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PRODUCT-TYPE CLASSES FOR VERTEX ALGEBRA
COHOMOLOGY OF FOLIATIONS ON COMPLEX CURVES

A. ZUEVSKY

ABSTRACT. We define a product of pairs of double complex spaces C7, (V, W, F)
for gradig-restricted vertex algebra cohomology of codimension one foliation on
a complex curve. We introduce a vertex algebra counterpart of the classical
cohomological class using the orthogonality conditions on elements of double
complex spaces with respect to the product we introduced.

1. INTRODUCTION

The theory of foliations involves a bunch of approaches [4-7,11,12,15-17,32] and
many others. In certain cases it is useful to express cohomology in terms of connec-
tions and use the language of connections in order to study leave spaces of foliations.
Connections appear in conformal field theory [3,10] in definitions of many notions and
formulas. Vertex algebras, generalizations of ordinary Lie algebras, are essential in
conformal field theory. The theory of vertex algebra characters is a rapidly developing
field of studies. Algebraic nature of methods applied in this field helps to understand
and compute the structure of vertex algebra characters. On the other hand, the geo-
metric side of vertex algebra characters is in associating their formal parameters with
local coordinates on a complex variety. Depending on geometry, one can obtain vari-
ous consequences for a vertex algebra and its space of characters, and vice-versa, one
can study geometrical property of a manifold by using algebraic nature of a vertex
algebra attached. In this paper we use the vertex algebra cohomology theory [23] in
order to construct cohomological invariants for codimension one foliations

There exist a few approches to definition and computation of cohomologies of
vertex operator algebras. [23,31]. Taking into account the above definitions and
construction, we aim to consideration of a characteristic classes theory for arbitrary
codimension regular and singular foliations vertex operator algebras. Losik [32] defines
a smooth structure on the leaf space M/F of a foliation F of codimension n on a
smooth manifold M that allows to apply to M/F the same techniques as to smooth
manifolds. In [32] characteristic classes for a foliation as elements of the cohomology
of certain bundles over the leaf space M/F are defined. It would be interesting
also to develope intrinsic (i.e., purely coordinate independent) theory of a smooth
manifold foliation cohomology involving vertex algebra bundles [3]. Similar to Losik’s
theory, we use bundles correlation functions) over a foliated space. The idea of studies
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of cohomology of certain bundles on a smooth manifold M and making connection
to a cohomology of M has first appeared in [6]. This can have a relation with
Losik’s work [32] proposing a new framework for singular spaces and characteristic
classes. In applications, one would be interested in applying techniques of this paper
to case of higher-dimensional manifolds of codimension one [1,2]. In particular, the
question of higher non-vanishing invariants, as well as the problem of distinguishing
of compact and non-compact leaves for the Reeb foliation of the full torus, are also
of high importance. It would be important to establish connection to chiral de-Rham
complex on a smooth manifold introduced in [33]. After a modification, one is able to
introduce a vertex algebra cohomology of smooth manifolds on a similar basis as in this
paper. One can mention a possibility to derive differential equations [22] for characters
on separate leaves of foliation. Such equations are derived for various genuses and can
be used in frames of Vinogradov theory [37]. The structure of foliation (in our sense)
can be also studied from the automorphic function theory point of view. Since on
separate leaves one proves automorphic properties of characters, on can think about
”global” automorphic properties for the whole foliation.

The plan of the paper is the following. Section 2 contains a description of the
transversal basis and vertex algebra interpretation of the local geometry for a foli-
ation on a smooth manifold. In Section 3 we define a product of elements of two
W.,......,-spaces. Spaces for double chain-cochain complexes associated to a vertex
algebra are introduced in Section 4. Product of double complex spaces is defined in
Section 5. In Section 6 coboundary operators are defined. It is shown that combining
with the double complex spaces they determine chain-cochain double complex. The
vertex algebra cohomology of a foliation on a smooth complex curve is introduced.
A relation to Crainic-Moerdijk cohomology found. Properties of the product defined
on double complex spaces are studied in Section 7. Section 8 describes product-
type cohomological invariants for a codimension one foliation on a smooth complex
curve. In Appendixes we provide the material required for the construction of the
vertex algebra cohomology of foliations. In Appendix 9 we recall the notion of a
quasi-conformal grading-restricted vertex algebra and its modules. In Appendix 10
the space of W-valued rational sections of a vertex algebra bundle is described. In
Appendix 11 properties of matrix elements for elements of the space W are listed.
In Appendix 12 maps composable with a number of vertex operators are defined. In
Appendix 14.2 we describe the approach to cohomology in terms of connections. In
Appendix 15 geometrical procedure of sewing two Riemann spheres to form another
Riemann sphere is recalled. Appendix 16 contains proofs of Proposition 1, Proposi-
tion 2, Proposition 4 Lemma 3, Lemma 1. Appendix 13 contains proofs of Lemmas
4, 5, 6, and Proposition 5.

A consideration of foliations of smooth manifold of arbitrary dimension will be
given in [44].

2. TRANSVERSAL BASIS DESCRIPTION OF FOLIATIONS AND VERTEX ALGEBRA
INTERPRETATION

In this Section we recall [7] the notion of the basis of transversal sections for a
foliation, and provide its vertex algebra setup.
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2.1. Basis of transversal sections for a foliation. This subsection reminds [7]
the notion of basis of transversal sections for a codimension one foliation. Let M be
a complex curve equipped with a foliation F of codimension one.

Definition 1. A transversal section of F is an embedded one-dimensional submani-
fold U C M which is everywhere transverse to the leaves of foliation.

Definition 2. If « is a path between two points p; and ps on the same leaf, and Uy
and Us are transversal sections through p; and ps, then « defines a transport along
the leaves from a neighborhood of p; in U; to a neighborhood of ps in Us. i.e., a germ
of a diffeomorphism

hol (a) : (U, p1) = (U2, p2),

which is called the holonomy of the path «.
Two homotopic paths always define the same holonomy.

Definition 3. If the above transport along « is defined in all of U; and embeds U
into Us, this embedding
h:U; — U'Q7

is called the holonomy embedding.
A composition of paths induces an operation of composition on holonomy embed-

dings. Transversal sections U through p as above should be thought of as neighbor-
hoods of the leaf through p in the leaf space. Then we have

Definition 4. A transversal basis for M/F as a family U of transversal sections
U C M with the property that, if U, is any transversal section through a given point
p € M, there exists a holonomy embedding

h:U = U,p,
with U € U and p € h(U).

A transversal section is a one-dimensional disk given by a chart of the foliation.
Accordingly, we can construct a transversal basis U out of a basis U of M by domains
of foliation charts N

ov : USSR x U,
U e U, with U = R.
2.2. Vertex algebra interpretation of the transversal basis. Let U be a family
of transversal sections of F. We cousider a (n, k)-set of points, n > 1, k > 1,

(p17"'7pn;pg_7"'ap;g)a (21)
on a smooth complex curve M. Let us denote the set of corresponding local coordi-
nates for n 4+ k points on M as

(c1(p1), - enlpn)i e (PL), - s k(D) -

In what follows we consider points (2.1) as points on either the leaf space M /F of F,
or on transversal sections U; of the transversal basis ¢/. Since M/F is not in general
a manifold, one has to be careful in considerations of chains of local coordinates along
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its leaves [26,32]. For association of formal parameters of mappings with parameters
of vertex operators taken at points of M /F we will use in what follows either local
coordinates on M or local coordinates on sections U of a transversal basis ¢ which
are submanifolds of M of dimension equal to codimenion of foliation F. In case of
extremely singular foliations when it is not possible to use local coordinates of M
in order to parameterize a point on M/F we still be able to use local coordinates
on transversal sections passing through this point on M/F. In addition to that,
note that the complexes considered below are constructed in such a way that one can
always use coordinates on transversal sections only, avoiding any possible problems
with localization of coordinates on leaves of M /F.
For a (n, k)-set of a grading-restricted vertex algebra V elements

(V1 ey U3 VY, 0L (2.2)
we consider linear maps
P:VE S W, (2.3)
see Appendix 10 for the definition of a W,. . space),
1y--5%n
@ (szVt U@ (pr);.. i deN @ Umcn(pl)) ) (2.4)

where we identify, as it is usual in the theory of characters for vertex operator algebras
on curves [25,40,42,43], n formal parameters z1, ..., 2, of W,, ..., with local coordi-
nates c;(p;) in vicinities of points p;, 0 <4 < n, on M. Elements ® € We, (p,),....c,.(pn)
can be seen as coordinate-independent W-valued rational sections of a vertex algebra
bundle [3] generalization. Note that, according to [3], they can be treated as

Xn
(Aut 0<1)) = Aut,, OO x ... x Aut,, OO,

Z14.0052n

-torsors of product of groups of independent coordinate transformations. The con-
struction of vertex algebra cohomology of foliations in terms of connections is parallel
to ideas of [6]. Such a construction will be explained elsewhere [44].

In what follows, according to definitions of Appendix 10, when we write an ele-
ment ® of the space W,, .. . , we actually have in mind corresponding matrix element
(w’, ®) that absolutely converges (on certain domain) to a rational form-valued func-
tion

(W', ®) = R((w', ®)). (2.5)
In notations, we will keep tensor products of vertex algebra elements with wight-
powers of z-differentials when it is inevitable only.

In Appendix 13 we prove, that for arbitrary v, vg- eV, 1<1<n, 1<5<k,
points p. with local coordinates ¢;(p}) on transversal sections U; € U of M/F, an
element (2.4) as well as the vertex operator

ww (der )™ D @ e1(p)) =Y (dler ) D @ uabh), (26

are invariant with respect to the action of (Aut 0(1)):1” . - In (2.6) we mean usual

vertex operator (as defined in Appendix 9) not affecting the tensor product with
corresponding differential. We assume that the maps (2.3) are composable (according
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to Definition (31) of Appendix 12), with k vertex operators wy (v}, c;(p})), 1 <i <k
with k vertex algebra elements from (2.2), and formal parameters associated with
local coordinates on k transversal sections of M/F, of k points from the set (2.1).

The composability of a map ® with a number of vertex operators consists of two
conditions on ®. The first requires existence of positive integers N (v;, v;) depending
on vertex algebra elements v; and v; only, while the second condition restricts orders of
poles of corresponding sums (12.3) and (16.26). Taking into account these conditions,
we will see that the construction of spaces (4.2) depends on the choice of vertex algebra
elements (2.2).

In Section 4 we construct spaces for double complexes associated to a grading-
restricted vertex algebra and defined for codimension one foliations on complex curves.
In order to keep control on the construction, we consider a section U; of a transversal
basis U, and mappings ® that belong to the space W,,,),....c(p,.), depending on points
D1, .,Pn of intersection of U; with leaves of M/F of F. It is assumed that local
coordinates ¢(p1),...,c(p,) of points p;, 1 < i < n, are taken on M along these
leaves of M /F. We then consider a collection of k sections of U. In order to define
vertex algebra cohomology of M /F, mappings ® are supposed to be composable
with a number of vertex operators with a number of vertex algebra elements, and
formal parameteres identified with local coordinates of points pf, ..., p} on each of k
transversal sections U, 1 < j < k.

3. ProbucT OF W,, . . -SPACES

3.1. Geometrical interpretation and definition of the e- product for W, . -
valued rational forms. Recall Definition 28 of W, . . -spaces (Appendix 10). The
structure of W,, . . -spaces is quite complicated and it is a problem to introduce a
product of elements of such spaces algebraically. In order to define an appropriate
product of two W,, . . -spaces we first have to interpret it geometrically. W,, . ., -
spaces must be associated with certain model spaces. Then a geometric product of
such model spaces should be defined, and, finally, an algebraic product of WW-spaces
should be introduces.

For two Wy, ... 2.~ and Wy, . ,.-spaces we first associate formal complex parame-
ters in sets (z1,...,xx) and (y1,...,Yn) to parameters of two auxiliary spaces. Then
we describe a geometric procedure to form resulting model space by combining two
original model spaces. Formal parameters of algebraic product W, ... ... of Wy, . 4,
and Wy, .4, should be then identified with parameters of resulting auxiliary space.
Note that according to our assumption, (z1,...,2x) € FxC, and (y1,...,yn) € FoC,
i.e., belong to corresponding configuration space (Definition 25, Appendix 10). As
it follows from the definition of F;,C, coincidence of two formal parameters is ex-
cluded from Fj,C. In general, it might happens that some r formal parame-
ters of (x1,...,2x) coincide with formal parameters of (y1,...,ys), i.e., T;, = Yj;,
1<, <r.

In Definition 5 of the product of Wy, .. 4, and Wy, .. below we leave only one
of two coinciding formal parameters, i.e., we exclude one formal parameter from each
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coinciding pair. We require that the set of formal parameters

(215 Zhgmer) = (T15 e iy o s Tigy o TR YLy o3 Yjrs e o s Yjs -5 Yn)  (3.1)

would belong to Fyy, »C where = denotes the exclusion of corresponding formal
parameter for x;, = y;,, 1 <1 < r. We denote this operation of formal parameters
exclusion by R D(x1,...,Tk;Y1,---,Yn; €). Thus, we require that the set of formal
parameters (21, ..., Zk4+n—r) for the resulting product would belong to Fi,,—.C. Note
that instead of exclusion given by the right hand side of (3.1), we could equivalently
omit elements from (z1,...,z)) coinsiding with some elements of (y1,...,yn).

Recall the notion of intertwining operator (9.14) given in Appendix 9. Let us first
give a formal algebraic definition of a product of W-spaces.

Definition 5. For ®(vi,z1;...;0k, k) € Wiy, 20, and (0], y15 .. .50, Un) € Wy, g
the e-product

Q(v1,21;. .0k, k) e V(UL Y1530, Un)

= RO (01,215 Uk, T3 UL Y15 -+ -5 Uy Uns €) (3.2)

is defined by the form via (2.5)

(W', R O1, 15 . 5 Uk, Th; V), Y1 - - -5 Uy Yy €))
= Zel Z<w/uYVVVVV ((I)(Ul,l’l;...;’l)k7xk),<1) u>
lEZ ueV;
WYy (B, ;30 s Tigs e oie e 3V 5 s - o5V Yn )y C2) ), (3.3)

parametrized by (i1, (2 € C, where all monomials (x;, —y;, ), are exluded for coinciding
x5, =Yj,, 1 <1 <r, from (3.3). The sum is taken over any V;-basis {u}, where @ is
the dual of u with respect to a non-degenerate bilinear form (. ,.)x, (9.28) over V,
(see Appendix 9).

By the standard reasoning [9,43], (3.3) does not depend on the choice of a basis of
u € Vy, |l € Z. In the case when multiplied forms ® and ¥ do not contain V-elements,
ie., for &, U € W, (3.3) defines the product ® -, ¥

(W, 0() = S 37w Vil (8,G) ulur, Vi, (¥, 6) ). (3.4)

I€Z ueV,

As we will see, Definition 5 is also supported by Lemma 3.

Remark 1. Note that due to (9.14), in Definition 5, it is assumed that ®(vy, z1;. . ;
vk, k) and U(vi,y1;...; vl,, yn) are composable with the V-module W vertex opera-
tors Yy (u, —¢1) and Y (@, —(2) correspondingly (cf. Appendix 12 for the definition
of composability). The product (3.3) is actually defined by sum of products of ma-
trix elements of ordinary V-module W vertex operators acting on W,, . . elements.
Vertex algebra elements u € V and ©w € V' are connected by (9.29), and ¢; and (s
appear in a relation to each other. The form of the product defined above is natural

in terms of the theory of chacaters for vertex operator algebras [10,40,43].
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3.2. Convergence of the e-product. In order to prove convergence of the product
(3.3) of elements of two spaces Wy, . o, and W,, . of rational W-valued forms,
we have to use a geometrical interpretation [25,42]. Recall that a W,, . . -space
is defined by means of matrix elements of the form (2.5). For a vertex algebra V,
this corresponds [9] to matrix element of a number of V-vertex operators with formal
parameters identified with local coordinates on a Riemann sphere. Geometrically,
each space W,, . . can be also associated to a Riemann sphere with a few marked
points, and local coordinates vanishing at these points [25]. An additional point is
identified to annulus center used in order to sew the sphere with another sphere. The
product (3.3) has then a geometric interpretation. The resulting model space is then
a Riemann sphere formed as a result of sewing procedure. In Appendix 15 we describe
explicitly the geometrical procedure of sewing of two spheres [42].

Let us identify (as in [3,10,25,40,42,43]) two sets (z1,...,2%) and (y1,...,Yn) of
complex formal parameters, with local coordinates of two sets of points on the first and
the second Riemann spheres correspondingly. Complex parameters ¢; and (s of (3.3)
play then the roles of coordinates (15.1) of the annuluses (15.3). On identification of
annuluses A, and Ag, r coinciding coordinates may occur.

The product (3.3) describes a W-valued rational differential form defined on a
sphere formed as a result of geometrical sewing [42] of two initial spheres. Since
two initial spaces Wy, . ., and Wy, . are defined through rational-valued forms
expressed by matrix elements of the form (2.5), it is then proved (see Proposition
1 below), that the resulting product defines a Wy, . 4,41, y,-valued rational form
by means of an absolute convergent matrix element on the resulting sphere. The
complex sewing parameter parametrizes the module space of sewin spheres as well as
the product of W-spaces.

Proposition 1. The product (3.3) of elements of the spaces Wa, ...z, and Wy, 4.
corresponds to a rational form absolutely converging in € with only possible poles at
=, Yy =Yy, and z; =y, 1 <i,9 <k, 1<j,j7 <n.

