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INTRODUCTION

The aim of this paper is to gather all information concerning the theory
of distribution and occurence of sunspots up to this date. It comes from
a series of papers of ther authors, as well as from papers of the author of
this publication, published in various scientific journals. These papers are
supplemented with some new knowledge and in this way, it is an attemp
to give a complete surwey of the fundamentals this theory.

This paper however, does mot deal with the theory of distribution of
spots from the usual point of view, for the more common theory has mot
yet been thoroughly workedout up to the present time. This theory of di-
stribution of spots is developed under certain simplifying assumption, of
which the most important are the following:

1.) All sunspots occur only on the equator, which always pass through
the center of the solar disc. I. e. ,,the royal strip* of the occurence of sun-
spots around the equator, may be substituted by a cylinder, at which we are
looking in the direction of the normal to its manitle.

2.) Practically we assume, that the groups of sunspots are formed by
only one circular shaped spot.

Thus these assumptions enable us to establish, as completely as possible,
the fundamentals of this theory of spots, which will be a starting point for
the more common theories.

The task of this theory is, first of all, to define some basic functions and
relations affecting the distribution and presence of sunspots on the solar
disc, and to find a method of their determination (Chapter I and II).
Based on the knowledge of these functions and relations some observed
systematic occurrences in the distribution and presence of sunspots on the
solar disc are then derived theoretically. It is, firstly, the decrease of sun-
spots, in approaching the Sun-limb (Chapter 111), which is shown not to
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be proportional to the cosine of the angular distance from the central meri-
dian, an assumption mistakenly made by several authors.

Further, a theoretical derivation is given of the number of formed and
vanished sunspot groups at different distances from the central meridian
(Chapter IV). Here it is shown that these numbers are affected essentially
by the fact that the sunspots are being observed only once in 24 hours.

Finally, methods are developed of computing the number of sunspot
groups formed on the total surface of the Sun, and of their average life-time
(Chagpter V). These two characteristics are of great zmportance for the in-
vestigation of the sunspot periodicity.

Finally I should like to thank Dr M. BLAHA and Mr. P, MAYEB for
suggestive discussions.

THE ASTRONOMICAL INSTITUTE

. ; - _ Ondfejov, July, 1954.




THE BASIC NOTATION

S . .. area of the sunspot group v
Sy . . maximum area during the development of the sunspot
ky, k, ... tangents of increase and decrease of the area of sunspots
k= ky—k,
ok,
t . ... time counted from the real origin of the group
T ... life-time of the sunspot group
T, . .,-average life-time of the sunspot group
A ... angular distance from the central meridian
@d(A) ... function of visibility
@(4) ... function of foreshortening
f .. . number of groups with life-time from T to T' + dT originated on the
whole sun during a time unit
fo . . . number of all groups originated on the whole sun during a time unit
. and its life-time is greater than L.
f to
Af == ‘2— ; Afo = —7‘
So . .. minimum visible area of sunspots in the central meridian
N . number of groups éxisting on the whole solar surface t
N . number of observed sunspot groups
for 71 . number of apparently originated sunspot groups
A . number of apparently decayed groups
PT) = L
fo g
w ... angular velocity of the solar rotation
N(S) ... the number of groups on their instantaneous area
L ... latent life-time of sunspot groups.



I. BASIC FUNCTIONS AND RELATIONS

\*%__r‘.;..._.,._.-,ﬂ 4

§ 1. The Life Curve of the Area of Spot Groupe '

Let us (first make a simplified assumption, that the area of a spot
group 8 increases linearly with time to its'maximum, and then again
decreases linearly with time, in such a way, as illustrated in Figure 1.

- -

Figa. 1.

How far this simplifying supposition proves satisfactory, is demostra-
ted in paper [1].
The area of the spot group on the ascending part of the development
- of the group, §;, and that one on the descending part, S,, and the ma-
ximum area of the group, 8,, are given by the relations [1],

8y =ty Sy = kyt — T) (1,1)
v Sy = kity = ky(t, — T) (1,2)

where ¢ is the time counted from the origin of the group and where
' k,>0; k,<O0. . (1,3)
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are the tangents of the increase and decrease of the group area, ¢,
is the time when the area of the group reached its maximum and 7T
is the life-time of the spot group. By eliminating ¢, from the relation
(1,2) we obtain

’_l’._]c le—kS (1,4)

k1k2 M — ’

M. N. GNeEvYSHEV [2] found a linear relation between 7' and S,,
whereby if S,, is expressed in millionths of the area of the solar hemi-
sphere and 7 in days, the coefficient

-k=0,1. (1,5)

From the equation (1,4) it follows that between k, and k, the relation
k,

ky = 1= 0,1k, (1,6)

is valid. e

On the basis of the mean curves of the development of area construc-
ted in Greenwich [3] and by M. WALDMEIER [4], it is possible to obtain
the dependence of k£, on the maximum area of group S, [1], for which
we may write the following relation:

k, = 0,094.8, + 9,3=10,94.T + 9,3. (L)

The dependence of the tangents k, and k, on the maximum area of

group S, or on the life-time 7, is determined by the equations (1,8)

and (1,7).

However, at the first approximation, we can always assume that

| By | > | Koo (1,8)

i.e., the area of the group increases faster than it decreases after reach-

ing its maximum. This approximation is in agreement with observa-
tions. : '

- § 2. The Dependence of the Number of Groups on their Life-time

On the Sun there exist groups of the most different life-times. Howe-
ver, we are able to observe only such groups of spots, which have
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a life-time longer or equal to a minimum life-time L. This minimum life-
.time L have such groups, which with §,, as their maximum area, have
reached the minimum area of visibility in the central meridian, S,, so
that with respect to the relation (1,4), L is given by the following
expression:

L —=kS,. (1,9)

On the whole Sun there originate in a unit of time f d7' groups with
a life-time 7T'. From all the groups with various life-times originating
in the course of a time unit, we can observe f, groups, where

oo

f0=Lfde.

Then we can write [5]:

,

iodT — F(T) 4T, (1,10)

where the function #(7') determines the relative number of spot groups
with various life-times and therefore, with regard to the relation (1,4)
also with various maximum areas 8, in the total material of observa-
tion.

The function F (T') is limited by the conditions

[FTyar =1, (1,11)
lim F(T) = 0. (1,12)

The sum of life-times T of all groups of spots, with a life-time from
T to T + dT, is given by the expression

T = f,TF(T)dT . (1,13)
The sum of all life-times of all spots which have life-times from L
to oo is therefore given by the integral on the right side of the equation
(1,13). As the number of all groups of spots entering our statistics is f,, -

the mean life-time 7', of all groups observed by us is given by the follo-
wing expression: ’

T, — [TF(T)dT . w1
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The course of the function F(T) varies during the eleven year cycle
of sunspots, because the mean life-time 7|, changes as was shown in

papers [1,9].

§ 3. The Basic Relation in the Statistics of Sunspots

First let us take into consideration only groups with life-times from
T to T + dT. The number of groups originating per unit of time on
the entire Sun is f d7'. Then it holds, that the number of all existing
groups dN on the visible and invisible solar hemisphere, having life-
times from 7" to 7' + d7, is given by the expression [6]

AN = 74T . (1,15)

Hence we get the number of all existing groups N on the whole Sun
at a given instant by the integral of the equation (1,15), where for f we
substitute from equation (1,10)

N = jofTF(T)aT . (1,16)

With respect to equation (1,14), the equation (1,16) then changes to the

required form

which indicates, that the number of spot groups N, occuring at a given
instant on the whole Sun, is determined by the number of all origina-
ted groups on the entire Sun and by their mean life-time. This relation
is very significant for the investigation of the periodicity of sunspots,
as will be shown in Chapter V.

§ 4. The Function of Visibility and the Function of Foreshortening
of Areas of Spot Groups

We define the function of foreshortening in the following manner:
A group of spots, which is at a distance 1 from the central meridian,

12
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has an area S. Due to the projection and other, up to this date unknown
reasons, we see this group of spots with an area S’. Then the function
of foreshortening of area of spot groups, ©(1), is given by the relation

S =86(). ' (1,18)

We define the function of visibility in the following manner:

A group of spots, which is in the central meridian, must have a mi-
nimum area S,, dépending on the resolving power of the telescope. In
order to be able to see a spot group at a distance 4 from the central
meridian, it must have the actual area S larger or equal to the area S,
which is determined by the relation

S =8,9() . (1,19)

The course of the functions @(4) and ®(1) depends, most probably,
both on the size of the group and its structure, and eventually even on
other factors, and therefore will differ for various groups. Thus far
however, we are obliged to assume that ©(1) and @(1) are the same for
all groups, as we practically know nothing, up to this date, of the above
mentioned dependences. Furthermore, we assume that both the funec-
tions, are purely monotone, increasing functions, whereby for 1 = 0
is A) =0(4) =1, for 1> 0 is O(+ A) = D(— 1) and O(+ 1) =
= O(— 1), and for 4+ 4, << + 4, is

().t
di Ji-4a di Ja- 44,

a6\ d0(2)
( dAi ),1:+/1,< (_dr)z—+1,'

The functions @(1) and @(4) need not be identical, as was incorrectly
assumed by the majority up to now [1, 17, 18, 5, 11, 12, 8]. We may
demonstrate it in this manner:

Let us assume that all groups are formed by one circular shaped spot
and that the foreshortening of area of spots towards the solar limb is
caused by nothing else than by mere projection. Then

(1) = sec i. (1,20)

and
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In order to be able to see the spot in the central meridian, it must
have a minimum radius 7, which depends on the resolving power of the
telescope. A spot with a minimum radius 7, has a minimum visible area
Sos

Sy = wrg . (1,21)

A spot at a distance A has a radius r and therefore an actual area
S = mr?

and its apparent area 8’ is
8" = wr2 cos 1 .

