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COHOMOLOGY OF MODULAR FORM CONNECTIONS ON
COMPLEX CURVES

A. ZUEVSKY

ABSTRACT. We consider reduction cohomology of modular functions defined on
complex curves via generalizations of holomorphic connections. The cohomology
is explicitly found in terms of higher genus counterparts of elliptic functions as
analytic continuations of solutions for functional equations. Examples of modular
functions on various genera are provided.

1. INTRODUCTION

The natural problem of computation of continuous cohomologies for non-commutative
structures on manifolds has proven to be a subject of great geometrical interest
[BS, Kaw, PT, Fei, Fuks, Wag]. As it was demonstrated in [Fei, Wag], the ordi-
nary Gelfand-Fuks cohomology of the Lie algebra of holomorphic vector fields on
complex manifolds turns to be not the most effective and general one. For Riemann
surfaces, and even for higher dimension complex manifolds, the classical cohomol-
ogy of vector fields becomes trivial [Kaw]. The Lie algebra of holomorphic vector
fields does not always work for cohomology. For example, it is zero for a compact
Riemann surface of genus greater than one. In [Fei] Feigin obtained various results
concerning (co)-homology of the Lie algebra cosimplicial objects of holomorphic vec-
tor fields Lie(M). Inspite of results in previous approaches, it is desirable to find a
way to enrich cohomological structures. This motivates constructions of more refined
cohomology description for non-commutative algebraic structures. In [BS], it have
been proven that the Gelfand-Fuks cohomology H*(Vect(M)) of vector fields on a
smooth compact manifold M is isomorphic to the singular cohomology of the space
of continuous cross sections of a certain fibre bundle over M.

The main aim of this paper is to introduce and compute the reduction cohomology
of modular functions on complex curves [FK, Bo, Gu, A]. Due to structure of modular
forms [FMS, BKT, Fo] and reduction relations [Y, Zhu, MTZ, GT, TW] among them,
one can form chain complexes of n-point modular forms that are fine enough to
describe local geometry of complex curves. In contrast to more geometrical methods,
e.g., of ordinary cosimplicial cohomology for Lie algebras [Fei, Wag], the reduction
cohomology pays more attention to the analytical and modular structure of elements
of chain complex spaces. Computational methods involving reduction formulas proved
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2 A. ZUEVSKY

their effectiveness in conformal field theory, geometrical descriptions of intertwined
modules for Lie algebras, and differential geometry of integrable models.

In section 2 we give the definition of the reduction cohomology as well as lemma
relating it to the cohomology of generalized connections on M. The main proposi-
tion explicitly expressing the reduction cohomology in terms of spaces of generalized
elliptic functions on M is proven. In Appendix 3 we provide examples of reduction for-
mulas for various modular functions. Results of this paper are useful for cosimplisial
cohomology theory of smooth manifolds, generalizations of the Bott-Segal theorem,
and have their consequences in conformal field theory [Fei, Wag], deformation theory,
non-commutative geometry, modular forms, and the theory of foliations.

2. THE CHAIN COMPLEX AND COHOMOLOGY

1. Chain complex spaces of n-variable modular forms. In this section we
introduce the chain complex spaces for modular functions on complex curves [EZ,
Zag, Zhu, Miy, Miyl, MTZ, GT, TW]. Mark n points p,, = (p1,...,pn) on a compact
complex curve M of genus g. Denote by z,, = (z1,...,2,) local coordinates around
Prn € M. On genus g complex curves an n-point modular function Z (z,, i) has certain
specific form depending on g, M (cf. [Y]) and kind of modular form. In addition to
that, it depends on a set of moduli parameters u € M where we denote by M a subset
of the moduli space of genus g complex curve M.

Definition 1. On a complex curve M of genus g, we consider the spaces of n-point
modular forms with moduli parameters pu.

C™ () = {2 (20, 1) 1 > O}, (2.1)
that possess reduction formulas.

The co-boundary operator 6™(z,+1) on C™(p)-space is defined according to the

reduction formulas for p-modular functions (cf. particular examples in Appendix
3, [Fo, Zhu, MTZ, GT, TW]).

