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FORMAL SERIES COHOMOLOGY OF COMPLEX CURVES

A. ZUEVSKY

ABSTRACT. We introduce and study the local cohomology of a complex curve in
terms of formal series with non-commutative coefficients. This includes a way to
characterize a complex curve in terms of connections. Particular examples of a
vertex algebra cohomologies on a complex curve are considered.

1. INTRODUCTION

The theory of cohomologies of complex curves is represented by a few approaches [2,
3,6-9,18]. In this paper we study the formal series cohomology with non-commutative
coeflicients defined for a complex curve in particular example of a grading-restricted
vertex algebra [12]. Vertex algebras, generalizations of ordinary Lie algebras, consti-
tute an algebraic language of conformal field theory. The geometric side of vertex
algebra characters is in associating their formal parameters with local coordinates on
a complex curve. Depending on geometry, one can obtain various consequences for a
vertex algebra and its space of characters, and vice-versa, one can study geometrical
property of a manifold by using algebraic nature of a vertex algebra attached. Let
W be the algebraic complection of a vertex algebra V module W. We consider a
cohomology of W-valued rational functions with sets of formal parameters appropri-
ately identified with local coordinates on sets of open domains on a complex curve
M. Manifolds of arbitrary dimensions will be considered elsewhere. It would be also
important to establish relations to chiral de Rham complex theory on a smooth man-
ifold introduced in [16]. In many cases it is useful to express cohomology in terms of
connections. Connections numerously appear in conformal field theory [1,5,19].

In Section 2 we recall definition of W-valued rational functions. In Section 3 we
define the formal series cohomology of a complex curve associated to a quasi-conformal
grading-restricted vertex algebra. The Section 4 discusses examples of vertex algebra
cohomologies of a complex curve. In Appendixes we provide the material needed
for construction of the vertex algebra cohomology of a complex curve. In Appendix
5 we recall the notion of a quasi-conformal grading-restricted vertex algebra and
its modules. In Appendix 6 we describe the approach to cohomology in terms of
connections. In Appendix 7 non-emptiness and canonicity of the construction is
proved. In Appendix 8 we recall the notion of cohomology classes associated to
vertex algebras and propose ways to characterize complex curves.

Key words and phrases. Complex curves; vertex operator algebras; cohomology; characteristic
functions.
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2. W-VALUED RATIONAL FUNCTIONS

Recall the definition of shuffles. Let S; be the permutation group. For [ € N and
1 <s<1—1,let J;s be the set of elements of S; which preserve the order of the first
s numbers and the order of the last [ — s numbers, that is,

Js={o€eS o)< ---<o(s), o(s+1)<---<a(l)}.
The elements of J;.s are called shuffles, and we use the notation
Jl;l ={o|o € Js}.
We define the configuration spaces:
F,.C={(z1,...,2n) € C" | z; # 2,1 # j},

for n € Z;. Let V be a grading-restricted vertex algebra (cf. Appendix 5), and W a
a grading-restricted generalized V-module. By W we denote the algebraic completion
of W,

W =[] Wy =W~

Definition 1. A W-valued rational function in (z1,...,2,) with the only possible
poles at z; = z;, 1 # j, is a map

f:F,C — W,

(Zla"'vzn) = f(217--~7zn)a
such that for any w’ € W',
Ry(21,. 2) = RO, F(21, - 20))), (2.1)
is a rational function in (z1,...,2,) with the only possible poles at z; = z;, i # j.
In this paper, such a map is called W-valued rational function in (z1,... 5 2n) with
possible other poles. The space of W-valued rational functions is denoted by W, . .. .
When we write ® € W, . we will always assume Rg(z1,...,2,) (2.1).
For
Ro(oy,...oon) (215 2n) = R((W', ®(v1, 215+ -5 Uns 2n))), (2.2)

one defines an action of S,, on the space Hom(V‘X’",WZlW’Zn) of linear maps from
V®" to Wzl)“wzn by

Ro(@)(w1,.o00) (215 -3 20) = Ra(u, 10 (ny) (Zo(1)s -+ -3 Zo(n))s

for o € S, and vy, ...,v, € V. We will use the notation o;, . ;, € Sy, to denote the
the permutation given by oy, . ; (j) = i;, for j =1,...,n. In [12] it is proven that
the subspace of Hom(V®" W ,, . ) consisting of linear maps having the L(—1)-
derivative property, having the L(0)-conjugation property or being composable with
m vertex operators is invariant under the action of S,,.

Let us introduce another definition:
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Definition 2. We define the space W., . . of th.__,zn—valued rational forms ®
with each vertex algebra element entry v;, 1 < i < n of a quasi-conformal grading-
restricted vertex algebra V tensored with power wt (v;)-differential of corresponding
formal parameter z;, i.e.,

) (dszt (01) ® v, 215 . . .;dz,‘ivt (vn) ®vn,zn) EWsoen - (2.3)

We assume also that (2.3) satisfy Ly (—1)-derivative (2.5), Ly (0)-conjugation (2.10)
properties, and the symmetry property with respect to action of the symmetric group
Sy

Y D Ra ) vm) (Zo)s- -5 20m)) = 0- (2.4)

oeJ lTsl

In Section 3 we prove that (2.3) is invariant with respect to changes of formal
parameters (z1,. .., 2,).

2.1. Properties of matrix elements for a grading-restricted vertex algebra.
Let V be a grading-restricted vertex algebra and W a grading-restricted generalized
V-module. Let us recall some definitions and facts about matrix elements for a
grading-restricted vertex algebra [12]. If a meromorphic function f(z1,...,2,) on a
domain in C™ is analytically extendable to a rational function in z1, ..., z,, we denote
this rational function by R(f(z1,...,2x4)).

Definition 3. For n € Z, a linear map
D(v1, 2153 0n, 20) = VO =W, L

with associated rational function (2.2), is said to have the L(—1)-derivative property
if

Razi@‘(vl,...,zn)(zlv L) Zn) = R(b(vl,...,LV(—I)Ui,A..,vn)(Zla ceey Zn)a (25)
fori=1,...,n,v1,...,v, € V,w € W, and
n
Z az,iRCIZ'(vl,...,v,,L)(Zla ceey Zn) = RLW(fl).é(vl,...,vn)(Zh sy Z’n)7 (26)
i=1
with some action . of Ly (—1) on ®(vy, 21;...;0p,2,), and and vy,...,v, € V.

Note that since Ly (—1) is a weight-one operator on W, for any z € C, e*lw(=1)
is a well-defined linear operator on W. In [12] we find the following

Proposition 1. Let ® be a linear map having the L(—1)-derivative property. Then
foruvy, ..., €V, w' €W’ (21,...,2n) € F,C, z € C such that (z1+2,...,2,+2) €
F,C,

RectwDa(oy,...00) (215 320) = Raguy, 0, (21 + 2,000, 20 + 2), (2.7)
and for vy, ...,v, €V, w' € W', (21,...,2,) € F,C, 2z € C, and 1 <i < n such that
(215 vy Zic1, 2 + 2, Zig1y - - -y 2n) € FC,

the power series expansion of

Ra(oy,.om) (2155 2im1, 20 + 2, Zig 15 -+ 5 Zn)s (2.8)
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in z is equal to the power series

R@(vl,...,UFl’ezL(—l)Ui,UHl,_“7%)(21, ceeyZn), (2.9)
in z. In particular, the power series (2.9) in z is absolutely convergent to (2.8) in the
disk |z| < min;»;{|z — 2|}

Finally, we have

Definition 4. A linear map

O VET W, L
has the L(0)-conjugation property if for vy,...,v, € V, w' € W', (21,...,2,) € F,C
and z € C* so that (z2z1,...,22,) € F,C,

RZLW<°)¢>(U1,...,vn,) (Zl, ey Zn) = R(P(ZL(O)Ul’.‘_,ZL(o)vn)(Zzl, cee ,zzn). (2.10)

2.2. Composability of W maps. Let us recall the definition of maps composable
with a number of vertex operators [12].

Definition 5. For a V-module
W= [ W
neC

and m € C, let
P, : W — W(m),

be the projection from W to W(,,). Let

P:VE WL,
be a linear map. For m € N, ® is called [12,17] to be composable with m vertex
operators if the following conditions are satisfied:

1) Let l1,...,l, € Z4 such that I3 + -+ 1, = m+n, v1,...,Un4n € V and
w' € W’. Set

Ui = Ry . Yiv(oryoon) (B — Gisoos 26 — Gi),s (2.11)
where

kv=li+--+lLa+1, ..., =L+ -+li1+1, (2.12)
mo=ny+--+n_1+1, ..., mi=ni+--+n_1+n, (2.13)
for i = 1,...,n. Then there exist positive integers N} (v;,v;) depending only on v;

and v; for ¢, =1,...,k, i # j such that the series
(@) = > Rawpwpw,)(CeiCn), (2.14)

1oyt €L

is absolutely convergent when

|20+ atsaap — Gl 204 g — Gl < 1G = Gl (2.15)

fori,j=1,...,k,i#jandforp=1,...,[;and ¢ =1,...,l;. The sum must be ana-
lytically extended to a rational function in (z1, ..., Zm4n), independent of ((1,...,¢y,),



FORMAL SERIES COHOMOLOGY OF COMPLEX CURVES 5

with the only possible poles at z; = z;, of order less than or equal to N} (v;,v;), for
h,j=1,...,k, i #j.