Tt has been assumed up to now, that in order to see a spot at a distance
A from the central meridian, its apparent area S8’ must equal the mini-
mum observable area S, so that

, Sy =mr2cos A= Scosi. (1,21a)
Hence it follows that :
8 = §,sec A

and with regard to equations (1,18) and (1,19),
D(A) = O(A) = sec A .

The resolving power of a telescope however, reveal to us which
smallest linear dimensions we are still capable of determining. Hence

follows the second possible condition for the visibility of a spot at

a distance A from the central meridian. In order to see a spot at a dis-
tance A from the central meridian, its apparent radius must be in
the direction of the heliographical longitude, (i. e. its small semi-axis,
as the spot in this case is apparently elipse shaped), again equal to 7,.
Its real radius then is [7,23]

r=rysecid (1,22)
and its actual area S is given with regard to the equation (1,21) by 'the

expression
S = 7ri sec? A = Sy sec? 1.

Hence according to the definition it follows that

D(A) = sec? . (1,23)

14
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From equations (1,20) and (1,23) it follows that in case of the existence
of projection itself and the validity of the second condition (1,22),
which is more probable than the first condition (1,21a), the following
relation between the function of visibility @(1) and the function of
foreshortening @(4) holds true for circular spots:

2(2) =[O

It follows, therefore, that not even in a common case need the function
&(4) and O(1) be identical. Up to the present time it is not evident,
when the visibility of the sunspot is determined by its linear diameter
or area. It is necessary to solve definitely this problem on the basis of
matenial gathered by observation.

§ 5. Minaert’s Diagram

~

Very important for the theory of statistics of sunspots, is so-called
Minaert’s diagram, constructed by M. MINAERT to explain intuitively
the reasons for asymetry of the origin and decay of spot groups on the .
eastern and western half of the solar disc [8]. However, for its grafic
representation, this diagram is significant also for solving other prob-
lems concerning the statistics of spots.

Minaert’s original diagram is shown in Figure 2 and its schematic
explanation in Figure 4. The distance from the central meridian is
plotted on to the axis  and the actual area of spots to the axis y. The
curve S is the curve of the visibility of spots, the course of which is
given by equation (1,19). It determines the area which the group of
spots must have, so that it can be observed at a distance A from the
central meridian. g

Due to the influence of the rotation of the Sun, the spot in Minaert’s
diagram moves from the east to the west, so that during a time ¢ it
‘moves through an angle 4, )

A= ot, (1,24)

where  is the angulai‘ velocity of the solar rotation. Due to the deve-
lopment of spot groups, the axis  in Minaert’s diagram is, as follows
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from equation (1,24) the axis of time. We can therefore directly draw
into this diagram the developing curves of spot groups in such a way
as it is in Figure 2, or as it is in the case of linear developments of spot
groups in Figure 4. (see § 1.). The group is observable as long as the cur-

-90° .50
F1a. 2.

ve of the development of the area of the spot lies above the curve of

visibility S. The points of intersection of both these curves then indi-.

cate the distance from the central meridian, in which both groups can
be observed either for the first or for the last time.

The linear development of the area of spot groups in Minaert’s
diagram, is with regard to equations (1, 1), (1 4) and (1,24) given by the
relations

Lt Ay 8, = ﬁ (Z — Ar) (1,25)
1) )

S, =
A, = 0kS, (1,26)

where 4, is the angle, through which the Sun turns during a life-time 7'.
Minaert’s illustrative diagram will be used in the next chapters to
derive certain relations.

16
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II. THE COURSE OF THE FUNCTIONS F(T),
®() AND 6@) -~

§ 1. The Determination of the C_’oarse of the Function E(T)

The cours of the function F(T') was determined for the first time by
M. N. GNEVYSHEV [2], by means of the calcules of probability without
assumption of linear development of the sunspots area. To determine
the course of the function F(T'), he used only those groups of spots,
whose origin as well as decay was observed on the visible hemisphere
of the Sun, whereby he took for the ,,visible side of the Sun‘“‘the region
from —73° to +73° from the central meridian. Then the probability p,
that the group of spots with a life-time 7' will originate and decay on
the visible side of the Sun, is given by the expression .

_ 146° — oT
- 360° ’

where o is the angular velocity of the solar rotation. If the group decays
in the following rotation, then the probability p is given by the expres-
sion
146° -+ 360° — T
T 3800

ete. The number of groups with a life-time 7', will then be determined
in such a way, that from observation determined number of groups
with a life-time 7' — whose origin as well as decay was observed — we
multiply by the reciprocal value of probability 1/p. The development
of the function F(T), determined by GNEVYSHEV in this way, is shown
in Figure 3, by the dashed curve.

However, we do not actually see all groups up to the distance of
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73° from the central meridian and the determination of their real ori-
gin is rather problematical, as follows from Minaert’s diagram.
M. KoprckY and P. MAYER therefore, worked out a new method
to determine the function of F(7') [9]. On the visible as well as the invi-
7 FT) '

-2k

3t

_‘ 3

—5 3

-6}

-7}

a5 1 5 10 50 100 T
Fic. 3.

sible hemisphere of the Sun there exist on the whole N groups, of which.
N, groups have at the given instant an area S, N, groups an area S,,
N, groups an area 3., etc.

This relative distribution N(S) of existing groups of spots with diffe-
rent areas in the total number of existing groups of spots N, at the gi-
ven moment depends on how many épbts with a certain life-time 7',
(or having a maximum area S,) originate per unit of time, in other
wo'rds, it depends on the function F(T'). Hence we can write

N(8) = ¢[F(T)] - (2.1)

18




We can easily statistically determine the course of the function
N(S), because it is given by relative distribution of groups of spots
with different areas in the close neighbourhood of the central meridian,
where we see all spots to their minimum determinable area Sy, as the
function of visibility in the close vicinity of ‘the central meridian
D(A) ~ 1. With regard to the given form of the function.p in equation
(2,1) and to the statistically determined course of the function N (S),
we are also able to determine the course of the function F(T). We may
determine the form of the function ¢ in the following manner:

-Let us derive how many groups of spots with areas between S and
8 + AS exist at the given instant. Spots on the increasing part of
their development remain in the interval of areas A4S for a péribd
of time At,, ‘ - ' B ' ‘

48

M= |
Spots on the decreasing part of their development remain in the inter-
val of areas 48 during the time A¢,, ’

P

- A8
Atz _ —_- _kz— .
With rega;rd to équation (1,15) we get ‘pliat in the interval of alfeas
48 there exist at every moment dN () groups with a life-time from 7'
to T' + dT, given by equations ' I o o
dN(8) = f(At, + At,) = kfAS AT
In reality, there originate spots with varicus life-times on the Sun, the
distribution of which is g&ren by the function F(T'). By using the equa-
tion (1,10) we then get - ‘ a
dN(S) = kf,F(T)AS dT .

In the interval of the area from S to 8 + AS, there may exist only
such spots, which have a maximum area S, > 8, i. e., a life-time
T = kS. The number of all groups having at the given moment an
area from § to S + A8 is then given by the relation

N(S) = kf, 48 fw F(T)dT . (2,2)

T=kS
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The relation (2,2) is the required relation (2,1), where the number of
existing spot groups with an area S to S 4 48, is the function of the
lower limit of the integral of the function F(7'). The course of the func-
tion F(T) we then determine from the known function N(S) by means
of the derivative of the equation (2,2) according to the area, i. e., on
the basis of the equation

: 1 d (NS
Py = — g o (M) 23)

: 1
If we do not know the value of the fraction w7, when computing the
[}

function of F(T), we may determin from equation (2,3) only the de-
velopment of the function F(7T'), and we then determine its value at
individual points using the condition (1,11).

The course of the function F(T') determined by this method is given
in figure 3 and is marked by the full line [9].

