4
W 0
ı̃ W

0
ı̃ . Since Mı̃0Mı̃0 = K−4(c0)2 6= 0 the vector m is not parallelly

transported along k.

Special case ε = 1

In the special case of the subclass ε = 1 of VSI spacetimes where all W 0
ı̃ in (3.77)

vanish, the function K is of the form (3.69) with e0 = 0

K = − 2

|x2|
r = f 0r. (3.79)

As in the case ε = 0, c0 and consequently Mı̃0 vanish and if N20 is zero, the vector
m is parallelly transported along k.

3.3.2 Not all vacuum higher dimensional pp -waves belong
to the class of Ricci-flat xKS spacetimes

In the previous section, we have shown that all VSI metrics admit the xKS form
(3.1). The question is whether also all vacuum pp -waves belong to the class of
xKS spacetimes. As mentioned in section 4.1.3, higher dimensional pp -waves are
of Weyl type II or more special and Ricci-flat if not supported by an appropriate
matter field. It is also known that vacuum pp -waves of type III or more special
belong to the VSI class. Therefore, it remains to investigate the situation of the
Weyl type II pp -waves.
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Table 3.1: Properties of higher dimensional Ricci-flat pp -waves.

Weyl type KS xKS VSI

N X X X
III × X X
II × only CSI ×

All Ricci-flat pp -wave metrics can be written in the form

ds2 = 2du
[
dv +H(u, xk) du+Wi(u, x

k) dxi
]

+ gij(u, x
k) dxi dxj (3.80)

and it does not seem that for general transversal metric gij, pp -wave metrics
(3.80) can be cast to the xKS form. However, one may use the result of [40] that
the transversal Riemannian metric gij of vacuum pp -waves is Ricci-flat and the
statement that the transversal Riemannian space is locally homogeneous in the
case of CSI Kundt metrics as has been shown in [37]. Since a Ricci-flat locally
homogeneous Riemannian space is flat [64], we can conclude that Ricci-flat CSI
pp -wave metrics can be written in the form (3.80) with a flat transversal space,
i.e. gij = δij, which is obviously in the xKS form with the Minkowski background.
However, note that there could exist non-CSI Ricci-flat pp -waves and therefore
we cannot decide whether all higher dimensional Ricci-flat pp -waves belong to
the class of xKS spacetimes.

Recall also that type N Ricci-flat VSI spacetimes and consequently vacuum
type N pp -waves can be cast to the KS form (2.1) as has been shown in [27] and
as also immediately follows from the results of section 2.5.1. All the mentioned
facts about higher dimensional vacuum pp -waves are summarized in table 3.1.
Finally, note that in four dimensions, all vacuum pp -wave metrics are only of
Weyl type N, belong to the VSI class and take the KS form.

3.4 Expanding extended Kerr–Schild

spacetimes

In this section, we construct a null frame in the CCLP spacetime [57] which then
allows us to express the optical matrix, show that it obeys the optical constraint
and determine the algebraic type. The CCLP solution represents a charged ro-
tating black hole in five-dimensional minimal gauged supergravity or equivalently
in the Einstein–Maxwell–Chern–Simons theory with a negative cosmological con-
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stant Λ and the Chern–Simons coefficient χ = 1 described by the field equations

Ra
b − 2(FbcF

ac − 1

6
δabFcdF

cd) +
2

3Λ
δab = 0, (3.81)

∇bF
ab +

χ

2
√

3
√
−g

εabcdeFbcFde = 0 (3.82)

and it is an example of expanding xKS spacetime. In fact, the xKS ansatz has
been proposed in [56] where it has been shown that the CCLP black hole can be
cast to the form

gab = ḡab − 2Hkakb − 2K̂k(am̂b), (3.83)

where we put hat over the K̂ and m̂ since unlike our definition of the xKS ansatz
(3.1), the vector m̂ is not normalized to unity.

In the case Λ = 0, the CCLP metric can be rewritten in terms of spheroidal
coordinates in the form (3.83) with the flat background metric and the vectors
k, m̂ given by [56]

ḡab dxa dxb = −dt2 − 2dr
(
dt− a sin2 θ dφ− b cos2 θ dψ

)
+ ρ2 dθ2

+
(
r2 + a2

)
sin2 θ dφ2 +

(
r2 + b2

)
cos2 θ dψ2, (3.84)

ka dxa = −dt+ a sin2 θ dφ+ b cos2 θ dψ, (3.85)

m̂a dxa = b sin2 θ dφ+ a cos2 θ dψ. (3.86)

The functions H, K̂ and the one-form gauge potential proportional to the Kerr–
Schild vector k then read

H = −M
ρ2

+
Q2

2ρ4
, K̂ = −Q

ρ2
, A = −

√
3Q

2ρ
k, (3.87)

where r is the spheroidal radial coordinate, the angular coordinates have usual
ranges φ ∈ 〈0, 2π), ψ ∈ 〈0, 2π), θ ∈ 〈0, π〉 and ρ2 = r2 + a2 cos2 θ + b2 sin2 θ. One
may show that the vectors k (3.85) and m̂ (3.86) in the background spacetime
satisfy [61]

(m̂ā;b − m̂b̄;a)k
b = 0, (kā;b − kb̄;a)m̂b = 0, (3.88)

where “̄;” denotes the covariant derivative compatible with the background metric
ḡab and as follows from (3.13) the contractions can be performed by both the
full and background metrics since k is geodetic. It is also convenient to define
ν2 ≡ ρ2 − r2.

Since the metric is in the form (3.83) we put it into our definition of the xKS
form (3.1) with a unit vector m by rescaling the vector m̂ and including its norm
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to the function K̂. Thus, the norm of the vector m̂ is |m̂| = ν
r
, therefore the

normalized m reads

ma dxa =
br sin2 θ

ν
dφ+

ar cos2 θ

ν
dψ (3.89)

and since the scalar functions are related via K = K̂|m̂| one gets

K = −Qν
rρ2

. (3.90)

Obviously, one may identify k and m with the null and spacelike frame vectors `
and m(2), respectively. The remaining vectors n, m(3) and m(4) can be obtained
by solving the constraints (1.8). Similarly as for the five-dimensional Kerr–(anti-
)de Sitter metric in section 2.6.5, it is easier to find a null frame in the background
spacetime first

m(3)
a dxa =

ρ

ν
cot θ (dt− b dψ) , (3.91)

m(4)
a dxa = ρ dθ, (3.92)

n̄a dxa =
1

2

ρ2 − r2 sin2 θ

ν2 sin2 θ
dt+ dr +

1

2
a
ρ2 − r2 sin2 θ

ν2
dφ

− 1

2
b cot2 θ

ρ2 + r2 sin2 θ

ν2
dψ, (3.93)

from which we then construct the frame in the full spacetime using (3.11). There-
fore, the vectors m(3) and m(4) are same in both frames and n is given by

na dxa =

(
1

2

ρ2 − r2 sin2 θ

ν2 sin2 θ
− 2Mρ2 −Q2

2ρ4

)
dt+ dr

+

(
1

2
a
ρ2 − r2 sin2 θ

ν2
+

(
a

2Mρ2 −Q2

2ρ4
+ b

Q

ρ2

)
sin2 θ

)
dφ

−
(

1

2
b
ρ2 + r2 sin2 θ

ν2 sin2 θ
−
(
b
2Mρ2 −Q2

2ρ4
+ a

Q

ρ2

))
cos2 θ dψ.

(3.94)

Straightforwardly, one may also obtain the contravariant components of the frame
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vectors (3.85), (3.89), (3.91), (3.92) and (3.94)

ka ∂a = ∂r, (3.95)

ma
(2) ∂a =

ab

rν
∂t −

Qν2 + abρ2

rρ2ν
∂r +

b

rν
∂φ +

a

rν
∂ψ, (3.96)

ma
(3) ∂a =

sin θ cos θ

ρν

[
(a2 − b2) ∂t −

(r2 + a2)

sin2 θ
∂r

+
a

sin2 θ
∂φ −

b

cos2 θ
∂ψ

]
, (3.97)

ma
(4) ∂a =

1

ρ
∂θ, (3.98)

na ∂a = − b
2

ν2
∂t −

(
ρ2 − (r2 + 2b2) sin2 θ

2ν2 sin2 θ
+
M

ρ2
− Q2

2ρ4

)
∂r

+
a cot2 θ

ν2
∂φ −

b

ν2
∂ψ. (3.99)

Having established the frame, we can easily calculate the Ricci rotation coeffi-
cients (1.13). It can be shown that La0 = 0 and therefore k is geodetic and affinely
parametrized. The frame (3.99) is not parallelly transported along the geodesics
of the Kerr–Schild congruence k since some of the independent components Ni0

and
i

M j0 are non-vanishing

N20 = −Q ν

ρ4
, N30 =

r cot θ

ρν
, N40 = −cot θ

ρ
, (3.100)

2

M30 = 0,
2

M40 = 0,
3

M40 = − ν

ρ2
. (3.101)

Note that we cannot set this frame to be parallelly transported using appropriate
spins and null rotations with k fixed as in the case of the Kerr–(anti-)de Sitter
black hole in section 2.6.5 since we are not able to transform away the component
N20 unless the identification of the vector m appearing in the xKS metric (3.1)
with the frame vector m(2) is relaxed.