2) For v1,...,Vm4n € V, there exist positive integers N (v;,v;), depending only
on v; and vj, for 4,5 =1,...,k, i # j, such that for w’ € W', and
T (@) = Z Ry .. Y Py(@)(v1,.00) (215 - - 5 Zn), (2.16)
qeC

is absolutely convergent when

Zi 7é Zjy [ 7é j7
|zi| > |zk] >0, (2.17)
fori=1,...,m,and k =m+1,...,m+n, and the sum can be analytically extended
to a rational function in (z1,...,2m4n) with the only possible poles at z; = z;, of

orders less than or equal to N, (v;,v;), for i, =1,... k, i # j,.
In [12], we the following useful proposition is proven:
Proposition 2. Let ® : V®" — Wn,---,zn be composable with m vertex operators.
Then we have:
(1) For p < m, ® is composable with p vertex operators and for p, q € Z such
that p+q <m and ly,...,l, € Zs such thatly +---+1, =p+n,
R @(YV.A.Yv)..A(Yv..AYv)(Ul,4..,1)11) (vlkl ,..A,ULkn)(Zl7 ceey Zn+m—1)7

RYwYW @(vl,...,v,L+p)(zlv ) Z7l+p)7
are composable with q vertex operators.
(2) Forp,q € Zy such that p+q <m,ly,... 1, € Z4 such thatly+---+I, = p+n
and ki,...,kptn € Z4 such that ny + -+ - + nptp, = ¢+ p +n, we have

R
(0 Yv)) (Vve¥y) (1w @i v, ) (@1setmp, ) o Wny s, )
(215, Zn-‘rp-‘rm—l)
=R Zly.-es 2 _1).
q)( (Ul17"-avk1)7 ceey ('Unml "“’v”””n+p) ) ( L ) “ntptm 1)

(3) Forp,q € Zy such thatp+q <m andly,... 1, € Zs such thatly+---+1, =
p+n, we have

Ry .. vw) (@) ((W1000) (01,0050, )ovons (1, ,...,vlkn))(za cevs Zntg-1)
= R ) @) (01,000 @10ty Doty o, ) (Zo o5 Znrg=1)- (2:18)
(4) Forp,q € Z+ such that p+ q < m, we have
Ry . Yoy (Yiw .Y ®(v1,.c0psnsa)) (215« Zptntq)
= Ry .. Yiw ®(v1,.0miprq) (Z1 - Zntprq)- (2.19)

In the construction of double complexes in Section 3.2 we would like to use linear
maps from tensor powers of V' to the space W,, . .. to define cochains in vertex
algebra cohomology theory. For that purpose, in particular, to define the coboundary
operator, we have to compose cochains with vertex operators. However, as mentioned
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n [12], the images of vertex operator maps in general do not belong to algebras or
their modules. They belong to corresponding algebraic completions which constitute
one of the most subtle features of the theory of vertex algebras. Because of this,
we might not be able to compose vertex operators directly. In order to overcome
this problem [14], we first write a series by projecting an element of the algebraic
completion of an algebra or a module to its homogeneous components. Then we
compose these homogeneous components with vertex operators, and take formal sums.
If such formal sums are absolutely convergent, then these operators can be composed
and can be used in constructions. Another question that appears is the question of
associativity. Compositions of maps are usually associative. But for compositions
of maps defined by sums of absolutely convergent series the existence of does not
provide associativity in general. Nevertheless, the requirement of analyticity provides
the associativity [12].

3. COHOMOLOGY ASSOCIATED TO FORMAL SERIES

In this section we define the formal series cohomology for a grading-restricted vertex
algebra cohomology on a complex curve. A consideration of cohomology of smooth
manifolds of arbitrary dimension will be given elsewhere.

3.1. C(V,W,U, M)-spaces. Let U be a family of intersecting open domains on M.
We assume that there exist homology embedding maps h;, i = 1,...,k — 1, relating
domains Uy, ..., U, € U.

Definition 6. If o is a path between two points p; and ps on M and if U; and
Us; are domains centered at p; and ps, then « defines a transport along M from
a neighborhood of p; in U; to a neighborhood of py in Us, and hence a germ of a
diffeomorphism

hol(e) : (U1, p1) = (U2, p2),
called the holonomy of the path a. Two homotopic paths always define the same
holonomy.

Definition 7. If the above transport along « is defined in all of U; and embeds U; into
Uy, this embedding h : U; < Us will be denoted by hol(«) : Uy < Us. Embeddings
of this form we call the holonomy embeddings. The composition of paths also induces
an operation of composition on those holonomy embeddings.

We consider set of k points pr, on M, k£ > 0, and a sequence of corresponding
overlapping open domains Uy surrounding each pg, such that there exist holonomy
embeddings h; as described above. We assume that each domain U, is endowed
with a local coordinate ¢(p;) centered at p;. For association of formal parameters of
mappings and vertex operators with points of M we will use in what follows their
local coordinates ¢(p;) in domains U; on M.

For a set of n elements of a grading-restricted vertex algebra V'

(Ul,...,Un), (31)

we consider linear maps
VI W s, (3:2)
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(see Subsection 2 for the definition of a W,, . .. space),

) (dszt TRy, 215 .. ;dzZVt n @ vy, zn) , (3.3)

where we identify, as it is usual in the theory of characters for vertex operator al-
gebras on curves [14,19-21], n formal parameters z1,...,2, of W,, . . . with local
coordinates ¢;(p;) in vicinities of points p;, 0 < i < n, on M. The construction of
vertex algebra cohomology of a smooth complex curve M in terms of connections is
parallel to ideas of [2]. Such a relation will be explained elsewhere. Note that similar
to [1] (3.3) can be treated as (Aut,, OW x ... x Aut,, OW)-torsor of the product
of groups of coordinate transformations. In what follows, according to definitions of
Section 2, when we write an element ® of the space W., ... .., we actually have in mind
corresponding matrix element (w’, ®) that absolutely converges (on certain domain)
to a rational form-valued function Ry = R({(w’, ®)). Quite frequently we will write
(w’, ®) which would denote a rational W-valued form. In notations, we would keep
tensor products of vertex algebra elements with wt -powers of z-differentials when it
is inevitable only.

Later in this section we prove, that for arbitrary v; € V, 1 < ¢ < n, points p;
with local coordinates ¢;(p;) on U; € U of M, an element (3.3) as well as the vertex
operators

ww (de(p)™ ) © v eip)) = Y (dlep)™ o vam)). (34

are invariant with respect to the action of the group (Aut,, O x ... x Aut,, OW).
In (3.4) we mean the ordinary vertex operator (as defined in Appendix 5) not affecting
the tensor product with corresponding differential. We assume that the maps (3.2) are
composable (according to Definition (5) of Subsection 2.2), with k vertex operators
ww (vi, ¢i(pi)), 1 <14 <k for any choice of k vertex algebra elements from (3.1), and
corresponding formal parameters associated with local coordinates on k& domains U;
of U,i=1,...,k for p;.

The composability of a map ® with a number of vertex operators consists of two
conditions on ®. The first requires the existence of positive integers N (v;,v;) de-
pending just on v;, v;, and the second restricts orders of poles of corresponding sums
(2.14) and (2.16). Taking into account these conditions, we will see that the construc-
tion of the space (3.6) does depend on the choice of vertex algebra elements (3.1). In
this subsection we construct the spaces for a double complex defined for a complex
curve M, and associated to a grading-restricted vertex algebra.

In order to define vertex algebra cohomology of M, mappings ® are supposed to
be composable with a number of vertex operators with a number of vertex algebra
elements, and formal parameters identified with local coordinates of points p1, ..., p
on each of £ elements U;, 1 < j < k. The above setup is considered for a set of vertex
algebra elements, which could be varied accordingly. We first introduce

Definition 8. Let p1,...,p, be points taken on domains U; € U, j > 1. Assuming
k>0, n > 0, we denote by C™(V, W, M)(U;), 0 < j < k, the space of all linear maps
(3.2)

o Ve Wer (1) enoson (pn) (3.5)
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composable with a k of vertex operators (3.4) with formal parameters identified with
local coordinates ¢;(p;) functions around points p; on each of domains U;, 1 < j < k.

The set of vertex algebra elements (3.1) plays the role of parameters in our further
construction of the vertex algebra cohomology on a smooth curve M. A holonomy
embedding maps a domain of U and a coordinate chart into a domain and coordinate
chart on another domain of U. Let us now introduce the following spaces:

Definition 9. For n > 0, and m > 0, we define the space
ChVW U M) = [  C"(V.W, M)(U)), (3.6)

where the intersection ranges over all possible m-tuples of holonomy embeddings h;,
i€ {l,...,m — 1}, between domains

Ui S0 8 Un,
of U on M (for m = 0 there is no a sequence of embeddings above).

Remark 1. Since m can be sent to infinity, (3.6) still works for infinite sequences of
overlapping open domains on non-compact M.

First, we have the following
Lemma 1. (3.6) is non-empty.
The main statement of this section is contained in the following

Proposition 3. For a quasi-conformal grading-restricted vertex algebra V' and its
module W, the construction (3.6) is canonical, i.e., does not depend on the choice of
local coordinates ¢;(p;), i=1,...,m, on U; € U.

The proofs of Lemma 1 and Proposition 3 are contained in Appendix 7.