Proof of this proposition is contained in Appendix (16).
Next, we formulate

Definition 6. We define the action of an element ¢ € Sg4,_, on the product of
©<Ul7x1; BRI Ukvxk) S Wml,...,xka and \II(U/lvyl; DR ;v;wyn) S Wyl,...,ynv as

(W', 0(R ©)(v1, 215 . .. Uy Tk V], Y15 - - 3 Vs Yn €))
= <’U)/, @(@/0(1)7 Ro(1)s- - ;5U(kr+n7r)7 Ro(k+n—r)3 6)>
= Zél Z (W, Yy (2(Te(1)s Zo(1); - - - 3 Vo (k) Zo(k))> C1) W)
l€Z ueV,
<wla YI/IV}/V (q/(go(k+1)a Zo(k+1)5 - ;:Ja(k+n—r)7 Zo(k+7z—r))7 CQ) ﬂ>v (35)
where by (Ug(1); - - Ug(k+n—r)) We denote a permutation of vertex algebra elements
(U1, Opgn—r) = (V1,5 Uk - - . ,ﬁ;l, .. ,6;7., S (3.6)

Next, we have
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Lemma 1. The product (3.3) satisfy (10.3) for o € Sk1n—r, i-e.,

Z (-1)l"r O (va(l)yxa(lﬁ e Ua(k)s Ta (k) Vg(1)s Yo (1)5 - - 5 Vn(n)s Yo () 6) =0.

—1
Ue']ki»nfr;s

The proof of this lemma is contained in Appendix 16.

Next we prove the existence of appropriate W, .. ., ... _,.-valued rational form cor-
responding to the absolute convergent rational form R(z1,..., 2k+n—r) defining the
e-product of elements of the spaces Wy, .. o, and Wy, . .. .

Lemma 2. For all choices of elements of the spaces Wy, ..z, and Wy, . .. there

n

exists an element R O(v1, 15 Uk, TRV Y15+ -3 Vs Yns €) € Way oy, -valued
rational form such that the product (3.3) converges to
R(@1, .y T3 Y1s -5 Yns €) = (W' R O(01, 215005 0k, T V1, Y15 -5 Vg U €))-

Proof. In the proof of Proposition 1 we showed the absolute convergence of the prod-
uct (3.3) to a rational form R(x1,...,Zk;Y1,---,Yn;€). The lemma follows from com-
pleteness of Wy, . 2.:y:.....y, and density of the space of rational differential forms. O

We formulate

Definition 7. For ®(vi,z1;...;0k, k) € Way ..z and (01, 415300, Yk) € Wy, yns
with r coinciding formal parameters z;, = y;,, 1 < ¢ < r, we define the action of
0s = 0,, =0/0,,,1 <s<k+n-r 1<i<k 1<j<n the differentia-

tion of R ©(vy,x1;...; Uk, Tk} V], Y1;- .50k, Yn; €) With respect to the s-th entry of
(215 -+, Zktn—r), as follows
(W', 0sR O (01, 15+« 5 Vky Tk V1, Y15 -+ -5 Uy Y3 €))
= ey W Ay (B(on, w5 vk, ), C1) W)
I€EZ ueV,
/ 5s,j*5iq,jq w / / —
(w', 9y, Ywv (O], y15. 505, Yn), C2) ). (3.7)

Remark 2. As we see in the last expressions, the Ly (0)-conjugation property (11.6)
for the product (3.3) includes the action of z%v(®)-gperator on complex parameters
Ca7 a = 17 2.

Proposition 2. The product (3.3) satisfies the Ly (—1)-derivative (11.1) and Ly (0)-
conjugation (11.6) properties.

Proof of this propositions in Appendix 16.
Summing up the results of Proposition (1), Lemma (1), Lemma (2), and Proposi-
tion (2), we obtain the main statement of this section:

Proposition 3. The product (3.3) provides a map

e - erv---azk X Wy17~--7yn - W217~~7Zk+n—7"

‘We then have
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Definition 8. For fixed sets (vy,...,vg), (v],...,v,) €V, (z1,...,2k) €C, (y1,...,Yn)
€ C, we call the set of all W, . ., ., . -valued rational forms R O(v1,x1;. ..V, Tk
5 UL Y153 U, Uns €) defined by (3.3) with the parameter e exhausting all possible
values, the complete product of the spaces Wy, ...z, and Wy, . 4

3.3. Properties of the W,, . -product. In this subsection we study properties
of the product R ©(v1,x1; ... Uk, T; Vi, Y15 - - -5 Vb, Yn; €) of (3.3). We have

Proposition 4. For generic elements v;, 11;- eV,1<i<k, 1<j5<n, of a quasi-

conformal grading-restricted vertex algebra, the product (3.3) is canonincal with re-
X (k+n—r)
z1

s of independent k+n—r-dimensional

spect to the action of the group (Aut O)
changes

(217 ceey zk+nf’r’) = (217 [ Z;€+n,7ﬁ) = (/)(Zl), s 7p(zk+n77’))7 (38)

of formal parameters.

Proof of this proposition is in Appenedix 16.

In the geometric interpretation in terms of auxiliary Riemann spheres, the def-
inition (3.3) depends on the choice of insertion points p;, 1 < i < k, with local
coordinated x; on iﬁo), and p}, 1 < j <k, with local coordinates y; on E(QO). Suppose
we change the distribution of points among two initial Riemann spheres. We then
formulate the following

Lemma 3. In the setup above, for a fized set (V1,...,0p4n) € V, of vertex algebra
elements, the e-product ©(vV1, 215 . .. ; Vg, Zhins €) € Wai o ziins

e - Wth,Zs X Wzs+17--~7zk+n - W217~~-azk+n7 (3'9)
remains the same for elements ®(V1,21;...;Vs,25) € Way .2, and U(Vsy1, Zs41; -« - ;

Vktns Zk+n) € W2k+1,---,zk+n; forany 0 < s <k-+n.
Proof of this lemma is in Appendix 16.

Remark 3. This Lemma is important for the formulation of cohomological invariants
associated to grading-restricted vertex algebras on smooth manifolds [44]. In the case
s =0, we obtain from (3.10),

e WXW, — W, .. (3.10)

5 Zk4+n 5 Zk+n "

4. SPACES FOR DOUBLE COMPLEXES

In this section we introduce the definition of spaces for a double complex suitable
for the construction a grading-restricted vertex algebra cohomology for codimension
one foliations on complex curves. We first introduce

Definition 9. Let (v1,...,v,), (v],...,v},) be two sets ot vertex algebra V elements,
and (pi,...,pn) be points with local coordinates (c1(p1),...,cn(pn)) taken on the
same transversal section U; € U, j > 1 of the foliation F transversal basis ¢/ on a
complex curve. Assuming k& > 1, n > 0, we denote by C"(V,W, F)(U;), 0 < j < k,
the space of all linear maps (2.3)

LI VAL WC1(p1)7---,Cn(pn)’ (4.1)
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composable with a k of vertex operators (2.6) with formal parameters identified with
local coordinates c;» (p;) functions around points p} on each of transversal sections U},
1<j<k.

The set of vertex algebra elements (2.2) plays the role of parameters in our further
construction of the vertex algebra cohomology associated with the foliation F. Ac-
cording to considerations of Subsection 2.1, we assume that each transversal section
of a transversal basis U possess a coordinate chart which is induced by a coordinate
chart of M (cf. [7]).

Recall the notion of a holonomy embedding (cf. Subsection 2.1, cf. [7]) which maps
a section into another section of a transversal basis, and a coordinate chart on the
first section into a coordinate chart on the second transversal section. Motivated by
the definition of spaces for the Cech-de Rham complex in [7] (see Subsection 2.1), let
us now introduce the following spaces:

Definition 10. For n > 0, and 1 < m < k, with Definition 9, we define the space
CrhVWUF) = () C' (VW F)U)), (4.2)

hy hm-—1
Up—=... <= Um
1<j<m

where the intersection ranges over all possible (m — 1)-tuples of holonomy embeddings
hj, j€{1,...,m — 1}, between transversal sections of the baisis U for F.

First, we have the following
Lemma 4. (4.2) is non-empty.

Lemma 5. The double complex (4.2) does not depend on the choice of transversal
basis U.

Thus we then denote C7(V,W,U,F) as CI(V,W,F). Recall the notation of a
quasi-conformal grading-restricted vertex algebra given in Appendix 9. The main
statement of this section is contained in the following

Proposition 5. For a quasi-conformal grading-restricted vertex algebra V' and its
module W, the construction (4.2) is canonical, i.e., does not depend on foliation
preserving choice of local coordinates on M/F.

The proofs of Lemmas 4, 5, and Proposition 5 is contained in Appendix 13.

Remark 4. The condition of quasi-conformality is necessary in the proof of invariance
of elements of the space W,, . . with respect to a vertex algebraic representation
(cf. Appendix 9) of the group (Aut (9(1)):17__,
the spaces (4.2) we will always assume the quasi-conformality of V.

_ - In what follows, when it concerns

Proofs of generalizations of Lemmas 4, 5, 6 and Proposition 5 for the case of an
arbitrary codimension foliation on a smooth m-dimensional manifold will be given
in [44]. The proof of Proposition 5 is contained in Appendix 13.

Let W be a grading-restricted V' module. Since for n = 0, ® does not include
variables, and due to Definition 31 of the composability, we can put:

CUV, W, F) =W, (4.3)
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for k > 0. Nevertheless, according to our Definition 4.2, mappings that belong to (4.3)
are assumed to be composable with a number of vertex operators with depending on
local coordinates of k points on k transversal sections.

We observe

Lemma 6.

Cr(ViW, F) C C (VW F). (4.4)
The proof of this Lemma is contained in Appendix 13.

5. THE pPrODUCT OF C7 (V, W, F)-SPACES

In this section we consider an application of the material of Section 3 to double
complex spaces C (V, W, F) (Definition 10, Section 4) for a foliation F on a complex
curve. We introduce the product of two double complex spaces with the image in
another double complex space coherent with respect to the original differentials (6.3)
and (6.7), and the symmetry property (10.3). We prove the canonicity of the product,
and derive an analogue of Leibniz formula.

5.1. Geometrical adaptation of the e-product to a foliation. In this subsection
we show how the definition of the product of W., . . -spaces can be extended to the
case of C¥(V, W, F)-spaces for a codimension one foliation of a complex curve. Re-
call Definition 4.2 of C¥(V, W, F)-spaces in Section 4. We use again the geometrical
scheme of sewing of two Riemann surfaces in order to introduce the product of two
elements ® € C¥ (V,W, F) and ¥ € C",(V, W, F) which belong to two double com-
plex spaces (4.2) for the same foliation F. The construction is again local, thus we
assume that both spaces CF (V, W, F) and C",(V, W, F) are considered on the same
fixed transversal basis /. Moreover, we assume that marked points used in Definition
4.2 of the spases CF (V, W, F) and C",(V,W, F) are choosen on the same transversal
section.
Let us recall again the setup for two double complex spaces C* (V, W, F) and
m(V,W,F). For (p1,...,p0k), (P1,---,Pn) being two sets of points with local co-
ordinates (c1(p1), ..., ck(px)) and (¢1(p1),.-.,¢n(Pn)) taken on the j-th transversal
section U; € U, j > 1, of the transversal basis Y. For k > 0, n > 0, C*(V,W, F)(U;)
and C™(V,W, F)(U;), 0 < j <, be as before the spaces of all linear maps (2.3)

o VO W01(p1),-..,6k(pk)’
U VE 5 Wa 51w () (5.1)

composable with Iy and Iy vertex operators (2.6) with formal parameters identified
with local coordinate functions cj(p}) and ¢;(p},) around points p;, p’/, on each of
transversal sections U;, 1 < j < i, and Uy, 1 < j' < Iy, correspondingly. Then, for
k>0,1<m<l;,andn >0, and 1 < m' < Iy, according to Definition 4.2, the
spaces CX (V,W, F) and C",(V,W, F) are:

CRVW.F) = [} CHVW, R, (5.2)
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W VW UF) = [} CUV.WF)U), (5.3)
Ul};ll. h:n/flUm,
1<i/ <m/
where the intersection ranges over all possible m- and m’-tuples of holonomy embed-
dings h;, i € {1,...,m—1}, and b}, i’ € {1,...,m' — 1}, between transversal sections

(Uy,...,Up) and (Uy,...,Upy) of the baisis U for F. In the setup above, we then
formulate

Definition 11. For ®(vy,z1;...;0,25) € CF (V,W, F), and ¥ (v}, y1;...;0.,yn) €
cr (V.W,F) the product

D(v1, 215Uk, Th) e V(U Y1550, Yn)
RO (01,213 Vs T3 Vs Y1 UL Yns€) (5.4)
is a We, .. z._, -valued rational form
(W, R O(01,21; .. Vs T3 Vs Y1 - - 1V Y €))
= (W, (v, 215 ..V, Tk) -« V(U Y153V, Yn))
= Zel Z (W', Yo, (®(v1, 215 .. .30, 1), C1) )
I€Z ueV,
(W Yl (Wi 50 40). ) T, (55)

defined by (3.3).

Let ¢ be the number of common vertex operators the mappings ®(vq,21; ...;
vk, xp) € CE(V,W, F) and W(vi,y1;...;0,yn) € C",(V,W,F), are composable
with.

Proposition 6. For ®(vy,x1;...;vk,2x) € CK (V, W, F) and ¥ (v}, y1;...;0.,yn) €
cr.(V,W,F), the product R © (v1,Z1;...; Uk, Tk; V], Y15 - - -3 Ul Yni €) (5.5) belongs to
the space C*T"=r (V.W, F), i.e.,

m4+m'—t

:CF (VW F) x C (VW F) — CFEr (VO W, F). (5.6)

m+m/—t

Proof. In Proposition 1 we proved that RO (V1,21 5 o Uk, Tl VL Y15 -« 3 Ul YUns €) €
Wais,.owrivas....yn- Namely, the rational form corresponding to the e-product R O(v1, z1;
Uk, TR VY, Y- - -3 UL, Yns €) converges in €, and satisfies (10.3), Ly (0)-conjugation
(11.6) and Ly (—1)-derivative (11.1) properties. The action of ¢ € Siin_, on the
product ©(vi, Z1;...;Vk, T3 Uy y s Y15+ -5 Uy, Yns€) (5.5) is given by (10.1). Then we
see that for the sets of points (p1,...,pk; P, ..., D)), taken on the same transversal
section U; € U, j > 1, by Proposition 1 we obtain a map

RO (V1,15 .5 Uk, T3 V1, Y15 - -5 Uy Y €)
. ®(k+
. V ( n) — Wcll/(plll)"“7cl1/(p;c/+n,—7‘), (57)
with formal parameters (z1,. .., zktn—r) identified with local coordinates (¢f (p}), ...,

i (P yp_y)) of points

(plll7 )p;clﬁ»nfr) = (plw"apk:;pla" '7p{il7" '7p'/n>a
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for coinciding points p;, = p;»l, 1 <[ < r. Next, we prove

Proposition 7. The product © (vi,Z1;...; V%, Tk V1, Y15 -3 ULy Yns€) (5.5) s com-
posable with m + m' — t vertex operators.

The proof of this proposition is contained in Appendix 16.

Since we have proved that the product RO (U1, @15+« Uk, Th3 V], Y15 - - 5 Uhs Ynj €)
is composable with a m 4+ m’ — t of vertex operators (2.6) with formal parameters
identified with local coordinates c¢;(p/) functions around points (p1, ..., pr; Pl -, )
on each of transversal sections U;, 1 < j < [, we conclude that according to Defi-
nition 9, the product RO (U1, %153 Uk, Tk V], Y15 - - - Vb, Yn; €) belongs to the space
Crtn="(V, W, F)(U;), 0 < j < I, for | > 0, on one of transversal sections U; € U,
j=>1

O : VEFFT) o W (o)1 cn (o) (5}l (01) (5.8)

and the intersection ranges over all possible m+m’—t-tuples of holonomy embeddings

hi, i € {1,...,m+m’ —t — 1}, between transversal sections Uq,...,U; of the baisis

U for F. The product © (vy,1;...; V%, Tk; VY, Y1;- . .3 U, Yn; €) belongs to the space
Crin (VWU F) = N CHT VW F)Uy),  (5.9)

h1 Pmdm’/—1
< P
U= — Um+m/

1<j<m+m/ —t

where the intersection ranges over all possible m + m’ — t-tuples of holonomy embed-
dings h;, i € {1,...,m+m’ —t— 1}, between transversal sections Uy, ..., Untm/—t—1
of the baisis U for F. This finishes the proof of the proposition. O

6. COBOUNDARY OPERATORS AND COHOMOLOGY OF CODIMENSION ONE
FOLIATIONS

In this Section we recall the definition of differential operators acting on double
complex spaces. Recall the definitions of E-elements given in Appendix 11. Consider
the vector of E-elements:

- i w;
£ = (Eéé% > (-1 E(v%)lv,EW&)). (6.1)
=1

Then we formulate

Definition 12. The coboundary operator 47, acting on elements ® € C7 (V, W, F)
of the spaces (4.2), is defined by

rP =€ D, (6.2)

Remark 5. The action of 4]}, has the orthogonality conditition form (cf. Section 8)
[14] with respect to the -, product (5.5). Note that it is assumed that the coboundary
operator does not affect dc(p)Wt (vi)_tensor multipliers in ®.

Then we obtain
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Lemma 7. The definition (6.3) is equivalent to a multi-point vertex algebra connec-
tion (cf. Definition 14.1 in Section 14.2):

(Sgl‘l) = G(ply--~7pn+1)7 (63)

where
n

Gpryespni) = (W) (=1) @ (wy (v, ci(pi) = Cip1 (Pis1))vis))), (6.4)

i=1
+ (W', ww (vi,c1(p1)) P(va, c2(P2)i- -5 Vnt1s Cn(Prs1)))
+ (_1)n+1<w/aWW(Un+laCn+1(pn+1)) @(Ul,cl(pz);---;Umcn(pn)»,
for arbitrary w' € W' (dual to W ).