The optical matrix Lij takes the block-diagonal form

Lij =

1
r

0 0
0 r

ρ2
ν
ρ2

0 − ν
ρ2

r
ρ2

 (3.102)

and it immediately follows that Lij is a normal matrix. Moreover, interestingly,
the optical matrix Lij (3.102) of the CCLP black hole satisfies the optical con-
straint (2.128). Note that, in section 2.6.1, it has been pointed out that in a
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certain sense the optical constraint can be considered as a possible generalization
of the Goldberg–Sachs theorem to higher dimensions restricted to Einstein GKS
spacetimes.

As has been mentioned in section 3.1.2, the vectors k and m of the CCLP
metric satisfy the relation (3.30) and therefore (3.31) and (3.32) also hold. It
can be seen directly from (3.102) that L22 = 1

r
, L2ı̃ = 0 and using (3.31) from

(3.100) it follows that L12 = −Q ν
ρ4

. Substituting these Ricci rotation coefficients

to (3.37), we obtain

[k,m]a = −2Q
ν

ρ4
ka +

1

r
ma (3.103)

and therefore the vector fields k and m are surface-forming. Note also that
L22 = 1

r
following from the optical matrix (3.102) is in accordance with (3.31)

since ζ = |m̂| = ν
r

implies that Dζ
ζ

= −1
r
.

Employing the frame (3.99), we can express frame components of the Weyl
tensor and determine the algebraic type. In accordance with proposition 8, the
boost weight 2 components of the Weyl tensor vanish

C0i0j = 0 (3.104)

and therefore the spacetime is of Weyl type I or more special. Due to the trace-
lessness of the Weyl tensor, the boost weight 1 components C010i are not inde-
pendent (1.35) and thus vanishing of the components C0ijk is sufficient condition
for a spacetime to be of Weyl type II or more special. In the case of the CCLP
black hole, one gets the non-zero components

C0234 = −C0243 = −4Qν2

ρ6
,

C0323 = −C0332 = C0424 = −C0442 = −2Qrν

ρ6
,

C0324 = −C0342 = −C0423 = C0432 = −2Qν2

ρ6
,

(3.105)

which suggests that the spacetime is of Weyl type I.
In section 2.2.2, we have mentioned the results of [13] that stationary space-

times with the metric remaining unchanged under reflection symmetry and with
non-vanishing expansion are of Weyl types G, Ii, D or conformally flat. The CCLP
spacetimes obey these conditions along with the reflection symmetry t → −t,
φ → −φ, ψ → −ψ of the metric in Boyer–Lindquist-type coordinates given
in [57]. Therefore we can conclude that in general the CCLP solution is of Weyl
type Ii with k being the WAND unless a distinct multiple WAND exists. How-
ever, the form of the xKS metric (3.1) suggests that k should have the highest
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order of alignment. Then only either in the uncharged case when the metric cor-
responds to the five-dimensional Myers–Perry black hole or in the non-rotating
limit ν = 0, the spacetime is of more special Weyl type D and the metric reduces
to the GKS form since K (3.90) vanishes.



Chapter 4

Quadratic gravity

In this chapter, we mainly present our results published in [65], which will be
occasionally extended. First of all, let us provide a motivation for considering
generalizations of the Einstein theory referred to as quadratic gravity with a
general Lagrangian containing all possible polynomial curvature invariants up to
the second order in the Riemann tensor and summarize some basic properties of
such theories.

As it is known, the Einstein–Hilbert action (1.1) is non-renormalizable [66]. In
perturbative quantum gravity, corrections have to be added and, demanding coor-
dinate invariance, these corrections should consist of various curvature invariants.
If one includes curvature squared terms αR2 + βRabR

ab to the four-dimensional
Einstein–Hilbert action, the theory becomes renormalizable [67, 68]. Note that
such terms give the most general action up to the second order in curvature since
the term RabcdR

abcd can be rewritten using the squared Ricci tensor, squared cur-
vature scalar and the Gauss–Bonnet term which is topological invariant in four
dimensions and thus does not contribute to the dynamics. Unfortunately, the
field equations then contain the fourth derivatives of the metric and unitarity is
lost due to the introduced massive ghost-like graviton.

In string theory, the ghost freedom of low-energy effective action requires
that the quadratic corrections to the Einstein–Hilbert term, which is the lowest
order term in the Regge slope expansion of strings, are of the Gauss–Bonnet
form [69]. Therefore, the action up to the second order consists of dimensionally
extended Euler densities which correspond to the first three terms of the Lovelock
Lagrangian yielding the field equations of the second order in derivatives of the
metric. However, the forms of the corrections depend on the type of string theory
[70] and in higher orders they are no longer given only by Euler densities.

Recently, in four dimensions [71] and later in arbitrary dimension [72], it has
been shown that despite non-zero α and β producing ghosts, the massive spin-0
mode can be eliminated and the massive spin-2 mode becomes massless by an
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appropriate choice of the parameters of the theory denoted as the critical point.
This fact has led to a current growing interest in such theories [73–77].

We will consider a general action of quadratic gravity which can be rearranged
to a more convenient form [78]

S =

∫
dnx
√
−g
(

1

κ
(R− 2Λ0) + αR2 + βRabR

ab

+ γ
(
RabcdR

abcd − 4RabR
ab +R2

))
,

(4.1)

where the term multiplied by κ−1 is the well-known Einstein–Hilbert term leading
to the Einstein field equations. The last term multiplied by γ is the Gauss–
Bonnet term and these both terms appear as the first three terms in the Lovelock
theory [79] with the Lagrangian

L =
√
−g

p∑
k=0

αkLk, (4.2)

which consists of a linear combination of dimensionally extended 2k-dimensional
Euler densities

Lk =
1

2k
δa1b1...akbkc1d1...ckdk

k∏
m=1

R cmdm
ambm

, (4.3)

where δa1b1...akbkc1d1...ckdk
= 1

k!
δa1[c1

δb1d1 · · · δ
ak
ck
δbkdk] is the totally anti-symmetric generalized

Kronecker delta. In n dimensions, 2k-dimensional Euler densities, where 2k ≥ n,
are topological invariants or vanish identically and thus do not contribute to
the field equations. Since these equations are quasi-linear of the second order
in derivatives of the metric, Lovelock theories are natural generalizations of the
Einstein gravity to higher dimensions, in contrast to general quadratic gravity
(4.1) where, due to non-zero α and β, the field equations are of the fourth order.

Varying the action (4.1) with respect to the metric leads to the source-free
field equations of quadratic gravity [80]

1

κ

(
Rab −

1

2
Rgab + Λ0gab

)
+ 2αR

(
Rab −

1

4
Rgab

)
+ (2α + β) (gab�−∇a∇b)R + 2γ

(
RRab − 2RacbdR

cd

+RacdeR
cde
b − 2RacR

c
b −

1

4
gab
(
RcdefR

cdef − 4RcdR
cd +R2

))
+ β�

(
Rab −

1

2
Rgab

)
+ 2β

(
Racbd −

1

4
gabRcd

)
Rcd = 0.

(4.4)
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As in the Gauss–Bonnet theory, quadratic gravity in dimension n > 4 admits, in
general, two distinct maximally symmetric vacua with the corresponding cosmo-
logical constants Λ given by

Λ− Λ0

2κ
+ Λ2

(
(n− 4)

(n− 2)2
(nα + β) +

(n− 3)(n− 4)

(n− 2)(n− 1)
γ

)
= 0. (4.5)

In general relativity, Birkhoff’s theorem states that a spherically symmet-
ric solution of the Einstein field equations in vacuum is locally isometric to the
Schwarzschild solution, consequently, spherically pulsating objects cannot emit
gravitational waves. It has been shown in [81] that Birkhoff’s theorem is valid
also in the Lovelock theories, namely, that solutions of the source-free Lovelock
field equations with spherical, planar or hyperbolic symmetry are locally iso-
metric to the corresponding static black hole. Although the fact that the field
equations are of the second order is crucial in the proof of the Birkhoff’s theo-
rem, as has been discussed recently in [82], this theorem can be extended also
to higher derivative theories with the field equations of the fourth order if the
traced field equations are of the second order, i.e. the massive spin-0 mode is not
present in the linearized field equations of the theory and if the field equations for
spherically, plane or hyperbolically symmetric spacetimes reduce to the second
order. However, note that in the case of quadratic gravity (4.1) the extended
Birkhoff’s theorem requires α = β = 0 and thus the action is given only by the
Gauss–Bonnet term.