§ 2. Archenhold’s Method to Determine the Function D(1)

The function N(S) determines the number of groups having at a
given instant an area S, and we may easily determine it statistically
near the central meridian. The number of all groups > N(S), having

an area larger than a certain area 8", then equals

SZN(S) = Sf:o N(S)dS . (2,4)
The number of groups AN,84 observed at .a distance A to A + 64 is
given by the equation

ANyA = fm N(8)dS,

8,D(A)
as will be shown in Chapter III, § 1. We can easily statistically determi-
ne even ANySA. From the known form N(8) and known AN 44 for a cer-
tain 1 we determine on the basis of the relation

ANSA = wa(S) as (2,5)
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the unknown lower limit 8” of the integral. From the known minimum
visible area S, and the limit area S” determined in relation (2, 5), we
determine the value @(4) for given A from the relation
Sll

o = -
This method was used by G. H. A. ARCHENHOLD to determine @(4) for
individual spots [7]. This method has a general validity, because the
assumption linearity of sunspots development is used.

§ 5. The Deviation of the Function of Foreshortening
O(4) from sec A

If a spot group S’ is observed, its actual area § is given by equation
(1,18). Its area S,, reduced by means of a secant, which we consider
equal to the actual area in the first approximation, is then given by
expression

sec A 1
8, =8 =~ %) =8 — o (2,6)
The number of groups >N(S), having an actual area larger than S”,
&

is given by equation (2,4).

Now let us examine the decay of the number of groups towards
the solar limb, while considering only groups having a larger corrected
area than S;. If ©(1) = sec 4, then the number of these groups do not
decay from the center of the disc up to the distance of A’ from the cen-
tral meridian, given by the condition

D) = S' .
0
"However, if (1) = sec 4, we substitute for 8” in the equation (2,4)
from the equation (2,6), and consequently we get

SN®) = [ N@)as. 2,7)

8'1(4)
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From statistics worked out by F. Link [10], it follows, that the number
of nonrecurrent spot groups larger than 50 millionths of the reduced
area decays towards the solar limb. Hence it follows that the value
of the function ¢(4) in equation. (2,7) must increase with increasing 4,
and therefore - ' ’
dg(4)
o a0 - e8
Because for 4 = 0.is ¢(4) = 1, is for 4 > 0 ¢@(4) > 1, and hence it
follows that for 1 > 0 is
O(A) > sec i. (2,9)

From relation (2,9) follow that the areas corected by sec 4 are smaller
than the real areas. This conclusion-has the general validity, because
the assumption linearity of sunspots development is used.

.
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I1I. THE. DECAY OF SUN SPOTS TOWARDS
THE SOLAR LIMB

In accordance with the rules of projection the observed sunspot
areas, when approaching the Sun-limb, appear to diminish, in pro-
portion with the cos A. From this geometrical relation many
authors, similarly, derived that the number of sunspot groups, also,
and the total of their observed areas ought to decrease with the
decreasing cos A. It is the main concern of this Chapter to show
that this reasoning is erroneous, and to find, further, by which factors
the decrease of sunspots, in approaching the Sun-limb, is affected.
This derivation will be carried out on the assumption that we know
function N(8) or F(T), respectlvely, function-®(1), and the smallest
visible size of areas S,.

§ 1. The Decay of Number of Groups

Let us denote by 4N,(4) the number of all groups which we observe
in a unit of heliographic longitude and by 4f, the number of originated
groups per unit of time in a unit of heliographic longitude, i. e.,

Afo = _2f‘10? . (3,1)

The number of groups with an area larger than 8", is given by
equation (2;4). At a distance 1 to 4 + 64 from the central meridian,
we are able to observe — due to the function of visibility — only such
groups having a larger area than S,®(1) and their number then, accor-
ding to M. Hotinli [11], is given by equation

-]

ANJA)oA = [ N(S)dSéa, - (32)

SoP(A)
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which determines the decay of the number of groups towards the sola.r
Limb.

We can also express the decay of the number of groups towards
the solar limb by means of the function F(T), first in such a way that for

the function N(S) we substitute from equation (2,2) where, however,
instead of f, there will be A4f,. Hence we get

[y

ANOA = kafy | [ F(T)dT d582. (3.3)

SoP(R).T=ks

‘We may express the course of 4Ny(1)d4 by means of the function F(T')
a,lso in another way [1,5]. First let us consider groups having a life-time
between T to T + dT In the oentral meridian we ocan see ANOA of
these groups, Whlch are given by the expression (see Flgure 4.).

ANSA AT = AKT — L)&l dT = Ic'Af(S,, — So)él dT .
Kt?ta distance 4 to 4 + 61, 'ﬁﬁé minimur;l v'isible area S,@(4) and the

24
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number of groups, which we observe at this distance from the central
meridian, is given by the expression '

AN()0A AT = kAf[S, — S, @(A)164 AT = AT — LO@A)0A AT . (3,4)

At a distance A to A + 64 from the central meridian however, we observe
all groups which have an area larger than S,®(4) i. e. groups, which
have'a life-time longer than L®(1). Their number AN,(4)é1 is then,
with regard to the equation (1,10) given by the expression

AN(A)5 = Af, f F(T)[T — L®(A)] dTé5 . (3,5)

LP(A)
If we solve the integral on the right side of equation (3,5) by the method
per partes, we get the right side of the equation (3,3). :
In the previous chapter (I, § 3) it has already been shown, that
the number of groups, which have an area larger than 8”, ought not to
decay from the center of the disc up to the distance A, determined by

4

the condition, that ®(1') = g— , unless the so-called corrected area

by means of sec 4, would really equal the actual group area §. How-
ever, as in reality for A > 0 is @(A) > sec 4, the number of groups larger
than a sertain corrected area S;, must decay from the central meridian
towards the solar limb. This is caused by the fact that if we take into
-consideration groups, with an area larger than a certain corrected area
Q)
sec 4
as follows from equation (2,6), which area steadily increases, with
regard to the relation (2,8) and (2,9) towards the solar limb.

Let us now consider only such groups having a reduced area in the
interval of reduced areas S,, — 8,; = 48,. Unless the reduced area
would equal the real one, their number again ought not to decay from
the central meridian up to the distance 4 and their number N(S) would
be given by equation (2,2). However as the reduced area S, and the
actual area S are not equal for 2 > 0, the number of groups N(S) with
a reduced area within the limits of reduced areas S,, — S, = 48, is
given with respect to equations (2,2), (3,1) and (2,6) by the expression

8, in reality we take groups with an actual area larger than S,

N@S)OA = kA AS,0(0) [ F(T) dTé3. (3,6)

T= ks, @(X)
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We get the change of the number of these groups with the distance
from the central meridian by forming the derivative of equation (3,6)
with respect to 4 :

dN(S)
az

= kAf,AS, drd) [ f F(T)dT — k 8, p()yF (%S, p())\ .
A lT=ks,1w<z> ' '
(3,7)

As is evident from equation (3,7), we cannot determine in general,
whether the number of groups with reduced areas between S, and
S, + 48,, will decrease toward the limb, or Whether it will increase,
or whether it will remain constant.

This is caused by the fact that with the approach toward the solar
limb we take not only steadily larger groups but also steadily larger
ranges between the considered actual areas 45S.

§ 2. The Decay of Sum of Areas of Spot Groups

We are going to derive the decay of sum of areas of spot groups
toward the solar limb in the following manner [5]:

The number of groups with a life-time from 7' to T' 4 dT' observed
from a distance 4 to A 4 dA from the central meridian, is given by
equation (3,4). The actual mean area p of these groups is given by the
expression

_ 8@ + Su

5 (3,8)

From the equation (3,4) and (3,8), we get the expression for the sum
of all areas P(4) of groups at a distance A to 4 + 44 from the central
meridian, havilig life-times from 7' to 7' + dt : [5]

P(2)62 = pAN(l)é/l aT = S ¢(/1)

0AdT =

T _ Loy (3,9)

= Af o

dTéa
From equation (3,9) and (1,10), we then get the sum of actual areas
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of groups of all life-times at'distances 4 to 1 —I— 04 from the central
meridian Py(4) [5], .
Py)os = o f F(T)[T2 L2¢(/1)2] dToa . (3,10)

L¢(/l)
Equation (3,10) gives us the decay of the real group areas of spots
toward the solar limb. From it we then get the decay of the total ob-
served areas ? (/1)61 of Spot groups toward the solar hmb in the form,

[ee]

Py(2)0r = '21%&) F(T)[T? — L2 D(4)2] ATéA . (3,11)
Lo(2)

The decay of the total actual areas Py(4) of s’p‘otﬁ groups toward the
solar limb is caused by the fact that at a distance 1 from the central me-
ridian we may observe only such spot groups, which have an actual
area larger than S,@(1)." We are unable to observe groups having a real
area smaller than S,®(4), therefore they are not included in our sta-
tistics, but their number and their area increase toward the solar limb.
According to M. HorinwL1 [11] the decay of the total actual areas of
spot groups Py(4)04 towards the solar hmb can also be described by the

expression

Py()oA = [ SN(S)dSsi. (3,12)

$,P(4)
Now if we again substltute.for N(8) from equation (2,2), we get
| Py(i)oi = kdt, [ 8 [ F(ryar dssi . (3,13)
8,B(A) T=Eks

“Again by solving the integral in equation (3,10), using the method
per partes we get the expressmn (3,13).