Proof. The statement follows from the intertwining operator (cf. Appendix 9) repre-
sentation of the definition (6.3) in the form

3
(SZ,L(I) = Z<wl,€&LW(_1) w%v ((I%) ui>,
i=1
for some &; € C, and u; € V, and ®; obvious from (6.3). Namely,
o, ® = (w', et PIECEIW W (D (v, c2(p2); -+ 3 Vs Cng1 (Prsn), —1(p1)) v1)

+ Z(—l)iecLW(_l)W"wgvVv (@ (wv (vi,ci(pi) = cit1(Pit+1)), —C) 1v))

(!, et PreDLEDW G (@ (v1, e1(p1);- - -3 Vns o (Pn)s —Cngt (Pat1)) Vnt1)),s

for an arbitrary ¢ € C. O

Remark 6. Inspecting construction of the double complex spaces (4.2) we see that the
action (6.4) of the ¢ on an element of C* (V, W, F) provides a coupling (in terms of
W.....,»,,-valued rational functions) of vertex operators taken at the local coordinates
¢i(2p,), 0 <@ < k, at the vicinities of the same points p; taken on transversal sections
for F, with elements of C7,_; (V, W, F) taken at points at the local coordinates c;(zp,),
0 <i < non M for points p; considered on the leaves of M/F.

6.1. Complexes on transversal connections. In addition to the double complex
cr (v, w, F), o) provided by (4.2) and (6.3), there exists an exceptional short
double complex which we call transversal connection complex. We have

Lemma 8. Forn =2, and k = 0, there exists a subspace C2,(V,W,F)
Cr(V.W, F) € C2,(V.W, F) € CF(V, W, F),
for all m > 1, with the action of coboundary operator 62, defined.

Proof. Let us consider the space CZ(V, W, F). vertex operators composable. Indeed,
the space C3(V, W, F) contains elements of W, ()., (ps) S0 that the action of &3 is
zero. Nevertheless, as for J7(®) in (16.26), Definition 31, let us consider sum of
projections

P W, oo — Wy,
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for r € C, and (7,7) = (1,2),(2,3), so that the condition (16.26) is satisfied for some
connections similar to the action (16.26) of 62. Separating the first two and the second
two summands in (6.4), we find that for a subspace of C3(V, W, F), which we denote
as C2,(V,W, F), consisting of three-point connections ® such that for vy, va, v3 € V,
w’ € W', and arbitrary ¢ € C, the following forms of connections

Gi(c1(p1)s c2(p2), es(ps))
=3 (W' B (01, c1(pr)i P (@ (v, cap2) = Gi v, (ps) = )

reC

+(w', ® (vl,cl(pl); P, (E‘(f) (v, c2(p2) — G vs,c3(23) — ¢ lv) ,C)>)

=3 (', ww (v1,e1(p1)) Pr (P (v2, c2(p2) — G503, e3(ps) — C)))

reC
+(w', ® (v, c1(p1); Pr (wv (v2, c2(p2) — ¢) wy (v, ¢3(23) — ¢) 1v),())),
(6.5)

and
Ga(c1(p1), c2(p2), c3(ps))
=Y (<w’7<1> (Pr (Eg) (v1, e1(p1) — Gy v, ca(p2) — G 1v)> 7C;v3,03(p3))>

reC

(! B (P (@ (o1, ea(p1) = Gz, ea(p2) = €)1 G s, 5(p3)))

= Z (W', ® (Pr(wy (v1,c1(p1) — ¢ wy (v2, c2(p2) — O)1v,€)); v3, c3(p3)))

reC
+(w',wy (vs,c3(p3)) Pr (P (v1,c1(p1) — vz, ca(p2) — €)))), (6.6)

are absolutely convergent in the regions

lc1(p1) = ¢l > lea(p2) — ¢,

lca(p2) — (| >0,
¢ = e3(ps)| > lei(p1) — €I,
lca(p2) —¢| >0,

where ¢;, 1 < ¢ < 3 are coordinate functions, respectively, and can be analytically
extended to rational form-valued functions in ¢; (p1) and ¢a(p2) with the only possible
poles at ¢1(p1), ca(p2) =0, and ¢1(p1) = ca(p2). Note that (6.5) and (6.6) constitute
the first two and the last two terms of (6.4) correspondingly. According to Proposition
14 (cf. Appendix 12), C2,(V,W,F) is a subspace of C2 (V,W,F), for m > 0, and
® € C%(V,W,F) are composable with m vertex operators. Note that (6.5) and
(6.6) represent sums of forms Gy, (p,p’) of transversal connections (14.4) (cf. Section
14).
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Remark 7. It is important to mention that, according to the general principle,
abserved in [1], for non-vanishing connection G(c(p),c(p’), c(p”)), there exists an in-
variant structure, e.g., a cohomological class. In our case, it appears as a non-empty
subspaces C2,(V,W,F) C C2,.(V,W,F) in CZ(V,W, F).

Then we have

Definition 13. The coboundary operator

62,1 C2 (VW F) = C3(V, W, F), (6.7)

is defined by three point connection of the form
(ngq) = 8693 ‘e (I) = Gez(p17p2>p3)7 (68)

where
2
n Wi
Eur = <E§é% S (=1mER, . EWV<”> 7 (6.9)
i=1
Gex(p1,p2,03) = (W ww (v1,c1(p1)) P (v2, c2(p2); 3, c3(p3))))

—(w', ® (wy (v1,e1(p1)) wv(ve,ca(p2))ly;vs, cs(ps)))
+(w', ®(v1, c1(p1); wy (v, ca(p2)) wy (vs, c3(ps3))1v))
+(w', ww (vs, c3(p3)) D (v1,c1(p1);v2,c2(p2))),  (6.10)
for w' € W', ® € C2,(V,W, F), v1,v2,v3 €V and (z1, 29, 23) € F3C.
Then we have

Proposition 8. The operators (6.3) and (6.7) provide the chain-cochain complezes

5 O (VoW F) — Ct (VoW F), (6.11)
SitL o6 =0, (6.12)
631 ° 62 = 07

st
0 — CO(V, W, F) 2 €L (V, W, F) 25 i CO (V,W,F) — 0, (6.13)
0— v, F) 2 csvom ;) 2 ez, v, F) 25 civow, F) — o,
(6.14)
on the spaces (4.2).

Since
5y C3(V,W, F) € CHV, W, F) € CL(V, W, F),
the second formula follows from the first one, and

62,005 =02083 =0.

Proof. The proof of this proposition is analogous to that of Proposition (4.1) in [23]
for chain-cochain complex of a grading-restricted vertex algebra The only difference
is that we work with the space W, (p,),....c..(p,) instead of W, (]

.....
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6.2. Vertex algebra cohomology and relation to Crainic and Moerdijk con-
struction. Now let us define the cohomology of the leaf space M /F for codimension
one foliation F associated with a grading-restricted vertex algebra V.

Definition 14. We define the n-th cohomology H}(V,W,F) of M/F with coetfi-
cients in W,, . .. (containing maps composable k vertex operators on k transversal
sections) to be the factor space of closed multi-point connections by the space of
connection forms:

HJ(V,W, F) =Con, /Gy (6.15)

Note that due to (6.4), (6.10), and Definitions 14.1 and 14.2 (cf. Section 6), it is
easy to see that (6.15) is equivalent to the standard cohomology definition

HJ(V,W, F) = ker ;! /im 6} (6.16)

Recall the construction of the Cech-de Rham cohomology of a foliation [7]. Con-
sider a foliation F of codimension one defined on a smooth complex curve M. Con-
sider the double complex

ctt= ] Q). (6.17)
Uo- 2y,
where Q' (Up) is the space of differential [-forms on Uy, and the product ranges over all
k-tuples of holonomy embeddings between transversal sections from a fixed transversal
basis . Component of @ € C*! are denoted by w(hy,...,h;) € Q' (Up). The vertical
differential is defined as
(_1)kd . Ck,l N Ck,,l-f—l’
where d is the usual de Rham differential. The horizontal differential
5 Ck,l N Ck-i—l,l,

is given by
k
5= (~1)'s;,
i=1
diww(hiy ... hky1) = G(hy, ..., hiyr), (6.18)
where G(hy, ..., hre1) is the multi-point connection of the form (14.1), i.e.,
hfw(hg, ey h,p+1), if i = 0,
5iW(h1,...,hp+1)= w(hl,...,hi+1hi,...,hp+1), 1f0<Z<p+1, (619)

w(hi,....hp), fi=p+1.
This double complex is actually a bigraded differential algebra, with the usual product
(@) (h1,. .. higrs) = (D) @(hy,. .. hi) B B (hiss - - hagr ), (6.20)
for w e C*Land n € C*V thus (@ - n)(hy,. .., hpyr) € CEHELHL,

Definition 15. The cohomology Hj;(M/F) of this complex is called the Cech-
de Rham cohomology of the leaf space M/F with respect to the transversal basis
U. Tt is defined by

Hjy(M/F) = Con™ (ha, ... hyy1)/GF(hasy - .o i),
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where Con’c“lﬂ(hl, ..., hry1) is the space of closed multi-point connections, and G*
(h1, ..., hg) is the space of k-point connection forms.

In this subsection we show the following

Lemma 9. In the case of codimension one foliation on a smooth complex curve, the
construction of the double complex (C*,8), (6.17), (6.18) results from the construc-
tion of the double complezes (CIt (V. W, F), o) of (6.13) and (6.14).

Proof. One constructs the space of differential forms of degree k

(w', ® (dcl(pl)Wt @) @ vy, e1(pr); . .5 den (pn) (“")vn,cn(pn))% (6.21)

by elements ® of CJr (V, W, F) such that n = k the total degree

iwt (v;) =1,
i=1

v; € V. The condition of composability of ® with m vertex operators allows us make
the association of the differential form w(h,...,hy) with (6.21) (hf,...,h}) with
(vs,...,vg), and to represent a sequence of holomorphic embeddings hi,...,h, for
Uy, ..., Up in (6.17) by vertex operators wy, i.e,

(R(hY) ... h(R) (21, .y 2n)) = ww (v1,t1(p1)) - .- ww (v, t(pn)) -

Then, by using Definitions of coboundary operator (6.3), we see that the definition
of the coboundary operator of [7] is parallel to the definition (6.3). O

7. PROPERTIES OF THE €-PRODUCT OF C¥ (V, W, F)-SPACES

Since the product of ®(vy, z1; .. .; vk, k) € CK (V,W, F) and U (v, y1;.. .50, yn) €
cn,(V,W,F) results in an element of Cﬁ::;;,lt(V, W, F), then, similar to [23], the
following corollary follows directly from Proposition (6) and Definition 6:

Corollary 1. For the spaces Wy, ... op and Wy, . . with the product (5.5) © €
Wei ooz s the subspace of Hom(VE™ W, .. . ) consisting of linear maps hav-
ing the Ly (—1)-derivative property, having the Ly (0)-conjugation property or being
composable with m vertex operators is invariant under the action of Skip—_. (]

We also have

Corollary 2. For a fized set (v1,... 05 V41, Vktn—r) € V of vertex algebra ele-

ments, and fized k+n—r, and m-+m’—t, the e-product R O(V1, 215+ - - 3 Vky 2 Ukt 1y 2kl - - -

5 Vk4n—ry Yk4+n—r; 6)7

et CE (VLWL F) x Cl (VW F) — CEEnr (VWL F),

m-+m’—t

of the spaces CE (V, W, F) and C",(V,W, F), for all choices of k, n, m, m' > 0, is
the same element of CET"=" (V,W, F) for all possible k > 0. O

m-+m/ —t
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Proof. In Proposition 1 we have proved that the result of the maps belongs to
Wit zesnor, for all k, n >0, and fixed k£ +n —r. As in proof of Proposition 6, by
checking conditions for the forms (16.14) and (16.18), we see by Proposition 14, the
product R O(v1, X155 Uk, T3 VY, Y15 - - - 5 UL, Y ) 18 composable with fixed m +m/ — ¢
number of vertex operators. (]

By Proposition 4, elements of the space W, .. .,.._, resulting from the e-product
(3.3) are invariant with respect to independent changes of formal parameters of the

group (Aut O)ZI(“"—T) . Now we prove the following

seesZktn—r
Corollary 3. For ®(vi,z1;...;vk,2) € CE(V,W, F) and V(v),y1;...;0,,yn) €
cr.(V, W, F), the product
RO (01,2153 Uk, T3 U1, Y15 - - -5 Uy Y €)
= (I)(vlaxl; s ;Ukvmk) ‘e ‘I’(Ui,yﬁ s ;U;my’n)a (71)
is canonical with respect to the action

(Zl; ey Zk+n—7’) — (Ziﬂ ceey Zl/<:+n—r) = (P(Zl), o 7P(Zk+n—r)), (72)

X (k+n—r)
215y Zkdn—r"

of elements the group (Aut O)

Proof. In Subsection 11 we have proved that the product (3.3) belongs to W, .
k+n—r)

Zk4+n—r)

and is invariant with respect to the group (Aut O)le( Similar as in the

oo Zhdn—r
proof of Proposition 5, vertex operators wy (v;,x;), 1 < ¢ < m, composable with
®(v1, 215 .50k, Tk), and vertex operators wy (v;,y,), 1 < j < m/, composable with
U(v],y1;- .50, Yn), are also invariant with respect to independent changes of coor-

dinates (p(z1), .-, p(Zk+n—r)) € (Aut O)Zl(f+n—r) .

cZkgn—r’

7.1. Coboundary operator acting on the product of elements of C? (V, W, F)-
spaces. In Proposition 6 we proved that the product (5.5) of elements of spaces
Ck (V,W,F) and C",(V,W,F) belongs to C’ﬁj%’;t(v, W, F). Thus, the product

admits the action ot the differential operators 55;3;[t and 62", defined in (6.3) and

(6.7). The co-boundary operators (6.3) and (6.7) possesse a variation of Leibniz law
with respect to the product (5.5). Indeed, we state here

Proposition 9. For ®(vy,x1;...;vk, 2x) € CX (V, W, F) and ¥ (v}, y1;...;0.,yn) €
cr.(V,W,F), the action of the differential 5716711"7;,1,5 (6.3) (and 627, (6.7)) on the
e-product (5.5) is given by
5:::_”1‘;,’; (®(vi, 2153V, k) e T (U1, Y1550, Yn))
= (65, @1, 2153k, 28)) e U0kt 21} - - - Vkbners Zhbn—r)
Jr(fl)kfl)(ﬁl, 2155 Uk, 2k) e (5:;7;\11(’171, Zka1; -« Ukdbn—rs zk_m_r)) ,(7.3)
where we use the notation as in (3.1) and (3.6).

The proof of this proposition is in Appendix 9.
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Remark 8. Checking (6.3) we see that an extra arbitrary vertex algebra element
Upy1 € V, as well as corresponding extra arbitrary formal parameter z,,; appear as
results of the action of 67, on ® € C™(V,W,F) mapping it to C""L(V,W,F). In
application to the e-product (5.5) these extra arbitrary elements are involved in the

definition of the action of 67’“”1"":,74 on ®(vy,x1;. .. 50k, Tk) e V(U] Y1550, Yn)-
Note that both sides of (7.3) belong to the space C&i%,_f;rll(‘/, W, F). The co-

boundary operators 4, and 5:;:, in (7.3) do not include the number of common vertex
algebra elements (and formal parameters), neither the number of common vertex
operators corresponding mappings composable with. The dependence on common
vertex algebra elements, parameters, and composable vertex operators is taken into
account in mappings multiplying the action of co-boundary operators on ®.

We have the following

Corollary 4. The product (5.5) and the differential operators (6.3), (6.7) endow the
space CE (V. W, F) x C*(V,W,F), k, n >0, m, m" > 0, with the structure of a
double graded differential algebra G (V, W, -, 6 An—r ) O

m—+m'—t

Finally, we prove the following

Proposition 10. The multiplication (5.5) extends the chain-cochain complexes (6.13)
and (6.14) property (6.12) to all products C¥ (V,W, F) x C™,(V,W,F), k, n >0, m,
m’ > 0.

Proof. For ® € Ck (V,W,F) and ¥ € C",(V,W,F) we proved in Proposition 6
that the product ® - ¥ belongs to the space Cﬁj;;,r_t(u W,F). Using (7.3) and
chain-cochain property for ® and ¥ we also check that

5k+n+1—r o 6k+n—7‘ ((I) ‘e \Ij) =0.

m+m/—1-t m~+m’—t
07, 0 3] (B, W) = 0. (7.4)
Thus, the the chain-cochain property extends to the product Ck (V, W, F)xCn,(V, W, F).
O

7.2. The exceptional complex. For elements of the spaces C2,(V, W, F) we have
the following

Corollary 5. The product of elements of the spaces C2,(V,W,F) and C(V, W, F)
is given by (5.5),
e 1 CL(VIW, F) x CL(VW, F) = Cpf 2" (VW, F), (7.5)
and, in particular,
1 C2(VW, F) x C2(V,W, F) = CEm(V, W, F).

Proof. The fact that the number of formal parameters is n + 2 — r in the product
(5.5) follows from Proposition (1). Consider the product (5.5) for C2,(V, W, F) and
C(V, W, F). It is clear that, similar to considerations of the proof of Proposition 6,
the total number m of vertex operators the product © is composable to remains the
same. (]
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8. PRODUCT-TYPE COHOMOLOGICAL CLASSES

8.1. The commutator multiplication. In this subsection we define further product
of pair of elements of spaces C¥ (V, W, F) and C",(V, W, F), suitable for formulation
of cohomological invariants. Let us consider the mappings

d(v1,21;... 300, 2x) € CF (V, W, F),

W (V415 2k415 - -+ Vktns Zhtn) € Cp (VO F),
with r common vertex algebra elements (and, correspondingly, r formal variables), and
t common vertex operators mappings ® and ¥ are composable with. Note that when
applying the co-boundary operators (6.3) and (6.7) to a map ®(v1,21;...;Vn, 2n) €
Crn(V,W, F),
S s (1, 2153 Uns 20) — PV, 205030, 2 ) € CREL (VW F),
one does not necessary assume that we keep the same set of vertex algebra ele-

ments/formal parameters and vertex operators composable with for ¢! ®, though
it might happen that some of them could be common with ®. Then we have

Definition 16. Let us define extra product of ® and ¥,
O VEFETT) W (8.1)
V=0 V=0 V-V P

where brackets denote ordinary commutator in W, . ., .. _..