Definition 2. For n > 0, and any 2,41 € C, define
TLOM(E) - O (), (2.2)
given by

o (Z7L+1) Z Zn7 ,u

] Mm

n
Z Z k,lm Zn+17 l, /-L) Tl k m(“) Z’n (Zna /-L) 7(23)
k=0m=0

where I(g) = 0 is a constant depending on g, and the meaning of indexes 1 < k < n,
1<1<1(g), m >0 explained below.

For each particular genus g > 0 of M and type of modular form defined by the mod-
uli parameter p, known operator-valued functions fx m (Zn+1, #)Tki,m(1). change the
k-argument of Z (z,,u) by changing p. The reduction formulas have the form:

Z(Zpi1, 1) = 6" (Znt1).-Z (Zn, 1) - (2.4)
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For n > 0, let us denote by 3,, the domain of all z,, € C™, such that the chain condition
6n+1(zn+1) 8(2n)-Z (2Zn, 1) = 0, (2.5)

for the coboundary operators (2.3) for spaces C™(u) is satisfied. Explicitly, the
chain condition (2.5) leads to an infinite n > 0 set of equations involving functions
fk,l,m (Zn+17 ,U) and Z (Zna /1'):

Wg) "

Z Z Z Trr v me (Znt2, 1) fomt (Znats 1) T e (10) T t,m (1) . 2 (2, 1) = 0. (2.6)

V=1 k' m’
=1 k=1 m=0

Definition 3. The spaces with conditions (2.6) constitute a chain complex

00 ot 2 TS et T e (2.7)

For n > 1, we call corresponding cohomology
H" () = Ker 6™(2,,41)/Im 6" (z,,), (2.8)
the n-th reduction cohomology of p-modular forms on a complex curve M.

Remark 1. Note that the reduction cohomology can be defined as soon as for a type
of modular functions there exist reduction formulas (2.4).

Operators Ty m(p), 0 <1 < I(g), m 20,1 < k < n, form a set of generators
of an infinite-dimensional continual Lie algebra g(p) endowed with a natural grading
indexed I, m. Indeed, we set the space of functions Z(z,,u) as the base algebra
[Sav, SV1, SV2, V] for the continual Lie algebra g(u), and the generators as

Xigm (Z(2n, 1)) = Thpm(p).-Z (20, 1), (2.9)

for 0 <1 <lI(g), m 20,1 < k <n. Then the commutation relations for non-
commutative operators T ;. 1 < k < n inside Z (zn, 1) represent the commutation
relations of the continual Lie algebra g(u). Jacobi identities for g(u) follow from
Jacobi identities of the Lie algebra of operators T}, j m.

2.2. Geometrical meaning of reduction formulas and conditions (2.6). In this
section we show that the reduction formulas have the form of multipoint connections
generalizing ordinary holomorphic connections on complex curves [Gu]. Let us define
the notion of a multipoint connection which will be useful for identifying reduction
cohomology in section 2.3. Motivated by the definition of a holomorphic connection
for a holomorphic bundle [Gu] over a smooth complex curve M, we introduce the
definition of a multiple point connection over M.

Definition 4. Let V be a holomorphic vector bundle on M, and My < M be its
subdomain. Denote by SV the space of sections of V. A multi-point connection G on
V is a C-multi-linear map

G:M"—C,
such that for any holomorphic function f, and two sections ¢(p) and ¥ (p’) of V at
points p and p’ on My = M correspondingly, we have

> G (@)-¢(d)) = FP) G (¢) + [(p) G (v(®)),  (2.10)

q,g'e Mo M
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where the summation on left hand side is performed over locuses of points ¢, ¢’ on
My. We denote by Con,, the space of n-point connections defined over M.

Geometrically, for a vector bundle V defined over M, a multi-point connection
(2.10) relates two sections ¢ and ¢ at points p and p’ with a number of sections on
MO c M.

Definition 5. We call
G(¢,0) = f(o(p) G (@) +f @) G ()~ D,  G(f(W(d)6(g), (211)

q,q'eMpc X
the form of a m-point connection G. The space of n-point connection forms will be
denoted by G".