- § 3. Some Conclusions

If we proceed from the central meridian towards the solarlimb, we can
observe only groups with a steadily larger and larger area, so that the
mean actual area of spot groups increases towards the solar litnb: Tts
course for groups with life-times form 7' to 7' 4 dT is given by equa-
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tion (3,8). The course of mean area of spot groups p, of all life-times
is given with regard to equa,tlon (3,2) by the ratio

f SN(8S) dssa
Po(A)oA = 222 (3,14)

[ N(8)dSéir
SP(A)

The decay of number as well as of areas of spots, essentially depends
on the course of the function F(T') [5], as follows from equations
(3,3), (3,5), (3,10) and (3,13). The course of the function F(7') however,

K
100+

050

g 50° " 90°
Fic. 5.

changes during the eleven year cycle (see chapter I § 2.). Therefore,
it changes during the cycle, as well as the course of the decay of the
numbers of groups and their areas towards the solar limb.

The decay of the number and spot areas, as follows from § 1 and
§ 2, also chiefly depends on the minimum visible area S, in the central
meridian, which depends on the resolving powers of the telescope used.
The course of the decay of number and areas of spot groups is, there-
fore, dependent on the resolving powers of the telescope, and will
differ for various observatories, as is already obvious from statistics
worked-out by L. PATpUSAROVA-MRKOSOVA [13,5].
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Some authors up to now suppose, that in case when the function
of foreshortening is @(4) = sec A, the number and the whole observed
area of groups aught to decay towards the solar limb like cos A.
Already G. H. A. ARCcHENHOLD [7], however, drew attention to the
fact that this was not possible, which evidently follows from equations
determining the decay towards the solar limb derived in § 1 and § 2.
It is especially obvious in Figure 5, where the decay is compared with
the course of function cos A4 [the full line]. The decay of the number
of groups is given in Figure 5 by the computations from equation
(3,5), the decay of the total area from equations (3,10) and (3,11), and
that as the ration of the number or area at a distance A to the number
or area in the central meridian, while in the first approximation we

used for simplicity ®(1) = O(1) = sec 4, L = 1, F(T) = % +b and

for the upper limit of the integral we put 7' = 10. In that case the
decay of the number of groups K, in Figure 5 is given by equation )

(the dashed curve)
10

f(—;,— + b)(T — sec 1} ar

sec 4
KIV = 10 ’

a .
[z or—van

the decay of the sum of actual areas (the dot-a,nd-dashed curve)

10

f (% T b)({l'2 — secl) dT

KP — sec 1 - :
f(% + b)(T2 —1)drT
1

and the decay of the sum of observed areas, Kz = K, cos A (the dotted
curve). _ :

The values a and b are determined from the relations (1,11) and
(1,12).
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IV. THE NUMBER OF APPEARING |
AND DISAPPEARING GROUPS AT VARIOUS
DISTANCES FROM THE CENTRAL MERIDIAN

v

§1. 1 n"the Case of unintermpted Observdtioh

A. 8. D. MAUNDER [14] found statistically, that on the eastern half
of the solar disc more groups of spots originate, than on the western
half. The results of her statistics were confirmed by papers of Rodes
[15] and W. BrunwER [10]. , ~ 4 .

W. GLEISSBERG [17] showed, that this effect is explainable in a na-
tural way, if we assume that a certain time passes by between the real
origin of the group and the moment when we observe it on the solar
disc for the first time. This supposition is correct, because the group
must already have a certain area, namely, a diameter, depending on
the resolving power of the telescope in use — in order to be able to
see it. ' ; )

A spot appearing to us for the first time in the central meridian,
originated in reality d days ago. A spot appearing to us at a distance A
from the central meridian, originated — as is assumed by Gleissberg
[17] — d sec 4 days ago, at a distance of 13° . d . sec A from the central
meridian, if the Sun turns approximately 13° daily. Groups of spots
appearing for the first time on the eastern half of the disc between the
central meridian and —70° from the central meridian, in reality origi-
nated within the limits of heliographical longtitudes 70° 4 13°.4d .
. (sec 70° — 1). Groups of spots appearing for the first time on the
western half of the disc between the central meridian and +70° from
the central meridian, in reality originated within the limits of helio-
graphical longtitudes 70° — 13°.d". (sec.70° — 1). The ratio of the
appearing groups on the eastern half Z to the number of appearing
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groups on the western half W of the solar disc is then — according to
Gleissberg — given by the expression

_E'_ 70+ 13d (sec 70° — 1)

W ~ 70 — 13d (sec 70° — 1) °

The ratio of W is larger than I, which corresponds qualitatively to

the observation. Later on W. GLEISSBERG devoted more time to this
problem in a more detailed manner also with regard to heliographical
latitudes of spot groups [18].

The fact, that on the eastern half of the solar disc more groups must
apparently originate than on the western half of the solar disc and
that on the western half of the solar disc more groups must apparently
decay than on the easter half of the disc, is very clearly illustrated in
Minaert’s diagram (see figure 2), which was also constructed for this
purpese [8]. The appearing or disappearing of a group of spots, is gi-
ven on it by the point of intersection of the developing curve of the
spot groups with the curve of visibility.

The most common solution of Minaert’s diagram for the origin and
the decay of the spot groups was given by F. Link [10]. If the spot
group has its real origin at a distance 4, from the central meridian and
its real decay at a distance 1, from the central meridian, then its area
S at its first appearance or disappearance, at a distance A from the
central meridian, is given with regard to the relations (1,25) by the
equations:

S =k A_/l’—; S’=Ic2)"_/12 .

w w

(4,1)

The minimum area, which a group of spots must have, in order to see
it at a distance A from the central meridian is given by the relation
(1,19). For the apparent origin of groups we then obtain the relation

' A— A
S P() = by — (4,2)

If the spot group really originates at a distance 4, from the central
meridian, we then see it for the first time at a distance A from the cen-

tral meridian, determined by the relation (4,2). The group of spots,
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which really originated at distances 4, to 4, + d4, Wé shall then see
originating at distances A to 4 + di. We obtain the relation between
~dA and dj,, by differentiating the equation (4,2), in the following form,

i, = [1 _ “’]f . dg’f’] . (4,3)

Let us suppose that the number of really originated groups df, in the
interval of lengths d4, is independent of 4,, so that

dfl == Af dlll . (4a4)

A

The number of groups df, actually originated in the intervals of
lengths d4,, is the same as the number of apparently originated groups
df,, in the intervals of lengths dA, corresponding to d4,. With regard
to this and to equations (4,3) and (4,4) we obtain that the number of
apparently originated groups df,, at distances 4 to 1 + d). is given by

the relation
- S, dq)(z)] :
d =A[1—“’°.—-—— di, 4,5
fl,l f kl. dl ’ ( )

which determines the dependence of the number of apparently origi-
nated groups on their distances from the central meridian in the ascen-
ding part of their development.

In the same manner we can derive the dependence of the number

of apparently decayed groups df,, on their distances from the central -

meridian, in the descending part of their development.

- w8, dd(A)
dfs, = Af [1 -5 ]da (4,6)

g ‘ ,
If we substitute Eo = d, into equation (4,5), where d; is the time

between the actual origin of the group and its appearance in the central

S, 3
meridian and — Ic_o = d,, where d, is the time between the apparent
2
decay of group in the central meridian and its real decay, we obtain

the relations which were derived by M WALDMEIER and A. LIEPERT
[19].

32

b5

oy




e e i e SO e

The difference between the number of apparently originated and
apparently decayed spot groups is then, with respect to equations
(4,5), (4,6) and (1,4), given by the expression ‘
do(a)

di

The so-called total balance B(2) [10], introduced by F. LINK, defined

as the difference between the number of apparently originated and

decayed spot groups at symmetrical distances from the central meri-
dian, is then given by the relation

B() = dfis(+ 2) + dfia(— ) — dfyy(+ 2) — dfp(— 2) =

= — kdfwS, [ngi%ﬂ + %}’“] di—o,

dFusld) = Afpa(1) = — B, S0P g (4,7)

with regard-to the fact that

do@)|  (dow) o |
(da )Ko*‘( i ) (4.8)

From Minaert’s normal diagram it then follows that the total balance
B(3) always ought to equal O, which however, does not coincide with
observations as was shown by F. Link [10].