Due to the properties of the maps ® € Ck (V,W,F) and ¥ € C",(V,W, F), we
obtain

Lemma 10. The product ® - U belongs to the space CFtnr (V,W,F). Fork=n

m—+m'—t
and
U(Vni1s Zng1s -5 V2n, 22n) = (V1,215 -5 U0, 20),
we obtain from (3) and (5.5) that
D(v1, 215500, 20) - P(V1, 215+ -5 Uy 2n) = 0. (8.3)

O

The product (8.1) will be used in the next subsection in order to introduce coho-
mological invariants.

8.2. Cohomological invariants. In this subsection, using the vertex algebra double
complex construction (6.11)—(6.12), we provide invariants for the grading-restricted
vertex algebra cohomology of codimension one foliations on complex curves. Recall
(Appendix 14) definitions of cohomological classes associated to grading-restricted
vertex algebras. In this subection we consider the general classes of cohomological
invariants which arrise from Definition 11 of a product of pairs of C?, (V, W, F)-spaces.
Under a natural extra condition, the double complexes (6.13) and (6.14) allow us to
establish relations among elements of C? (V, W, F) spaces. By analogy with the notion
of integrability for differential forms [14], we use here the notion of orthogonality for
spaces of a complex.
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Definition 17. For the double complexes (6.13) and (6.14) let us require that for a
pair of double complex spaces Ck (V, W, F) and C",(V, W, F), there exist subspaces

Ch(V,W,F) C CE(V, W, F),

Cr,(V,W, F) c C™.(V,W, F),
such that for all ® € C¥ (V,W, F) and all ¥ € C™,(V, W, F),
& 6", 0 =0, (8.4)

namely, ® supposed to be orthogonal to 7, ¥ with respect to the product (3). We
call this the orthogonality condition for mappings of double complexes (6.13) and
(6.14).

Note that in the case of differential forms considered on a smooth manifold, the
Frobenius theorem for a distribution provides the orthogonality condition [14]. The
fact that both sides of (8.6) (see below) belong to the same double complex space,
apply limitations to possible combinations of (k,m) and (n,m’). Below we derive alge-
braic relations occurring from the orthogonality condition on the double bicomplexes
(6.13) and (6.14).

Taking into account the correspondence (see Subsection 14) with the Cech-de Rham
complex due to [7], we reformulate the derivation of product-type invariant in vertex
algebra terms. Recall that the Godbillon—Vey cohomological class [14] is considered
on codimension one foliations of three-dimensional smooth manifolds. In this paper,
we supply its analogue for complex curves. According to Definition 4.2 we have k-
tuples of one-dimesional transversal sections. In each section we attach one vertex
operator Yy (ug, wi), uxy € V, wx € Ug. Similarly to differential forms setup, a
mapping ® € CJ*(V, W, F) defines a codimension one foliation. As we see from (6.3),
(8.3), and (7.3) it satisfyies properties simmilar to differential forms.

Now we show that the analog of the integrability condition provide a generalization
of product-type invariant for codimension one foliations on complex curves. Here we
formulate the main statement of this paper:

Proposition 11. The set of commutation relations The product (5.5), the differential
operators (6.3), (6.7), and the orthogonality condition (8.4) applied to the double
complexes (6.13) and (6.14) generate non-vanishing cohomology classes

[(022) - @], [(630) - A, [(6%) - ¥],
independent on the choice of ® € C3(V,\W, F), A € CY(V,W,F), and ¥ € CH(V,W, F).

Remark 9. In this paper we provide results concerning complex curves, i.e., the case
n <1, nyg <1, n; <1. They generalize to the case of higher dimensional complex
manifolds.

Proof. Let us consider two maps ®(vy) € C3(V,W,F) and A € CY(V,W,F). We
require them to be orthogonal, i.e.,

® - 69A = 0. (8.5)
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Thus, there exists ¥(ve) € CI(V, W, F), such that
SN =0 -, (8.6)

andl=14+n—r,2=2+m—t,i.e., n=7r, whichleadstor=1,m=1¢ 0<t <2,
ie., e CHV,W,F). Here r and t are correspondingly numbers of common vertex
algebra element (and formal parameteres) and vertex operators a map composable
with. All other orthogonality conditions for the short sequence (6.14) does not allow
relations of the form (8.6).

Consider now (8.5). We obtain, using (7.3)

F2 (- 69A) = (65D) - 09A + @ - 5359A = (53®) - $9A = (330) - D - .
Thus
0=0377 0377 (@ 89A) = 657 ((639) - @ 0),

and ((63®) - @ - U)) is closed. At the same time, from (8.5) it follows that

0=00®-09A — - 63650 = (@ - 5§A).
Thus

5P 59N =03® - @ - U = 0.
Consider (8.6). Acting by 63 and substituting back we obtain
0=0509A =63(®- ) =05(P)- U — -5, 0.
thus
53(®) - U =& -5 0.
The last equality trivializes on applying &3 "1 to both sides.
Let us show now the non-vanishing property of ((5%@) . CI)). Indeed, suppose

(6;@) - @ = 0.
Then there exists I' € C (V, W, F), such that
530 =T-d.

Both sides of the last equality should belong to the same double complex space but
one can see that it is not possible. Thus, (5% <I>) - @ is non-vanishing. One proves in
the same way that (69A) - A and (6 ¥) - ¥ do not vanish too.

Now let us show that [((%(I)) . <I>] is invariant, i.e., it does not depend on the choice
of ® € C3(V, W, F). Substitute ® by (® +n) € C3(V,W,F). We have

(03 (@ +n) - (D +1n) (02@) - @+ ((02®) -1 — P - d31)
+ (®-83m+ 04 - @) + (63m) - . (8.7)

Since
(®-63n+ (63m) - @) =D 63m — (63m) -« D+ (637) -« D — @ - 531 =0,

then (8.7) represents the same cohomology class [(6%4)) ~<I>]. The same folds for
[(69A) - A], and [(51W) - w]. 0
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9. APPENDIX: GRADING-RESTRICTED VERTEX ALGEBRAS AND THEIR MODULES

In this Section, following [23] we recall basic properties of grading-restricted vertex
algebras. and their grading-restricted generalized modules, useful for our purposes in
later sections. We work over the base field C of complex numbers.

9.1. Grading-restricted vertex algebras.

Definition 18. A vertex algebra (V, Yy, 1v), (cf. [27]), consists of a Z-graded complex
vector space

V=]] Vin, dimV, <oo,
neZ
for each n € Z, and linear map

Yy : V — End (V)[[z,27']],

for a formal parameter z and a distinguished vector 1y, € V. The evaluation of Yy
on v € V is the vertex operator

Yy(v) =Yy (v,2) = Y v(n)z "1, (9.1)
nez
with components (Yy (v)), =v(n) € End (V), where Yy (v, 2)1y = v+ O(z).
Definition 19. A grading-restricted vertex algebra satisfies the following conditions:

(1) Grading-restriction condition: V) is finite dimensional for all n € Z, and
Viny = 0 for n < 0;

(2) Lower-truncation condition: For u, v € V, Yy (u,2z)v contains only finitely
many negative power terms, that is,

Yv(u,z)v € V((2)),

(the space of formal Laurent series in z with coefficients in V');
(3) Identity property: Let Idy be the identity operator on V. Then

Yv(1lv,2) = Idy;
(4) Creation property: For v € V,
Yv(u,z)lv € VHZ]L

and

;I_I)I’(l) Yv(u,z)1ly =
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Duality: For uy,us,v € V,
/ r_ *
v eV = H ‘/(n),
nez

where V(";L) denotes the dual vector space to Vi, and (.,.) the evaluation
pairing V' @ V' — C, the series

(W', Yy (u1, 21)Yv (ug, 22)0), (9.2)
(W', Yv (ug, 20) Yy (ug, 21)v), (9.3)
W', Yy (Vv (u1, 21 — 22)us, 22)v), (9.4)
are absolutely convergent in the regions
|z1] > |22 > 0,
|z2| > |21| > 0,

‘ZQ| > |Zl —ZQ| > O,

respectively, to a common rational function in z; and z, with the only possible
poles at z; =0 = z5 and 21 = 29;
Ly (0)-bracket formula: Let Ly (0) : V' — V, be defined by

Ly (0)v = nv, n =wt (v),

for v € V(). Then

[L\/(O), Yv(’U, Z)] = Yv(L\/(O)’U, Z) + Z%YV(U, Z),

forveV.
Ly (—1)-derivative property: Let
Ly(-1):V =7V,
be the operator given by
Ly (—1)v = Res,z *Yy (v, 2)1y = Y(_g)(v)1y,
for v € V. Then for v € V,

¥y (,2) = Yo (L (-1, 2) = [Ly(-1), Yo (o, 2)]. (9.5)

In addition to that, we recall here the following definition (cf. [3]):

Definition 20. A grading-restricted vertex algebra V is called conformal of central
charge ¢ € C, if there exists a non-zero conformal vector (Virasoro vector) w € Vg
such that the corresponding vertex operator

Yy (w, z) = Z Ly(n)z~ "2,
neL

is determined by modes of Virasoro algebra Ly (n) : V — V satisfying

[Ly (m), Ly (n)] = (m — n)L(m +n) + %(m3 — )0 Idy.
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Definition 21. A vector A which belongs to a module W of a quasi-conformal
grading-restricted vertex algebra V is called primary of conformal dimension A(A) €
Zy if

Lw(k)A = 0, k>0,

Lw(0)A = A(A)A.
9.2. Grading-restricted generalized V-module. In this subsection we describe

the grading-restricted generalized V-module for a grading-restricted vertex algebra
V.

Definition 22. A grading-restricted generalized V-module is a vector space W equipped
with a vertex operator map
Yw : VoW — Wzz Y,
u@w = Yy(u,w)=Yw(u,z)w= Z(YW)n(u,w)zfnfl,
neE”Z
and linear operators Ly (0) and Ly (—1) on W satisfying the following conditions:
(1) Grading-restriction condition: The vector space W is C-graded, that is,
W= ][] Ww.
acC
such that W(,) = 0 when the real part of « is sufficiently negative;
(2) Lower-truncation condition: For v € V and w € W, Y (u, z)w contains only
finitely many negative power terms, that is, Yy (u, z)w € W((z));
(3) Identity property: Let Idy be the identity operator on W. Then
Yw(lv, Z) = Idw,
(4) Duality: For uj,us € V, w € W,
/ / *
ne”Z

W’ denotes the dual V-module to W and (.,.) their evaluation pairing, the

series
(w', Yw (u1, 21)Yw (uz, 22)w), (9.6)
<wlaYW(U2a22)YW(ulaZl)w>7 (9.7)
(W', Yy (Yv (u1, 21 — 22)ug, 22)w), (9.8
are absolutely convergent in the regions
|z1] > |22] > 0,
|z2| > |21] > 0,

‘22| > |Zl — Zgl > 0,
respectively, to a common rational function in z; and zo with the only possible
poles at 21 =0 = 25 and 21 = 25.
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(5) Lw (0)-bracket formula: For v € V,

[Lw (0), Yw (v, 2)] = Y (Ly(0)v, 2) + ZG%YW(U7 2); (9.9)
(6) Lw (0)-grading property: For w € W), there exists N € Z, such that
(Lw (0) — a)Nw = 0; (9.10)
(7) Lw (—1)-derivative property: For v € V,
C%Yw(u,z) =Yw(Lv(-1u,2) = [Lw(-1), Y (u,2)]. (9.11)
The translation property of vertex operators
Yiv(u, 2) = e 2 Ew DY (u, 2 + 27)e? Tw (D) (9.12)
for 2/ € C, follows from from (9.11). For v € V, and w € W, the intertwining operator
YW V= W,
v Yo (w, 2)v, (9.13)
is defined by
Yy (w, 2)v = 22w VY (v, —2)w. (9.14)

For a € C, the conjugation property with respect to the grading operator Ly, (0) is
given by
afv O Yy (v, 2) a (O = vy (oW Oy az). (9.15)

9.3. Generators of Virasoro algebra and the group of automorphisms. Let
us recall some further facts from [3] relating generators of Virasoro algebra with the
group of automorphisms in complex dimension one. Let us represent an element of
Aut, O by the map
z = p=p(2), (9.16)

given by the power series

p(z) = Zakzk, (9.17)

E>1

p(z) can be represented in an exponential form

f(z) = exp < > B z’““@) (B)*%* .z, (9.18)

k>—1
where we express O € C, k > 0, through combinations of a, k > 1. A representation
of Virasoro algebra modes in terms of differenatial operators is given by [27]

Ly (m) = —¢™+a, (9.19)

for m € Z. By expanding (9.18) and comparing to (9.17) we obtain a system of
equations which, can be solved recursively for all 8;. In [3], v € V, they derive the
formula

1

Lw () Y@, 2] = 37

m>—1

(GTHZmH) Yw (Ly (m)v, z), (9.20)
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of a Virasoro generator commutation with a vertex operator. Given a vector field

ﬁ(z)az = Z /ann+18Z7 (921)

n>—1

which belongs to local Lie algebra of Aut, O, one introduces the operator

B== BuLw(n).

n>—1
We conlclude from (9.21) with the following

Lemma 11.

! (O TBE) YLy (myw, ). (9:22)

8, Yw(v,2)] = > m+ 1)

m>—1

The formula (9.22) is used in [3] (Chapter 6) in order to prove invariance of vertex
operators multiplied by conformal weight differentials in case of primary states, and
in generic case.

Let us give some further definition:

Definition 23. A grading-restricted vertex algebra V-module W is called quasi-
conformal if it carries an action of local Lie algebra of Aut, O such that commutation
formula (9.22) holds for any v € V, the element

Lw(-1) = -0,
as the translation operator T,
Ly (0) = —20,,
acts semi-simply with integral eigenvalues, and the Lie subalgebra of the positive part

of local Lie algebra of Aut, O™ acts locally nilpotently.

Recall [3] the exponential form f({) (9.18) of the coordinate transformation (9.16)
p(z) € Aut, O, A quasi-conformal vertex algebra posseses the formula (9.22),

thus it is possible by using the identification (9.19), to introduce the linear operator
representing f(¢) (9.18) on W, . ..,

P(f(¢)) = exp (Z (m+1) B, Lv(m)> B, (9.23)

m>0

(note that we have a different normalization in it). In [3] (Chapter 6) it was shown
that the action of an operator similar to (9.23) on a vertex algebra element v € V,
contains finitely meny terms, and subspaces

are stable under all operators P(f), f € Aut, O, In [3] they proved the following
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Lemma 12. The assignment
f—= P(f),
defines a representation of Aut, oW on Vv,
P(f1* f2) = P(f1) P(f2),

which is the inductive limit of the representations V<y,, m > K.

Similarly, (9.23) provides a representation operator on W,

1yeesZn®
9.4. Non-degenerate invariant bilinear form on V. The subalgebra
{Lv(-1),Lv(0),Lv(1)} = SL(2,C),

associated with M&bius transformations on z naturally acts on V, (cf., e.g. [27]). In
particular,

2

z
is generated by
Ty = exp (ALy (—1)) exp (A Ly (1)) exp (ALy (1)),

where
_ z z\ —2Lv(0) A2
T2\Y (u, 2)T) l—y (exp (_FLVO)) (_X) u, _z> . (9.25)

In our considerations (cf. Appendix 15) of Riemann sphere sewing, we use in partic-
ular, the Mobius map
22 =€)z,

associated with the sewing condition (15.4) with

A= —Ee?, (9.26)
with £ € {£1/—1}. The adjoint vertex operator [9,27] is defined by
YT(u,z) = Z ul(n)z™" 71 = ThY (u, 2)T5 . (9.27)

neZ
A bilinear form (.,.)» on V is invariant if for all a, b, u € V, if
(Y (u, 2)a,b) s = (a,YT(u, 2)b), (9.28)
ie.
(u(n)a,byx = (a,u’ (n)b)y.
Thus it follows that
<Lv(0)a, b>)\ = <a,Lv(0)b>)\, (929)
so that
(a,b)x =0, (9.30)
if wt(a) # wt(b) for homogeneous a,b. One also finds

(a, b>)\ = <b7 a>)\.
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The form (.,.)» is unique up to normalization if Ly (1)V; = V5. Given any V basis
{u®} we define the dual V basis {#”} where

(u®, 7%y, = 6P,

10. APPENDIX: W,, . . -VALUED RATIONAL FUNCTIONS
Recall the definition of shuffles.

Definition 24. Let S, be the permutation group. For l € Nand 1 < s <[ —1, let
Ji.s be the set of elements of .S; which preserve the order of the first s numbers and
the order of the last [ — s numbers, that is,

Js={oc€eS o)< - <o(s), o(s+1)<---<a(l)}.
The elements of J;.; are called shuffles, and we use the notation
Jl;_sl ={o| o€ s}
Definition 25. We define the configuration spaces:
F,.C={(z1,...,2n) € C" | z; # 2zj,1 # j},
forn € Z,.