Here we prove the following

Lemma 1. n-point modular functions of the space {Z (zn,p),n = 0} form n-point
connections. For n = 0, the reduction cohomology of a compact complex curve of
genus g s

H"(p) = Con™ /G . (2.12)
Proof. For non-vanishing f(¢(p)) let us write set
g = Z (va /L) ) (213>
1/}(p/) = (Z7L+17 H) s
¢(p) = (Za,p),
G (fW(@)-6(d)) = T8 (1)-Z (@n.).
’ i(9)
—J;((qi((];)))) G(o(p) = 1:21 Jogm (Zns1, 1) To0,m-Z (Zn, 1) ,
f((;(p)) Z G (f(e)-e(d)) = 1;1 Z>O Jegom (Znt1s 1) Tietm (1) Z (2 1) -
Thus, the formula (2.13) gives (2.4). O

The geometrical meaning of (2.6) consists in the following. Due to modular prop-
erties of n-point functions Z(z,, ), (2.6) is also interpreted as relations among mod-
ular forms. The condition (2.4) defines a complex variety in z, € C". As most
identities (e.g., trisecant identity [Fa, Mu] and triple product identity [MTZ]) for
n-point functions (2.6) has its algebraic-geometrical meaning. The condition (2.6)
relates finite series of modular functions on M with rational function coefficients (at
genus g = 0) [Zhu], or (deformed) elliptic functions (at genus g = 1) [Zhu, MTZ], or
generalizations of classical elliptic functions (at genus g = 2) [GT, TW].

2.3. Cohomology. In this section we compute the reduction cohomology defined by
(2.7)—(2.8). The main result of this paper is the following



COHOMOLOGY OF MODULAR FORM CONNECTIONS ON COMPLEX CURVES 5

Proposition 1. The n-th reduction cohomology of the spaces C™ () (2.1) of modular
forms Z(zn, ) is the space of recursively generated (by reduction formulas (2.4))
functions with z; ¢ 3;, for 1 < i < n, satisfying the condition

I MQ

n
Z Z k,l,m Zn+17ﬂ) rfl,k,vrvz’7 (ZTLvM) =0. (214)
k=1m>0

Remark 2. The first cohomology is given by the space of transversal (i.e., with vanish-
ing sum over ¢, ¢') one-point connections Z (z1, ) provided by coefficients in terms of
series of special functions. The second cohomology is given by a space of generalized
higher genus complex kernels corresponding to M.

Proof. By definition (2.8), the n-th reduction cohomology is defined by the subspace
of C™(p) of functions Z (zn, ) satisfying (2.14) modulo the subspace of C™ (1) n-point
modular functions Z (z/,, 1) resulting from:

Ug) n—
Z n,u Z Z Z freim (z;,u) Thim- 2 (z;lfl,,u). (2.15)

1m=0

We assume that, subject to other fixed p-parameters, n-point modular functions are
completely determined by all choices z,, € C™. Thus, the reduction cohomology can
be treated as depending on set of z,, only with appropriate action of endomorphisms
generated by z,.1. Consider a non-vanishing solution Z (z,, 1) to (2.14) for some z,,.
Let us use the reduction formulas (2.4) recursively for each z;, 1 < i < n of z, in
order to express Z (z,, pt) in terms of nul-point modular form Z (i), i.e., we obtain

z (Zna :u) = D(Zna :U/)Z (M) ) (216)

as in [MTZ]. It is clear that z ¢ 3; for 1 <14 < n, i.e., at each stage of the recursion
procedure towards (2.16), otherwise Z (zn,u) would be zero. Thus, Z (z,,p) is ex-
plicitly known and is repsented as a series of auxiliary functions D(z,) depending on
moduli space parameters p. Consider now Z (z,) glven by (2.15). It is either vanishes
when z,_; € 3,—;, 2 < i < n, or given by (2.16) with z/, arguments. The general idea
of deriving reduction formulas is to consider the double integration of Z(z,) along
small circles around two auxiliary variables with the action of reproduction kernels
inserted. Then, these procedure leads to recursion formulas relating Z(z,41, 1) and
Z(2n, p) with functional coefficients depending on the nature of corresponding mod-
ular functions, and M. In [Y, MTZ] formulas to n-point modular functions in various
specific examples were explicitely and recursively obtained. In terms of z, .1, we are
able to transfer in (2.14) the action of Ty ; »,,-operators into an analytical continuation
of Z (zp, 1) multi-valued holomorphic functions to domains D,, € M with z; # z;
for i # j. Namely, in (2.14), the operators Tk ; ., shift the formal parameters z, by
Zn+1, 1.6y Zh, = Zp + 2p41. Thus, the n-th reduction cohomology is given by the space
of analytical continuations of n-point modular functions Z (z,, ) with z,_1 ¢ 3,1
that are solutions of (2.14). O
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3. APPENDIX: EXAMPLES