Let us also point out that at least certain subclasses of quadratic gravity
possess well-posed initial value formulation. For instance, the Cauchy problem
in the case of Einstein–Gauss–Bonnet gravity, i.e. α = β = 0, γ 6= 0, was studied
in [83]. In four dimensions, effectively with γ = 0, it has been shown that the
Cauchy problem can be solved for initial data if β 6= 0 [84].

As has been already mentioned, although quadratic gravity at the linearized
level around any of two vacua describes massless and massive spin-2 and massive
spin-0 modes, by an appropriate choice of the parameters of the theory, one
may eliminate the massive scalar mode and subsequently ensure that the massive
spin-2 mode becomes massless. Following [72], the trace of the linearized field
equations for the metric fluctuations hab = ḡab + gab around an (A)dS vacuum ḡab
reads [

(4(n− 1)α + nβ)�̄− (n− 2)

(
1

κ
+ 4εΛ

)]
RL = 0, (4.6)

where RL is the linearized Ricci scalar and ε is defined in (4.15). Setting

4(n− 1)α + nβ = 0, (4.7)
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we get rid of the massive spin-0 mode provided that κ 6= −4εΛ and then, choosing
the gauge ∇̄ahab = ∇̄bh, the linearized field equations reduce to [72](

�̄− 4Λ

(n− 1)(n− 2)
−M2

)(
�̄− 4Λ

(n− 1)(n− 2)

)
hab = 0.

Therefore, vanishing M2 defines the critical point only with the massless spin-2
excitation

M2 ≡ −4Λ

β

(
1

4Λκ
+

nα

n− 2
+

β

n− 2
+

(n− 3)(n− 4)

(n− 1)(n− 2)
γ

)
= 0. (4.8)

Note that the parameters cannot be tuned so that both distinct (A)dS vacua
become simultaneously critical. However, as has been also shown in [72], one
may still employ the remaining arbitrariness of the parameters to obtain a theory
with only one unique critical (A)dS vacuum. The cosmological constant of such
(A)dS vacuum is then given by

Λ = Λ0 =
(n− 1)(n− 2)

8(n− 3)κγ
(4.9)

and the action reduces to the form of the Einstein–Weyl gravity

S =

∫
dnx
√
−g
(

1

κ
(R− 2Λ0) + γCabcdC

abcd

)
(4.10)

with only one additional parameter γ besides Einstein’s constant κ. Although at
first sight it could seem that all type III and N solutions of the Einstein gravity
are also solutions of the Einstein–Weyl gravity since the last term in the action
(4.10) vanishes for these Weyl types such reasoning is incorrect. In the following
sections, we will thus study type III and N solutions of the field equations of
general quadratic gravity (4.4) in detail. It will be shown, for instance, that apart
from a subclass of type III Einstein spacetimes that are solutions of quadratic
gravity with arbitrary parameters of theory, there exist a subclass of type III
Einstein spacetimes that do not satisfy the field equations if the Gauss–Bonnet
term is present in the action (4.1), i.e. γ 6= 0.

The field equations of quadratic gravity (4.4) are very complex and a direct
approach to finding exact solutions seems to be hopeless, therefore, so far the
known solutions of quadratic gravity has been obtained mostly by means of an
appropriate ansatz for the metric inspired by the form of known solutions in the
Einstein theory. Apart from the recently found AdS-wave solution of general
quadratic gravity in arbitrary dimension [74] using the Kerr–Schild ansatz, at
least to the author’s knowledge, previously known exact solutions of quadratic
gravity belong only to one of two subclasses with either γ = 0 or α = β = 0.
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In the former case γ = 0, few exact solutions are known. Four-dimensional
plane wave spacetimes have been analyzed in [85]. It has turned out that such
solutions with null radiation in a theory with β = 0 are the same as in the
Einstein gravity, whereas if β 6= 0, an additional condition is imposed on the null
radiation term. Note that this is in accordance with our more general results in
section 4.2. A perturbative solution of the field equations has been used in [86] to
compare gravitational waves in the linearized quadratic gravity with those in the
linearized Einstein gravity. It has been shown that the corrections to amplitude
depend on the parameter β and the angular frequency of the wave but not on
α. Charged black holes were also studied within this subclass of theories. It has
been pointed out in [87] that the four-dimensional Reissner–Nordström solution
of the Einstein field equations is a solution of quadratic gravity if β = 0.

In the case α = β = 0 corresponding to the Einstein–Gauss–Bonnet gravity,
much more exact solutions have been found. The spherically symmetric solutions
in this theory consist of two branches, asymptotically Schwarzschild black holes
with a positive mass parameter and asymptotically Schwarzschild–AdS space-
times with a negative one [88]. Both are included in the more general solution
found in [89] using the Kerr–Schild ansatz with an (anti-)de Sitter background
metric in the spheroidal coordinates. However, this solution does not represent ro-
tating black hole solutions which have been so far studied only numerically [90–92]
or in the limit of small angular momentum [93].

In the following section, we employ a different strategy to find a solution. In
section 4.1, we determine under which conditions known solutions of the source-
free Einstein theory solve also the field equations of quadratic gravity and in
section 4.2 we find explicit solutions of reduced field equations assuming a special
form of the Ricci tensor.

4.1 Einstein spacetimes

One of the approaches which may lead to the simplification of the very complex
field equations of quadratic gravity (4.4) is to assume a special form of the Ricci
tensor. Let us first study the simplest case of such a form, i.e. Einstein spacetimes

Rab =
2Λ

n− 2
gab, (4.11)

as exact solutions to quadratic gravity.
One may substitute the expression of the Riemann tensor in terms of the Weyl

tensor (1.31)

Rabcd = Cabcd +
2

n− 2
(ga[cRd]b − gb[cRd]a)−

2

(n− 1)(n− 2)
Rga[cgd]b, (4.12)
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along with the Ricci tensor (4.11) and the corresponding scalar curvature R =
2n
n−2

Λ to the field equations (4.4). Since the Weyl tensor is traceless its contrac-
tions with the metric vanish and (4.4) reduces to the simple form

Bgab − γ
(
C cde
a Cbcde −

1

4
gabC

cdefCcdef

)
= 0, (4.13)

with the constant factor B given only by the effective cosmological constant Λ,
parameters of theory α, β, γ, κ, Λ0 and dimension of spacetime n as

B =
Λ− Λ0

2κ
+ εΛ2, (4.14)

where

ε =
(n− 4)

(n− 2)2
(nα + β) +

(n− 3)(n− 4)

(n− 2)(n− 1)
γ. (4.15)

Obviously, in the special case γ = 0, i.e. when the Gauss–Bonnet term is
not present in the action (4.1), all Einstein spacetimes (4.11) with a cosmological
constant Λ solve the field equations of quadratic gravity (4.4) provided that B = 0.

The condition B = 0 appears several times in this chapter and, in fact, it is
a quadratic equation determining the effective cosmological constant Λ in terms
of the parameters of particular theory α, β, γ, κ, Λ0. In four dimensions, ε = 0
and then (4.14) implies that B = 0 admits only one root Λ = Λ0. In dimension
n > 4, there are two possible roots

Λ = − 1

4κε

(
1±

√
1 + 8κεΛ0

)
, (4.16)

where the Einstein constant κ in our convention is assumed to be positive. In the
case that 1 + 8κεΛ0 = 0, the unique solution is Λ = 2Λ0. If B = 0 admits two
roots, the following combinations of their signs depending on the parameters of
the theory are possible:

• if Λ0 < 0 then either

1. 0 < 4κε < − 1
2Λ0

when both roots Λ are negative, or

2. 4κε < 0 when one root is positive and the other is negative.

• If Λ0 = 0 then one of the roots is zero Λ = 0 and the sign of second root
Λ = − 1

2κε
is either positive or negative depending on the sign of ε.

• If Λ0 > 0 then either

1. 0 > 4κε > − 1
2Λ0

when both roots are positive, or



Chapter 4. Quadratic gravity 99

2. 4κε > 0 when one root is positive and the other is negative.

Finally, if 1 + 8κεΛ0 < 0 then B = 0 does not admit any real root. Obviously,
the same discussion also applies to the possible signs of cosmological constants of
two conformally flat vacua of quadratic gravity since in that case the Weyl tensor
vanishes.