Let V' be a grading-restricted vertex algebra, and W a a grading-restricted gener-
alized V-module. By W we denote the algebraic completion of W,

W =[] W =W~
neC

Definition 26. A W-valued rational function in (z1,...,2,) with the only possible
poles at z; = z;, 1 # j, is a map

f:F,C — W,
(z1,.-y2n) = f(z1,...,20),
such that for any w’ € W/,
R(z1,. o yzn) = (W', f(z1,- -, 2n)),

is a rational function in (z1,...,2,) with the only possible poles at z; = z;, i # j.
In this paper, such a map is called W-valued rational function in (z1,... ﬁn) with
possible other poles. The space of W-valued rational functions is denoted by W, . .. .
Definition 27. One defines an action of S,, on the space Hom(V®",Wzl,m’zn) of
linear maps from V™ to W,, . by

U((b)(vla 21y 3 Un, Zn) = (I)(Ucr(l)7 ’Ua(l); e /Ua'(n)7 Za(n))a (101)

foroc € S,, and vy,...,v, € V.

We will use the notation oy, . ;, € Sp, to denote the the permutation given by
Oiy,.in(§) =15, for j =1,...,n. In [23] one finds:
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Proposition 12. The subspace of Hom(V®" W, . . ) consisting of linear maps
having the L(—1)-derivative property, having the L(0)-conjugation property or being
composable with m vertex operators is invariant under the action of Sy.

Let us introduce another definition:

Definition 28. We define the space W., . ., of Wzly__wzn—valued rational forms @
with each vertex algebra element entry v;, 1 < i < n of a quasi-conformal grading-
restricted vertex algebra V tensored with power wt (v;)-differential of corresponding
formal parameter z;, i.e.,

i) (dzfvt (1) & V1,215 ;dz,VLVt () Uns zn> EWaiiizn (10.2)

We assume also that (10.2) satisfy Ly (—1)-derivative (11.1), Ly (0)-conjugation (11.6)
properties, and the symmetry property with respect to action of the symmetric group
Sy

> (D) (@o) o1y Vo) Za(1)) = 0. (10.3)

oeJd;)

In Section 4 we prove that (10.2) is invariant with respect to changes of formal
parameters (21, ..., 25,).

11. APPENDIX: PROPERTIES OF MATRIX ELEMENTS FOR A GRADING-RESTRICTED
VERTEX ALGEBRA

Let V be a grading-restricted vertex algebra and W a grading-restricted generalized
V-module. Let us recall some definitions and facts about matrix elements for a
grading-restricted vertex algebra [23]. If a meromorphic function f(z1,...,2,) on a
domain in C™ is analytically extendable to a rational function in z1, ..., z,, we denote
this rational function by R(f(z1,...,2x,)). Let us recall a few definitions from [23]

Definition 29. For n € Z,, a linear map
D(v1, 215 .. 5Un, 2n) = yer Weiiozms
is said to have the L(—1)-derivative property if

(4) (W', 0,,®(v1, 215+ ;Un, 2n)) = (W, ®(v1, 215 .5 Ly (= 1)vg, 255« 500, 20)),
(11.1)
fore=1,...,n,v1,...,v, €V, w € W, and
(”) Zazl <w/7 (b(vlv Z15. -3 Un, Zn)> = <’LU/7Lw(—1).\If(’U1, Z15ee 5 Un, zn)>a (112)

i=1
with some action . of Ly (—1) on ®(v1, 21;...;Vn, 2n), and and vy,...,v, € V.
Note that since Ly (—1) is a weight-one operator on W, for any z € C, erlw(=1)

is a well-defined linear operator on W.
In [23] we find the following
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Proposition 13. Let @ be a linear map having the L(—1)-derivative property. Then
forvy,...,vp €V, w e W', (21,...,2,) € F,C, 2z € C such that (z1+2,...,2n+2) €
F,C,

(W', e EWEDD (v, 215 0p, 2)) = (W, ®(v1, 21 + 253U, 20 + 2)), (11.3)
and for vy,...,v, €V, w € W', (21,...,2,) € F,C, z € C, and 1 < i < n such that
(21, Zic1, Zi + 2, Zid1, - - -5 2n) € F,C,

the power series expansion of
(W', ®(V1, 215+ + Vi1, 2im15 Vis Zi + 23 Vpt1y Zit 1 -+ - Unsy Zn) ), (11.4)
i z is equal to the power series

zL(-1)

(W', ®(vy21;. .. 50521, 2zi—13 € Vis 265 Vig 15 Zig 1} - - -3 Uns Zn))s (11.5)

in z. In particular, the power series (11.5) in z is absolutely convergent to (11.4) in
the disk |z| < min;«;{|z; — 2;|}.

Finally, we have

Definition 30. A linear map
O VO Waiiozom

has the L(0)-conjugation property if for vy,...,v, € V, w' € W/, (21,...,2,) € F,C
and z € C* so that (zz1,...,22,) € F,C,

(W', 2P O (01, 215+ 50, 20)) = (W, B(2F Oy, 2205 528 Owy, 22,)). (11.6)
11.1. E-elements. For w € W, the W-valued function is given by
E‘(,{T,L)(vl, 2130 U, 2nsw) = Elww (v1, 21) -« . ww (Un, 25 )W),
where an element F(.) € W is given by (see notations for wyy in Section 4)
(w', E()) = R((w', ),
and R(.) denotes the following (cf. [23]). Namely, if a meromorphic function f(z1, ..., 2,)

on a region in C™ can be analytically extended to a rational function in (z1,...,z2,),
then the notation R(f(z1,...,2n)) is used to denote such rational function. One
defines
W;
Ewén)('LU?Ula IR Umzn) = E1(/’[’/L)(U17 215+ -3 Un,y 2n; w)7
where Egvvén)(w, V1,215 - .- Un, Zn) 18 an element of Wzl,m’zn. One defines

vo (B o @ Bn) VI S W
by
(@o(BYY @ @ BY"))(01® @ Upnin—1)
= E(@E{ (1@ Qu,) @

L
DB (Vb 141 @+ @ Uly ol 141,)))5
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and
By og @ VI S W Lo
is given by
(BY 00 ®)(01 ® -+ @ Vimtn)
= E(Eg,n)(vl ® @V P(Vnt1 @+ @ Ungn)))-
Finally,

Wi(m Ti7
Epim™ oy @ VO LT

9 Fm4n—1)

is defined by
EWi(m) o — B(EY™ (o :
(Eywy  omt1 @) (01 @+ @ vpngn) (Ewy (@01 ® - @0)iUnt1 ® -+ @ Unm))-

In the case that [y = --- =1;_1 =l;;1 =1land l; =m —n—1, for some 1 <i < n, we
will use ® o; E‘(/l)1 to denote ® o (E‘(/ll)l ®-® E‘(,l")l) Note that our notations differ
with that of [23].

12. APPENDIX: MAPS COMPOSABLE WITH VERTEX OPERATORS

In the construction of double complexes in Section 6 we would like to use linear
maps from tensor powers of V to the space W,, . . to define cochains in vertex
algebra cohomology theory. For that purpose, in particular, to define the coboundary
operator, we have to compose cochains with vertex operators. However, as mentioned
in [23], the images of vertex operator maps in general do not belong to algebras or
thier modules. They belong to corresponding algebraic completions which constitute
one of the most subtle features of the theory of vertex algebras. Because of this,
we might not be able to compose vertex operators directly. In order to overcome
this problem [25], we first write a series by projecting an element of the algebraic
completion of an algebra or a module to its homogeneous components. Then we
compose these homogeneous components with vertex operators, and take formal sums.
If such formal sums are absolutely convergent, then these operators can be composed
and can be used in constructions.

Another question that appears is the question of associativity. Compositions of
maps are usually associative. But for compositions of maps defined by sums of ab-
solutely convergent series the existence of does not provide associativity in general.
Nevertheless, the requirement of analyticity provides the associativity [23].

Definition 31. For a V-module
W =[] W,
neC

and m € C, let o
P, W — ‘/V(m)7

be the projection from W to Wimy- Let
o VO Waiioizms

be a linear map. For m € N, ® is called [23,38] to be composable with m vertex
operators if the following conditions are satisfied:
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1) Let l1,...,l, € Z4 such that I; + -+ 1, = m+n, vi,...,Up4n € V and
w' € W'. Set

= = L?‘(/l")(v;,Cl 2 Zky — Cis o3 Uk 2 — Gis 1), (12.1)
where
ki=L+---+L0+1, ..., kK=UW+ --+lL_1+1, (12.2)
for i = 1,...,n. Then there exist positive integers N/, (v;,v;) depending only on v;
and v; for ¢, =1,...,k, i # j such that the series
@) = > (W @(PEG5. . PrEaGa))s (12.3)
1yt €L

is absolutely convergent when

|20 4 ttimatp = Gl F |20y hg — Gl <G = G, (12.4)
fori,j=1,...,k,i#jandforp=1,...,[; and ¢ =1,...,l;. The sum must be ana-
lytically extended to a rational function in (z1, ..., 2Zm+n), independent of (1, ..., ),

with the only possible poles at z; = z;, of order less than or equal to N}, (v;,v;), for
,j=1,...,k, i #j.

2) For v1,...,Umyn € V, there exist positive integers N}, (v;,v;), depending only
on v; and vj, for ¢,j =1,...,k, i # j, such that for w’ € W’, and

Vnom = ('U1+m ®--® Uner)a

Znm = <21+m7 ey Zn+m)7
such that
T (@) =" (' B (01@ -+ @ v Py(@(Vinm) (Zn,m) ), (12.5)

qeC

is absolutely convergent when

Zi 7é Zjy { 7é ja
|21 > |zx] > 0, (12.6)
fori=1,...,m,and k=m+1,...,m+n, and the sum can be analytically extended
to a rational function in (z1,...,2m4+n) with the only possible poles at z; = z;, of

orders less than or equal to N (v;,v;), for é,j =1,...,k, i # j,.
In [23], we the following useful proposition is proven:

Proposition 14. Let ® : V&" — Wa,m,z
Then we have:

 be composable with m vertexr operators.

n

(1) For p < m, ® is composable with p vertex operators and for p,q € Z4 such
thatp+q <m andly,...,l, € Zy such thatly+---+1, =p+n, <I>o(E‘(/l,1)1®

e ® E‘(/l)l) and Eé{;) opt1 @ are composable with q vertex operators.
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(2) Forp,q € Zy such that p+q <m,ly,... 1, € Z4 such thatly+---+1, = p+n
and ki,...,kptn € Z4 such that ki + - -+ kpyn = ¢+ D+ n, we have

(@o (B @@ E(7)) o (By) @ - @ Eyi™)
—do (Egil;-“'-‘rkll) Q- ® E‘(/Iil11+-~-+ln_1+1+"'+kp+n)).
(3) Forp,q € Z, such thatp+q <m andly,... I, € Zy such thatly+---+1, =
p+n, we have

1 In ! In
EW ogi1 (2o (BYYy @ @ BY1Y)) = (B 041 @) 0 (B © -+ @ BYT)).
(4) Forp,q € Z+ such that p + q < m, we have

B ops1 (B 0gp1 ®) = B o) 411 @,

13. ApPPENDIX: PROOFS OF LEMMAS 4, 5, 6 AND PROPOSIITON 5
In this Appendix we provide proofs of Lemma 5 and Proposiiton 5
13.1. Proof of Lemma 4. We start with the proof of Lemma 4.

Proof. From the construction of spaces for double complex for a grading-restricted
vertex algebra cohomology, it is clear that the spaces C™"(V. W, U, F)(U;), 1 < s <
m in Definition 9 are non-empty. On each transversal section Us, 1 < s < m,
®(v1,¢i(p1);- - - Vn, cj(pn)) belongs to the space W, (p,).....c, (pn)» and satisfy the L(—1)-
derivative (11.1) and L(0)-conjugation (11.6) properties. A map ®(vq,¢;(p1); ..
Un, ¢j(pn)) is composable with m vertex operators with formal parameters identified
with local coordinates c;(p}), on each transversal section U;. Note that on each
transversal section, n and m the spaces (4.2) remain the same. The only difference
may be constituted by the composibility conditions (12.3) and (16.26) for ®.

In particular, for ly,...,l, € Zy such that [y +---+ 1, =n+m, v1,...,Upqn €V
and w’ € W, recall (16.16) that

Ei = wv(hy ki (Pry) = G) - wv (Vkys o, (Pr:) — G) v, (13.1)
where k; is defined in (16.21), for ¢ = 1,...,n, depend on coordinates of points on
transversal sections. At the same time, in the first composibility condition (12.3) de-
pends on projections P.(Z;), r € C, of We(,),....c(pn) t0 W, and on arbitrary variables
G, 1 < i < m. On each transversal connection Uy, 1 < s < m, the absolute conver-
gency is assumed for the series (12.3) (cf. Appendix 12). Positive integers N} (v, v;),
(depending only on v; and v;) as well as (;, for 4, j = 1,...,k, ¢ # j, may vary for
transversal sections Ug. Nevertheless, the domains of convergency determined by the
conditions (16.15) which have the form

‘cmi(pmi) - Cl| + ‘cm(an) - Cl| < |Cl - Cj'ﬁ (13'2)

formi=lL+--+lLhii+p,n=0U+ - +li_14+q, % j=1,...,k i # j and for
p=1,...,l;and ¢ =1,...,1;, are limited by |(; — ¢;| in (13.2) from above. Thus, for
the intersection variation of sets of homology embeddings in (4.2), the absolute con-
vergency condition for (12.3) is still fulfilled. Under intersection in (4.2) by choosing
appropriate N} (v;,v;), one can analytically extend (12.3) to a rational function in
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(c1(p1),- -+, Cntm(Pn+m)), independent of ({1, ..., (), with the only possible poles at
ci(pi) = ¢j(pj), of order less than or equal to N7 (v;,v;), for i,5 =1,...,k, i # j.

As for the second condition in Definition of composibility, we note that, on each
transversal section, the domains of absolute convergensy c¢;(p;) # ¢;(p;), i # j

lci(pi)| > |ex(ps)] > 0,

fori=1,...,m,and k=1+m,...,n+ m, for
Tn(@) = Y (' ww(vr,ei(pr) . ww (0m, cm(pm))
qeC

Pq(‘I)('UlJ,-mv Cl+m (pl—i—m); <3 Untm,s Cn+m(pn+m))>7 (13?))

are limited from below by the same set ot absolute values of local coordinates on
transversal section. Thus, under intersection in (4.2) this condition is preserved, and
the sum (16.26) can be analytically extended to a rational function in (¢1(p1), ...,
Cmtn(Pm+n)) with the only possible poles at ¢;(p;) = ¢;(p;), of orders less than or
equal to N (v;,v;), fori,j =1,...,k, i # j. Thus, we proved the lemma. |

13.2. Proof of Lemma 5. Next we give proof of Lemma 5.

Proof. Suppose we consider another transversal basis U’ for F. According to the
definition, for each transversal section U; which belong to the original basis U in (4.2)
there exists a holonomy embedding

i.e., it embeds U; into a section U, j’ of our new transversal basis U’. Then consider the
sequnce of holonomy embeddings {h} } such that
R} R}
Uy < ... 3 U;.

For the combination of embeddings {h},7 > 0} and

h hy
Up— ... 3 Uy,

we obtain commutative diagrams. Since the intersection in (4.2) is performed over
all sets of homology mappings, then it is independent on the choice of a transversal
basis. (]

13.3. Proof of Proposition 5. Next, we prove Proposition 5.

Proof. Here we prove that for generic elements of a quasi-conformal grading-restricted
vertex algebra ® and ww € W,, . ., and are canonical, i.e., independent on changes

zi—w; =p(z), 1<i<mn, (13.4)

of local coordinates of ¢;(p;) and ¢;(p) at points p; and pj, 1 <i <n, 1 <j <k
Thus the construction of the double complex spaces (4.2) is proved to be canonical
too. Let us denote by

&= (6" dwi)Wt o



PRODUCT-TYPE CLASSES FOR VERTEX ALGEBRA COHOMOLOGY 37

Recall the linear operator (2.6) (cf. Appendix 9). Define introduce the action of the
transformations (13.4) as

P (dwfVt (1) ® v, W .. .;dw,VLVt () @ vn,wn)

—Lw (0)
- <dj;(<0> P(f(Q)) @ (1 @ vr, 2131 6n @ vn,20) . (13.5)

We then obtain
Lemma 13. An element (10.2)

) (dzfvt (v1) ®v1,21;...;dant (vn) ®Un,zn) ,

0of Wy, ..., is canonical is invariant under transformations (13.4) of (Aut (9(1)) n

Proof. Consider (13.5). First, note that

d
£1(0) = J;(CC) = S (m+1) Buc™
m>0
By using the identification (9.19) and and the Ly (—1)-properties (11.1) and (11.6)
we obtain

Z1yeeesZn

<w/7(I) (dw;’vt (v1) @ v, Wi ~§deVt (on) ®'Unaum>>

= (', f'(¢)" O P(f(¢) @ (& ® 1,215 -1 n ® Vny 20))

—Lw (0)
= (', (dfd(éo> ® [ duyt DV @uy, Y (m+ 1) B
m>0

dwl (n) @ v, Z(m+ 1) Brz™ )

m>0
—Lw (0)
— <U)/, (d];(é)) @ <dw¥Vt (v1) ®’I}1, (df(;l(;l)) 21
oo (42))

—wt (’Ul)
= (w',® ((df(Zl) dwl) ® v1, 21;

dzi
—wt (vn)
s (df(zn) dwn) ® vn,zn>>
dzy,

=(uw',® (dszt (v1) ® V1,215 - - .;deVt (vn) ®’Un,2’n>>.