Remark 2. The condition of quasi-conformality is necessary in the proof of invariance
of elements of the space W,, . . with respect to a vertex algebraic representation
(cf. Appendix 5) of the group (Aut,, OM x ... x Aut,, OW). In what follows,
when it concerns the spaces (3.6) we will always assume the quasi-conformality of
V. Generalizations of Lemma 1, and Proposition 3 proofs for the case of a arbitrary
n-dimensional smooth manifold will be given elsewhere.

Let W be a grading-restricted V' module. Since for n = 0, ® does not include
variables, and due to Definition 5 of the composability, we can put:

Co (VoW M) = W, (3.7)

for m > 0. Nevertheless, according to our Definition 3.6, mappings that belong to
(3.7) are assumed to be composable with a number of vertex operators with depending
on local coordinates of m points p;, ¢ = 1,...,m on m open domains of U. Since V,
W and M are fixed in our construction we will omit them in what follows. We then
have
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Lemma 2.
Cr(U) C 1 (U). (3-8)

The proof of this Lemma is contained in Appendix 7.

3.2. Coboundary operators. For the double complex spaces (3.6), the coboundary
operator 07 is defined as the form of a multi-point vertex algebra connection (cf.
Definition 6.1 in Appendix 6, cf. [12]):

R&;‘z@(vl ..... 'Un)(p17"'7pn) = G(pla"'7pn+1)7 (39)

where

GP15--Pnt1) = Ry (C1)i @y (vivipr) (Pi — Pit1)
+ wa <I>(v1,“.,vn)(p17-'~7pn)
+ R (=) Hlww ‘I’(anrl,vl,...,vn)(pn+1ap17 s apn)

Note that it is assumed that the coboundary operator does not affect de;(p; )Wt (¥1)-
tensor multipliers in ®. Inspecting construction of the double complex spaces (3.6)
we see that the action (3.9) of the §7, on an element of CJ (U) provides a coupling (in
terms of W,, . . -valued rational functions) of vertex operators taken at some of the
points p;, j = 1,...,m with local coordinates c;(zp,) at the vicinities of p; in U; € U
with elements ® of C* _,(U) taken at remaining points among p;, 1 < i < n. Then
we have

Proposition 4. The operator (3.9) provides the chain-cochain complex

on L COn(U) — omt (U), (3.10)
SitL o 6™ =0, (3.11)
0 61 N In—l
0— COU) = el (U)oU) 0. (3.12)

The proof of this proposition follows from the construction (3.9) of the coboundary
operator, and from Proposition 2.

3.3. Cohomology. Recall definitions of vertex algebra connections and their forms
given in Appendix 6. In this subsection we define the formal series cohomology for
U, as well as the formal series cohomology of whole complex curve M associated to
a grading-restricted vertex algebra V.

Definition 10. We define the n-th cohomology H(U) of U with coefficients in
W.,.....», (containing maps composable with m vertex operators defined on domains of
U) to be the factor space of closed multi-point connections by the space of connection
forms:

H}(U) = Cony, ,(U)/Gy71 (U). (3.13)

Note that due to (3.9), (4.18), and Definitions 6.1 and 6.2 (cf. Section 3.2), it is
easy to see that (3.13) is equivalent to the standard cohomology definition

H}(U) = ker 6} |y /im 5,?;11|U (3.14)
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According to the construction of (3.6), the cohomology (3.14) has a local manner, i.e.,
it depends on U. In the next section we provide applications and examples of (3.14).
Up to now, the geometrical picture used to define the spaces C”, (U) was local. Now
let us formulate

Definition 11. Let & = |J U be the covering of whole M performed by sets of open

M
domains U. Define corresponding chain complex

(Com @, M) 83). (3.15)
with
cru M) =] cpo(U),
UeM
and

Om = (O lurs
where 97, - acts separately on each element U of U, and each individual my is chosen
suitable to individual U.

Definition 12. We define the cohomology of U as cohomology

H}(U) = kergﬁl/im (5&;11,

of the complex (3.15).

Under a refinement V of U by subdomains U = (Uy,...,U,,) U; C U; such that
new )V minimally covers the whole complex curve M., we obtain a map suitable for
the construction of a cohomology of whole M. U; C U; such that new V minimally
covers the whole complex curve M. Let

Hy,(U) — Hp, (V),
be the map of cohomologies under a refinement. Then we define

H™(M) = lim H}, (U).
u

by the direct limit of this system. In what follows we consider local cohomologies
associated to a grading-restricted vertex algebra.

4. EXAMPLES

In this section we consider examples of lower formal series cohomologies and char-
acterization of U.

4.1. Fixed point double compexes. For our further purposes we have to define
spaces suitable for the definition of a double complex with a fixed point. Such double
complex will be needed for the construction of first vertex algebra cohomologies, in
particular, for H} (U), m > 0 (see Section 3.2).
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Definition 13. Let us fix a point p, and a domain U, € U, r > 1. Assuming k& > 0,
n > 0, consider the space C™(p,)(U,), of linear mappings

O VE W, (4.1)

composable with k vertex operators with formal parameters identified with local co-
ordinates {c1(p1),.... ¢ (Dr)|p,s- - cn(Px)}, on each of k domains of U.

1(P1)7---,Cn(1?n)’

The holonomy embeddings h; provide a map of local coordinate functions
hj = ¢j(ps) = ¢+1(pit),
and we have a sequence of mappings

ho— R —
h:plh%...—fprhﬁ... 25 Do (4.2)

Let us now introduce the following spaces:

Definition 14. For n > 0, and m > 0, consider the space
CrpU)= " [ Cp)(U), (4.3)

where the intersection is taken over all possible m — 1-sequences (4.2) of holonomy
mappings h;, i € {1,...,m — 1} among points on domains of U with the fixed point

Pr-
Then we have the following

Lemma 3. The double complex (C}}(pr; U), 67 |p,) is a subcomplex of double chain-
cochain complex (C}(U), 7).

Proof. We assume that in the construction of (3.6), the points {p,;}, 1 <r—1,r+1 <
k in sequences (4.2) of holonomy mappings can be shifted all over corresponding
domains {U;} € U. In Definition (3.6) of C}*(U,), the points {p,;}, 1 < r—1,
r+1 < k exhaust domains {U;} of U. Thus,

Ci(pr; U) C CF(U).
It is clear that the operator 0}|,, is a reduction of 67}, and satisfies the chain-cochain
property as in Proposition (4). O
4.2. Fixed point cohomology. Here we formulate

Definition 15. Let U,, r > 1, be a domain of U, and p, € U, be a fixed point. We
define the fixed point cohomology as

Hi(U) = CO"Z; k; cl|U/G;)L;_k1+1|U7 (4.4)
which is equivalent to
Hi! (pr; U) = Ker 6¢[p,,u/Im 6% [, u-
From Lemma 3 it follows
Lemma 4. The cohomology H? (p; U) is given by

HE(U)= | HL(p:0).
p.€Ur



12 A. ZUEVSKY

4.3. Computation of the cohomologies H} (U). In [13], lower cohomologies for
a grading-restricted vertex algebra were computed. In this paper we determine the
first grading-restricted vertex algebra cohomologies H} (U) of U on a complex curve
M. Let us first consider one-variable reduction of multi-point connections (which is
called in the derivation [12]). We introduce the following definition of the derivation
applicable to maps from V to W.

Definition 16. Let V be a grading-restricted vertex algebra and W a V-module. A
grading-preserving linear map

g:V—=W,
is called a derivation if

g(wv(u,2)v,0) = e Dy (v, —2) g(u,0) + ww (u, 2) g(v,0)
= W%V(g(uao)vz)v'i_ww(uaz) g(U>O)’

for u, v € V, where wv"gv (v, z) is the intertwiner-valued vertex operator in accordance
with notaions of (3.4). We use Der (V, W) to denote the space of all such derivations.
It is clear that

g(v,0) = G(v,0).

As we see from the definition of the derivation over V, it depends on one element
of V only. The space of one V-element two point holomorphic connections reduces to
the space of derivations over W [12]. In [13] it is proven the following

Lemma 5. Let g(v,0) : V — W be a derivation. Then g(1y,0) = 0.
We will need another statement proven in [13]

Lemma 6. Let
PV -W,,

be an element of CL (U) satisfying
5@ =0.
Then ®(v,0) is a grading-preserving linear map from V to W, i.e.,
ZO@(0,0) = B(2500,0) = 2"®(v,0).

In [13], the first cohomologies H},(V,W) of a grading-restricted vertex algebra
were related to the space of derivations Der(V,W). We find the following

Proposition 5. Let V be a grading-restricted vertex algebra and W a V-module.
Then H} (V,W) is linearly isomorphic to the space Der (V, W) of derivations from V
to W for any m € Z.

In the case of a complex curve we have the following identifications in (6.4)

G(o(p)) = G(v,c(p)) = @(v,c(p)),
f(p) = w(v,cp)),
o(p) = (u,p),
f@@)).6p) = wv,c) - )y, (4.5)
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and a multi-point holomorphic connection G on U, is a C-linear map
GV W, L

Thus, the multi-point holomorphic connection has the form

D> @ (wvlvg, elg) — e(d))u, q) = ww (u, c(p) @ (v, ¢(p) +ww (v, ¢(p) @ (u,c(p))) .
e (4.6)

Remark 3. Due to Proposition 3, the definition of the multi-point holomorphic con-
nection on (4.6) does not depend on the choice of coordinates on U.