Note also that in four dimensions the Gauss–Bonnet term is purely topolog-
ical and does not contribute to the field equations (4.4). The assumption that
the spacetime is Einstein leads to (4.13) effectively with γ = 0 and thus B = 0.
For n = 4, from (4.15) it follows that ε = 0 and then (4.14) implies that the
cosmological constants Λ and Λ0 have to be equal. In other words, all four-
dimensional Einstein spaces with Λ = Λ0 are solutions of the field equations of
quadratic gravity (4.4). In fact, it has been already pointed out in [71], where
the four-dimensional action of quadratic gravity has been studied, that the corre-
sponding field equations reduce for Einstein spaces to the Einstein field equations.
At the level of the Weyl tensor, this can be seen as a consequence of the iden-
tity C cde

a Cbcde = 1
4
gabC

cdefCcdef which holds in four dimensions but is not valid
without additional restrictions in dimension n > 4 [94].

In the rest of this chapter, we study the conditions under which (4.13) can be
satisfied in a general case γ 6= 0 in arbitrary dimension. Thus we will look for
various classes of spacetimes satisfying C cde

a Cbcde = 1
4
gabC

cdefCcdef .

4.1.1 Type N Einstein spacetimes

Now we show that the relation C cde
a Cbcde = 1

4
gabC

cdefCcdef holds for Weyl type
N spacetimes since both sides vanish. The Weyl tensor expressed in the frame
(1.8) has only boost weight −2 components in the decomposition (1.34), i.e.

Cabcd = 4Ω′ij`{am
i
b`cm

j
d}, (4.17)

where we adopt more compact notation Ω′ij ≡ C1i1j from [95]. Note that the
null vector ` is a multiple WAND and Ω′ij is symmetric and traceless. Obviously,
the following contractions of the Weyl tensor appearing in the field equations of
quadratic gravity for Einstein spacetimes (4.13) vanish

C cde
a Cbcde = CcdefCcdef = 0 (4.18)

and thus we are left with the algebraic constraint B = 0 which, similarly as in
the case of (A)dS vacua, prescribes two possible effective cosmological constants
Λ of the solution for given parameters α, β, γ, κ, Λ0. Therefore,

Proposition 10 All Weyl type N Einstein spacetimes (4.11) in arbitrary dimen-
sion with appropriately chosen effective cosmological constant Λ (4.16) are exact
solutions of the vacuum field equations of quadratic gravity (4.4).



100 4.1. Einstein spacetimes

Note that in the special case of Ricci-flat spacetimes Λ = 0 in the Gauss–
Bonnet gravity α = β = 0 with vanishing cosmological constant Λ0 = 0 this
result has been already pointed out in [96].

We can also relate the result of proposition 10 with chapter 2 using the state-
ment of proposition 4. It follows that all non-expanding Einstein GKS spacetimes
(2.11) with a cosmological constant (4.16) are consequently solutions of the field
equations of quadratic gravity.

Let us briefly overview known type N Einstein spacetimes in higher dimen-
sions. The multiple WAND of such spacetimes is always geodetic. This was
shown in [2] for the Ricci-flat case where the Bianchi identity (B.9) in [2] leads
to C1i1[jLk]0 = 0 which then implies that the WAND ` is geodetic. Although
it is obvious from (2.74), (2.76) and (2.77) that the Riemann tensor of type N
Einstein spacetimes not only has R1i1j components as in the Ricci-flat case but
also R0101, R0i1j and Rijkl are non-zero. Still, the Bianchi identity (B.9) in [2]
reduces to the equation C1i1[jLk]0 = 0 as well and one may follow the same steps
as in [2] to show immediately that the WAND is geodetic. Moreover, without
loss of generality, one may assume the geodetic WAND is affinely parametrized.

In an appropriately chosen frame the optical matrix Lij of type N Einstein
spacetimes consists of just one block 2× 2 [46]

Lij =


s a
−a s

0

0 0

 . (4.19)

From the definition of the optical scalars (1.23) follows that the expansion, shear
and twist are given by

θ =
2

n− 2
s, σ2 = 2

n− 4

n− 2
s2, ω2 = 2a2, (4.20)

respectively. Type N Einstein spacetimes can be thus further classified according
to the optical properties of the multiple WAND.

Type N Einstein Kundt spacetimes

The Kundt class is defined as spacetimes admitting a non-expanding θ = 0, non-
shearing σ2 = 0 and non-twisting ω2 = 0 geodetic null congruence `, in other
words, the optical matrix vanishes, Lij = 0. Spacetimes belonging to this class
can be described by a metric of the form [37,40]

ds2 = 2du
[
dv +H(u, v, xk) du+Wi(u, v, x

k) dxi
]

+ gij(u, x
k) dxi dxj. (4.21)
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In general, higher dimensional Einstein Kundt metrics are of Weyl type II or more
special [3] and the functions H, Wi and gij have not been expressed explicitly in
the literature for the Weyl type N yet. However, the situation differs for Ricci-flat
Kundt metrics of types N and III where one can set [38]

gij(u, x
k) = δij (4.22)

and the corresponding functions Wi and H for Weyl type N are given in (2.98) and
(2.99). In four dimensions, all type N Kundt metrics are completely known [43]
and given by (2.103), (2.104) and (2.106).

As we have already mentioned, non-expanding Einstein GKS spacetimes (2.11)
discussed in section 2.5 solve the field equations of quadratic gravity since they
belong to this class of spacetimes.

Further details and examples of type N Kundt metrics can be found, for
instance, in section 2.5.1 and in [37, 39]. In section 2.5.2, the Brinkmann warp
product is used to generate new Einstein type N Kundt metrics from the known
ones.

Expanding, non-twisting type N Einstein spacetimes

In four dimensions, expanding θ 6= 0 and non-twisting ω2 = 0 type N Ein-
stein metrics are necessarily shear-free due to the Goldberg–Sachs theorem. This
fact follows also immediately from (4.20). Therefore, such metrics belong to
the Robinson–Trautman class and are completely known [97], see also [43] and
references therein.

In contrast, for type N Einstein spacetimes in dimension n > 4, it follows from
(4.20) that non-vanishing expansion θ 6= 0 implies non-zero shear σ2 > 0. Higher
dimensional metrics belonging to this class of spacetimes can be constructed by
warping four-dimensional type N Einstein Robinson–Trautman metrics [97]

ds̃2 = −2ψ du dr + 2r2(dx2 + dy2)− 2r(2rf1 + εx) du dx

− 2r(2rf2 + εy) du dy + 2(ψB + A) du2,
(4.23)

with

A =
1

4
ε2(x2 + y2) + ε(f1x+ f2y)r + (f 2

1 + f 2
2 )r2,

B = −1

2
ε− r∂xf1 +

1

6
Λ̃r2ψ,

ψ = 1 +
1

2
ε(x2 + y2),

(4.24)

where ε = ±1 or 0, Λ̃ is a four-dimensional cosmological constant and the func-
tions f1 = f1(x, y) and f2 = f2(x, y) are subject to

∂xf1 = ∂yf2, ∂yf1 = −∂xf2. (4.25)
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Then the five-dimensional metric takes one of the forms (1.40), (1.41), (1.43)–
(1.45) depending on the signs of Λ and Λ̃, where λ = Λ

6
and the five-dimensional

cosmological constant Λ obeys |Λ| = 2|Λ̃|. Whereas, in the case Λ = 0, Λ̃ > 0,
the metric is given by (1.44) with Λ̃ = 3.

Twisting type N Einstein spacetimes

Very few four-dimensional exact solutions of Einstein gravity within this class are
known. This includes the Ricci-flat Hauser metric [98] and the Leroy metric [99]
for a negative cosmological constant, see also [9].

As in the previous case, higher dimensional solutions in this class can be
constructed from four-dimensional twisting solutions using the Brinkmann warp
product. An example of such warped spacetimes can be obtained using the Leroy
metric in the form given in [46] as a seed. Since the cosmological constant of the
seed metric is negative, there is just one possibility of the sign of the cosmological
constant of the warped metric and thus we employ (1.43). After the substitution
z̃ =
√
−λz, the five-dimensional metric reads

ds̃2 =
1

−Λy2 cos2 z̃

[
2

3
(dx+ y3 du)

[
6y dr + y3(1− r2) du

+ (13− r2) dx+ 12r dy
]

+ 3(r2 + 1)(dx2 + dy2) + 6dz̃2

]
,

(4.26)

where Λ = 6λ < 0 is a five-dimensional cosmological constant.