The reduction cohomology depends on the kind of modular forms (via moduli
parameters which we denote p) and genus of M. Modular functions we consider in
this section satisfy certain modular properties with respect to corresponding groups
[Zhu, MTZ, GT, TW]. As it was shown in [Miy, KMI, KMII], existence of reduction
formulas is related in some sense to modularity.

3.1. Rational case. In (cf., e.g., [Zhu]) we find for the rational case n-point func-
tions, the reduction formulas

Z(Zny1, 1) = 2 Z fk,m(szrlek) T m.- Z(2n, 1), (3.1)
k=0m=0

where fi.,(z,w) is a rational function defined by

27 d N\ w
frmtew) = 21 (1) 2

m/! z—w

n+j ; ;
Lzwan’m(z,w) _ Z ( j) Z—n—]—lwn‘i’]—l.

; m

jeN
Let us take z,,1 as the variable of expansion. Then the n-th reduction cohomology
H™(u) is given by the space of rational functions recursively generated by (2.4) with
z, ¢ 3y, satistying (2.14) with rational function coefficients fi m(2n+1, 2), and mod-
ulo the space of n-point functions obtained by the recursion procedure, not given by
"1 Z(zp_1, ). It is possible to rewrite (2.14), in the form

(az,”rl + Z .]?](C?r)n(szrl,Zk)) Z(Zn + (2n+1)k7M) = 07 (32)
k=1

which is an equation for an analytical continuation of Z(z,, + (25+1)k, pt) with different
functions fi . Using the reduction formulas (2.4) we obtain

Z(Zn + (Zn+1)k,/l) = D(szrlvﬂ)a

where D(zn41, 1) is given by the series of rational-valued functions in z,.1 ¢ 3, re-
sulting from the recursive procedure starting from n-point function to the partition
function. Thus, in this example, the n-th cohomology is the space of analytic ex-
tensions of rational function solutions to the equation (2.14) with rational function
coefficients.
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3.2. Modular and elliptic functions. For a variable x, set D, = %m.(?z, and q, =
e?™@_ Define for m € N = {¢ € Z : £ > 0}, the elliptic Weierstrass functions
Pi(w, ) = — Dnen 0} T — 3> (33)
_1\ym _qym+1 nmam
Ppi(w,m) = E9EDm (Pi(w,7) = CL— 3 o) e (3.4)

Next, we have

Definition 6. The modular Eisenstein series Ey(7), defined by Ej = 0 for k for odd
and k > 2 even

Bk 2 nk—lqn
E — 2k
k) = =7 +(/c—1)!;1 T—q"’

where By, is the k-th Bernoulli number defined by

B
(=17 =Y o
k=0
It is convenient to define Ey = —1. E} is a modular form for k£ > 2 and a quasi-
modular form for £ = 2. Therefore,
clet+d
Ei(y7) = (er + d)FEy (1) — 5k,2(7.)-
271,
Definition 7. For w, z € C, and 7 € H let us define
~ qn
P(w,z,7) = — Z — o
nez 1- 9=9
We also have
Definition 8.
~ —1)™ ~ -1 m+1 m,n
Prar(w.z.7) = S D (By(w,z.m)) = EF (g5
m! ml =1 —q.q
It is thus useful to give
Definition 9. For m € Ny, let
(_1)m+1 nmqg
Pm+1,)\ (u}, T) = T Z W (36)
’ neZ\{—\}

On notes that
Py (w,7) = g, (Py(w,T) +1/2),
with

Pm-‘rl,)\ (w?T) = (_ni?mDZl (PL/\ (U),T)) :

We also consider the expansion
1

Pia(w,m) = 500 =

D Epa(r)2miw)* 1,

k=1
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where we find [Zag]

\>’.