The meaning of the name of a transversal holmophic connection (6.5) is clear when
we consider elements of the space W,, .. for M,

G(p,p') = ww (u,c(p') G(v, e(p)) + ww (u, c(p)) G(u, c(p')) = 0,
with formal parameters associated to local coordinates ¢(p). This type of connections
will appear in considerations of the second vertex algebra cohomology HZ,(U) in
Subsection 3.2. In what follows, to shortcut notations, we will denote by p the origin
of a local coordinate c(p) at p, i.e., c(p)|, = 0. Let us introduce another

Definition 17. A one fixed-point p’ holomorphic connection for the space (4.3) is
defined by

D @ (wvlvg,elg) — e(q))u, q) = ww (u,p') @ (v,¢(p)) + ww (v, ¢(p)) @ (u,p').
q,9’eM
(4.7)

In particular, for the space C}, (p,; U) we obtain
@ (wy (v,p" = c(p))u, c(p)) = ww (u,p’) (v, ¢(p)) +ww (v,c(p)) @ (u,p’).  (4.8)
We denote the space of such connections with a fixed point p as Con, (m; U). Above,

we have introduced the notion (Definition 15) of a fixed-point cohomology H (p; U).
In particular, for n =1,

Hvln (pr; U) = Ker 571n‘me/Im 62’L+1|I7T7U7

for a point p,. € U, in the set of domains U. The result of this subsection is in the
following

Proposition 6. The verter algebra first cohomologies H},(U), m > 0, of U on a
complex curve M are isomorphic to the space Cony, (m,U), for all p, € U,, 1 <r <
m, of holomorphic fixed point two point connections with mappings composable with
m vertex operators on domains of U.

Proof. Let us fix a point p, with the local coordinate ¢, (p,) on the domain U, with
origin at p,, i.e., ¢;(pr)|p, = 0. According to Proposition 5 (cf. (1.1) in [13]), the
cohomologies H} (V,W) of V are given by the space of derivations. In terms of
Definition 30, it coincides with the space of fixed point holomorphic connections, i.e.,
Der(V,W) = Con,, (V,W). Note that, for any

(v, ¢ (pr)lp,) € CL(pr; U),
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such that

Rs1 o(v,pr) = (W', G2 (pr,p2)) =0,
i.e., results in an element of the space Cony, (U) of one fixed point p, holomorphic
connections. In addition, by direct computation for any ® € C9 (p,; U), we find

Im 69,9 = {0}.
Conversely, for any element g(v,0) of Con,, (U), and v € V, let us consider

(I)g = g<wV(U7 Z)lv,pr) = wi‘;‘V/V(g<v7pT)7 Z)le (4.9)

where we have used Lemma 5. We had to express (4.9) in terms of intertwining
operator in order to show that (4.9) is indeed composable with m vertex operators
and belong to the space CL (p,; U) with a fixed point p,. As it follows from [4], the
map from V to W, given by

v W&//V((I)g(v,pr), Zl)]-V,

is composable with m vertex operators for any m € N. Thus, &, € C} (U) for any
m € N. For vy, vy € V, and w’ € W', by using (5.8), we find by direct computation
that

Rs1 ¢, (v1,p1;v2,p2)

= 7Rw“fVVV g wv(vl,v2)(pr,p1,p2) + wa W‘YVVV g(v2,v1)(p27p7“apl)~

By using Theorem 5.6.2 in [4], we see that (4.10) vanishes. Therefore we obtain a
linear map
9(v,py) = Py,
from the space
Con,, (U) = Der (U) — H} (U) = CL (p,; U).

Thus, we find, that

H} (pr; U) = Con,, (U). (4.10)
By shifting p, € U, all along ¢, (p,) we exhaust all points of U,., we obtain connections
of Cony, (U) on the whole U,. By using Lemma 3, we extend (4.10) to we obtain the
statement of Proposition:

O

4.4. Classes associated with the first cohomologies H} (U). For the first co-
homology H} (U), we have the following corollary from Proposition 6:

m

Corollary 1. The H},(U) cohomological class of the grading-restricted vertex algebra
cohomology of U is given by

(65, @], (4.11)
for ® € CL(U). It vanishes if and only if ® is given by a two point holomorphic
connection.
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Proof. [6}n<1>] for ® € C}(U). It is easy to see that it remains cohomologically
invariant under a substitution ® — ® + &, due to properties of (4.11). The second
statement of the proposition follows from the proof of Proposition 6. O

Since ® € C} (U) and 6}, ® € C2,_,(U), we obtain the characteristic two-form for

m

U
R(c(p),c(p')) = Rsr o) (0,0") - (4.12)

Here 0, ® represents a cohomological class of H! (U). Instead, for a local character-
ization of M, we may choose elements

O, =g(v,0) eW,

which do not depend on z, and, hence, matrix elements become computable. For
non-vanishing invariants (4.11) (i.e., which are not two point connections G(®)) we
obtain the non-vanishing form

Rc(p)) =  Rsia,w0) (p)
= (wa g(u,v) (p7 O) +R e*Lw (=Dy, g(v7u)(_pa 0) - Rg(wv (u,v)) (pa 0)) .
(4.13)

The form of dependence of @ or g(v, z) on v € V determines the result of computation
of the matrix element in (4.13). In order to compute (4.13) we use the properties of
the grading-restricted vertex algebra V, in particular, one expands w(v,c(p)) as in
(5.1), and acts on g(v,0).

4.5. C?,-complex. In this subsection we consider a particular example of the dou-
ble complex (3.6), which takes into account C3- conditions on elements of the space
C2(U). In addition to the double complex (C (U), ) provided by (3.6) and (3.9),
there exists an CZ- short double complex which we call transversal connection com-
plex. We have

Lemma 7. For n = 2, there exists a subspace C2,(U)
Cm(U) € C2,(U) C G3(U),
for all m > 1, with the action of coboundary operator 62, defined.

Proof. Let us consider the space CZ(U). The space C3(U) contains elements of W, ,,
so that the action of §2 is zero. Nevertheless, as for J"(®) in (2.16), Definition 5, let
us consider sum of projections

PriW,, ., = W,

for r € C, and (4,5) = (1,2),(2,3), so that the condition (2.16) is satisfied for some
connections similar to the action (2.16) of 2. Separating the first two and the second
two summands in (3.9), we find that for a subspace of CZ(U), which we denote as
C2,(U), consisting of three-point connections ® such that for vy, ve, v3 € V, and
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arbitrary ¢ € C, the following forms of connections

Gi(c1(pr), c2(p2), c3(p3))
= Z (R ww Pr(®) (v1,v2,v3) (p1,p2 — ¢,p3 — ()
reC
+R<I> Py (wv;wy ) (v1,v2,v3) (p17p2 - Cva - <) )7 (414)

Ga(c1(pr), c2(p2), c3(p3))

= Z (R<I>(P,«(wv wv)(vl,vg,vg)(pl - <7p2 - <7p3)
reC

+va P (®)(v3,v1,v2) (p37p1 - C;p2 - C) )7 (415>

are absolutely convergent in the regions |c1(p1) — ¢| > |e2(p2) — ¢, |ea(p2) — ¢| > 0,
|C—c3(ps)| > |e1(p1)—Cl, |e2(p2) —C| > 0, where ¢;, 1 < i < 3 are coordinate functions,
respectively, and can be analytically extended to rational form-valued functions in
c1(p1) and co(p2) with the only possible poles at c¢1(p1), ca(p2) = 0, and c¢1(p1) =
c2(p2). Note that (4.14) and (4.15) constitute the first two and the last two terms
of (3.9) correspondingly. According to Proposition 2 (cf. Appendix 2.2), C2 (U) is
a subspace of C2, (U), for m > 0, and ® € C2,(U) are composable with m vertex
operators. Note that (4.14) and (4.15) represent sums of forms G, (p, p) of transversal
connections (6.6) (cf. Section 4). O

Then we have

Definition 18. The coboundary operator

Jz, : C2,(U) = CG3(U), (4.16)
is defined by three point connection of the form
Régmé(vl,vz,vg)(plap23p3) = Gex(P17P27P3), (417)
Gez(p17p27p3) = wa P (v1,v2,v3) (p17p27p3> - R<I>(wv wv)(vl,vg,v3)(p17p27p3)
+R<I>(wv wv)(vl,v27v3)(p17p27p3) + wa @(v37v1,v2)(p37p17p2)a
(4.18)

for w' € W', ® € C2,(U), v1,v2,v3 € V and (e1(p1), c2(p2), c3(ps)) € F3C.
A particular consideration as in Proposition 4 results in

Proposition 7. The operator (4.16) provides the chain-cochain complex

531 o 5% =0,
0 — CO(U) 25 c(U) -2 ¢2,(U) 25 ¢3(U) — 0, (4.19)

on the spaces (3.6).
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4.6. Classes associated with C? - cohomology. In this subsection we consider
the cohomology H2, (U) associated to the short complex (4.19), and corresponding
cohomological class. Let us first mention the geometrical meaning of the square-zero
extension (Viy,~, ) of V by W. Let us consider u, v belong to the square-zero ideal
of a grading-restricted vertex algebra V', then

wy (u, c(p))v = 0.