From relations derived by F. Link, we can also find the difference
between the number of apparently originated groups on the eastern
half of the disc df, ,(— 1) and apparently decayed on the western half
of the disc df,,(+ 1) and between the number of apparently decayed
on the eastern half of the disc dfy(— 1) and apparently originated on
the western half of the disc df,(+ ). Then with respect to (1,8) and
(4,8) we obtain, : - L

Wos = 1) = A+ 1) = dfas, 220 (Bk) <o, ao)

L
f f. do

(4,10)
From relations (4,9) and (4,10) it then follows, that the number of
“ apparently decayed groups on the western half of the solar disc is
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larger than the number of apparently originated groups on the eastern
half of the disc, and that the number of apparently originated groups
on the western half of the solar disc, is larger than the number of
apparently decayed groups on the eastern half of the disc. Both of these
theoretically derived relations are in accordance with observation [20].

Relations (4,5) and (4,6), derived by F. Link, hold true however,
only within the limits of distances from the central meridian from
— 75 to + 4,. Angle 7, determines the distance from the central meri-
dian from which — on the western half of the solar disc — we are still
able to see an apparently originating group, and is given by the condi-

tion (see Figure 4) )
s(ow) &
0 di /; jl_ w
Analogously angle — 1, determines the distance from the central
meridian, from which — on the eastern half of the solar disc — we
may still see an apparently decaying spot group and it is given by the
condition (see Figure 4)

So(ﬂ'l—)) = ks (4,12)
A= -

(4,11)

da w

Relations (4,5) and (4,6) derived by Link and the relations derived
from them, are valid only for such groups of spots, which apparently
originate on the ascending part of their development or which appar-
ently decay on the descending part of their development. There are
groups even on the descending part of their development which appar-
ently originate, namely, which appear as new groups on the eastern
half of the solar disc, at distances — A < — 4, from the central me-
ridian, and their number is given by the expression

L w8 dOM)
dfps = Af[l D ]dz (4,13)

and the total number of apparently originated groups between A to
A + dafor — 2 < — 1, is hence given, with regard to (4,5) and (4,13),
by the equation

df, = dfys + dfs = — Afkesd, 20

di. (4,14)
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In a similar way, there are groups also on the ascending part of their
development which apparently decay on the western half of the solar

t

- Fig. 6.

disc at distances 4 > 1, from the central meridian, and their number is
given by the equation

_ wS, dd(l)
df, = — Af [1 — —J] da (4,15)

and the number of all apparently decaying groups on the western half
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of the disc at distances A > 4, from the central meridian, with regard
to (4,6) and (4,15), given by the equation

- . do(2
df, = dfas + Afys = Afks, 28 a3 (4,16)

From relations (1,8), (4,11) and (4,12), we obtain that
> A (4,17)

and then from the relations (4,14) and (4,16) with respect to relation
(4,8) we get that for W > Ill' it holds true, that

i. e., that the number of apparently originating groups at the eastern
limb of the solar disc, is equal to the number of apparently decaying
groups at the western limb of the disc.

The mutual course of the numbers of apparently originated and
decayed spot groups according to relations (4,5), (4,6), (4,14) and
(4,16) for k; = 27,7, ky = — 15,6, S, = 10 and &(4) = sec? A is given
in Figure 6 and that in such a manner, that the number of apparently
decayed groups at a distance 4 A from the central meridian is plitted
on to the distance — A and vice versa, so that the mutual course of
df, and df, is more evident. (Full line f,, dashed line f,.)

The theory of the number of the apparently originated and decayed
spot groups at diferent distances from the central meridian — as it is
worked out in this § — holds true only under the following two assump-
tions:

1. It holds true only for the group of spots with the same life-time 7'
or maximum area S, as all the spot groups taken into consideration
must have the same tangents &, and k, (see chapter I, § 1).

2. It holds true only in the case of uninterrupted observation of
spots, for only in that case we are able to determine precisely, at what
distance from the central meridian the spot groups apparently origi-
nated or apparently decayed (se the following §).

36




§ 2. In Case of an Observation once in 24 Hours

- Computations of the apparently originated or decayed spot groups,
worked-out up to now by means of Minaert’s diagram — as it was pre-
sented in the previous § — are valid only under the assumption of
uninterrupted observations of spots, as it is only in that case when we
can determine precisely the distance from the central meridian, in
which the group apparently originated or decayed.

However, in reality we observe sunspots, on the average, always
once in 24 hours. Consequently, the group of spots — which became
visible at a distance A from the central meridian — can be observed
for the first time perhaps even after 24 hours, when its distance from
the central meridian is, due to the solar rotation already 4 + 13,2°.
Nevertheless, in spite of this, we state, that it apparently originated
at the distance 2 4 13,2° from the central meridian.

The problem of the influence of an observation once in 24 hours on
the number of apparently originated groups at various distances from
the central meridian, was treated for the first time by G. H. A. ARCHEN-
HOLD [21], by means of the calculus of probability. His method is
based on the following consideration:

Let us take into account for example a group, which becomes VlSlble
for the first time on the eastern half of the disc at & distance — 72°
from the central meridian. Then the probabilities at observation once
in 24 hours, that we see this group for the first time in regions — 80°
to — 70°, — 70° to — 60° and — 60° to — 50° are successively
2/13,2; 10/13,2 and 1,2/13,2. If a group is above the range of vi-
sibility for a period less than 24 hours then it is necessary to take this
into consideration. If for example, the above considered group is vi-
sible only from — 72° to — 66°, then the probabilities, that we see this
group for the first time in the above considered regions, are 2/13,2;
4/13,2 and 0. The total probability, that we would see this group at
all, is 6/13,2; it is therefore, more probable, that this group will
escape our observation.

Theoretical curves of the number of originated groups at various
distances from the central meridian, gained by this method, are in
very good accordance with observation [21].
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The number of apparently originated groups at various distances
from the central meridian in case of an observation once in 24 hours,
may also be derived in the following manner [20]:

When determining newly appearing groups, we actually determine
the number of existing groups, which we did not see during the last
observation 24 hours ago. Such groups could have become visible at
any arbitrary instant between the last and present observation and

S

Fic. 7.

due to the solar rotation could have been carried away up to 13.2° to
the west from their first real visible position, where we stated that they
had only just appeared for the first time. This means that the area of
such a group in Minaert’s diagram will be at such a stage of development
which lies between the curve of visibility S,®(4) (see Figure 7) and
curve Q(A), while the straight lines between S,@(4) and 2(A) are of the
same lenght and represent the development of the area of the groups
in 24 hours, i. e., for a time between two consecutive observations.
In this case

Q) =k + SP(h — ), (4,18)

where  is the angular velocity of the solar rotation and k, is the
tangent of the increase of the area of spot groups..

In this way we obtain that the number of apparently orlgmated
spot groups df,, at a distance 4 to 2 4 dA from the central meridian,
is proportional to the difference of both curves and to the interval di,

dfyy = CL2(1) — S®(A)] dA, (4,19)
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where C is the constant of the proportionality denoting the number
of existing groups in a unit of area in Minaert’s diagram and we shall
derive its size in the following manner:

Part of Minaert’s diagram is given in Figure 8. If in a unit of time
Af groups originate in the unit 1, then during a time ¢, in a part of the
heliographical longitudes 4 to 4 4 4, there originated f, spot groups,

h =4,

which are to be found within the rhomboid in Figure 8. The area of
this thomboid P is according to (1,1), ‘

(S2 - Sl)}'l klt}'l.