Thus we proved the Lemma. ([
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The elements ®(v1,21;...;0p,2,) of CZ(V,W,F) belong to the space W,, ..
and assumed to be composable with a set of vertex operators ww (v}, c;(p})), 1 <
j < k. Vertex operators wy (de(p)™Vt ) @ v}, ¢j(p})) constitute particular exam-
ples of mapping of CL (V, W, F) and, therefore, are invariant with respect to (13.4).
Thus, the construction of spaces (4.2) is invariant under the action of the group
(Aut O)2" . O

X
Z1,.,2n

13.4. Proof of Lemma 6. Finally, we give a proof of Lemma 6.

Proof. Since n is the same for both spaces in (4.4), it only remains to check that
the conditions for (12.3) and (16.26) for ®(vi,c;j(p1); --.; Un,cj(pn)) of composi-
bility Definition 12 with vertex operators are stronger for C7 (V,W,U,F) then for

m (V)W U, F). In particular, in the first condition for (12.3) in definition of com-
posability 31 the difference between the spaces in (4.4) is in indeces. Consider (13.1).
For C"_(V,W,U,F), the summations in idexes

ki=bL+-+lia+l . k=bh+ - F+lia+l,

for the coordinates ¢;(p1), ..., ¢j(pn) with i1, ...,1, € Z4, such that [y +---+1, = n+
(m — 1), and vertex algebra elements vy, ..., V4 (m—1) are included in summation for
indexes for CJl (V,W,U, F). The conditions for the domains of absolute convergency
for M, i.e.,
ety teettiatp = Gil F ettty _iq — Gl <G = Gl

fori, j=1,...,k,i# j,and for p=1,...,l; and ¢ = 1,...,1;, for the series (12.3)
are more restrictive then for m — 1. The conditions for Z7_,(®) to be extended
analytically to a rational function in (c1(p1), ..., ¢ot(m—1)(Pn+(m—1))), With positive
integers N _;(vi,v;), depending only on v; and v; for 4,j = 1,...,k, i # j, are
included in the conditions for Z7 (®).

Similarly, the second condition for (16.26), of is absolute convergency and analytical
extension to a rational function in (¢1(p1),. .., Cmtn(Pm+n)), with the only possible
poles at ¢;(p;) = ¢j(p;), of orders less than or equal to N (v;,v;), for i,j =1,...,k,
i # j, for (16.26) when

ci(pi) # ¢j(pj)s @ # J, lei(pi)| > [ex(pr)| > 0,
fori=1,...,m,and k =m+1,...,m+n includes the same condition for J_,(®).
Thus we obtain the conclusion of Lemma. O

14. APPENDIX: COHOMOLOGICAL CLASSES AND CONNECTIONS

14.1. Classes of grading-restricted vertex alebra cohomology. In this section
we describe certain classes associated to the first and the second vertex algebra co-
homologies for codimension one foliations. Let us give some further definitions. Usu-
ally, the cohomology classes for codimension one foliations [7,14, 28] are introduced
by means of an extra condition (in particular, the orthogonality condition) applied
to differential forms, and leading to the integrability condition. As we mentioned in
Section 6, it is a separate problem to introduce a product defined on one or among
various spaces C7, (V, W, F) of (4.2). Note that elements of £ in (6.3) and &, in (6.9)
can be seen as elements of spaces CL (V, W, F), i.e., maps composable with an infinite
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number of vertex operators. Though the actions of coboundary operators 7 and 62,
in (6.3) and (6.7) are written in form of a product (as in Frobenius theorem [14]), and,
in contrast to the case of differential forms, it is complicated to use these products
for further formulation of cohomological invariants and derivation of analogues of the
product-type invariants. Nevertheless, even with such a product yet missing, it is
possible to introduce the lower-level cohomological classes of the form [07] which are
counterparts of the Godbillon class [13]. Let us give some further definitions. By
analogy with differential forms, let us introduce

Definition 32. We call a map
e CR(V,W, F),
closed if it is a closed connection:
0p® =G(P) =0.
For k > 1, we call it exact if there exists
e (VW F),

such that

i.e., ¥ is a form of connection.

Definition 33. For ® € C}}'(V,W, F) we call the cohomology class of mappings [®]
the set of all closed forms that differ from ® by an exact mapping, i.e., for A €
Cril (VW, F),

[@] = @ + 6} 1A

As we will see in this section, there are cohomological classes, (i.e., [®], ® €
CL(V,W,F), m > 0), associated with two-point connections and the first cohomology
HY(V,W,F), and classes (i.e., [®], ® € C2, (V,W,F)), associated with transversal
connections and the second cohomology H2,(V,W,F), of M/F. The cohomologi-
cal classes we obtain are vertex algebra cohomology counterparts of the Godbillon
class [13,28] for codimension one foliations.

Remark 10. As it was discovered in [1,2], it is a usual situation when the existence of
a connection (affine of projective) for codimension one foliations on smooth manifolds
prevents corresponding cohomology classes from vanishing. Note also, that for a few
examples of codimension one foliations, the cohomology class [dn)] is always zero.

Remark 11. In contrast to [1], our cohomological class is a functional of v € V. That
means that the actual functional form of ®(v, z) (and therefore (w’, ®), for w’ € W)
varies with various choices of v € V. That allows one to use it in order to distinguish
types of leaves of M/F.
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14.2. Cohomology in terms of connections. In various situations it is sometimes
effective to use an interpretation of cohomology in terms of connections. In particular
in our supporting example of vertex algebra cohomology of codimension one foliations.
It is convenient to introduce multi-point connections over a graded space and to
express coboundary operators and cohomology in terms of connections:

"¢ € G"H(9),
3"p = G(o).

Then the cohomology is defined as the factor space
H" =Cony/G" 1,

of closed multi-point connections with respect to the space of connection forms defined
below.

14.3. Multi-point holomorphic connections. We start this section with defini-
tions of holomorphic multi-point connections on a smooth complex variety. Let X’ be
a smooth complex variety and V — X a holomorphic vector bundle over . Let E
be the sheaf of holomorphic sections of V. Denote by 2 the sheaf of differentials on
X. A holomorphic connection V on E is a C-linear map

V:E—>E®Q,
satisfying the Leibniz formula

V(f¢) =Vf¢+o©dz,

for any holomorphic function f. Motivated by the definition of the holomorphic
connection V defined for a vertex algebra bundle (cf. Section 6, [3]) over a smooth
complex variety X, we introduce the definition of the multiple point holomorphic
connection over X

Definition 34. Let V be a holomorphic vector bundle over X', and X} its subvariety.
A holomorphic multi-point connection G on V is a C-multi-linear map

G:F— E®Q,

such that for any holomorphic function f, and two sections ¢(p) and ¥ (p’) at points
p and p’ on Xy correspondingly, we have

> G(f(W(a)-6(d) = F@) G (6(p) + F(6(p) G (1)), (14.1)

q,9' XoCX

where the summation on left hand side is performed over a locus of points ¢, ¢/ on Xj.
We denote by Cony, (S) the space of such connections defined over a smooth complex
variety X'. We will call G satisfying (14.1), a closed connection, and denote the space
of such connections by Conly, .-

Geometrically, for a vector bundle V defined over a complex variety X, a multi-
point holomorphic connection (14.1) relates two sections ¢ and ¢ of E at points p
and p’ with a number of sections at a subvariety Xy of X.
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Definition 35. We call
G(¢,9) = f(6(p)) G (@) + F®) G () — > G(f((d))-6(g), (142)

q,q' XoCX

the form of a holomorphic connection G. The space of form for n-point holomorphic
connection forms will be denoted by G™(p,p’, ¢, ¢’).

Let us formulate another definition which we use in the next section:

Definition 36. We call a multi-point holomorphic connection G the transversal con-
nection, i.e., when it satisfies

f@ (@) G(o(p) + f(op) G(b(p')) = 0. (14.3)
We call
Ger(p,p') = ((p') G(6(p)) + f(o(p) G (), (14.4)

the form of a transversal connection. The space of such connections is denoted by

2
Gi,.

15. APPENDIX: A SPHERE FORMED FROM SEWING OF TWO SPHERES

The matrix element for a number of vertex operators of a vertex algebra is usually
associated [9, 10, 40] with a vertex algebra character on a sphere. We extrapolate
this notion to the case of W,, . . spaces. In Section 3 we explained that a space
W., ..., can be associated with a Riemann sphere with marked points, while the
product of two such spaces is then associated with a sewing of such two spheres
with a number of marked points and extra points with local coordinates identified
with formal parameters of W, . o, and W,, . 4,.. In order to supply an appropriate
geometric construction for the product, we use the e-sewing procedure (described in
this Appendix) for two initial spheres to obtain a matrix element associated with
(3.2).

Remark 12. In addition to the e-sewing procedure of two initial spheres, one can
alternatively use the self-sewing procedure [42] for the sphere to get, at first, the torus,
and then by sending parameters to appropriate limit by shrinking genus to zero. As a
result, one obtains again the sphere but with a different parameterization. In the case
of spheres, such a procedure consideration of the product of W-spaces so we focus in
this paper on the e-formalizm only.

In our particular case of W-values rational functions obtained from matrix elements
(2.5) two initial auxiliary spaces we take Riemann spheres Eflo), a =1, 2, and the
resulting space is formed by the sphere ©(9) obtained by the procedure of sewing

2. The formal parameters (z1,...,z5) and (y1,...,y,) are identified with local
coordinates of k and n points on two initial spheres Z((lo), a =1, 2 correspondingly. In
the € sewing procedure, some r points among (p1,...,pr) may coincide with points
among (p},...,p,,) when we identify the annuluses (15.3). This corresponds to the

singular case of coincidence of r formal parameters.
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Consider the sphere formed by sewing together two initial spheres in the sewing
scheme referred to as the e-formalism in [42]. Let 220)7 a =1, 2 be to initial spheres.
Introduce a complex sewing parameter ¢ where

le| < 7o,
Consider k distinct points on p; € Zgo), i=1,...,k, with local coordinates (z1, ..., zx)
F,C, and distinct points p; € 2(20), j=1,...,n, with local coordinates (y1,...,yn) €
F,,C, with
|| = e[ /r2,
|lyi| = lel/r1.

Choose a local coordinate z, € C on EEP) in the neighborhood of points p, € ZSO),

a =1, 2. Consider the closed disks

Cal < 74,
and excise the disk
{Cas 1Cal < lel/ra} € B, (15.1)
to form a punctured sphere
B0 = SO\ {Cos |Gl < lel/ra}-
We use the convention

T=2 2=1. (15.2)
Define the annulus R
Aa = {Ca, lel/ra < [Ca] < 7o} € S, (15.3)
and identify 4; and Ay as a single region A = A; ~ A, via the sewing relation
GG =e (15.4)

In this way we obtain a genus zero compact Riemann surface
$0) — {i§°>\,41} u {§§0>\A2} UA

This sphere form a suitable geometrical model for the construction of a product of
W-valued rational forms in Section 3.

16. PROOFS OF PROPOSITION 1, PROPOSITION 2, PROPOSITION 4 LEMMA 3,
LEMMA 1

16.1. Proof of Proposition 1.

Proof. In order to prove this proposition we use the geometrical interpretation of the
product (3.3) in terms of Riemann spheres with marked points (see Appendix 15).
We consider two sets of vertex algebra elements (v1, ..., v;) and (vf,...,v}), and two
sets of formal complex parameters (z1,...,2k), (¥1,.-.,Yn). Formal parameters are

identified with local coordinates of k£ points on the Riemann sphere igo), and n points

on igo)’ with excised annuluses A, (see definitions and notations in Appendix 15).
Recall the sewing parameter condition (15.4)

CICQ =€
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of the sewing procedure. Then, for (3.3) we obtain

(W', O(v1, @15 . . .3 Uk, T3 V1, Y15 - - -5 Unyy Y €))
=Y > W Y (@(vr, 5ok, k), G) )
I€Z ueV;

<w/7 YV‘I}/VV (W(Ulla Yiy---5 ’Uf;uyn)a CQ) ﬂ>

=3y W e Y Yy (u,—Gr) @(vr, @5 ok, w))

I€Z ueV;
(W, e WD Yy (@, —Co) W), y15 .50, Yn))-

Recall from (15.1) (see Appendix 15) that in two sphere e-sewing formulation, the
complex parameters (,, a = 1, 2 are coordinates inside identified annuluses A,, and
|¢a| < 7q. Therefore, due to Proposition 13 the matrix elements

R(mh"-axk;cl) = <w/,e<1 Lw(=1) YW (u7 _Cl) @(Ul,xl;...;Uk,$k)>,(16~1)

R, oyniCa) = (', e PO Vi (@, —Co) (ol 415- 500, 4n)), (16.2)
are absolutely convergent in powers of € with some radia of convergence R, < rq,
with |(4] < R,. The dependence of (16.1) and (16.2) on € is expressed via (,, a = 1,
2. Let us rewrite the product (3.3) as

(W', O(v1, 15+ 5 U, T3 VL, Y13 - - Uy Yns €))
= (W, 0(v1, 21350k, TR VL, Y1510 Yn))
lez

=3 N T Ry(@n w5 G) Ry wni G2), (16.3)

l€Z ueV; meC

as a formal series in € for |(,| < R,, where and |¢| < r for r < ryro. Then we apply
Cauchy’s inequality to coefficient forms (16.1) and (16.2) to find

’ﬁm(xh---axk;gl)‘ S MlRfma (164)
with N
M, = sup R(:U1,.~-71Ck;41))~
[C1|<Ry,|e|<r
Similarly,
for _
M2: sup R(ylaaynv<2)‘
[C2|<Ra,|e|<r
Using (16.4) and (16.5) we obtain for (16.3)
[((w', F(vr, @15 .03 0k, Tr3 01, Y15 -+ -3 0 Yn) )|

< ﬁm($17--~7$k;C1)‘ ’ﬁm(ylwu,yn;@)’
< M; My (RiRy)™™. (16.6)
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Thus, for M = min {M;, M2} and R = max {R;, Ry}, such that
IRi(x1; -, @k Y1, -5 Y3 C1, G2) | < MR (16.7)

Thus, we see that (3.3) is absolute convergent as a formal series in e is defined for
ICa] < 7o, and |e| < 7 for r < rire, with extra poles only at z; = y;, 1 < i <k,
1<j<n. O

16.2. Proof of Proposition 2.

Proof. By using (11.1) for ®(vy,x1;. .. vk, 2%) and VU (v],y1;...; 0, Yn), we consider

(W', 0O (v1, 13« .5 Uk, T3 V1, Y13 -+ -5 Uy, Uns €))

—Z Z w’ 85“YWV( Q(vy, 215050k, Tr), C1) W)

l€Z u€eV;
51 _
(w', 0,7 Yyt (U (01,915 -3V}, Un ), G2) W)
01,
—Z Z w85 Yw (u, —C1) ®(v1, 215 -5 0k, T )) w)

l€EZ ueV;
Sy i _
(W', 0y Yw (T, —C2) W(v1, 915 - -3 00, Un))

01,4
=YD W vy (&J; <I>(v1,x1;-~;vk,$k),€“1) w)

l€Z u€eV;

o1 _
<w/a YV‘[}/VV (6yjJ \II(Ullv Y15 3Un, yn)7 CZ) u>

= Z e Z (w', Y&’,VV ((b(vl,xl; o (LV(—l))él*i Viy Ty v Ve, Tk ), C1> w)

€2 weV;
W/ il (PO s (L (21)™ g5 0 90), G ) W)
= (W, 0(v1,z1;...; (Lv(=1)); ;- 500, Un; €))s (16.8)
where (Ly (—1)), acts on the I-th entry of (vi,...;vg;v],...,v),). Summing over | we

obtain

k+n
E . . el . e .
al(_)(vlawlv' oy Uk, Ty U, Y15 - - 'avn7yn76)>

k+n
= (W', 00, z1;.. s (Ly(=1));...50,,Yn; €))

!
= (w
Due to (11.6), (9.9), (9.29), (9.30), and (9.15), we have

+

Il
\,_.

w(=1).0(v1, @15 .. Ok, T3 VY, Y15 -+ -5 UL, Yns €). (16.9)

/ Ly (0 . .. Lv(0 ., Lv(0),/ . L 0),./
(w',O(z VO y 2@y 2BV Oy 2 g 2P )vl,zyl,. v )v 2 Yn3 €))
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= Z e Z (w', Vi, (@(ZLV(O)vl, zxy;.. 2BV Oug 2 ay), Cl) w)
l€eZ ueV,
<w17 YVIVYV (Q(ZLV(O)UIM ZYrs-- ZLV(O)U;N 2 Yn), CQ) u)

= Zel Z (W', Yy (ZLV(O)CI)(m,éEl; oy %vkaxk)><1> u)

IEZ ueV,
<w/7YV[VyV (ZLV(O)\I’<Uiay1; e ;U:w yn>7 CZ) ﬂ>

= Z el Z (w’, GCILW(_DYW (’LL, _Cl) ZLV(O)(P(’Ul, T1y...5Vk, .’Ek)>
IEZ uweV;
(w', WD Yoy (@, — (o) 22V O (0], ys 00, 90))

= Z el Z (w', S lw (1) Lv(O)y, (z*LV(O)u, —z Cl) D(vy,215.. .50k, Tk))
l€Z ueV,
(', e Pw =1 w0y, (z‘LV(O)ﬂ, —z Cz) U], Y1550, Un))
= Z é Z (w', e bw (=D Lw ) p=whu yrr (4 — 2 ¢1) ®(v1, 215 . . . 5 U, T))

l€Z u€eV;
(w', eSlw (=1) LLw(0) ,—wtu y7 (U, —2 )V (v], Y153V, Yn))

= Z e Z (w', 2Fw O eetlw =Dy, (4, —2¢1) ®(vy, 215 . . . U, T))
l€Z ueV;
<’LU/, ZLW(O)€<2LW(_1)YW (ﬂv _ZCQ) \II(U17 Yis. - ;U;w yn)7>

=Y ey W O VR (@(vr, w5 ok, 1), 2G1) W)
l€eZ ueV,

<w/7 ZLW(O) YV‘[//VV (\I/(’UL Yis- .- ;Uylw yn)v Z<2>ﬂ>

= Zel Z (W', 2Ew O YW (D vy, 215 .ok, 1), C) w)

leZ u€eV)
(w', 2w O VI (W (], 150, ), G) )
= (v, (zLW(O)) O(V1,T15 .5 U, T VL, Y15 -3 U, Y €).