(3.7)

k
Ep (T Z

Definition 10. We define another generating set Ek(Z,T) for k > 1 together with
E5(7) given by [Ob]

~

Pl(wv Z, T)

— Z Ey(z, 7)(2miw) 1, (3.8)

2
TiW =1

where we find that for k > 1

= qz Bk 1 k—1_m k,_k—1_—m\ mn
Ey =—9 - — 1
k(Z77') k71qz _ 1 k' + (k _ 1)' Z (n qZ ( ) n qZ ) q bl

m,n=1

(3.9)
and Ey(z,7) = —1.

3.3. Elliptic case. Let ¢ = €?™7, ¢; = €%, where 7 is the torus modular parameter.
Then the genus one Zhu recursion formula is given by the following [Zhu]

Z(Zn+17,u/77—) - znvﬂOv 2 Z Pm+1 Zn+1 — Rk, T )Z(znaﬂk,ma’]—)' (310)

=1m=0

Here P, (z,7) denote higher Weierstrass functions defined by

—1)m nm—l ?
Ponlz,7) = (7(71—)1)! 2 1—q€1'

neli+o
3.4. Case of deformed elliptic functions. Let w,11 € R and define ¢ € U(1) by
¢ = exp(2mi wp41). (3.11)

For some 6 € U(1), we obtain the following generalization of Zhu’s Proposition 4.3.2
[Zhu] for the n-point function [MTZ]:

Theorem 1. Let 6 and ¢ be as as above. Then for any z,, € C™ we have

Z (Xnt1:,7) = 00,10912Z (Xn, o, T)

+ Z p(n, k) Pt [ Z ] (Zn+1 — 21, T) Z(2Zn; tote,m, 7)-(3.12)

m=0

The deformed Weierstrass function is defined as follows [MTZ]. Let (0, ¢) € U(1) x
U(1) denote a pair of modulus one complex parameters with ¢ = exp(2mi)) for
0< A< 1. For ze C and 7 € H we define deformed Weierstrass functions for k > 1,

0 I CR VAN  N C
B [ ¢ ] (z7) = (k—1)! Z 1—0-1¢gn’

neZ+A

/

for ¢ = qorir where Y means we omit n = 0 if (6,¢) = (1,1).
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3.5. Reduction formulas for Jacobi n-point functions. In this subsection we
recall the reduction formulas derived in [MTZ, BKT]. For a € C, we now provide the
following reduction formula for formal Jacobi n-point functions.

Proposition 2. Let z,.1 € C"*', a e C. For az ¢ Zt + 7, we have

n ~ Znal — 2
z (ZnJrlvMa T) = 2 Z Pm+1 <+217”kv az,7> Z (Znnufk.,ma T) . (313)
k=1m=0

Recall the definition of P.

Proposition 3. For az = At + p € Z1 + Z, we have
Z (Zn41, 10, 7)

= e—Zn+1>\Z (zruNO,)\a T) + Z Z Pm+1,)\ <2n+21ﬂ_;2:k77—) Z (Zna ;uk,ma'r) s
k=1m=0
(3.14)
with Ppy1x (w, ) defined in (3.6).
Next we provide the reduction formula for Jacobi n-point functions.

Proposition 4. Forl > 1 and az ¢ Z1 + 7Z, we have
Z (Zn+1)7 H1,—1, T)

= Z (=1)m*t (m e 1> Consi(002,7) Z (2 1. T)

m=0 m

$ i (mAl=1) 5 z21 — 2
+ >3 (-1) ( )Pt (T en T ) 2 (2 pme 7). (315)

k=2m>0
Propositions 3 and 4 imply the next result [BKT]:

Proposition 5. Forl>1 and az = A\t + p € Z7 + Z, we have

Z (Z7L+17 Ul,—l); B)
/\lfl
(=1

m+1l—1
(_1)m+1 ( )Em+l,)\(7) Z (va H1,m, T)
0

_ (_1)l+1

Z (Zn41, Po,~1,T)

m
rfm+i—1 T — Tg
Z (_1) P’erl,)\ . 7T zZ (Zm/lk,mﬂ') )
30 m 211

for Ey  given in (3.7).