S
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o
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7
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S 7 |
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Fic. 8

In a unit of area of the rhomboid and hence even in a unit of area in
Minaert’s diagram there exist then C groups, where
h Af

The number of apparenly originated groups on the ascending part
of their developing area df, ; at a distance 4 to 2 + dA from the central
meridian, we then obtain by substituting (4,8) and (4,20) into (4,14),

dfy, = —i [k, 4 S,@(A — w) — S,P(A)] dA . (4,21)
On the western half of the solar disc we see these groups originating
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up to the distance of 41, from the central meridian (see Figure 7),
which is given by the condition

Bl —0) — DAy =— 5 - (4,22)

Even in this case we only consider groups with the same life-time 7,
i. e. with a maximum area S,,, by which the tangents &, and k, are
determined. With respect to this we observe these groups on the
eastern half of the disc to originate apparently up to the distance — 4,
from the central meridian, which is given by the condition :

o0 = =T (423)

On the eastern half of the disc for ’l[ > I/’lml there also appear as new
ones, such groups, which already are on the descending part of the
development of.their area. Their number df, , we derive similarly, as in
the previous case and is given by the expression

Af

dfy, = T, [SePR) — by — 8P — w)] di. (4,24)
The limit-angle 4, , is given by the condition
' k
DP(h,p) — P4y, — w) = TS’% . (4,25)

From equations (4,21) and (4,24) we obtain that the number of all
apparently originated groups between 4, , and — 4, + w is given by
the expression

dfy = dfys + dfy, = AfKS[P(2 — ) — B(A)] dA. (4,26)

Finally at distances — 4, to — 4y + @ from the central meridian,
the number of all newly appearing groups is given by the expression

dfy = AfkS,[D(2) — D(A)]dA . (4,27)

When determining the number of apparently decayed groups we
again actually determine the number of existing groups, which we had

yet seen during the last observation, however during the present -

observation we do not see them any longer. In reality, these groups
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could have ceased being visible, due to the solar rotation up to a point .
of 13.2° more to the west, than where we last observed them 24 hours
ago. :

In the same way like apparently originating groups, we obtain that
on the eastern half of the solar disc we observe spot groups apparently
decaying up to the distance of 4,, from the central meridian, whereby

j'2,1 = 11.2 —w, (4’28)

while the number of apparently decayed groups on the descending part
of the development of their area is given by the expression

af,, = ~§c'i ke — SB( + ) + S @A dA.  (4,29)

On the western half of the solar disc at distances from the central me-
ridian whichr are larger than 4, , we also see apparently decaying groups,
which are onthe ascending part of the development of their area. Their
number df, , is given by the expression

Af

dfz,z = k_1

(8P4 + o) — ky — S;@(A)] dA, (4,30)

while angle 4, , is determined by relation
Aoy = My — . (4,31)
From equations (4,24) and (4,30) we obtain that the number of
decayed groups df, from 4, , to 4, — w is given by the expression
dfy = dfyy + dfss = AfS[DP(A + w) — B(A)] dA (4,32)

and from 4, — w to 4, by

, dfy = AfSk[P(4) — D(A)] dA . (4,33)

In case that |4.5] < |4 — @] does not hold true or if 1,, < 4y — @
does not hold true, it is necessary to change in a certain manner the
expressions for the number of apparently originated and decayed

groups at distances |4 > |4, — w| from the central meridian.
With respect to the fact that ]12,2i > Ilml and that on the eastern
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half of the disc 4 < 0 and that on the western half 4 > 0, it follows
from equations (4,26), (4,27), (4,32) and (4,33) that for |4 > |A2.0]

dfl = dfz

is valid, which means, that the number of apparently originated
groups at individual distances between — 1, , to — 4, from the central
meridian, are the same as the number of apparently decayed groups
at individual distances from the central meridian between + 2,, to
+ 2. We obtain then the same results for the solar limb as in the
previous §. The total course of the number of apparently originated
and decayed spot groups is given in Figure 9, for k, = 27.7, ky =
= — 15.6; 8, = 250, S, = 10, Af = 10, » = 13.2, ®D(A) = sec? 4, i. e.
for the same constants as in the previous §. Even here for illustrative
purposes of the mutual course, the number of apparently decayed
groups at a distance + A from the central meridian, was plotted out
to a distance — A. The course of both curves in the close vicinity of the
central meridian is simultaneously plotted on larger scale on the same
figure. The difference in the course of apparently originated and de-
cayed groups during an uninterrupted observation and during an ob-
servation once in 24 hours, is clearly evident when comparing Figure 6
to Figure 9.

The total number of originated groups from — 4,4 to + 4, is equal
to the number of all decayed groups from 4;; to 4,5, 1. €.

A1, Aa Ao
Jdha+ [dfia= [ dfes-
—dgs ~Aan Pt
Let us now examine the difference between the number of all appar-
ently originated and all apparently decayed spot groups in the neigh-
bourhood of the central meridian from —-A4' to + A’ for [A'| < |Ayq| -
With regard to the fact, that
y!

+A'
®()di=2 [ D) da,

_a

fjcb(z —wdi= [ o@di ++1f ‘o) d1,

- -o
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we obtain from equations (4,21) and (4,29) and with regard to (1,8)
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+i4o

J o [ awa]<o

(4,34)

fdf11 fdf21 a18, & +k

because @(1) is a purely monotone increasing function.

From relations (4,34), it then follows that the number of all apparent-
ly decayed groups in the neighbourhood of the central meridian is
larger, than the number of all apparently originated groups in the
neighbourhood of the central meridian. This result is in complete
accordance with observation [20].

A ~
l "

-4

Fia. 10.

Let us now examine the course of the total balance B(4) introduced
by F. Link [10] (see the previous §). In the neighbourhood of the cen-
tral meridian from 1 = 0 to 4, ,, the course of B(1) is given by the ex-
pression

B() = 418, + "2

[‘1’(+l+w)+¢(+2—w)—2¢(+1)]<0
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which in reality already follows from the relation (4,34). With regard
to relations between the limit-angles 4,;, the course of B(4) for 4, , <
< A < 4,5 is given by further relations, while B(1) = 0. ‘For A> 2y,
is B(1) = 0. The total course of the total balance B(2) for constants,
already previously introduced (full line) for k, = 24.7 and k, = — 9
(dashed line), is given in Figure 10, where individual points are the
values observed [10, 20]. We see, that besides the close vicinity of the
central meridian, the observed and theoretical course of the total
balance B(4) is practically identical. From the course of the number of
apparently originated and decayed groups at various distances from the
central meridian at observation once in 24 hours (see Figure 9) we
also find that the number of all apparently decayed groups on the
western half of the solar disc is larger than the number of all apparently
originated groups on the eastern half of the disc is less than the number
of all apparently originated groups on the western half of the disc.
Hence we obtain a result identical with the result obtained in the
previous §. This result is in complete agreement with observation [20].

On the whole we can make the following summary: The theoretic
computation of apparent numbers of originated and decayed spot
groups at various distances from the central meridian for an observa-
tion once in 24 hours, coincides, on the whole, much better with the
observation than a theoretic computation for the uninterrupted ob-
servation.

§ 3. The Dependence of the Size of the Asymmetry of the Origin and Decay
of Spot Groups on the Size of Life-time of Spot Groups

The asymetry of the origin, 4, and the decay, 4,, of groups of spots
is defined as a ratio between the number of all apparently originated
or decayed groups of spots on the eastern half of the solar disc to the
number of all apparently originated or decayed groups of spots on the
western half of the solar disc.

The derivation of the dependence of the size of the asymetries on
the life-times of spot groups will be worked-out again only for groups
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with the same life-time 7', i. e. even with the same maximum area Sy
and for simplicity, also for uninterrupted observations, which qualita-
tively cannot influence the result.

First of all let us take into consideration only such groups, which
apparently originate on the ascending part and apparently decay on
the descending part of the development of their area, i. e. the groups
for which it is valid, that 2; > 4, and 4, > 4, (see Figure 4). Then from
equations (4,5) and (4,6) with respect to (4,23) we obtain

Jo+ 7 Su —80) A+ - (T — L)

4, = P = > , (4,35)
Ao—‘k_l'(SM_ o) Ao_“k‘ic:(T—L)

vkt S —8) At o (T —I)

A, = — 2 = 2 . (4,36)

bo— 7 (Su— 80 do— (T — L)

With increasing 7', 4, grows faster than ii)k— . (T — L) so that with
the increasing life-time 7' the asymmetry of originating, 4,, also grows
and with regard to (1,3) the asymmetry of decaying, 4,, decreases.

With increasing S, we reach the case — with regard to (4,17) —
when 4, < 4; but 4, > 1, at the same time. In this case at distances
4> 1, from the central meridian there also originate groups on the
descending part of the development, by which the number of apparent-
ly originated groups on the eastern half of the dise becomes still larger.
So that also with regard to equation (4,13) we obtain

5 o _ w
fo— g T — DG + - (T — )

141 ) (4:37)
w

so that the asymmetry 4, of the originated groups grows again with
increasing 7.
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In this case we observe the apparently decaying groups on the
eastern half of the disc only up to the distance of 24, 50 that

Ay + 22 L(1 — ®(1,))
4, — 2 Tk,

- (4,38)
b — 2 (T = L)

This means, that with.the exception of a slight change of k, the num-
ber of apparently decayed groups in the east is independent of 7,
whilst the number of apparently decayed groups on the west grows
with increasing 7'. With increasing 7' the value of the asymmetry of the
decaying groups decreases.