With (15.4), we obtain (11.6) for (3.3).
16.3. Proof of Proposition 4.

Proof. Note that due to Proposition 4
D(vy, ;.. ok, x)) = P(vi, 1550k, Tg),

\I](U17ylla7vn7y':7,) \I/(vbyl;"';vnayn)'

45
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Thus,
(W', ©O(v1, @15 35 Ok T3 VL YL -5 Uy U3 €))
= Zel Z (w', Yoo (®(vy, 2hs .. s op, 2h), &) )
l€Z ueV;
(W', Yigy (W01, 41530, 9, o) W)
= Zel Z (W', YW (®(v1, 215308, 1), C1) w)
leZ ueV;
(W', Yigy (01, 91530, 9n), G2) W)
= (W', O(v1,21; .., ; Uk, T3 V1, Y15+« 5 Vb s Yn3 €))-
Thus, the product (3.3) is invariant under (13.4). O

16.4. Proof of Lemma 3.

Proof. Let v; € V,1<i<k,v; € V,1<j <k, and #, z; are corresponding formal
parameters. We show that the e-product of ®(v1, 215 . . . ; Uk, 2) and ¥(Vgy1, 2k41; - - -5
Un,Zn), 1., the W, . . -valued differential form

O((T1, 215+ 3 Uk, 28)5 (Vkt1, 2415 - - - 3 Uns Zn )5 C1,5 G235 €) (16.10)

is independent of the choice of 0 < k < n. Consider

(W', OV, 215 - - -3 Uk 2k Dk 15 2415 -+ -3 Uns 203 €1, C23 €))
_ l / YW P . .Y
_ZE Z<w7 WV( (’U172'1,...,’Uk;,2k;),<-1) ’LL>
IEZ uweV;
<w/a YI/IV}/V (W(gk-‘rla Rk+15--- 7671’ Z’n)7 42)ﬂ> (1611)

On the other hand, for 0 < m < k, consider

Zel Z (W', YW, (2(T1, 215+« 3 Umy 2m), C1) )

lEZ ueV;
<w/a YI/‘I}[//V (\Il(gm-ﬁ—l) 21/77,4-1; .. 7;[]/k7 Z;ca 5/€+17 21y 7:67“ Zn)v CQ) ﬂ>

/ o . .oy e ! . Loy I . .
= <’LU ,@(’Uth, v 7Um7zm7vm+172m+17° ey Uk Z1s Uk4-15 Rk+15 - - - 7vnyzn)>~

The last is the e-product (3.3) of ®(v1, 215 .. Um, 2m) € Wa, and W (Upyq1, 241

vvvvv Zm

o Uky 21 Uk1s 215 - -+ Uny 2n) € Wz;,ﬁl,.u,z;;m,m,zn' Let us apply the invariance with
k

respect to a subgroup of (Aut O(l));(_jr:ir , with (z1,...,2m) and (Zk41,- .-, 2n)

remaining unchanged. Then we obtain the same product (16.11). O

16.5. Proof of Lemma 1.
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Proof. For arbitrary w’ € W’ we have

Z (*1)|0|<wla@(%(1),%(1);-~;Ua(k)y%(k);Uﬁ,(l)’yau);-~-;’Ui,(n),ya(n)))>

oeJ; !

k+n;s
= Z (-1l Zel Z<w/7Yi}[/I//V (®(Vo(1), To(1)s - - -3 Va(k)> To(k))> C1) 1)
o€di I€Z  ueV;

<wl7 YV‘I/I//V (ql(v;(l)v Yo(1)i -5 ’U:r(n yo(n)) 42) >
= Z Z Z D)7l w’, e Ew D Vi (u, 1) @0 (1), To(1); - - - 5 Vo (k)s To(k)))

l€eZ ueV; Ue]kin s

<U} 7e<2LW(_1) YW(ﬁv _CQ) \Il(v:y(l)? ya'(l)7 cee 7U:)‘(n)7 ya(n))>
= Z el Z <w/7 eCILW(_l) YW(U7 _CI) Z (_l)lalq)(va(l)v To(1)s- -5 Vo(k)> xa’(k)»

leZ ueVi oeJd; !

(', eFW D Vi (1, —Co) (0l 1), Yo(1)i - -+ Vi n)s Yo (m)))

D W e EVED Vi (u, —G) (V1) To(1)i -3 Vo) To(k)))
l€Z ueV,
<wlve<2LW(_1) Yw (T, —C2) Z (-1 )‘ ‘\II( o(1)> Yo(1)5 - (n)aya(n))> =0
aEJ;é
since, J,H_n L= Jnhx Jpit, and due to the fact that F(vy, z1;. . .; vk, 2x) and F(v], ya;
C UL Yn) satisfy (10 1) O
16.6. Proof of Proposition 7.
Proof. Recall that ®(vy,x1;...;vg, k) is composable with m vertex operators, and
U (v, y1;---;0, yn) is composable with m/ vertex operators. For ®(vy, z1;. .. ; vk, Tk)
we have:

1) Let ly,...,ly € Zy such that Iy + ...+l = k+m, and vy,...,0k4+m € V, and
arbitrary w’ € W’. Set

2 = B0k, th, — Gieeo Ok T — G 1v), (16.12)
where
ki=h+...+Lia+1, ..., k=lL+...+lL_1+1, (16.13)
fori=1,...,k. Then the series
@) = Y (W, (PyE1;G5. . Py B (), (16.14)
1y R EL

is absolutely convergent when

|Z0, 4ty — Gl 24 4y iq — Gl < UG = Gl (16.15)
fori, j=1,...,k, i #jand forp=1,...,l; and ¢ = 1,...,l;. There exist positive
integers N,’fl(vi,vj), depending only on v; and v; for 7,5 = 1,...,k, i # j, such that
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the sum is analytically extended to a rational function in (x1, ..., Zg+m ), independent
of (¢1,...,¢k), with the only possible poles at @; = x;, of order less than or equal to
NE (vi,v;), for i, j =1,...,k, i #j.

For U (v, y1;...;v),yn) we have:

1) Let l},...,l), € Zy such that I} + ...+ 1, =n+m/, v},...,0ppm € V and
arbitrary w’ € W’. Set

B = E\(/l;/)(vfc;,ykg = Girs -+ ;U;c;,7yk;, —Ciily), (16.16)
where
Ki=U+...+Ul_,+1, ..., k,=U+...+U_,+1, (16.17)
for i/ =1,...,n. Then the series
w(0) = Y (W WPy UG5 Py 0, G)), (16.18)

’ ’
T1yee T EZL

is absolutely convergent when

- AR Y4, e — Cirl <161 = ¢l (16.19)
for i/, j' = 1,...,n, ¢ # j" and for p’ = 1,...,1] and ¢’ = 1,...,1%. There exist
positive integers N,/ (v}, v},), depending only on vj, and v}, for i, j = 1,...,n, " # j/,

such that the sum is analytically extended to a rational function in (y1,...,Yn+tm’),
independent of (¢f,...,(},), with the only possible poles at y;; = y;, of order less
than or equal to Nﬁl,(vg,,v;,), fore, 7/ =1,...,n, ¢ # 7.

Now let us consider the first condition of Definition 31 of composability for the

product (5.5) of ®(vq, x1;...; vk, x) and U(v],y1;...; v, yn) with a number of vertex
operators. Then we obtain for © (v1, Z1;...;Vk, Tk; V1, Y1; - - - ; Uy Yn; €) the following.
We redefine the notations for the set
" ".oon "o " . /
(V] VR Vit - s Vo Vk et 1 -+ > Ukt UnLs - > Up s )
. R L0 A
= (VL - o Uk Uk Ly - - s Vkgm Vs o> Un 3 U ts -+ > Uppmt )
(215 285 2t 1y - o5 Zhtn—r) = (T1, 00 TR Y5 -+ -5 Yn),
of vertex algebra V' elements. Introduce l{,...,l},, € Z,, such that IY +... 4+, =
k+n-+m+m'. Define
=11 Ao n " o ",
g/ = Ey (vkgl, 2y = Gy - U 2, = ¢y lv), (16.20)
where
T=U0+. o+ 1, KL=+ U+ 1 (16.21)

for i’ =1,...,k+ n, and we take

( {/a"'v I/c,Jrn):(Cla"'ack;C{»"va/q)'

Then we consider

i (©) = > (w, 0Py Voo Py W0 Gly)), (16.22)

17 17
7y 7"'7Tk+neZ
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and prove it is absolutely convergent with some conditions.
The condition

‘Zl'l'+...+l;gl+p” - ¢+ |Zl’1’+...+l;'71+q” -G <G - Cj/'/|a (16.23)
of absolute convergence for (16.22) for i, 7/ = S k+n,i# jandforp” =1,...,1/
and ¢" = 1,...,17, follows from the cond1t10ns (16.15) and (16.29). The action of

W=D v (4L,), a =1, 2, in

W, e WD Vg (u, =) Y B(PrE15Cns 5 Py B Gr))s

T1yes Tk EL

CoLw (—1 — " . =
<w176 2w )YW(U7 C) Z \IJ(PT’HhCla~~~7Pr;c‘—'n7C;L)>7

.....

does not affect the absolute convergency of (16.14) and (16.18). We obtain
[T (©)] =

m+m’

— Z (W', OB 53 Py Bl Gien))

" "
Y ,...,TkJrnEZ

=D e W Y YD (P B Py Bk G, Qu)

lEZ ueVv; T1,...,TLEZL

W Y (> W(PyEG 5 Py B, G), O)

T, EL
< |z5.(@)] [z (0).

Thus, we infer that (16.22) is absolutely convergent. Recall that the maximal orders
of possible poles of (16.22) are N (vi,v;), N, (vl vi) at x; = xj, yir = yj. From
the last expression we infer that there exist positive integers Niﬁ% (vl 15 U] ") for i,
=1k i#j, 4 j =1,...,n 4 # j, depending only on v}, and v, for i
j" =1,...,k+n, i’ # j” such that the series (16.22) can be analytically extended
to a rational function in (z1,...,Zx;¥1,...,¥s), independent of (¢7,..., ¢, ,), with
extra possible poles at and xz; = y;, of order less than or equal to N:flﬁf:n (v ,,,vj,,)
ford”, j" =1,...,n,i" # j".

Let us proceed with the second condition of composability. For ®(v1, z1;...; vk, ) €
CE(V,W,F), and (v1,...,0sm) €V, (21,...,Tk1m) € C, we have

2) For arbitrary w’ € W, the series

\7712((1)) = Z<w/’ E1(/[7/n) <U17 T15---3Um,Tm; Pq(q)(vm—&-la Tm415---3Um+k, xm+k)>a
qeC
(16.24)
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is absolutely convergent when

Zq 7é Zj, l 7é jv
|x;| > |zp| > 0, (16.25)
fori=1,...,m,and ¥’ = m+1,...,k+m, and the sum can be analytically extended
to a rational function in (x1,...,Zk4m) with the only possible poles at z; = x;, of

orders less than or equal to N (v;,v;), for i,j =1,...,k, i # j.

27) For \p(vﬂvyl;-“;'u;uyn) € C:;’(V7Waf)7 (Uia"' v, /) € V7 and (y17~-~7yn+m’) €

' Yn+m
C, the series

T () :ZWCES&T)(vi,yl;-u;v;@/,ym/;
qeC
Pq(\I’(U;n’+la Ym/+15-- -3 ’U;n’-‘,-na ym/+7l)))>7 (1626)

is absolutely convergent when

Yir #yj’a i/#jla

lyir| > lywr| > 0, (16.27)
for / =1,...,m/, and ¥ = m’ +1,...,n+ m/, and the sum can be analytically
extended to a rational function in (y1,. .., Yntm’ ) with the only possible poles at

Yy = yj, of orders less than or equal to N, (v}, v {7 o), for i, j'=1,...,n, ¢ £ 7§
27) Thus, for the product (5.5) we obtain (vY,.. vk+n+m+m,) eV, and (#,...,
Zk+ntm+m’) € C, we find positive integers N:f:_fn, (vl, v}), depending only on v; and

” fori’, 7" =1,...,k+n, " # j”, such that for arbitrary w’ € W’. First we note

Lemma 14.

m+m)
Zw E (Ul’zl"" m—f—mvzm-i-m’
qeC
Lo
m+m 419 AmAm/+15 - - 3 Uppm/ 4 k4no Am+m/+k+n >
= BT m) . )
- < Vk+15 Lk+15 -+ - + 5 Vk+m Th+ms

Fy (Yv‘(/vv (®(v1, 21550k, k), C1) U)>>
<w E(m)( n+1,yn+1a-~-§U;z+m’7yn+m’§

Pq(YvVvVv (W1, 915300, Un), C2) ﬂ)>>
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Proof. Consider

1 1 p(mtm) (. Lo .
g € g (w', By, VY2155 Ut s Zmm?s

I€EZ ueV,
w " . R/
Pq (wi (q)(Uerm'Ha EmA4m/415 5 U/ ks ZermUrk)v Cl) U)))
r om(mAm’Y (o o .
(w', By, (U1 215+ 3 Uit s Zmdms

w 1 . .
Pq (YWV (q}(vm+m’+k+17 Em4m/+k+15 -5

Uy ot ks Zmm/+h4n ) C2) ﬂ) ))

_ 1 r p(mtm) (. o .
—E g € g (w', By, VY2155 Upty s> Zmm?

qeCIleZ weV,

Lw(—1 " . Lo
P, (eCl WD Yy (U, —C1) PV 1 B+ 15 - Vo s Zm+m’+k)) ))
1 p(mAm’) (. o .
(w', By, (vl,zl,...,vm+m,,zm+m/,

Lw (-1 — " .
P, (eCz w(=1) Yw (u, —(2) \Ij(vm+m/+k+1, EmAm/+k+15 -3

’U;‘;L-'rm/-‘rk-‘rn’ Zm+m/+k+n)) >>

The action of exponentials e«w (=1 g = 1, 2, of the differential operator Ly, (—1),
and W-module vertex operators Yy (u, —(1), Y (u, —(2) shifts the grading index ¢
of Wy-subspaces by o € C which can be later rescaled to q. Thus, we can rewrite the
last expression as

_ 1 1 p(mtm) (L o .
—E g € g (w', By, VY2155 Uyt s Zmm?

qeCIleEZ weV,

L —1 " . R/
S tw (=) yy, (U, —Cl) Pota (‘I)(vm+m’+1a Zmtm/+15 -+ 5 U/ +-ks Zm+wt'+k)> )>
1 p(mam’) (. o .
(W', By, (vl,zl,...,vm+m,,zm+m/,

eS2lw (=1 vy, (E —C2>

1" . Lo
Pyia (‘I'(Um+m/+k+1a ZmAm/+k+15 - 3 Ut/ +k+n> Zm+m’+k+n)) >>

_ l 1 om(mAtm’) (o . o .
—E E € E (w', By, VY 215 Uy s s Zmm?s

qeC leZ ueV;

w " . Lo

YWV (Pq+a ((I)(Um+m’+1’ FmA4m/+15 -3 Umpm/ + k> Zm+m'+k?)) )7 Cl) u>
1 o(mtm’) (o . o .