4.1.2 Type III Einstein spacetimes

In general, for type III Einstein spacetimes the term C cde
a Cbcde − 1

4
gabC

cdefCcdef
in (4.13) does not vanish as in the case of Weyl type N. Using the compact
notation [95]

Ψ′i ≡ C101i, Ψ′ijk ≡ C1ijk, Ω′ij ≡ C1i1j, (4.27)

where
Ψ′ijk = −Ψ′ikj, Ψ′[ijk] = 0, Ψ′i = Ψ′kik, (4.28)

the Weyl tensor of type III can be expressed from (1.34) as

Cabcd = 8Ψ′i`{anb`cm
i
d} + 4Ψ′ijk`{am

i
bm

j
cm

k
d} + 4Ω′ij`{am

i
b`cm

j
d}. (4.29)

Obviously, CcdefCcdef vanishes and if we define Ψ̃ as

Ψ̃ ≡ 1

2
Ψ′ijkΨ

′
ijk −Ψ′iΨ

′
i, (4.30)
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then
C cde
a Cbcde = Ψ̃`a`b. (4.31)

Therefore, in the case of Weyl type III, one may further simplify the field equa-
tions of quadratic gravity for Einstein spaces (4.13) to the form

Bgab − γΨ̃`a`b = 0. (4.32)

The trace of (4.32) implies B = 0, which again determines two possible effective
cosmological constants Λ for the given parameters of theory, and subsequently it
remains to satisfy Ψ̃ = 0.

Proposition 11 Weyl type III Einstein spacetimes with an effective cosmological
constant Λ subject to (4.16) are exact solutions of the vacuum field equations of
quadratic gravity (4.4) if and only if Ψ̃ = 0.

From (4.28) it follows that in four dimensions Ψ̃ = 0. This is in agreement with
the already mentioned statement that all four-dimensional Einstein spacetimes
with an appropriate cosmological constant are solutions of quadratic gravity since
in this case effectively γ = 0 in (4.13).

A wide class of higher dimensional Einstein spacetimes with Ψ̃ = 0 can be
obtained by using the Brinkmann warp product. In order to show that we start
with the following observation. The components of the Weyl tensor of the seed
ds̃2 and warped metric ds2 (1.37) expressed in coordinates xa = (z, xµ) are related
by [17]

Cµνρσ = fC̃µνρσ, Czµνρ = Czµzν = 0. (4.33)

Raising the indices by the corresponding metrics, it then follows that the con-
tractions C cde

a Cbcde are given by

C νρσ
µ Cτνρσ =

1

f
C̃ νρσ
µ C̃τνρσ, (4.34)

with all z-components being zero.
Let us also recall that the Brinkmann warp product preserves the Weyl type

of algebraically special spacetimes. Therefore, if one takes an arbitrary four-
dimensional type III Einstein metric as a seed, for which C̃ νρσ

µ C̃τνρσ = 0 holds
identically, then the warped metric represents a type III Einstein spacetime with
Ψ̃ = 0 and thus, by proposition 11, it is also an exact solution of the field equations
of quadratic gravity (4.4) provided that the effective cosmological constant Λ
satisfies (4.16). A few examples of such twisting and non-twisting type III Einstein
spacetimes obtained by the Brinkmann warp product are given in [46].

It should be emphasized that in contrast with the type N case, there exist type
III Einstein spacetimes which are not solutions of quadratic gravity. For instance,
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Ψ̃ is clearly non-vanishing for the type III(a) subclass of type III spacetimes
characterized by Ψ′i = 0 [5]. Type III(a) Kundt spacetimes with null radiation
given in [38] contain type III(a) Ricci-flat metrics (4.21), (4.22) with a covariantly
constant null vector, where

H = H(u, xk), W2 = 0, Wı̃ = Wı̃(u, x
k),

W ı̃
,̃ı2 = 0, W ı̃

,̃ı̃ = ∆W̃, (4.35)

∆H − 1

4
(Wı̃,̃ −W̃,̃ı)(W

ı̃,̃ −W ̃,̃ı)−W ı̃
,̃ıu = 0.

Here the indices ı̃, ̃ run from 3 to n − 1 and necessarily at least one of the
components C1k̃̃ı = 1

2
(Wı̃,̃−W̃,̃ı),k has to be non-vanishing, otherwise the metric

reduces to Weyl type N. An explicit five-dimensional example of such pp-wave
metric is given by [27]

W2 = 0, W3 = h(u)x2x4, W4 = h(u)x2x3, (4.36)

H = H0 = h(u)2

[
1

24

((
x3
)4

+
(
x4
)4
)

+ h0(x2, x3, x4)

]
, (4.37)

where h0(x2, x3, x4) is subject to ∆h0 = 0. In fact, all type III Ricci-flat pp-
waves belong to the type III(a) subclass since the existence of the covariantly
constant null vector ` implies Cabcd`

a = 0 and thus Ψ′i vanishes. Therefore, type
III Ricci-flat pp-waves are not solutions of quadratic gravity.

Motivated by the above results we naturally introduce two new subclasses of
the principal Weyl type III, namely type III(A) characterized by Ψ̃ 6= 0 and type
III(B) defined by Ψ̃ = 0. Obviously, type III(a) is a subclass of type III(A) since,
as already mentioned, Ψ̃ = 1

2
Ψ′ijkΨ

′
ijk 6= 0 in this case.

4.1.3 Comparison with other classes of spacetimes

It is of interest to compare the set of exact solutions of quadratic gravity (QG)
with other overlapping classes of spacetimes. Namely, spacetimes with vanish-
ing curvature invariants (VSI) [4], spacetimes with constant curvature invariants
(CSI) [37], Kundt subclass of CSI (KCSI), pp -waves which will be denoted as
ppN, ppIII, etc., depending on a particular Weyl type, and universal metrics (U)
for which quantum corrections, i.e. all symmetric covariantly conserved tensors of
rank 2 constructed from the metric, Riemann tensor and its covariant derivatives,
are a multiple of the metric [100, 101]. Einstein or Ricci-flat subclasses of these
sets will be indicated by the appropriate subscript, for instance, QGE and QGRF.

The class of pp -waves is defined geometrically as spacetimes admitting a co-
variantly constant null vector field, say `, and thus `a;b = 0. It then follows from



Chapter 4. Quadratic gravity 105

the definition of the Riemann tensor that Rabcd`
a = 0. The contraction with

respect to the second and fourth index yields R0b = 0, where we identify ` with
the corresponding null frame vector (1.8). On the other hand, in the case of Ein-
stein spaces, the frame component of the Ricci tensor R01 is proportional to the
cosmological constant R01 = 2Λ

n−2
and therefore Einstein pp -waves do not admit

non-vanishing Λ, i.e. ppE = ppRF. In the Ricci-flat case, the Weyl tensor is given
exactly by the Riemann tensor and thus for ppRF we obtain Cabcd`

a = 0. In four
dimensions this corresponds to the Bel criterion ensuring that the spacetime is of
type N, whereas, in higher dimensions, it implies that the spacetime is of Weyl
type II or more special.

We will consider n > 4 since in four dimensions all ppRF are of type N and as
discussed above all Einstein spacetimes with Λ = Λ0 belong to QG which leads
to a considerable simplification.

From the definition of U, it is obvious that U ⊂ QG since the action of
quadratic gravity (4.1) contains quantum corrections only up to the second order
in curvature. The results of [4] that VSI spacetimes are of Weyl type III or more
special and admit a congruence of non-expanding, non-shearing and non-twisting
null geodesics and thus belong to the Kundt class imply VSI ⊂ KCSI. All pp-
waves from the set ppNRF ∪ ppIIIRF belong to VSI, whereas, as was shown above,
ppIIIRF ∩ QG is ∅ and therefore VSIRF * QG and ppRF * QG. It also holds that
ppRF * VSI since ppIIRF solutions exist in higher dimensions.

Recently, it was conjectured in [101] that U ⊂ KCSI. Obviously, ppIIIRF are
examples of spacetimes which are VSI and thus KCSI but not U. However, note
that QGE * CSI since examples of QGE metrics with non-vanishing expansion
mentioned in this section have in general non-trivial curvature invariants [46].