Finally there arises the case most frequent in practice when 1, > Iy
and 4, > 7,. Then we receive

" . w _ (1))
Ay — Tk, [T — LD(4,)] + 70?1 (T — L)
A, = 2 p — , (4,39)
A+ ok, Ll — &(4)]

Ay 4 7= [1 — ®(T,)]
Ay = Kk — (4,40)

- )
A — T, T —-1L)+ %E[T — L&(4,)]

We can see that even in this case, which is most frequent in practice,
the asymmetry of the originating groups grows with the increasing
life-time 7' and the asymmetry of the decaying groups decreases. At the
same time the number of apparently decayed spot groups on the east
and of the apparently originated groups on the west is practically
independent of the life-time. These theoretically derived conclusions
concerning the asymmetry of the originating and decaying groups of
spots were for the apparently originated groups — confirmed also by
the observation, while, not directly the life-time, but the mean life-
time of spot groups [1] was taken into consideration.
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V. THE COMPUTATION OF THE NUMBER
OF ORIGINATED GROUPS ON THE ENTIRE SUN
AND OF THEIR MEAN LIFE-TIMES

§ 1. From the Entire Solar Disc

While computing the number of all originated groups on the whole

Sun f, and of their life-times 7'y we shall start with the relation (1,17),

i N = foTo (51)

where N is the number of all existing groups on the entire Sun at the
given moment, and with the analogical relation to relation (5,1),

N= ?T ’ (5’2)

where N is the number of all observed groups on the visible solar disc
at the given instant, f is the number of all originated and risen groups
on the visible solar disc for a unit of time and 7 is the mean time during
which we observe the group of spots on the solar disc.

It is imposible to derive a sufficiently precise method for the compu-
tation of f, and 7, from the entire solar disc. That is to say, we are
obliged to assume again, that we are observing the sunspots steadily
and that all groups of spots have a same life-time 7', so that on the
entire Sun there originate f of them (1).

First let us derive, according to this assumption, the relation be-
tween the number of the existing group N on the whole Sun and the
number of observed groups N on the visible solar disc. As we can ob-
serve only the groups with an area larger than S, on the disc, we have
to take into consideration groups larger than S,, on the entire Sun. At
every moment there exist N of them on the whole Sun:

N = (T — L) = 2rdf(T — L). (5,3)
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From the equation (3, 4) we get the number of all observed groups on
the solar disc NV,

N = f AN(/’[) dZ A}‘[2T/’lo L f ¢(7L) d}l] | ,(5,45,)
N _l. . .

Hence from (5, 3) and (5,4) we obtain
N=§— 21 (5.5)

2T,1., L f D(2) da

We receive the number of all originated and risen groilps f en the
visible disc of the Sun from integration of equations (4, 5) and (4 13),
in range of the limit-angles of visibility.. :

,e f=4f [11 + 2+ oT — oL kij(z;-c) : I’ZI¢(Z2)]

(5,6,

The relation between 7' and 7 we then get from equatlons (5, 4) a,nd
(5,6) with respect to relatlon (5,2): '
+4y

2T, — L f D(1) da

- (6,7)

~[2]

-jm + 7~s + T — kl [k (p(}u) - k1¢(;~s)]

The computation of 7' from 7 known from the observation can be
made from relation (5,7) only by means of the graphical method. Then
by means of 7', determined in this way, we are able to solve the number
of all originated groups on the entire Sun f from the observed number
- originated and risen groups on the visible disc f by means of the rela-
tion, which is obtainable from (3,1) and (5,6):

f=Ff—— wi" - . (58)
Mt 2+ o — T (k@A) — ,P(A5)] -~

The equation (5,7) and (5,8) are then the required relations. These
relations were already used for practical computations of annual
values of f and 7' [1]. ,
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" § 2. From the Part close to the Central Meridian

In order to expel the influence of the function of visibility and in
order to enable us to conauder the groups of all life-times, let us restrict
ourselves to the close vicinity of the central meridian from — 1’ to
+ 4, where we can assume that at the first approximation D) =
= constant. In this case the assumption of linear development of sun-
spots is useless. Then we can derive for the computation of f and T' the
following method [22].

. Regarding relations (1,10) and (1,15) the relation between the num-
'ber of ex1stmg groups dN’, from — A’ to'+ A’ and the number of
existing groups, dN, on the Whole Sun, Whose hfe time is between T
to T + dT is given by the ratio
‘ "dN'=——dN——-f0FT)TdT : (5,9)

[

The number: of all existing groups N' between — 4’ to + A’ with
respect to the relation (1,14) is hence given by equatlon

N = %fof F(T)TaT — -}';foTo : (5,10)
L

By a similar consideration we obtain that the number of recently
appeared groups f’ between — A’ to 4+ A’ — which is formed by the
number of originated groups within a time unit and by the number of
groups that were carried here by rotation, i. e., by the number of
groups which exceeded the distance from the central meridian — A’

within a time unit due to rota.tion — is given by the expression

7 —fofF )dT + wf"fF(T)TdT: fo“'-;‘nwfl’o.

) ~ (5,11)
If v’ means the average time of the existence of groups in the range
of distances from the central meridian from — A’ to + A’, the rela,tlon
betWeen 7’ ahd T is given by the expressmn ‘
N T,
22 + oT,

’

T =
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and consequently
20’7
_— 1
T 2 — o7’ - (5.12)

If we set T, from (5,11) into the equation (5,12) we obtain

T T,
%=7——2—ﬁ1. (5,13)
fo

Evidently there is a linear dependence between — and 7.

The equations (5,12) and (5,13) are the required relations, as hy
means of them we can determine the number of all originated groups
within a unit of time on the entire Sun f, and their mean life-time T,
on the basis of 7’ and f' determined from the observation.

The number of all originated groups f, (not however their mean
life-time) can also be determined by the method proposed by F. Link
[22]. At distances — A’ to + A’ from the central meridian, we shall
determine the number f, of actually originated spot groups. Hence the
number of all originated groups f, on the whole Sun is given by the
relation '

K

fo=h7- , ' : (5,’14)

§ 3. The Importance of f, and T, for the Investigation of the Periodicity
of Spots. The Comparison of the Methods of their Determination

The investigation of periodicity of sunspots was carried out, up to
this date, by means of the relative number which in a certain manner,
gives us the quantity of sunspots existing at the given moment on the
solar hemisphere facing the earth and hence it can be a characteristic,
agreeing to a certain degree with the geoactivity of the Sun. It is cer-
tain, that as a characteristic of the solar activity the relative number
does not prove to be quite suitable; from the point of view of the perio-
dicity of the solar activity however the moving averages of the relative
number represent quite well a certain mean course of the solar geo-
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activity, even when not absolutely satisfying in all respects.

However, the value of the relative number is dependent, first of all,
on the number of the observed spot groups, which appears when
determining the relative number in the multiple of ten. The fact that
the relative number is determined first of all by the number of obser-
ved groups N, is evident from the dependence between R and N, which
can be expressed in the following form [1]:

R =10,57N.

Hence it follows from this relation, that the averages of the relative
numbers within a longer period of time at the first approximation are
directly proportional to the averages of the daily number of observed
groups on the solar disc N in the same period of time.

The number of observed groups on the solar disc IV is dependent on
the number of all groups N existing on the whole Sun, i. e., on its vi-
sible as well as invisible hemisphere. Then we can write that

R = KN = Ky(N), (5,15)

where y(NV) is at the first approximation given by equation (5,5). Hence
it follows from equation (5,15) that the relative number is determined
essentially by the number of all existing spot groups on the whole
Sun N.

From relation (1,17) it follows, that the number of existing spot
groups on the entire Sun, and with regard to the relation (5,15) con-
sequently the relative number as well, is determined by the number of
groups originated within a unit of time on the whole Sun f, and by their
mean life-time 7. The course of f, and 7', changes during the eleven
years cycle [1], but their mutual courses can be practically independent
of each other. The course of R and NV is then determined by the course
of f, and T),. Hence it further follows [1], that the course of f, and 7,
is in a much closer connection with the causes of the periodicity of
solar acitivity than the course of N and R and that it will therefore be
necessary to continue to follow the course of f, and 7', and their mutual
relation, as far as the investigation of the regularity of periodicity of
the sunspots and their causes will be concerned.

Now it is necessary to chose the most suitable method for determin-
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ing the number of all originated spot groups f, and their mean life-
-times T,.