Then, geometrically it means that corresponding vertex algebra holomorphic connec-
tions are transversal (cf. Definition 32):

Gir(p:p') = ww (v, ¢(p') @ (u, c(p)) + ww (u, c(p)) @ (v, c(p')) = 0. (4.20)

Note that, for a square-zero ideal, the full form of holomorphic connection has a
reduced form (4.20). In our setup the holomorphic connection plays the following
role: if it has does not have an full closed form (4.6), then the cohomology class it
non-trivial. In [13] we find the proof of the following algebraic result for the second
cohomology of a grading-restricted vertex algebra V, H2 (V, W) of V with coefficients
in W. It follows from that Proposition, that the difference between two square-zero

extensions are controled by the vertex operator map for the square-zero extension
defined for Z =V HW.

Proposition 8. Let V be a grading-restricted vertex algebra and W a V-module.
Then the set of the equivalence classes of square-zero extensions of V. by W corre-
sponds bijectively to H2,(V,W).

Now we formulate the following corollary from Proposition 2.

Corollary 2. Let V be a grading-restricted vertex algebra and W a V-module. The
classes of square-zero extensions of V. by W are isomorphic to classes of cohomological
invariants ® (5.19) of H2,(U).

Proof. As in the proof of Proposition 2 we check that ® (5.19) satisfies the L(—1)-
derivative and L(0)- conjugation properties. Since Z is a grading-restricted vertex
algebra, by using the associativity property for vertex operators (5.18), we see that
the conditions (4.14) and (4.15) for forms G;, i = 1, 2, in the proof of Lemma 7 of
the space C2,(U) for ® are satisfied, and ® € C?,(U). Using again corresponding
associativity properties for vertex operators in Z, we find that ® is closed (according
to our Definition 33), i.e., 62,® = 0. Thus, we see that, for a representative of the
class of square-zero extension (Z, Yz, p1,i2) corresponds by the formula (5.19) for wy
to an element of H2 (U), [®] = ® + n, where 1 be an element 5C3(U). It is easy
to see that, according to properties of the above construction ® is invariant with
respect to a substitution ® + & + u, for u € C2,(U). Thus, ® (5.19) belongs to the
cohomology class H2,(U).

Let us prove the inverse statement. For an element ® € C2 (U) which is a rep-
resentative of H2, (U), according to Definition 5 of composibility, it follows that for
any v1, v € V, there exists N&(v1,0) such that for w’ € W,

Ga(c1(p1), c2(p2)) = Ra(v,,00) (21, 22),
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is a rational W,, ,,-valued form with the only possible pole at z; = 23 of order less
than or equal to Ng(v1,v2). For vy, va € V, let us define wy (v1,{)va € W((()) such
that

Rw\p(vl,vz)(ok:z = R<1>(v1,v2)(2722)7

for z € C*. For v1, v2 € V, we can define Yz (v1, {)vs using (5.18). Thus, we obtain a
vertex operator map Yz, and Z is endowed with the structure of a grading-restricted
vertex algebra. Finally, we have

Corollary 3. Two elements of ker 62, differ by an element 63C3(U) if and only if
the corresponding square-zero extensions of V- by W are equivalent.

O
Recall definitions of the forms G; (4.14) and G5 (4.15) from Section 3.2. We define
the following characteristic functions as triple integrals associated to the these forms:

(92,45,95 )
F(e(p), c(p'), c(p”)) = / Gi (v,e(p);v', e(p);v", c(p”)) (4.21)

(q1,41,4%)

with ¢ = 1, 2. By assumption containing in Subsection 4.5, the forms (4.14) and
(4.15) have nice convergence properties. Moreover, they contain only parts of the
connection (functions do not vanish), and can be used in order to describe M. For
the invariant related to the second cohomology HZ,(U), we obtain for (5.19)

F(C(p)7 C(p/), C(p”)) = R@(v,v’,v”) (p7p/7p//) . (422)

In addition to (4.22), one uses the particular form of G;, i =1, 2

Gl(p17p27p3) = Rw\y wy .wv(vl,vg,vg)(plvp27p3) + wa Wy wv(vl,vQ,vg)(p17p23p3)7
Ga(p1,p2,03) = Ruy(wywy)(o1,00,0)(P1 — DP2,P2,D3)
+RWVV¥V(W\I:WV)(U1,U27U3)(pl o p2’p2’p3)’

(4.14) and (4.15) in (4.21) (cf. Subsection 4.5).

® € W,, ..., is associated to R which is supposed to be a rational form with poles
at z; = zj, @ # j only. Thus, the general principle is the following. By associating
z;i to ¢;(p) on M and computing (8.1), we study its analytic behavior. If (8.1) has
poles then they could be related to singular points of M. Next, for (2.14), (2.16),
(4.14), and (4.15), for z; = ¢;(p;), we determine the domains of convergence. When
such a domain is limited to one point, then M might have a singular point. Finally,
consider 6?9, for ® € CY(U), and identify z to ¢(w), where c¢(w) is a local coordinate
on M. Thus, in case of singular point we have different values of, e.g., integrals (8.2)
in these directions.
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4.7. A relatign to ordinary setup for Cech-de Rham cohomology. Recall the
setup for the Cech-de Rham cohomology given in Appendix 6. In particular, we have
the following

Lemma 8. The construction of the double complex (C’k’l,(S), (6.7), (6.8) follows
from the construction of the double complex (C7,(U), %) of (3.12). Thus, the Cech-
de Rham cohomology of a smooth complex curve M results from grading-restricted
verter algebra V- cohomology of M.

Proof. One constructs the space of differential forms of degree k by elements ® of

Cn(U)
Ry )00y (P12, (1.23

such that n = k the total degree

Zn:Wt (vi) =1,
=1

for v; € V. The condition of composability of ® with m vertex operators allows us
make the association of the differential form w(h1,...,h,) with (4.23) (R],...,h})
with (v, ..., vx), and to represent a sequence of holomorphic embeddings hq, ..., h,
for Uy, ..., U, in (6.7) by vertex operators wy, i.e,

(h(hY) ... h(R) (215 2n)) = ww (v1,e1(p1)) - - - ww (Ui, en(Pn)) -

Then, by using Definitions of coboundary operator (3.9), we see that the definition
of the coboundary operator for the Cech-de Rham cohomology. (]
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5. APPENDIX: GRADING-RESTRICTED VERTEX ALGEBRAS AND THEIR MODULES

In this section, following [12] we recall basic properties of grading-restricted vertex
algebras and their grading-restricted generalized modules, useful for our purposes in
later sections. We work over the base field C of complex numbers.

Definition 19. A vertex algebra (V, Yy, 1y), (cf. [15]), consists of a Z-graded complex
vector space

V=] Vin, dimV, <oo,
neL

for each n € Z, and linear map

Yy : V = End (V)[[z, 27 1],
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for a formal parameter z and a distinguished vector 1y, € V. The evaluation of Yy
on v € V is the vertex operator

Yy(v) =Yy (v,2) = Z v(n)z "1, (5.1)
nez

with components (Yy(v)), = v(n) € End (V), where Yy (v, 2)1y = v+ O(2).

Definition 20. A grading-restricted vertex algebra satisfies the following conditions:

(1) Grading-restriction condition: V{, is finite dimensional for all n € Z, and
Viny =0 for n < 0;

(2) Lower-truncation condition: For u, v € V', Yy (u,z)v contains only finitely
many negative power terms, that is,

Yv(u,z)v € V((2)),

(the space of formal Laurent series in z with coefficients in V');
3) Identity property: Let Idy be the identity operator on V. Then
y y

Yy (1ly,z) = Idy;
(4) Creation property: For u € V,
Yv(u,2)1y € V][2]],
and
lim Yy (u, 2)1y = u;
z—0
(5) Duality: For uy,us,v € V,

’ ’ *
eV =11 Ve,
ne”Z

where Vi denotes the dual vector space to V(,) and (.,.) the evaluation
pairing V' @ V' — C, the series

Ry vy (uru0) (215 22)s By vy (us,un) (225 21)5 Byy vy (uius) (21 — 22, 22), (5.2)
are absolutely convergent in the regions
|21| > ‘22| > 0, |22| > |21‘ > 0, |22‘ > |Zl — 22‘ > 0,

respectively, to a common rational function in z; and z, with the only possible
poles at z; =0 = z5 and 21 = 2z9;
(6) Ly (0)-bracket formula: Let Ly (0) : V' — V|, be defined by

Ly (0)v = nv, n=wt (v),
for v € V{;,). Then
d
[Lv(0), Yy (v, 2)] = Yy (Lv(0)v, 2) + z@Yv(v, 2),

forveV.
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(7) Ly (—1)-derivative property: Let
Ly(-1):V =V,
be the operator given by
Ly(=1)v = Res, 2z ?Yy (v, 2)1y = Y_2)(v)1y,
for v € V. Then for v € V,

dz
In addition to that, we recall here the following definition (cf. [1]):

Yv(u,z) =Yy (Ly(—1Du, z) = [Ly(—1), Yy (u, 2)]. (5.3)

Definition 21. A grading-restricted vertex algebra V is called conformal of central
charge ¢ € C, if there exists a non-zero conformal vector (Virasoro vector) w € V(g
such that the corresponding vertex operator

Vo(w,2) = 3 Ly(n)="2,
ne”Z
is determined by modes of Virasoro algebra Ly (n) : V — V satisfying
c
[Ly(m), Ly (n)] = (m — n)L(m +n) + E( 3 —m)Smapo Idy.