4.2 Spacetimes with aligned null radiation

One may attempt to find a wider class of solutions of quadratic gravity considering
more general form of the Ricci tensor than for Einstein spacetimes (4.11) but still
sufficiently simple to considerably reduce the field equations (4.4). Therefore, we
will assume that the Ricci tensor contains an additional aligned null radiation
term

Rab =
2Λ

n− 2
gab + Φ`a`b. (4.38)

Then the contracted Bianchi identities ∇aRab = 1
2
∇bR imply that the null radi-

ation term has to be covariantly conserved (Φ`a`b);a = 0, which one may rewrite
using the derivatives (1.17) and the optical scalars (1.25) as

[DΦ + Φ(n− 2)θ] `a + Φ`a;b`
b = 0. (4.39)
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We identify ` with the corresponding null frame vector (1.8) so that the contrac-
tion of (4.39) with the vector m(i) implies Li0 = 0 in terms of the Ricci rotation
coefficients (1.13). Therefore, ` has to be geodetic and, without loss of generality,
we choose ` to be affinely parametrized. Consequently, the contraction of (4.39)
with the frame vector n yields

DΦ = −(n− 2)θΦ. (4.40)

Now, following the same steps as for Einstein spaces in section 4.1, we express
the field equations (4.4) in terms of the Weyl tensor and the Ricci tensor (4.38)
and simplify them using the tracelessness of the Weyl tensor and the fact that `
is a null vector

(β�+A)(Φ`a`b)− 2Bgab + 2γ

(
C cde
a Cbcde −

1

4
gabC

cdefCcdef

)
+ 2Φ

(
β − 2

n− 4

n− 2
γ

)
Cacbd`

c`d = 0,

(4.41)

where A is defined as

A =
1

κ
+ 4Λ

(
nα

n− 2
+

β

n− 1
+

(n− 3)(n− 4)

(n− 2)(n− 1)
γ

)
(4.42)

and B is given by (4.14). If the Weyl tensor is of type III or more special then
the last term in (4.41) vanishes and one may rewrite (4.41) using Ψ̃ (4.31) as

(β�+A)(Φ`a`b)− 2Bgab + 2γΨ̃`a`b = 0. (4.43)

From now on, we restrict ourselves to spacetimes with Ψ̃ = 0. The trace of
(4.43) yields B = 0 which again determines two possible effective cosmological
constants Λ via (4.16). The remaining part of (4.43) reads

(β�+A)(Φ`a`b) = 0. (4.44)

Using the notion of the subclasses III(A) and III(B) of the Weyl type III defined
at the end of section 4.1.2, we arrive to

Proposition 12 All spacetimes of Weyl types III(B), N and O with the Ricci
tensor of the form (4.38) are vacuum solutions of quadratic gravity provided that
B = 0 and the null radiation term Φ`a`b satisfies (4.44).

It should be emphasized that these spacetimes with a null radiation term in
the Ricci tensor, i.e. solutions of the non-vacuum Einstein field equations, are
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solutions of the vacuum field equations of quadratic gravity without any matter
field terms in the action.

Let us briefly comment the special case β = 0. Then it follows that both A
(4.42) and B (4.14) have to vanish and from these relations, one may eliminate
the parameter γ to obtain

8nακ

(n− 2)2
Λ2 − Λ + 2Λ0 = 0. (4.45)

Therefore, the effective cosmological constant Λ is determined only by the param-
eters α, κ and Λ0. If the constraint on Λ (4.45) admits a real solution then the
remaining parameter γ is subject to A = 0 or B = 0. In other words, for special
values of the parameters α, γ, κ and Λ0 of a theory with β = 0, all spacetimes
of Weyl types III(B), N and O with the Ricci tensor of the form (4.38) with an
arbitrary Φ and an effective cosmological constant Λ given by (4.45) are exact
solutions of quadratic gravity. However, none of such spacetimes with null radi-
ation satisfies the field equations of quadratic gravity if A 6= 0, which occurs, for
instance, in the case Λ = 0. For the pure Gauss–Bonnet gravity α = β = 0, this
implies that if Λ = 2Λ0 following from (4.45) and simultaneously

γ = −(n− 2)(n− 1)

(n− 3)(n− 4)

1

8Λ0κ
, (4.46)

then both A, B vanish and Φ can be arbitrary, otherwise Φ has to be zero in
order to satisfy the field equations.

Since we are interested in solutions of quadratic gravity with arbitrary pa-
rameters we assume β 6= 0 in the rest of this chapter. The contraction of (4.44)
with the frame vectors ` and n gives

ΦLijLij = Φ[(n− 2)θ2 + σ2 + ω2] = 0, (4.47)

where the optical matrix Lij is defined in (1.13) and the scalars θ, σ and ω (1.23)
correspond to expansion, shear, and twist, respectively. This implies that the
geodetic vector ` is non-expanding, θ = 0, non-shearing, σ = 0, and non-twisting,
ω = 0, and thus the optical matrix vanishes Lij = 0. Then it immediately follows
from (4.40) that DΦ = 0, i.e. Φ does not depend on an affine parameter along
the null geodesics `.

Proposition 13 All Weyl type III(B), N or conformally flat solutions of the
source-free field equations of quadratic gravity (4.4) with β 6= 0 and the Ricci
tensor of the form (4.38) belong to the Kundt class.
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Note that in general, not only in quadratic gravity, conformally flat spacetimes
with null radiation belong to the Kundt class as follows directly from the Bianchi
identities.

Contracting (4.44) twice with the frame vector n and substituting La0 = 0,
i.e. ` being geodetic and affinely parametrized, Lij = 0 and DΦ = 0, we obtain
the remaining non-trivial frame component of (4.44)

δiδiΦ +

(
2L1i + 4L[1i] +

i

M jj

)
δiΦ + 2Φ

(
2δiL[1i] + Li1Li1

+ 4L1iL[1i] + 2L[1i]

i

M jj

)
+

4ΛΦ

n− 2
+Aβ−1Φ = 0,

(4.48)

where we also employed the Ricci identities [3] and the commutators of the deriva-
tives along the frame vectors (1.18). The Ricci rotation coefficients L1i, Li1 and
i

M jk are defined in (1.13).
It has been shown in section 2.5 that one may always set the frame in Kundt

spacetimes so that L[1i] = 0, L12 6= 0, L1ı̃ = 0. For Kundt metrics in the canonical
form (4.21), the natural frame with the geodetic WAND `adx

a = du as the null
frame vector ` implies that the antisymmetric part of L1i vanishes

L[1i] = `[a;b]n
amb

(i) = `[a,b]n
amb

(i) − Γc[ab]`cn
amb

(i) = 0, (4.49)

since `a,b = 0 in these coordinates and the Christoffel symbols are symmetric in
the lower indices. However, Lı̃0 are in general non-vanishing in this frame. Let
us emphasize that this result does not depend on the choice of the frame vectors
n and m(i) and it can be used for further simplification of (4.48). Moreover, one
may rewrite δiδiΦ in terms of the d’Alembert operator to get

�Φ + 4L1iδiΦ + 2L1iL1iΦ +
4ΛΦ

n− 2
+Aβ−1Φ = 0. (4.50)

Note that, as argued under proposition 4, non-expanding GKS spacetimes
(2.11) with the Ricci tensor of the form (4.38) belong to the Kundt class of Weyl
type N. Therefore, such spacetimes with an appropriate effective cosmological
constant Λ solve the field equations of quadratic gravity provided that the null
radiation term Φ`a`b satisfies (4.44) or equivalently (4.50) in the case L[1i] = 0.

Interestingly, if we assume that the function H of non-expanding GKS space-
times with aligned null radiation is independent on an affine parameter along null
geodesics of the Kerr–Schild congruence k ≡ `, i.e. DH = 0, and set L[1i] = 0,
the corresponding Einstein field equations (2.81), (2.82), (2.92) reduce to

�H + 4L1iδiH + 2L1iL1iH +
4ΛH
n− 1

= Φ. (4.51)

Let us point out the similarity of (4.50) and (4.51) which effectively decouples
these two equations and thus allows us to solve for H and Φ independently.
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4.2.1 Explicit solutions of Weyl type N

In this section, we present a few examples of type N solutions of the field equations
of quadratic gravity with the Ricci tensor of the form (4.38). We solve the cases
with a vanishing and non-vanishing effective cosmological constant Λ separately
since the form of all higher dimensional type N Kundt metrics with Λ = 0 and
aligned null radiation is explicitly known [38], whereas, in the case Λ 6= 0 we
employ at least a particular example of such Kundt metrics known as the Siklos
metric.

Case Λ = 0

Type N Kundt metrics with aligned null radiation and the vanishing cosmological
constant Λ which belong to a subclass of VSI spacetimes, admit the form (4.21),
(4.22). As in the Ricci-flat case discussed in section 2.5.1, these metrics can be
split into two subclasses with vanishing (ε = 0) and non-vanishing (ε = 1) quan-
tity L1iL1i. One may choose the same null frame as in (2.95) and, consequently,
the Ricci rotation coefficients L1i, Li1 and L11 are given as in (2.96).

The constraints on the undetermined metric functions Wi and H imposed by
the form of the Weyl tensor (4.17) and the Ricci tensor (4.38) differ from the
Ricci-flat case since the null radiation term Φ now occurs [38]

W2 = 0, Wı̃ = x2Cı̃(u) + x̃B̃̃ı(u),

H = H0(u, xi), ∆H0 − 1

2

∑
C2
ı̃ − 2

∑
ı̃<̃

B2
ı̃̃ + Φ = 0

(4.52)

in the case ε = 0 and

W2 = −2v

x2
, Wı̃ = Cı̃(u) + x̃B̃̃ı(u), H =

v2

2(x2)2
+H0(u, xi),

x2∆

(
H0

x2

)
− 1

(x2)2

∑
W 2
ı̃ − 2

∑
ı̃<̃

B2
ı̃̃ + Φ = 0

(4.53)

in the case ε = 1, respectively. Where the indices ı̃, ̃, . . . range from 3 to n − 1
and B[̃ı̃] = 0 in both cases.