+ 2
mz=
n
+ 2,
k=2
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3.6. Multiparameter Jacobi forms. For multiparameter Jacobi forms [EZ, Zag,
KMI, KMII, BKT], the reduction formulas are found using an analysis that is similar
to that in [Zhu, MTZ]. The following two lemmas reduce any n-point multiparameter
Jacobi function to a linear combination of (n—1)-point Jacobi functions with modular
coefficients.

Lemma 2. For each 1 < j < m we have

Z(Znt1, 11, 7)
= 0z,-(a) .2 Z(Zn, (Q)n, p(m)) (3.16)
+ Z Z PlﬁLl(zs — Z,Zp (an)aT) Z(Zn7Us7kT)7

s=1k=0

where 0,.(), 2z 5 1 if 2, - (1)n € Z and is O otherwise.
Lemma 3. Let the assumptions be the same as in the previous lemma. Then for
p=1,

Z(Zn+1, H1,—ps T)

= 0z, -(a)n.Z Op,1 Z(Zn, 110, T)

k+p—1
+ (71)p+1 Z ( D f 1 >Ek+p(7-7 Zy, - (a)n) Z(zna,ufl,va)
k=0

" k+p—1\ 5
+ (_1)p+1 Z Z ( pf 1 )P/c+p(zs — 21, TyZp - (a)n) Z(ZnMs,kaT)-
s=2k=0

Remark 3. The difference of a minus sign between these equations and those found
in [MTZ] can be attributed to the minus sign difference in our definitions of the
functions Py [ $ | (w,7) and the action of SLy(Z).

3.7. Genus two counterparts of Weierstrass functions. In this subsection we
recall the definition of genus two Weierstrass functions [GT]. For m, n > 1, we first
define a number of infinite matrices and row and column vectors:

F<m7n) = 6m,—n+2p—27
A(m7n) = 6m,n+2p72~ (317)

We also define the projection matrix

m=T%= l (3.18)

0

where Idy,_3 denotes the 2p — 3 dimensional identity matrix and Id_; = 0. Let A,
for a € {1, 2} be the matrix with components

Ilgpfl 0 ]

m+n—1

Ao (myn;7e,€) = e(m+”)/2(—1)"+1( )Em+n(7a). (3.19)

n
Note that
A, = SA,S7Y, (3.20)
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for A, given by
(—1)kF1ektD/2 (k41 — 1))
N (k—DI1-1)
introduce the infinite dimensional matrices for S a diagonal matrix with components
S(m,n) = vVmdmn. (3.21)
Let R(z) for = on the torus be the row vector with components

R(z;m) = €% Ppy1(x,7a), (3.22)

Aa = Aa(kvl77—a76) = |Ek+l(7—a)'

for a € {1,2}. Let X, be the column vector with components
Xy (m) = Xy (m§ Zn41sZn; [4)
= eim/2 Z Z (Zkyuk7WL7T1) Z (Xk+1,n7M/772) R

ueV
Xo(m) = Xo(m;2zni1,2n; 1)
= 67m/2 Z Z (Xk7 H, 7-1) Z (Xn—ka Hn—k,m; T2) . (323)

ueV

Introduce also Q(p; ) an infinite row vector defined by

Qp;z) = R(z)A (11 _ Kaxa)fl : (3.24)

for x on the torus. Notice that
A, = ALA.

One introduces

Bian(z) = Py (@),

and j > 0, is the column with components

Piti(z;m) = €z (m +j B 1) (Pjpm(z,7a) — 00 Em(1a)) - (3.25)

Definition 11. One defines
P1<p7 x, y) = 7)l(p7 T,Y;T1,7T2, 6)7
for p =1 by
Pl(p7$7y) = Pl(x_yaTa>_P1($7Ta)
— Qp;2)AzPi(y) — (1 = 6p1) (Qp; ) A7) (2p — 2),
for x, y on the torus, and
Pi(p;z,y) = (*D”“[Q(p; 2)P1(y) + (1= 1) Pop ()
+ (1-8) (Qwi)Rata) (20— 2)],

for x and y on two torai.
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For j > 0, define

1 .