Definition 22. A vector A which belongs to a module W of a quasi-conformal
grading-restricted vertex algebra V is called primary of conformal dimension A(A) €

7., if
Lw(k)A = 0, k>0,
Lw(0A = A(A)A.

Definition 23. A grading-restricted generalized V-module is a vector space W equipped
with a vertex operator map

Yw : VoW — Wzz Y,
uw +— Yw(u,w)=Yw(u,z)w= Z(Yw)n(u,w)z_"_l,
nez
and linear operators Ly (0) and Ly (—1) on W satisfying the following conditions:
(1) Grading-restriction condition: The vector space W is C-graded, that is,
W= T[] W),
acC

such that W(,) = 0 when the real part of « is sufficiently negative;

(2) Lower-truncation condition: For v € V and w € W, Y (u, z)w contains only
finitely many negative power terms, that is, Yy (u, 2)w € W((2));

(3) Identity property: Let Idy be the identity operator on W. Then

Yw (v, 2) = Idw;
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(4) Duality: For uj,us € V, w e W,
/ ’ *
nez
W’ denotes the dual V-module to W and (.,.) their evaluation pairing, the

series Ryy, vip (uyus) (215 22)s Byiy vip (usun) (225 21)5 Byiy vip (un us) (21 — 22, 22),
are absolutely convergent in the regions

|2’1‘ > |2’2| > O, ‘Zg| > |21| > 0, |2’2| > |2:1 —22| > 0,

respectively, to a common rational function in z; and zo with the only possible
poles at z1 =0 = z5 and 21 = 2.
(5) Lw (0)-bracket formula: For v € V,

[Law (0), ¥iv (v, 2)] = Vi (D (00, 2) + 2.5 Yiw (0,2):
(6) Lw (0)-grading property: For w € W,, there exists N € Z, such that
(Lw (0) — a)Nw = 0; (5.4)
(7) Lw(—1)-derivative property: For v € V,

C%Yw(u,z) =Yw(Ly(-1)u, z) = [Lw(-1), Y (u, 2)]. (5.5)
The translation property of vertex operators

Yiv (u, z) = e 2 Ew DY (0, 2 + 27)e? Fw (D), (5.6)
for 2’ € C, follows from from (5.5). For v € V, and w € W, the intertwining operator

Yy V= W,
v Yo (w, 2)v, (5.7)

is defined by

Yol (w, z)v = 2w Dy, (v, —2)w. (5.8)

We will also use the following property of intertwining operators (5.7) [13]. For a
function f(u), u € V,

F (Y (u,2)1y) = Yy (f(u), 2) 1y
Let us recall some further facts from [1] relating generators of Virasoro algebra
with the group of automorphisms in complex dimension one. Let us represent an
element of Aut O by the map
z = p=p(z), (5.9)
given by the power series

p(z) = Zakzk, (5.10)

k>1
p(z) can be represented in an exponential form

p(z) = exp ( Z Bk zk“&z) (Bo)*% .z, (5.11)

k>—1
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where we express O € C, k > 0, through combinations of ax, k > 1. A representation
of Virasoro algebra modes in terms of differential operators is given by [15]

Ly (m) — —¢™ 10, (5.12)

for m € Z. By expanding (5.11) and comparing to (5.10) we obtain a system of
equations which, can be solved recursively for all 8;. In [1], v € V, they derive the
formula

1

m>—1

(0712 Yy (Ly (m)v, 2), (5.13)

of a Virasoro generator commutation with a vertex operator. Given a vector field

ﬂ(z)@z = Z ﬂnszrlaz; (514)

n>—1

which belongs to local Lie algebra of Aut @), one introduces the operator

B==> BuLw(n).

n>—1
We conlclude from (5.14) with the following

Lemma 9.
1

B, Yw(v,2)] = Y m(

m>—1

8;”“5(2)) Yw (Ly (m)v, 2). (5.15)

The formula (5.15) is used in [1] (Chapter 6) in order to prove invariance of vertex
operators multiplied by conformal weight differentials in case of primary states, and
in generic case.

Let us give some further definition:

Definition 24. A grading-restricted vertex algebra V-module W is called quasi-
conformal if it carries an action of local Lie algebra of Aut O such that commutation
formula (5.15) holds for any v € V, the element Ly (—1) = —9,, as the translation
operator T,

Lw(0) = —20,,

acts semi-simply with integral eigenvalues, and the Lie subalgebra of the positive part
of local Lie algebra of Aut O™ acts locally nilpotently.

Recall [1] the exponential form p(¢) (5.11) of the coordinate transformation (5.9)
p(z) € Aut OV, A quasi-conformal vertex algebra possesses the formula (5.15),
thus, it is possible by using the identification (5.12), to introduce the linear operator
representing p(¢) (5.11) on Wy, .,

P (3(C)) = exp (Z (m+1) B Lv<m>) pwr ©), (5.16)

m>0
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(note that we have a different normalization in it). In [1] (Chapter 6) it was shown
that the action of an operator similar to (5.16) on a vertex algebra element v € V,,
contains finitely meny terms, and subspaces

ng = @ Vo,
n>K
are stable under all operators P(p), p € Aut O™, In [1] they proved the following

Lemma 10. The assignment
5 P(3),
defines a representation of Aut O on V,

P(p1 * p2) = P(p1) P(p2),
which is the inductive limit of the representations V<,,, m > K.

Similarly, (5.16) provides a representation operator on W,,

11111 Zn "

5.1. Square-zero extensions of V. Let us first recall some definitions [13] concern-
ing the notion of square-zero extension of V' by its module W.

Definition 25. Let V be a grading-restricted vertex algebra. A square-zero ideal of
V is an ideal W of V such that for any u, v € W,

Yy (u,z)v = 0.

Definition 26. Let V' be a grading-restricted vertex algebra and W a Z-graded V-
module. A square-zero extension (Viy,vy,«) of V by W is a grading-restricted vertex
algebra Vi together with a surjective homomorphism

v:Vw =V,

of grading-restricted vertex algebras such that ker~ is a square-zero ideal of Vi (and
therefore a V-module) and an injective homomorphism « of V-modules from W to
Vv such that

a(W) = ker~.
Definition 27. Two square-zero extensions (Viy,1,7v1, 1) and (Viy2,v2, a2) of V' by

W are equivalent if there exists an isomorphism of grading-restricted vertex algebras
h : Vw1 — Viye such that the diagram

0 w Viva 1% 0
[e3] Y1
Idw l hl lldv
0 w Vw2 14 0,
a2 Y2

is commutative.
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Let (Viv,v,a) be a square-zero extension of V' by W. It is possible to construct
a realization of the square-zero extension of V by W on Z = V@ W. Then there
exists an injective linear map I' : V' — V-, such that the linear map

h:Z — Viv,

given by
h(v,w) =T'(v) + a(w),

is a linear isomorphism. By definition, the restriction of h to W is the isomorphism
a from W to kery. Then the grading-restricted vertex algebra structure and the
V-module structure on Vi give a grading-restricted vertex algebra structure and a
V-module structure on Z such that the embedding i : W — Z and the projection
p1 : Z — V, are homomorphisms of grading-restricted vertex algebras. In addition
to that, ker p; is a square-zero ideal of Z, i5 is an injective homomorphism such that
i2(W) = kerp; and the diagram

0 w2, 7z Py 0
Idwl hl lldv (5.17)
0 1% Vi 1% 0
a v

of V-modules is commutative. Thus, one obtains a square-zero extension (Z,p1,i2)
equivalent to (Viy,7,«). It is enough then to consider square-zero extensions of V'
by W of the particular form (Z, p;,is). The difference between two such square-zero
extensions consists in the vertex operator maps. Such square-zero extensions will be
denoted by (Z,Yz, p1,i2)-

The explicit definition for Z-vertex operator was introduced in [13]. We denote by
(Z,Yz,p1,12) a suitable square-zero extension of V' by W. Then there exists

wy (u,z)v € W((2)),
for u, v € V such that

wz((v1,0),2)(v2,0) = (wy(v1,2)va,wy(v1,2)va),

wz((v1,0),2)(0,w) = (0,wy(vy,2)ws),
wz((0,w1),2)(v2,0) = (0,wipy (w, 2)v2),
wz((0,w1),2)(0,wz) = 0,

for v1, v9 € V and wy, wy € W. Thus, one has
wz ((v1,w1), ) (va, w2) (5.18)
= (wv(vl, 2)ve, ww (v1, 2) wa + wKVVV(wl,z) V2 + wy (v, 2) 1}2) ,
for v1,v9 € V and wy,ws € W. The vacuum of Z is given by (1y,0), and
wy(v,2)1y =0,
and the dual space Z’ for Z is identified with
Z'=Vaew.
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By Definition 20 of a grading-restricted vertex algebra, for v, v’ € V, vertex operators
wy (v, z) and wy (v/, 2') in extension (Viy, v, ), satisfy the associativity property, i.e.,
their matrix elements of (5.2) converge (under appropriate conditions for local coor-
dinates of points) to the same W, ,,-valued rational function. Thus, for v1,ve € V,
and (21, 22) € F»C, we introduce a linear map

VRV =W, .,
such that

Rq)(vl’vQ) (Zl’ 22) = RW\I/UJV (v1,v2) (zla 22)
= Rw‘PwV(U2aU1)(’Z2) Zl)
= Rw%‘/(wq;)(’l)l,vz)(zl — 29, ZQ). (519)

6. APPENDIX: COHOMOLOGY IN TERMS OF CONNECTIONS

6.1. Multi-point holomorphic connections. In this subsection, motivated by the
definition of the holomorphic connection for a vertex algebra bundle (cf. Section
6, [1]) over a smooth complex variety, we introduce the definition of the multiple
point holomorphic connection over a smooth complex curve M.