(w', By, (vl,zl,...,vm+m,,zm+m/,

w " . o —
YWV (Pq-l-a (qj(vm—i-m/—i-k—i-h EmAm/+k+15 3 Umpm! 4 k4ns Zm+m’+k+n), _C2) u) )>
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- 1 o(mtm’) (o . 7 o
= g (w', By, (vl,zl,...,vm+m/,zm+m/,w>>
qeCowew

l / w " . w7
E € E <’LU 7YWV ( Pq-‘roc ((b(vm+m’+1v Em4m/+15 3 Umym/+ ks Zm+m’+k)7 _Cl) u) )>
l€Z ueV,

~r (m4m) (. o L~
(W', By, VY2155 Ut s Zmgem W )

/ w " . oo _
(w Yy (Pq+a <\Il(vm+m/+k+17 Zm4-m/+k+15 - - -3 U/ +-k+n> Zmtm’ +k+n)s —C2) U) )>

_ rogp(mtm!y (o .
= E (w', By, VY5215 Upy s s Zmm?s

qeC

" o ! .
Pita <®<’Um+m/+1a ZmA4m/+15 - -+ 3 Umtm/ 4 ks Fm+m/+k;

1" L
Umtm/ +k+1> Fmtm/ +k+15 -« 5 Umdm/ +k4n> Zm+m’+k+”)) )-

Now note that, according to Proposition 4, as an element of W, ., b

ropmAmy (o .
(W', By, VL, 215+ 3 Uy ot > Zmgm?'s

" . <! .
Pq+a <®(Um+m’+1a ZmAm/+15 - -+ Umdm/ + ks Pm+m/+k;

" . oo
Um4m/+k+1> #m+m/+k+15 - - -5 Umim/ 4 k4n> Zm+m’+k+n)) ), (16.28)

is invariant with respect to the action of o € Skin1mem’. Thus we are able to use
this invariance to show that (16.28) is reduced to

1 (mAm) (n . N/ Lo . /i .
<U] 7EW (Uk;-i,-la Rk+15 -+ Vkt14mr Rk+14m5 Upt1s Fntls - - -5 Unpi4m/s Entl4m/;
" " " "
Piia (@(vl 253 Uk 21 Uk 15 2k 15 - -+ 5 Vhdns Zk+n)))>
— ! E(m+m/) . . o . oy .
= (w', w Vk4+1 Lh+15 - - 5 Vk+14ms Lht14+m; Unt 15 Yn+15 - - -5 Ung14m/s YUn+14+m/;

. . e . ooy
Pq+a (@(’Ul,xl, ey Uk, TRV, Y15 - 7Un7y'rl)>>'

Similarly, since

1 o(m) (o . o .
(w', By, (vl,zl, e Upnts Zmdm?
w " . R/
Pq (YWV (]:(’Um-‘rm’-‘rl’ ZmAm/+15 -3 Umgpm/ 4k Zm+m'+k)’ Cl) U>)>,
rom (. w7 .
(w', By, (vl,zl, e Ut s Zmgm;
P YW (]:(U” 2 , . /i ) C) — >
g\ -Wwv mA4m/ +k+11 Fm4+m/+k+15 - - -5 U im/ 4 k4ns Am+m/+k+n ), 62) U .

correspond to elements of W, and W,

sition 4 again and obtain

(w', E{™ (Uk+1733k+1§ e Uk Thems Py (YvY/Vv (F(vi, 21550k, 1), C1) U)>>

, we use Propo-

s Zmtm! 4k m4m/+k+1r 3 %mi4m/ +k+n
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! E(m/) / . co! -p(yW F . oy I
<UJ s Hw Un+17yn+17"'7’Un+7n’ayn+m/a q WV( (U17y17"'1vn7yn)5<2) U >7
correspondingly. Thus, the assertion of Lemma follows. O

Under conditions

Zigtt 7£ 2411 i// 7£ j//a

|zir| > |z | >0, (16.29)
fori’ =1,....,m+m/,and k" =m+m'+1,...,m+m' + k+n, let us introduce
‘-71]:1121’ (6) = Z<w,7 EI(/Ir/ner’) (Ullla Rl5eees U?Z@er” Zm+m/;
qeC
P, (@(U;:z+m’+1a Zmtm/+13 + + - Vg by Zmtm/+h4n ) 6) )>~(16-30)
Using Lemma 14 we obtain
| T s (©))]
— Z(w’, Et(,f,n+m/) (v;’, 2133 Ut s Zmm s
qeC
P, (G(U’;:’L—i-m/-i-l? EmAm/ 4135 -+ 3 v%+m/+k+m Zmtm/ +k+n); 6)) >’

} :2 : l} : 1 gp(m) . .
= € <U/ 7EW (vk+17xk+1a’"avk+m7xk+m7

qeCleZ wueV)
Pq(Yv‘I//VV (®(v1, 215+ U, T), C1) u)))
(w', EI(/IT/) (U’:l+17 Ynt1i- -5 Upgomss Yndm’
Pq(Y%/Vv (P01, 51550, Yn), G2) E)M
< TP T (P

where we have used the invariance of (5.5) with respect to o € Sy 4m/+k+n. According
to Definitions 31 J%(®) and J",(¥) in the last expression are absolute convergent.
Thus, we infer that 71" (©) is absolutely convergent, and the sum (16.22) is analyt-

m-+m’
ically extendable to a rational function in (21, ..., 2k+n+m-+m/) With the only possible
poles at x; = x;, yy = y;s, and at x; = y;, i.e., the only possible poles at z;» = z;,
of orders less than or equal to Nfﬁ_’;, (v, v;.’,,), for i, §" =1,..., k" i # j". 0

16.7. Proof of Proposition 9.

Proof. For a vertex operator Yy w (v, z) let us introduce a notation

wV,W = YV’W(’U,Z) dZWtU.



54 A. ZUEVSKY

Let us use notations (3.1) and (3.6). According to (6.3), the action of §kt"n;/r_t on

m
D . . o . o ) e ot
RO(v1, 15 .. . Uk, T3 V1, Y15 - - - Uy Yn €) 18 given by
! ck4+n—r D . . vy . vyl .
<w 75m+m’7tR 6(”1,%1,~~~,’Uk,xk,vhyl,~-~7vn,yn,€)>
k
SO (1) ROG, 21558 - 5 s .
= (w s (—1) R @(1117217 sy Vi1, 2515 WV(Uiyzi - Zi+1)vi+1azi+lv Vi+25 Zi+23
i=1
c 3 Uk 285 Ukt 1y k15 - - -5 Ukbms 2k €))
n—r
7 ’ ~ . N N . N .
+E (=1)" (W', © (U1, 213 - -+ ; Uk, 213 Uk 1 kg 15 - - - 5 Uki 15 Zhpi—1
i=1
Wy (Vktiy Zhti — Zhtit1) Vktitls Zhtit1;
Vk+i+25 Zk+i425 + -+ >y Vkdn—r; Zk4n—r; €)>
, . _ _ ~ -
+Hw',ww (01, 21) O(V2, 223 .. 3 Uky Zh3 Uk 15 215 - - - 5 Ukpm—rs Zhtn—r; €))

+<w7 (‘U’Hnﬂfrww (5k+n—r+1, Zk+nfr+1)

F (V1,215 -+ 3 Oy 2h3 Okt 1y 2kt 15+ - -5 Ukpn—rs Zhtn—r3 €))

k
= Z €l<w/7 Z(—l)l Y\YVW(@@h 2155 Vin1, Zim1; WV (Ui, 2 = 2i41)Vig1, Zit1;

Uity Zig2i - -5 Uk, 2k ), C1)W)

(W, Y (O@ki1, 2ht15 - -+ 3 Vktn—rs Zhtn—r), Co) )

F3 S 1) 0, Y (@ (T2, ) )

ez i=1
(W, Y (W (kg 1, 2k 15 - -+ 3 Dkt 15 Zhopim 1
WV (Viy ki = Zhtit1) Vkbit1, Zhtitl;s Vktit2, Zh+it2;
s ;5k+n77”7 ZkJrnfr)a CQ)H>

—|—Z e (w', Y (ww (1, 21) ®(Ta, 225+ - -5 U, 21), C1)0)
=

(W', YO (W (ki 1, 2k 15 -« + 3 Dktners Zhtn—r ) C2))

+ 0w Y (D) ww (Trar, 2k41) (01,2155 Tk, 28), G )0)
ez

(W, Y (W (Vks2, 25125 - -+ 3 Dkt Zhpn—r ) C2)0)
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- Z e (w', (=)', Yy (ww (Org1, 241) (01, 215+ -5 ks 2), C1)u)
ez
(W, Y (U (Tky2, 25423 - - -3 Okt Zhpn—r), (2)T)
+ Z €l<w/7 Y\}}VW(q)(ﬁla 21y 7;17]67 Zk>7 Cl)u>
lez

<va Y\I//VW (W (Vkm—r+1> Zhgn—r+1)
U (Vs 1, Zht 13- - 3 Ukn—r Zhfn—r), C2)W)

= ! Y (B, 215 3Tk, 2), 1))
lez

(W', Y (ww (Vktn—rt 15 Zhtn—ri1)

U (Ut 1y 2kt 15 - - -5 UVkpn—rs Zhtn—r), (2))

= ZEZW/» Y (65, (01, 213 - .3 T, 21), G1)u)

lez
(W, Y (W (Tkg1, 2h15 - - -3 Okt Zhbn—r ) C2) )
+(=1)k Zel<w’, Yy (@ (D1, 215 5 0k, 25), 1) )
lez
(W, Y (617 O (T 15 215 - - - 5 Vkpn—rs Zhtn—r ) C2)T0)
= (W', 6, ® (1, 213 . .1 Uy 2k) (W, UVt 2kt - - -3 Vkbnrs Zhbn—r))
H(=1)F (W', @ (V1,215 3Tk 2k) e Oy W Tkt 15 2kt 15 - - -3 Vhm—rs Zhbn—r))s
since,
> e (DM (ww (Trr, k1) (01 2055 B, 2), G
ez
<'U}/, Y‘}/VW(\II(:Jk+27 Zl+25 - ;’6k+’n7T7 ZkJrnfr)a CQ)E>
= !, (=) eIV EDY (u, —(1) ww (Tkgs zk1) (B, 2153 Tk 28))
lez
(W', YO (Y (Vk s 2, 25425 -+« 3 Dktners Zhtn—r) C2))

= Zﬁl (', (=1)F e Ew D g (T, 2i1) Yiw (uy —C1) (01, 2155 Dk, 21))
17

(W', Yo (Y (Vg s 2, 2k425 - -+ 3 Dktnrs Zhtn—r), Co)T)

- Z(w/, (=D ww (Trg1, 2rg1 + G) € POV (u, —G) @@, 2155 T 21))
veV

(W', Yo (Y (Vp g2, 25425 - -+ 3 Dktnrs Zhtn—r), Co)T)
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= Z Z Zel Z W', (=) W Vg1, 2041 + G w)

veV ueV; leZ uevV;

(w', e Ew VY (u, —¢1) (01, 2155 Dk, 21))
(w', YXB/VW(‘I’(@H, Zk425 -+ 3 Ukm—rs Zhtn—r)s G2)W)
= !, eI DYy (u, —(1) B, 215 Tk )

leZ

ZW, (—1)k+1 ww (Vk11, k41 + C1) w)
veV

(W', Yoy (U (Vky2, 2b42; - - -5

/’Uk+n—7"a Zk-‘rn—'f)y Cz)ﬂ>

= Zel<w/7Y\¥Vvv(‘I’(51721; 3 Uk, 2), C)u )

lez
(W', (=) Wy (Tks1, 241 +C1)
Y\E/VW(\IJ(EkJr% 2425 .- ;:[)JkJrnfra Zk:+n7r)7 C2)ﬂ>
= ew!, YW (@@, 215 -5 Tk, 1), 1))
lez
W', (=) W Vg1, 2611 + C1)
eS2EW DY (T, —Co) W (Thtas 2425 - -3 Vhbnrs Zhgn—r))
= Zfl<w/7Y\}/VW(q’(51721; Ok, 28), G )
lez
(W, (1)1 bW D Yig (@, —G) ww (Vkt1, 2641 + G — C2)
\Ij(gk—&-% Zk425 -3 Vkdbn—rs Zk+n—r)>
= > w! Y (B, 215 .3 Tk, 2), G )
lez
(W, Y (ww (Tkt1, 2541) (Oks2s 2h423 - - -3 ks Zhpn—r)s (2)0)s

due to locality (9.6) of vertex opertors, and arbitrarness of vx41 € V and zp41, we
can always put

ww (Vkt1, 2h41 + C1 — G2) = ww (U2, 2k42),
for D41 = Upro, 2hie = 2pr1 +C2 — (1. The statement of the proposition for 62, (6.7)
can be checked accordingly. [l

REFERENCES

[1] Ya. V. Bazaikin, A. S. Galaev. Losik classes for codimension one foliations, arXiv:1810.01143.

[2] Ya. V. Bazaikin, A. S. Galaev, and P. Gumenyuk. Non-diffeomorphic Reeb foliations and mod-
ified Godbillon-Vey class, arXiv:1912.01267.

[3] D. Ben-Zvi and E. Frenkel Vertez algebras on algebraic curves. American Mathematical Society,
2 edition, 2004.

[4] R. Bott, Lectures on characteristic classes and foliations. Springer LNM 279 (1972), 1-94.



[5]
[6]
7]
(8]
[9]
(10]
(11]
[12]
[13]
(14]
(15]
[16]
(17]
18]

[19]
20]

[21]
[22]
[23]
[24]
[25]
[26]
[27]

(28]

29]
30]
(31]
(32]

33]

PRODUCT-TYPE CLASSES FOR VERTEX ALGEBRA COHOMOLOGY 57

R. Bott and A. Haefliger, On characteristic classes of I'-foliations, Bull. Amer. Math. Soc. 78
(1972), 1039-1044.

R. Bott, G. Segal The cohomology of the vector fields on a manifold. Topology. V. 16, Issue 4,
1977, Pages 285—298.

M. Crainic and I. Moerdijk, Cech-De Rham theory for leaf spaces of foliations. Math. Ann. 328
(2004), no. 1-2, 59-85.

B. A. Dubrovin, A. T. Fomenko, and S. P. and Novikov. Modern geometry?methods and appli-
cations. Graduate Texts in Mathematics, 93. Springer-Verlag, New York, 1992.

I. Frenkel, Y. Huang and J. Lepowsky, On axiomatic approaches to vertex operator algebras
and modules, Memoirs American Math. Soc. 104, 1993.

Ph. Francesco, P. Mathieu, and D. Senechal. Conformal Field Theory. Graduate Texts in Con-
temporary Physics. 1997.

D. B. Fuks, Cohomology of infinite-dimensional Lie algebras, Contemporary Soviet Mathemat-
ics, Consultunt Bureau, New York, 1986.

D. B. Fuchs, Characteristic classes of foliations. Russian Math. Surveys, 28 (1973), no. 2, 1-16.
A. S. Galaev Comparison of approaches to characteristic classes of foliations, arXiv:1709.05888.
E. Ghys L’invariant de Godbillon-Vey. Seminaire Bourbaki, 41-eme annee, n 706, S. M. F.
Asterisque 177-178 (1989).

I. M. Gelfand and D. B. Fuks, Cohomologies of the Lie algebra of vector fields on the circle,
Funktional. Anal, i Prilozen. 2 (1968), no. 3, 32-52; ibid. 4 (1970), 23-32.

I. M. Gelfand and D. B. Fuks, Cohomologies of the Lie algebra of tangent vector fields of a
smooth manifold. I, IT, Funktional. Anal, i Prilozen. 3 (1969), no. 3, 32-52; ibid. 4 (1970), 23-32.
I. M. Gel'fand and D. B. Fuks, Cohomology of the Lie algebra of formal vector fields, Izv. Akad.
Nauk SSSR Ser. Mat. 34 (1970), 322-337, Math. USSR-Izv. 4 (1970), 327-342.

Gradshteyn, I. S.; Ryzhik, I. M. Table of integrals, series, and products. Translated from the
Russian. Eighth edition, Elsevier/Academic Press, Amsterdam, 2015. xlvi+1133 pp.

R. C. Gunning. Lectures on Riemann surfaces , Princeton Univ. Press, (Princeton, 1966).

R. C. Gunning. Lectures on Vector Bundles Over Riemann Surfaces. Princeton University Press,
1967

Y.-Zh. Huang, A cohomology theory of grading-restricted vertex algebras, Comm. Math. Phys.
327 (2014), no. 1, 279-307.

Y.-Zh. Huang Differential equations and conformal field theories. Nonlinear evolution equations
and dynamical systems, 61-71, World Sci. Publ., River Edge, NJ, 2003.

Y.-Zh. Huang A cohomology theory of grading-restricted vertex algebras. Comm. Math. Phys.
327 (2014), no. 1, 279-307.

Y.-Zh. Huang, The first and second cohomologies of grading-restricted vertex algebras, Com-
munications in Mathematical Physics volume 327, 261-278 (2014)

Y.-Zh. Huang, Two-dimensional conformal geometry and vertex operator algebras, Progress in
Mathematics, Vol. 148, Birkh&user, Boston, 1997.

P. Iglesias-Zemmour. Diffeology, Mathematical Surveys and Monographs Volume: 185; 2013;
439 pp.

V. Kac: Vertex Operator Algebras for Beginners, University Lecture Series 10, AMS, Providence
1998.

D. Kotschick: Godbillon-Vey invariants for families of foliations. Symplectic and contact topol-
ogy: interactions and perspectives (Toronto, ON/Montreal, QC, 2001), 131-144, Fields Inst.
Commun., 35, Amer. Math. Soc., Providence, RI, 2003.

S. Lang. Elliptic functions. With an appendix by J. Tate. Second edition. Graduate Texts in
Mathematics, 112. New York: Springer-Verlag, 1987

H. B. Lawson, Foliations. Bull. Amer. Math. Soc. 80 (1974), no. 3, 369-418.

J. I. Liberati: Cohomology of vertex algebras. J. Algebra 472 (2017), 259-272.

M. V. Losik. Orbit spaces and leaf spaces of foliations as generalized manifolds,
arXiv:1501.04993.

F. Malikov, V. Schechtman, A. Vaintrob, Chiral de Rham complex. Comm. Math. Phys. 204
(1999), no. 2, 439-473.



58
[34]
[35]

(36]

A. ZUEVSKY

S. P. Novikov. The topology of foliations. (Russian) Trudy Moskov. Mat. Obsch. 14 1965 248—
278.

S. P. Novikov. Topology of generic Hamiltonian foliations on Riemann surfaces. Mosc. Math. J.
5 (2005), no. 3, 633-667, 743.

S. P. Novikov. Topology of Foliations given by the real part of holomor- phic one-form, preprint,
2005, arXive math.GT/0501338.

[37] A. M. Vinogradov. Cohomological analysis of partial differential equations and secondary cal-

culus. Translations of Mathematical Monographs, 204. American Mathematical Society, Provi-
dence, RI, 2001. xvi+247.

[38] F. Qi, Representation theory and cohomology theory of meromorphic open string vertex alge-

bras, Ph.D. dissertation, (2018).

[39] W. Thurston, Non-cobordant foliations on S2. Bulletin Amer. Math. Soc. 78 (1972), 511-514.
[40] A. Tsuchiya, K. Ueno, and Y. Yamada, Y.: Conformal field theory on universal family of stable

curves with gauge symmetries, Adv. Stud. Pure. Math. 19 (1989), 459-566.

[41] C. Weibel. An introduction to homological algebras, Cambridge Studies in Adv. Math., Vol. 38,

Cambridge University Press, Cambridge, 1994.

[42] A. Yamada, A.. Precise variational formulas for abelian differentials. Kodai Math.J. 3 (1980)

114-143.

[43] Y. Zhu. Modular invariance of characters of vertex operator algebras. J. Amer. Math. Soc. 9(1),

237-302

[44] A. Zuevsky. Prescribed rational functions cohomology of foliations on smooth manifolds. To

appear.

INSTITUTE OF MATHEMATICS, CZECH ACADEMY OF SCIENCES, PRAHA
E-mail address: zuevsky@yahoo.com


http://www.tcpdf.org