~

. Sa,a
Piripiz,y) = SaaPirile—y)+ (—1)77.Q(p; 2) (Aa) Pjt1(y). (3.26)
Definition 12. One calls P;11(p;x,y) the genus two generalized Weierstrass func-
tions.

3.8. Genus two case. In this subsection we recall [GT] the construction and reduc-
tion formulas for modular funcitons defined on genus two complex curve. In particular,
we use the geometric construction developed in [Y].

Definition 13. For a complex parameter ¢ = z;zo, the null-point modular form is
defined on a genus two complex curve by

Z(p) = Z € Z(z1, 1) Z(22, pi2, 2), (3.27)
r=0
where parameters pq and po are related.

We then recall [GT] the formal genus two reduction formulas for n-point modular
functions.

Definition 14. Let x,,+1, yx and y; be inserted on two torai. We consider the genus
two n-point modular function

Z (2n+1,2k; 2, 1) = Z € Z (Zp41, Xk, 1, 71) Z (X7, p12,72) (3.28)

r=0

where the sum as in (3.27).

First, one defines the functions Z,, , for a € {1,2}, via elliptic quasi-modular forms

Zn,l (Zn+1; ,U,) = 2 ETZ(ZTL+17 Zi 4o, T) ank (XkJrl,TH “/7 T2) 5
r=0
Z’I’L,Q (Zn-‘rl; ,LL) = Z erzkt (Xk7 /’(‘/; Tl) Z (Zn+l)7 Zk+1,n) 9
r=0
Zn3 (Znt13p) = Xll_la

of (3.23). We also define
Definition 15. Let f,§2)(p; Zn+1), for p =1, and a = 1, 2 be given by
~ 6 a
5 2ne) = 10+ (1 (Qpin) (Ba) ) 0 29)

for z,41 € f]l()l). Let féQ) (p; Zn+1), for zp41 € ¥ be an infinite row vector given by

£ (0 2n41) = (R(zn+1) +Q(p; 2n41) (KaAa + AEF)) IL. (3.30)
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In [GT] it is proven that the genus two n = k + [-point function inserted at x, _g,
Yy on two torai has the following reduction formula

Z(Xn41,4) = Z Ji(p; 2ns1) Zni (Zng1s ),

= Z Z Pir1(p; znt1, 2i) Z (2ns paj) , (3.31)

1=17=0

where p is some parameter. with P;11(p;z,y) of (3.26).

3.9. Genus g generalizations of elliptic functions. For purposes of the formula
(3.54) we recall here certain definitions [TW]. Define a column vector

X = (Xa(m)),
indexed by m > 0 and a € 7 with components
Xo(m) = pg 2 Z Z(. 5 Was Payms - - -)s (3.32)
l"‘a m

and a row vector
p(l‘) = (pa(x,m)),
for m > 0,a € Z with components
pa(x,m) = pa% 8(0””)1/)1(,0) (z,wq). (3.33)
Introduce the column vector
G = (Ga (m)),
for m = 0,a € Z, given by

3

G = Z o a(yr) Z(n, ),
k=135=0

where ¢(y) = (gu(y;m)), for m = 0, a € Z, is a column vector with components

qa(y;m) = (=1)Ppq ?

om0 (w_y,y), (3.34)

and
R = (Rap(m,n)),

for m, n = 0 and a, b € Z is a doubly indexed matrix with components

m+1 n mon 0
Rab(m n) _ (*1)ppai f; a( ’ )1/’15) )(w—a7wb)7 a # 7ba (335)
(_l)ppa 2 5:;;(11)—&)7 a = _ba
where
2p—2

n(y) = > " fuly) 0™y, (3.36)
-0
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2p—2

W) = o 5 R, (337)
=0

for any Laurent series fy(x) for £ = 0,...,2p — 2. Define the doubly indexed matrix
A = (Ag(m,n)) by

Agp(m, 1) = dm,n+2p—10ab- (3.38)
Denote by R
R = RA,
and the formal inverse (I — B)~! is given by
(I - R)_l = Y &~ (3.39)
k=0

Define x(x) = (xa(z;¢)) and
O(yknu’o) = (Oa(yk;lu’oa‘e))a

are finite row and column vectors indexed by a € Z, 0 < £ < 2p — 2 with

Xa(210) = pa ? (p(z) + H@)(I — R)"'R)a(0), (3.40)