Definition 28. Let V be a holomorphic vector bundle over M, and M, its subman-
ifold. A holomorphic multi-point connection G on V is a C-multi-linear map
G:E—-E®Q,

such that for any holomorphic function f, and two sections ¢(p) and ¥ (p’) at points
p and p’ on My correspondingly, we have

> G(fW(0)-6(d) = F@(@) G (6p) + F(6(p) G (), (6.1)
4,9’ MoCM

where the summation on left hand side is performed over a locus of points ¢, ¢’ on
My. We denote by Conag, (S) the space of such connections defined over a smooth
complex curve M. We will call G satisfying (6.1), a closed connection, and denote
the space of such connections by Conly, .-

Geometrically, for a vector bundle V defined over a complex variety M, a multi-
point holomorphic connection (6.1) relates two sections ¢ and ¢ of E at points p and
p’ with a number of sections at a subvariety Mg of M.

Definition 29. We call
G(¢,0) = f(6(p) G (W) + FW@) G (6() — > G(f((d))-6(q), (6.2)

4,9’ MoCM
the form of a holomorphic connection G. The space of form for n-point holomorphic
connection forms will be denoted by G™(p,p’, q,q’).

Definition 30. A fixed point holomorphic connection on F is defined by the condition
> G(fW(d))-6(a) = f(W(pp)) G (d(p) + f(¢(p) G (¥(po)),  (6.3)
Po; 4,94’ €EMoCM
where a point pg is fixed on M.
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Definition 31. A holomorphic connection defined for a vector bundle V over a
smooth complex variety M (the two point case of the multi-point holomorphic con-
nection (6.1)) is called a two point connection when for any holomorphic function

f

G (f(()-0(p)) = f((p) G(8(p)) + f(b(p)) G(¥(P)), (6.4)
for two sections ¥ (p’) and ¢(p) of E. We denote the space of such connections as
Con;lzhpo; Mo+

Let us formulate another definition which we use in the next section:

Definition 32. We call a multi-point holomorphic connection G the transversal con-
nection, i.e., when it satisfies

fW®)) G(6() + f(d(p) G((p)) = 0. (6.5)
We call
Gu(p,p') = W(0") G(o(p)) + f(d(p) G(¥ (D)), (6.6)
tth form of a transversal connection. The space of such connections is denoted by
G;,.

In various situations it is sometimes effective to use an interpretation of cohomology
in terms of connections. In particular in our supporting example of vertex algebra
cohomology of codimension one foliations. It is convenient to introduce multi-point
connections over a graded space and to express coboundary operators and cohomology
in terms of connections:

§"¢ € G"T(9),
§"p = G(o).
Then the cohomology is defined as the factor space
H" = COTLZZ; /Gn_l,

of closed multi-point connections with respect to the space of connection forms.

6.2. Double complex spaces for ordinary Cech-de Rham cohomology. Let
us recall the setup for ordinary Cech-de Rham cohomology [3,18]. Consider a smooth
manifold M. Consider the double complex

ctt= [ 2w, (6.7)

hi  hp
Ui S3Ux_1

where Q'(U;) is the space of differential I-forms on Uy, and the product ranges over all
k-tuples of holonomy embeddings between open domains U;, i = 1,..., k. Component
of @ € CF! are denoted by w(hy, ..., h;) € Q' (Uy). The vertical differential is defined
as

(*l)kd . Ck,l N Ck’l+1,
where d is the usual de Rham differential. The horizontal differential

. Okl k1,0
§:CFt— R
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is given by
k .
0="Y (=1)%;,
i=1
5iw(h1,...,hk+1) ZG(hl,...,hk+1), (68)
where G(hy,...,hrt1) is the multi-point connection of the form (6.1), i.e.,
hiw(he, ..., hpy1), ifi=0,
5iw(h1,...,hp+1): W(hl,...,hi+1hi,...,hp+1)7 1fO<Z<p+ 1, (69)

w(hl,...,hp), ifi=p+1.
This double complex is actually a bigraded differential algebra, with the usual product
(@-0) (R higrr) = (=1 @(hy, .. b)) B B (hisrs - - Bgrs),  (6.10)

for w e C*l and n € CKU thus, (w - n)(hi,. .., higrs) € CFTF I Let us denote
by U a collection of open domains on M. The cohomology H{;(M) of this complex
is called the Cech-de Rham cohomology of M with respect to U. It is defined by

H(M) = Conf P (b, ..o hiy ) [u/GF (has ..o h)|w,

where Coniﬁ'l(hl, ..., hxy1) is the space of closed multi-point connections, and G*
(h1, ..., hg) is the space of k-point connection forms on U.

7. APPENDIX: PROOFS OF LEMMAS 1, 2, AND PROPOSITION 3

In this Appendix we provide proofs of Lemmas 1, 2, and Proposition 3. We start
with the proof of Lemma 1.

Proof. From the construction of spaces for double complex for a grading-restricted
vertex algebra cohomology, it is clear that the spaces C"(V, W, M)(U;), 1 < s <min
Definition 8 are non-empty. On each domain Uy, 1 < s < m, ®(v1,¢;j(p1);---; Vn,¢j(Pn)
belongs to the space W, (p,).....c; (pn)» and satisfy the L(—1)-derivative (2.5) and L(0)-
conjugation (2.10) properties. A map ®(v1,¢;(p1); .. .; Vn, ¢j(pn)) is composable with
m vertex operators with formal parameters identified with local coordinates c; (p}),
on each domain U;. Note that on each domain U, n and m the spaces (3.6) remain
the same. The only difference may be constituted by the composibility conditions
(2.14) and (2.16) for P.

In particular, for ly,...,l, € Z; such that [y +---+ 1, =n+m, vi,...,Upqn €V
and w’ € W', recall (2.11) that

v, = wv(vk’IVCkl (pkl) - CZ) . 'wV(Ukia Ck; (pk?i) - Cz) 1y, (71)

where k; is defined in (2.12), for ¢ = 1,...,n, depend on coordinates of points on

domains. At the same time, in the first composibility condition (2.14) depends on
projections P.(¥;), r € C, of Wep,).....c(pn) to W, and on arbitrary variables (;,
1 <4 <m. On each transversal connection U, 1 < s < m, the absolute convergence
is assumed for the series (2.14) (cf. Appendix 2.2). Positive integers N (v;,v;),
(depending only on v; and vj;) as well as (;, for 4, j = 1,...,k, i # j, may vary for

~—
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domains U. Nevertheless, the domains of convergence determined by the conditions
(2.15) which have the form

‘sz(pmz) - <Z| + ‘CWA?(p/n/z) - <Z| < |<Z - Cj|’ (72)

form; =L +---+lia+pn=L+---+l_1+q i j=1,...,k i # j and for
p=1,...,l; and ¢ =1,...,1;, are limited by |(; — ;| in (7.2) from above. Thus, for
the intersection variation of sets of homology embeddings in (3.6), the absolute con-
vergence condition for (2.14) is still fulfilled. Under intersection in (3.6) by choosing
appropriate N, (v;,v;), one can analytically extend (2.14) to a rational function in
(c1(p1)s- -+ Cntm(Pntm)), independent of ({1, ...,(,), with the only possible poles at
ci(pi) = ¢j(pj), of order less than or equal to N} (v;,v;), for 4,5 =1,...,k, i # j.

As for the second condition in Definition of composibility, we note that, on each
domain of U, the domains of absolute convergense ¢;(p;) # ¢;(p;), @ # j |ci(pi)| >
lek(pj)] >0, fori=1,...,m,and k=1+m,...,n+m, for

«772((1)) = Z wa.“ww Py (®)(v1,...,0m) (pla <oy Pmy Pl4my - - - 7pn+m) ’ (73)
qeC

are limited from below by the same set ot absolute values of local coordinates on
a domain of U. Thus, under intersection in (3.6) this condition is preserved, and
the sum (2.16) can be analytically extended to a rational function in (¢1(p1), ...,
Cm4n(Pm+n)) With the only possible poles at ¢;(p;) = ¢;j(p;), of orders less than or
equal to N (v;,v;), fori,j =1,...,k, i # j. Thus, we proved the lemma. O

Next, we prove Proposition 3.

Proof. Here we prove that for generic elements of a quasi-conformal grading-restricted
vertex algebra ® and ww € W,, .. ., and are canonical, i.e., independent on changes

.....

zi—=w; = pi(z), 1<i<n, (7.4)

of local coordinates of ¢;(p;) at points p; 1 < i < n. Thus, the construction of the
double complex spaces (3.6) is proved to be canonical too. Let us denote by

& = (( 9y dwi)

Recall the linear operator (3.4) (cf. Appendix 5). Introduce the action of the trans-
formations (7.4) as

® (dwfvt ) @ vy, wr;. . dwlt ) ®vn,wn)
d7 —Lw (0) B
— (B P o) 2@ vy @) (19
We then obtain
Lemma 11. An element (2.3)

R@(dz\lw<vl)®1)1, . dZ:t(vn)®7)n) (Zla sy Zn)a
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of Wa,......, is canonical, i.e., it is invariant under elements (7.4) of (Aut,, OWx
.ox Auty, (’)(1)).