Now we determine the form of the function Φ. Obviously, Φ,v = DΦ = 0 and
thus Φ does not depend on the coordinate v. In the Einstein gravity, no further
conditions are imposed on Φ, whereas in quadratic gravity theory with β 6= 0,
Φ still has to satisfy (4.44) or equivalently (4.50) since L[1i] = 0 in our chosen
frame. The latter one is simpler to express and leads directly to

Φ,ii −
2ε

x2
Φ,2 +

2ε

(x2)2
Φ + (κβ)−1Φ = 0. (4.54)
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In the case ε = 0, (4.54) reads

∆Φ + (κβ)−1Φ = 0. (4.55)

Substituting (4.55) into (4.52), we obtain

∆H0
vac −

1

2

∑
C2
ı̃ − 2

∑
ı̃<̃

B2
ı̃̃ = 0, (4.56)

where we define H0
vac = H0 − κβΦ. Thus, H0

vac corresponds to a vacuum VSI
solution of the Einstein gravity, i.e. it obeys (4.52) with Φ = 0.

Similarly, in the case ε = 1, (4.54) reads

x2∆

(
Φ

x2

)
+ (κβ)−1Φ = 0. (4.57)

Putting (4.57) to (4.53) and denoting H0
vac = H0 − κβΦ gives the Einstein field

equations for Ricci-flat type N VSI metrics, i.e. (4.53) with Φ = 0 for H0
vac

x2∆

(
H0

vac

x2

)
− 1

(x2)2

∑
W 2
ı̃ − 2

∑
ı̃<̃

B2
ı̃̃ = 0. (4.58)

In other words, these steps may be performed backwards. We take an arbitrary
vacuum type N VSI metric (4.21), (4.22) with H0

vac, Wi and Φ = 0, i.e. a solution
of the Einstein field equations (4.56) or (4.58), and independently find Φ solving
the corresponding equation (4.55) or (4.57), respectively. Therefore, we finally
arrive at a solution of the field equations of quadratic gravity (4.4) represented
by the metric (4.21), (4.22) with Φ 6= 0, H0 = H0

vac + κβΦ and Wi unchanged.
Note that in this case where we assume Λ = 0 the condition B = 0 (4.14)

determining the effective cosmological constant Λ in terms of the parameters α, β,
γ, κ and Λ0 implies Λ0 = 0 and therefore we are not able to satisfy the criticality
condition (4.7), (4.8) by tuning the remaining parameters.

Case Λ 6= 0

One may perform a similar procedure also in the case of a non-vanishing effective
cosmological constant Λ. Unlike in the previous case Λ = 0, to our knowledge a
general form of the metric describing all type N Kundt spacetimes with Λ 6= 0
and aligned null radiation is not explicitly known. Therefore, we consider the
n-dimensional Siklos metric [102]

ds2 =
1

−λz2

[
2du dv + 2H(u, v, xk) du2 + δij dxi dxj

]
, (4.59)
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where

λ =
2Λ

(n− 1)(n− 2)
, z = xn−1, (4.60)

as an example belonging to this class of spacetimes.
The Siklos metric is conformally related to pp -waves. However, note that

the terms inside the parentheses correspond to the metric which describes all
pp -waves only in four dimensions. In higher dimensions, this metric does not
represent the pp -wave class completely and not even the type N pp -wave subclass.

Obviously, the metric (4.59) takes the GKS form (2.11) since the first and
third terms in the parentheses represent an anti-de Sitter background and du
corresponds to the null vector. Then proposition 4 ensures that this metric is
indeed of Weyl type N even if we admit an aligned null radiation term in the
Ricci tensor as commented under this proposition.

We need to split the Kerr–Schild term Hkakb dxa dxb = H
λz2

du2 into the vector
k and the function H so that k is affinely parametrized. The simplest way how
to do that is to employ the coordinate transformation v = −λṽz2 to put (4.59)
to the canonical Kundt form

ds2 = 2du

[
dṽ − H

λz2
du+

2ṽ

z
dz

]
− 1

λz2
δı̃̃ dxı̃ dx̃. (4.61)

In this form, du corresponds to the congruence of non-expanding, non-shearing
and non-twisting affinely parametrized null geodesics. Therefore, k = kadx

a = du
and H = 1

λz2
H. Furthermore, if we identify the Kerr–Schild vector k with the

frame vector `, then from (4.49) follows that L[1i] = 0. One may complete the
frame by a natural choice of the remaining vectors

`a dxa = du, na dxa =
1

−λz2
dv +

H

−λz2
du, m(i)

a dxa = dxi,

`a ∂a = −λz2 ∂v, na ∂a = ∂u −H ∂v, ma
(i) ∂a = ∂i.

(4.62)

For the simplicity, we assume that DH = 0, i.e. H is independent on an affine
parameter along the null geodesics k. On the other hand, using the frame (4.62),
it follows that DH = −λz2H,v and thus H and consequently H does not depend
on the coordinate v. Therefore, we can use the Einstein field equations for non-
expanding GKS spacetimes with aligned null radiation (4.51) which for the Siklos
metric (4.59) leads to

∆H − n− 2

z
H,z = Φ. (4.63)

The condition on Φ (4.50) for the metric (4.59) reads

∆
(
−λz2Φ

)
− n− 2

z

(
−λz2Φ

)
,z
− C
z2

(−λz2Φ) = 0, (4.64)
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where we defined

C ≡ 2 +
A
βλ

=
2

β

(
1

2λκ
+ (n− 1)(nα + β) + (n− 3)(n− 4)γ

)
. (4.65)

Now we eliminate Φ from (4.63) by combining (4.63) with (4.64) and denoting
Hvac = H − C−1z2Φ. This leads to the vacuum (Φ = 0) equation (4.63) for Hvac

∆Hvac − n− 2

z
Hvac
,z = 0. (4.66)

Therefore, we can take an arbitrary higher dimensional Siklos metric (4.59)
obeying the vacuum Einstein field equations (4.66) and find a solution Φ of (4.64).
Then the metric (4.59) with H = Hvac + C−1z2Φ, where the obtained Φ enters
also the corresponding Ricci tensor (4.38), satisfies the field equations of quadratic
gravity (4.4).

Unfortunately, this procedure cannot be performed for quadratic gravity the-
ories with the parameters at critical points (4.7), (4.8). Since C = 0 in these
cases, we are not able to solve for Φ and H independently. Instead, one has to
find Φ obeying (4.64) and then solve (4.63) for H with the given Φ.

Let us point out how the solution (4.59), (4.63), (4.64) is related to the AdS-
wave solution that has been found in [74] by direct substitution of the Siklos
metric to the field equations of quadratic gravity (4.4). After necessary long
calculations of the Riemann tensor and its various contractions, the authors of
[74] have obtained the constraint for the function H which can be equivalently
expressed from (4.63) and (4.64) eliminating Φ(

∆− n− 2

z
∂z −

C
z2

)[
z2

(
∆− n− 2

z
∂z

)
H

]
= 0. (4.67)

In [74], it has been further integrated to get a particular solution.
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Conclusions and outlook

In chapter 2, we have investigated GKS spacetimes (2.11) with an (anti-)de Sitter
background in arbitrary dimension. It has turned out that the Kerr–Schild vector
k is geodetic if and only if the boost weight zero component T00 of the energy–
momentum tensor vanishes as stated in proposition 1. It has been shown that the
vector field k is geodetic in the background spacetime if and only if it is geodetic
in the full spacetime and the same also holds for the affine parametrization.
For GKS spacetimes with a geodetic Kerr–Schild vector k including Einstein
spaces and spacetimes containing matter fields aligned with k such as aligned
Maxwell field or aligned null radiation, we have given the explicit form of the
Ricci tensor and shown that the optical properties of the Kerr–Schild congruence
k encoded in the optical matrix Lij in the full spacetime are same as those in
the background spacetime. If k is geodetic then T0i as well as the positive boost
weight components of the Weyl tensor vanish and thus such GKS spacetimes are
algebraically special, i.e. of Weyl type II or more special, see proposition 2.

In section 2.5, we have focused on non-expanding Einstein GKS spacetimes.
The Einstein field equations imply that these spacetimes belong to the Kundt
class and are only of Weyl type N, see proposition 4. It has been pointed out that
the same statement also holds if we admit null radiation term in the Ricci tensor
and that the Kerr–Schild function H of non-expanding Einstein spacetimes is a
linear function of the affine parameter r along the null geodesics k. We have also
presented some known examples of non-expanding Einstein GKS spacetimes in
section 2.5.1 and constructed some new ones in section 2.5.2 using the Brinkmann
warp product.