00(6) = Oa(ykMang) = nga(g)a (341)

and where

¥p(z,y) is defined by
Up(@,y) = v (@, y) + Ble) (= B)a(y). (3.42)

For each a € Z, we define a vector
Oa(z) = (0a(x;0)),
indexed by 0 < ¢ < 2p — 2 with components
Ou(2;0) = Xa(w; 0) + (=1)Pph " xala;2p — 2 - 0). (3.43)
Now define the following vectors of formal differential forms
P(z) = p(x) da?,

Qy) = qly) dy' "7, (3.44)
with
P(z) = P(z)A
Then with
Uy (2,y) = Pp(z,y) da? dy'~?, (3.45)
we have
Uy (x,y) = O (z,y) + Px)(I - B)~'Q(y). (3.46)
Defining

O (x;0) = O, (x; ) daP, (3.47)
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and
Oa(Yis 110, £) = 0a(yr, 110, ¢) dyy,, (3.48)
for some parameter 3.

3.10. Genus g Schottky case. In this subsection we recall [TW, T2| the construc-
tion and reduction relations for n-point modular functions defined on a genus g Rie-
mann surface M formed in the Schottky parameterization. All expressions here are
functions of formal variables wi,, p, € C. Then we recall the genus g reduction for-
mula with universal coefficients that have a geometrical meaning and are meromorphic
on M. These coefficients are generalizations of the elliptic Weierstrass functions [L].
For a 2g local coordinates

Wag = (w—17w1§ e ;w_g,wg),

of 2¢ points (p_1,p1;...;P—g,Pg) on the Riemann sphere, consider the genus zero
2g-point function

Z(w297,u’) :Z(w—lawl; ce ;w—g7wga/u‘)
= 1_[ Pgaz(w—laTUl?---%w—ngguu)v

aely
where Z, = {1,2,...,¢g}, and 3, are certain parameters related to u. Let us denote
zy = (21,...,29),
z_ = (Z_l, ey Z_g).

Let w, for a € 7 be 2g formal variables. One identify them with the canonical Schottky
parameters (for details of the Schottky construction, see [TW, T2]). One can define
the genus g null-point modular function as

zZ= (UJanPan,“) = ZZ(ZQg,UJngu)a (349)
Z4
for
(w2gap29) = (W1, p15- - %wigapg)-

Now we recall the formal reduction formulas for all genus g Schottky n-point functions.
One defines the genus g formal n-point modular function for y,, by

Z(yn, 1) = Z(yn; Wag, P2gs 1) = Y| Z(Yn; Wag, 1), (3.50)
Z4
where
Z(Yn; wag, 1) = Z(Yns; w-1,4, j1).
Z(yn, 1) = Y, Z(Yn; wag, ), (3.51)
Z, Eay
where here the sum is over a basis . It follows that

Z(yn, 1) = Y, 29 (yn, 1), (3.52)

ageA
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where the sum ranges over a = (v, ...,qa,) € A, for A = A®9. Finally, one defines
corresponding formal n-point correlation differential forms

Z(Yn, 1) = Z(yn, 1) dyl,
Zag (Yns 1) = Za(Yn, 1) dyff, (3.53)

where

n
dyf = [ dyy*.
k=1
In [TW] they prove that the genus g (n+1)-point formal modular differential Z (z; y, u),
for x, 11, and point pgy, with the coordinate y, 11, and p,, with coordinates y,, satisfies
the recursive identity for z,, = (y)

®a(y’ﬂ+1) O}z/va (#n+1;2n)

I
e

zZ (xn+1; Zn, /Jf)

2
Il
—

0(0.9) Uy, (Yn+1,Yk) Z (Xn, (k) dl/i

[l
=

ke
Il
—
<.
V
=}

Here 0(%9) is given by N o
oW f(a,y) = o) f(x,y),
for a function f(z,v), and 0(>7) denotes partial derivatives with respect to = and Yj-

The forms ¥, (yn+1, Yx) dyi given by (3.45), ©,(z) is of (3.47), and OV (2, 41,2n, 11)
of (3.48).
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