Proof. Consider (7.5). First, note that

() - )

By using the identification (5.12) and and the Ly (—1)-properties (2.5) and (2.10) we
obtain

= (m+1)8Y ¢

m>0

R Wiy ey Wy

@(dw?“””@m dw?[t(”")ébvn)(

= By (0w ® Pe(0) 961 @o1n 0o, (155 20)

=R (dﬁg(<)>*LW“}>

—dc ‘I’(dw;vt(”‘)éévl ,-~7dw3"(”")®vm)

Z(m+ 1) gDmtt Z(m+ 1) pir) zm+t

m>0 m>0

=R, . Ly (0)
(dpgéc)) w @(dw}Vt (U1)®v1,...,dw:t(“n)@)vn)

() (52 2

=R (z Zn)
. “wt _ Wt Le-v12n
@((L’;Zl) dwl) “D o, oy (4nln) gy,) Wt ¢ "’®vn>
= R@(dz‘ft(ul)(@vl, - dzr:'t“’")@vn) (Zh ) Zn)
Thus, we proved the Lemma. O

The elements ®(v1, 21;...;Un, 2,) of CJ(U) belong to the space W,, . . and

assumed to be composable with a set of vertex operators wyw (vj,¢;(p;)), 1 <j <m.
Vertex operators wy (dc; (pj)wt (v3) @ v;,¢;(pj)) constitute particular examples of
mapping of CL (U) and, therefore, are invariant with respect to (7.4). Thus, the

construction of spaces (3.6) is invariant under the action of the group O
Finally, we give a proof of Lemma 2.

Proof. Since n is the same for both spaces in (3.8), it only remains to check that
the conditions for (2.14) and (2.16) for ®(vi,¢;(p1); ... Vn,¢;(pn)) of composibility
Definition 2.2 with vertex operators are stronger for C7, (U) then for C7,_;(U). In
particular, in the first condition for (2.14) in definition of composability 5 the dif-
ference between the spaces in (3.8) is in indeces. Consider (7.1). For C7,_;(U), the
summations in idexes k1 =11 +---+1l;_1+ 1, ..., ki =11 +--- + 1;_1 + [;, for the co-
ordinates ¢;j(p1), ..., ¢;(pn) With l1,...,l,, € Zy, such that [y +---+1, =n+(m—1),
and vertex algebra elements vy, ..., v, (m—1) are included in summation for indexes
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for C*(U). The conditions for the domains of absolute convergence for M, i.e.,
‘Cll+"‘+li—1+p - <Z| + |Cll+"'+l]‘—1+q - Cl| < ‘CZ - Cj|7 for ia .7 = ]-7 e 'vka { 7é ja and
forp=1,...,l; and ¢ = 1,...,(;, for the series (2.14) are more restrictive then for
m — 1. The conditions for Z? _;(®) to be extended analytically to a rational function
in (c1(p1); -+ Cag(m=1)(Pnt(m—1))), With positive integers N7 _;(v;,v;), depending
only on v; and v; for 4,5 =1,...,k, i # j, are included in the conditions for Z7, (®).
Similarly, the second condition for (2.16), of is absolute convergence and analytical
extension to a rational function in (¢1(p1),- - -, Cmtn(Pm+n)), with the only possible
poles at ¢;(p;) = ¢j(p;), of orders less than or equal to N (v;,v;), for i,j =1,...,k,
i # j, for (2.16) when ¢;(p;) # ¢;(p;), @ # j |ci(pi)| > |ex(pr)] > 0 fori =1,...,m,
and k =m+1,...,m+n includes the same condition for 7 _;(®). Thus, we obtain
the conclusion of Lemma. O

8. APPENDIX: COHOMOLOGICAL CLASSES AND CHARACTERIZATION OF COMPLEX
CURVES

In this appendix we describe certain classes associated to the first and the second
vertex algebra cohomologies of complex curves. It is a separate geometrical problem
to introduce a product defined among elements of spaces C7 (U) of (3.6). Neverthe-
less, even with such a product yet missing, it is possible to introduce the lower-level
cohomological classes of the form [07]. Let us give some further definitions.

Definition 33. We call a map
@ € Cp(U),
closed if it is a closed connection:
0p® =G(®) =0.

For k > 1, we call it exact if there exists ¥ € Cgfll (U) such that ¥ = 67®, ie., ¥ is
a form of connection.

For ® € C}(V,W, M) we call the cohomology class of mappings [®] the set of all
closed forms that differ from ® by an exact mapping, i.e., for x € C’,?;ll(V, W, M),

[@] = @ + 577 x-
As we will see in this section, there are cohomological classes, (i.e., [®], ® € C} (U),
m > 0), associated with two-point connections and the first cohomology H}, (U), and

classes (i.e., [®], ® € C2,(U)), associated with transversal connections and the second
cohomology H2,(U), of M.

Remark 4. That means that the actual functional form of ®(v,z) (and therefore
(w’, @), for w' € W) varies with various choices of v € V.

In this section we consider a general formulation of characterizasion of a com-
plex curve M by means of rational functions of invariants. Let us introduce further
notations, for n > 0,

X =(Z1,...,Tn),

for n vertex algebra element, formal parameters, points, etc. Introduce
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Definition 34. For an element ®(v,c(p)) € W, (p1),....cn(pn) let us call n-variable
rational function valued form

R(z) = Ro(v)(c(p)), (8.1)

the characteristic form.

We have used this form for the construction of chain complexes in Section 3.2. In
certain cases, depending on properties of ®(v,z), one is able to compute this matrix
element explicitely.

By varying vertex algebra elements v;, one can vary the the form of dependence
of ®(v,c(p)) on v, and, therefore, obtain various functions of R(z). By using the
freedom of choice of v € V, we could try to find a suitable pattern for of ®(v,c(p))
(as a functional of v), in such a way (8.1) would result to a specific differential form.
Since ®(v,c(p)) belongs to C (U) for some n, m, it is important to mention that,
due to our formulation in terms of matrix elements, (8.1), associated to cohomological
invariants are supposed to be absolutely convergent in suitable domains of M. One
can also integrate (8.1) along (closed) paths either on M. For that purpose we
introduce

Definition 35. We call a multiple integral
(p2)
Fe) = [ R, (2)
(p1)

the characteristic function for M, where (p;), i = 1,2 denote limiting points of inte-
gration.

In Proposition 3 we proved, in particular, that elements of spaces C7,(U) €
W, are invariant with respect to changes of formal parameters (z1,...,2p).
In Definition 34 of a characteristic form we use such elements, and, therefore, (8.1),
containing wt (v;), 1 < i < n, of corresponding differentials, is also invariant with
respect to action of (Aut,, OW x ... x Aut,, OW).

8.1. Characterization of curves by composibilty conditions. Let us start with
forms associated to the composibility conditions. For ly,...,l,, € Z4 such that [; +
ooty =n+m,define by =l +---+ L1+ 1, ., ki =11 +---+1;_1 + ;. Consider
a set of pg,,...,pk, with local coordinates ck, (pg,),-- -, Ck, (Pk,), on M for points
on M. Then, for vy,...,vp4m € V and w’ € W', one defines (2.11) and there exist
positive integers N/ (v;,v;) depending only on v; and v; for i,j = 1,...,k, i # j
such that the series (2.14) is absolutely convergent when for I, =1 + -+ 1,1 + p,
lq:l1+"'+lj—1 +Qa

|Clp(plp)_<i|+|clq(plq) _<l| < |<i_Cj|7 (83)

fori,j=1,....k,i#jandforp=1,...,l; and ¢ = 1,...,l;. Note that in (2.14) the
original variables z; are present in combinations (2.11) only, and the conditions on
domains of convergence are express through such combinations ¢, (pi,) and ¢, (pi,),
and some (; which could be identified with other local coordinates on M. Thus,
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we obtain an external (with respect to original coordinates) condition on Z7 (®).
Geometrically this means that the sum of shifts in domains of convergence with respect
to ¢, (p,) and ¢, (py,) are smaller than difference for other two points with local
coordinates (; and ;. It is also assumed that the sum must be analytically extended
to a rational function in (c1(p1), .- -, Cmtn(Pm+n)), independent of ((y,...,¢,), with
the only possible poles at ¢;(p;) = ¢;j(p;), of order less than or equal to N} (v;,v;),
fori,j=1,...,k, i # j.

Consider the second condition in Definition 5. For vy,..., vy, € V, there exist
positive integers N (v;,v;), depending only on v; and vy, for 4,5 = 1,...,k, © # j,
such that for w’ € W', such that (2.16) is absolutely convergent when z; # z;, i # j

lci(pi)| > [ex(pr)| > 0, (8.4)

fori=1,...,m,and k=m+1,...,m+n, and the sum can be analytically extended
to a rational function in (z1,...,2m+n) With the only possible poles at z; = z;, of
orders less than or equal to N, (v;,v;), for 4,5 = 1,...,k, i # j,. Elements ® of
spaces C7' (U) (3.6) are composable with m vertex operators, and, therefore possess
properies described above. Due to absulute convergence in the regions (8.3) and (8.4)
on M, forms I (®) and J?(®P) locally characterize M.
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