The method of computing f, and 7, derived in Chapter V, § 1, is
based on certain assumptions, which are not in complete accordance
with the facts: with the assumption of a certain growth curve of a
group area, with the assumption of the course of the function of visi-
bility, with an assumed certain minimum observable area of spot
groups and with the assumption that the life-time of all spot groups is

-
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the same and that it is exactly the average one. It is not necessary to
use even one of these assumptions in methods derived in Chapter V,
§ 2, except for the assumption that in the close vicinity of the central
meridian the function of visibility is practically constant, and except
for the assumption concerning the proportional origin of spot groups
on the entire Sun, the assumption of which is difficult to avoid. From
this it already follows that methods derived in Chapter V, §2, will
lead to more correct values of f, and 7, than the methods derived
in Chapter V, § 1, which agrees even with. the statistical results [22].
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But even methods derived in Chapter V, § 2, do not lead to the same
results, as far as the number of originated groups f, are concerned [22].
This difference between the results of both methods is explainable by
the fact that sunspots are not observed continuously, but always once
in 24 hours. We shall prove this by means of Figure 11, which is a mo-
dification of Minaert’s diagram [8] similar as in Chapter IV, § 2, and
where S,®(4) is the function of visibility and represents the growth of
group area during 24 hours. In case of an uninterrupted observation,
the number of originated groups at distances — A to 4+ A from the
central meridian, is given by the number of the points of intersection
of the curves indicating the growth of the spot group areas, having
a visibility curve of S;®(1) and this number of points of intersection
in 24 hours is equivalent to the area 4 4 C. But in reality we observe
once in 24 hours and by Link’s method we consider the range from
— A to 4 4 only for such groups, which did not exist at all on the
solar disc 24 hours ago. Their number is equivalent to the area 4 + B.
We do not indicate the number of groups C having originated between
— A and + 4 in this manner as having originated at these distances
from the central meridian, and vice versa, the number of groups B
which originated — A ago, we indicate as having originated between
— A and + A. Because for triangles B and C, it holds true, that

vy =1v; b>b=>B>C,
we obtain that
A+ B

10~

Hence it follows that the number of originated spot groups according
to F. Link’s method will always be larger than in reality.

On the other hand, according to the author’s method we always obtain
a smaller number of originated groups than in reality, because the
number of groups B is included in this method among the groups
appearing owing to the solar rotation, but the number of originated
groups C as well as the number of groups D appearing owing to the
solar rotation, are not included into our statistics.
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VI. THE COMMON CURVE OF THE DEVELOPMENT
OF THE AREA OF THE GROUP OF SPOTS

Up to now, we mostly assumed that the area of the group of spots
increases linearly with time up to the maximum and then again linearly
decreases with time (see Chapter I. § 1.). The aim of this Chapteris to
show which of the derived relations is valid even in case of a common de-
velopment of a spot group area and how it would, in some simpler cases,
be necessary to adjust formerly derived relations for a common deve-
lopment of spot group areas. o

Let the common developing curve of a spot group area be given by
functions

| | 8 = g(t) = 6(3) (6.1)
and let it be limited by Gnevyshev’s relation [2] (see Chapter I §1.)
T=018,=k%S,. (6,2)

The same coefficient of proportionality is not valid anymore however,
between the latent life-time L and the minimum area of vigibility 8.
The relation between them may be written in the form

L =FS,, ‘ (6,3)

where ¥ is the constant only for a given form of function (6,1) and for

given S, for it depends on both of them. '

The limit-angle of visibility 4, from the central meridian in which

we are still able to see the spot with a maximum area S > 18 then given

by the condition o '
Sy kT

D(%) = S T EL

It is now necessary to determine the limit-angles 4, nad 7, in which,

(6,4)
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we may gee the group of spots still apparently originating or decaying,
“which were formerly determined by conditions (4,11) and (4,12), in the
following manner:

we write the equation (6,1) in the form
' | 8.= G+ K), (6,5)

where K is a constant. Now let us look for the points of intersection
of this curve with the curve determined by the function of visibility
S,D(4). Then there exist only two such K's that for them two real
intersection points coincide into one real double intersection point.
By finding these two K’s we have fundamentally also found angles
7, and Z,. '
Even in the case of the common function of the development of a
spot group area, the number of ANdA.d7T groups with a life-time 7'
to T' 4 dF, which we observe in the close vicinity of the central me-
ridian d4, is given by the equation '

AN dAdT = Af(T — L)dadT ~(6,6)

and therefore the number of all groups existing on the visible and
invisible solar hemisphere is given by equation

NdT = {(T — L)dT . (6,7)

If we make the assumption that L is the same for all groups with va-
rious life-times, we obtain by means of equation (1,10) the expression
for the number of all existing spot groups N, whose life-time 7' is
from L to oo: '

~N=nfﬂﬂ@—LNT=M%+M- (6,8)

However, from equation (6,6) we. cannot derive the decay of the
‘number of groups and of the sum of areas of groups towards the solar
limb. The solution of this problem is made difficult by the fact that
the coefficient of proportionality between the minimum observable
area a S,®(4) and the appertaining latent life-time continually chan-
ges, namely according to the form of the function (6,1) and to the
distance A from the central meridian. The decay of the number of
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. groups 4ANy(1) dA and of the sum of actual areas Py(4) dA towards the

relations (3,2) and (3,12) [11]

ANA)di = [ N(S)dads,
SoP(1)
and

P,(4) dA = f SN(S) dids,

SedA) -

whole validity is absoluty common. :
Finally it is most certainaly understa,nda,ble, that even in this case,
the relation for the number of all existing groups on the whole Sun,

A—fo 0>

holds true, which is not dependent on the form of the developingt
curve of the spot areas (6,1). .

Analogously, the method of computing f, and T, is in no way
influenced by the form of the growth curve of the spot afeas (6,1),
which was derived in Chapter V, § 2, as when deriving this method,
no assumptions had been made concerning the form of the function
(6,1). :
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SR

PE3IOME

Hensio HacroAmero Tpyna ABIseTcA 0606MeHre CBeqeHMl U3 TEeOPUH pacupexe-
JIeHUs] ¥ MOABJIEHUA COJHEYHHIX NATeH HAa fpucke ConHua. B sroit cBoelt paGote
ABTOP MCXOAUT KaK W8 PANA TPYXOB APYTHX ABTOPOB, TaK M U3 CBOMX COGCTBEHHBIX
TPYROB, MOMEIEHHBIX B PABHHIX KYPHAIAX, NONONHAA 9TH TPYAR HEKOTOPHIMH
HOBHIMM CBEfIeHMAMM. OTa PaGoTa ABIAETCA MONEITKOM COBXATH 060GMEHHOE Mpey-
CTABJIEHNEe O TEOPHHM DPACHpENelleHNs M NOABJEHHA CONHEYHHX HATEH HA [UCKe
ComHna.

Hacroamas pa6ota, offHaKo, He 3aHUMAETCs OCBEICHEEM BOIIPOCOB 3TOM TEOPUM
¢ oLet TPUKY BpEeHNA, TAK Kak Goilee o6masn TeopHs He GrUIa O CHX HOP B COBEp-
IIeHCTBe PaspaboTaHa. JTa TeOPUA OCHOBHIBAETCA HA OMpeENelleHuN YIPOIIeH HEIX
OPEAMNoJIoMe NI, I3 KOTOPHX CAMHMH ITPOCTHMI ABIAIOTCHA caeayomue:

1) Bce conHednbie NATHA MOABIAITCA TOJIBKO HA 3KBAaTOpE, KOTOPHI Bcerga -
NpoXonuT 1o cepepuHe aucka ColHNa, T. €. 4TO ,,KOPOJIEBCKUMA MOAC'® NOABIEHHA
COMHEYHHIX NATEH MOMHO Cefe MPeACTaBAT: B BUje NMJIMHADPA, HA KTODHIA CMOT-

‘P¥MM B HaNpaBJIEeHNH HOPMAaJIX K €r'0 II0BEPXHOCTH.

2) B neicTBUTEIBHOCTH NPEJIONOKAM, YTO IPYNEE! COMHEYHHX IATEH COCTa-
BJAIOTCA U8 OXHOTO MATHA OKPYTIOK GOpME,

OTH IpPEANOJIOHEHNA MOBBOIAIT HAM COBHATH BOBMOMKHO IOJIHYI0 OCHOBHYIO
TeopuIo paclpefieeHuA U NOABIEHUA NATEH, KOTOpas Heo6XomuMa AJIA OLEHKA pe-
8yJILTATOB PABHEIX CTATHCTUK COJHEYHEIX MATEH M M3 KOTOPOX MOMHO MCXORUTDH
Ras cosfanuA Gosee obmeit Teopun.

Hacrosmasn paGota 3aHMMAaeTcs mpeskie BCOro CIIeAyOMEME BOIIPOCAMM: Ompe-
AeJeHUEeM OCHOBHEIX OTHOWIEHHYM M (YHKUMt, yMenblle:MeM KOJMYeCTBA IATEH
B HANpaBje MM K KPAl0 COJIHEY Oro JUCKA, KOIAYeCTBOM MOABMBIINXCA M HCYe-
BHYBIIMX IATEH HA PASHHX DACCTOAHMAX OT LUEHTPAIBHOIO ' MEPUIMAHA, ITOKCYe-
TOM KOIMECTBA BOSHUKIIMX rPYNI HA BceM COMHNe M CpemHeil IIPOJOIKHTENE-
HOCTH MX UBHHM M SHQYEHHeM STUX BeIMYMH JJIA MCCIEMOBAHMA IEPUOIUIHOCTH
COJTHEUHBIX IATEH.
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