Expanding Einstein GKS spacetimes have been discussed in section 2.6. The
compatible Weyl types are II or D with k being the multiple WAND as stated
in proposition 5 and the corresponding optical matrix Lij satisfies the optical
constraint (2.128) implying that Lij is a normal matrix and in an appropriate
frame takes the block diagonal form consisting of 2× 2 and identical 1× 1 blocks
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and zeros. This sparse form has allowed us to integrate the Sachs equation and
explicitly express the r-dependence of the optical matrix Lij and subsequently of
the Kerr–Schild functionH and boost weight zero components of the Weyl tensor.
The 2×2 blocks in the optical matrix correspond to planes spanned by pairs of the
spacelike frame vectors in which the geodetic congruence k is twisting. Only if Lij
is non-degenerate and does not contain any 2×2 block or if in even dimensions Lij
contains only identical 2×2 blocks then the congruence k is non-shearing. It has
been also shown that the rank of Lij is at least 2. Therefore, in four dimensions,
the optical matrix consists of one 2× 2 block or two identical 1× 1 blocks which
is in accordance with the Goldberg–Sachs theorem. Expressing the Kretschmann
scalar, we have discussed presence of curvature singularities at the origin r = 0
in section 2.6.4. It has turned out that there are three possible cases depending
on the form of the optical matrix Lij. Namely, either no singularity is present or
there is a point or Kerr-like singularity. In section 2.6.5, the analysis of expanding
Einstein GKS spacetimes has been compared with the explicit example of the five-
dimensional Kerr–(anti-)de Sitter black hole. We have established the null frame
parallelly transported along the geodetic Kerr–Schild vector k and expressed the
optical matrix. Using the results of section 2.6.4, we have discussed the presence
of curvature singularities depending on the two rotation parameters of the black
hole.

In future work, the analysis of the GKS spacetimes could be extended to higher
order theories of gravity such as the Gauss–Bonnet or more general Lovelock
theories, some basic analysis in this field has been already done in [103] and the
particular case of the GKS metrics in five-dimensional Gauss–Bonnet gravity has
been studied in [89, 104]. It may be also useful to employ the GKS ansatz to
investigate Weyl type D solutions of quadratic gravity and thus extend the work
started in chapter 4.

Higher dimensional GKS metrics could be also studied in the context of the
Einstein–Maxwell theory. As has been mentioned above, the generalization of
the four-dimensional Kerr–Newman black hole to higher dimensions using its KS
form with the vector potential proportional to the Kerr–Schild vector k has failed.
However, if one assumes the vector potential given by a linear combination of the
Kerr–Schild vector k and a spacelike vector m, i.e. Aa = αka+βma, where α and
β are scalar functions then it can be shown that this choice is compatible with
T00 = T0i = 0 if the relations (3.31) appearing in the analysis of xKS spacetimes
hold. This suggests that a solution in the GKS form with this vector potential
could be found if m corresponds to a 1× 1 block in the optical matrix and thus
does not lie in any plane in which k is twisting.

In chapter 3, we have studied xKS spacetimes (3.1), i.e. an extension of the
GKS ansatz where, in addition to the null Kerr– Schild vector k, a spacelike
vector field m appears in the metric. Unlike for GKS spacetimes, in general we
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have obtained only the necessary condition for the component T00 under which the
Kerr–Schild vector k is geodetic, see proposition 6. However, if one appropriately
restricts the geometry of the vectors k and m this condition becomes sufficient,
see corollary 7. As for GKS spacetimes, the Kerr–Schild vector field k is geodetic
and affinely parametrized in the background spacetime if it is geodetic and affinely
parametrized in the full spacetime and vice versa. Similarly, if k is geodetic the
optical matrices in both spacetimes are identical. In contrast with the GKS case,
it has been shown that xKS metrics with a geodetic Kerr–Schild vector k are of
Weyl type I or more special, as stated in proposition 8, and the components R0i

of the Ricci tensor do not vanish identically.
In section 3.3, we have restricted ourselves to Kundt xKS spacetimes and

determined the r-dependence of the scalar function K in the case of Weyl type
II when the components T0i vanish, see proposition 9. It has turned out that all
VSI spacetimes belong to the xKS class of solutions and explicit examples with
the corresponding forms of the function K have been given. Higher dimensional
pp -waves are of Weyl type II or more special and type III and N Ricci-flat pp -
waves belong to the VSI and consequently to the xKS class. It has been also
shown that type II CSI Ricci-flat pp -waves admit the xKS form. However, it is
not clear whether all Ricci-flat pp -waves can be cast to the xKS form.

An important example of an expanding xKS spacetime, namely the charged
rotating CCLP black hole in five-dimensional minimal gauged supergravity, has
been studied in section 3.4. In the case with the flat background, we have estab-
lished a null frame and expressed the optical matrix which interestingly satisfies
the optical constraint (2.128). Non-vanishing boost weight 1 components of the
Weyl tensor suggest that the CCLP black hole is in general of Weyl type Ii. In
the uncharged case which corresponds to the Myers–Perry black hole and in the
non-rotating limit, the metric reduces to the GKS form and is of Weyl type D.

Although the necessary calculations are more involved than for GKS space-
times, it is obvious that the Ricci and Riemann tensors of the xKS metrics dra-
matically simplify if one assumes that the relations (3.30) restricting the geometry
of the vectors k and m hold. The analysis of these simplified expressions is left
for future work.

In chapter 4, we have studied exact solutions of the field equations of quadratic
gravity. In fact, we have determined under which conditions certain exact solu-
tions of the Einstein theory solve also the source-free field equations of quadratic
gravity. In the case of Einstein spacetimes, it has turned out that only the Gauss–
Bonnet term in the action of quadratic gravity imposes an additional conditions
on the Weyl types of a solution. If the Gauss–Bonnet term is not present, i.e.
γ = 0, or in four dimensions when the Gauss–Bonnet term effectively vanishes
then Einstein spaces of all Weyl types with an appropriate effective cosmological
constant Λ given by B = 0 (4.14) are solutions of quadratic gravity. Otherwise,



116

restricting ourselves to types III and more special, Einstein spacetimes only of
Weyl types N or III(B) with an effective cosmological constant Λ given by B = 0
solve the field equations of quadratic gravity as stated in propositions 10 and
11. The subclass III(B) of type III is defined via vanishing quantity Ψ̃ (4.30)
constructed from the Weyl tensor. Note that type III Einstein spaces belonging
to the subclass denoted as III(A) are not solutions of quadratic gravity. More-
over, the class of type III(A) spacetimes contains the class of III(a) spacetimes
and therefore type III(a) Ricci-flat Kundt metrics including all type III Ricci-flat
pp -waves do not solve the field equations of quadratic gravity. We have also re-
ferred to known examples of higher dimensional type N metrics solving quadratic
gravity and constructed some examples of type III solutions using the fact that
the Brinkmann warp product of four-dimensional type III Einstein spacetimes
leads to the five-dimensional type III(B) Einstein spacetimes.

In section 4.2, we have found a wider class of solutions of quadratic gravity
considering the Ricci tensor with an additional null radiation term aligned with
a WAND. Restricting to the subclasses of type III with vanishing quantity Ψ̃,
i.e. types III(B), N and O, we have obtained the algebraic condition B = 0
determining the effective cosmological constant Λ and also the constraint for the
null radiation term which implies that the only allowed metrics belong to the
Kundt class, see propositions 12 and 13.

Recall that GKS spacetimes with null radiation belong to the type N Kundt
class and thus solve the field equations of quadratic gravity with an appropriate Λ
given by B = 0. In section 4.2.1, we have given explicit examples of such metrics
with Λ = 0 and Λ 6= 0. Due to the similarity of the corresponding equations
for the null radiation term Φ and for the Kerr–Schild function H, we have been
able to express two completely independent equations for Φ and Hvac, where Hvac

corresponds to a Ricci-flat or Einstein part of the solution. However, at critical
points of quadratic gravity the equations for Φ and H cannot be separated in this
way.

In future work, type D solutions of quadratic gravity could be also studied,
however, the significant simplification as in the type III cases does not occur and
a non-trivial form of the Ricci tensor could be necessary. Therefore, it could
be convenient to employ, for instance, the GKS ansatz. Note also that the field
equations of quadratic gravity (4.43) for spacetimes of Weyl type III and the
Ricci tensor with aligned null radiation can be also solved with the assumption
Ψ̃ 6= 0, i.e. for spacetimes of type III(A). Therefore, unlike III(A) Einstein spaces
which do not solve the field equations of quadratic gravity, type III(A) solutions
of quadratic gravity with null radiation in the Ricci tensor could exist.
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