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CHARACTERIZATION OF (SEMI-)EBERLEIN COMPACTA
USING RETRACTIONAL SKELETONS

CLAUDIA CORREA, MAREK CUTH, AND JACOPO SOMAGLIA

ABSTRACT. We deeply study retractions associated to suitable models
in compact spaces admitting a retractional skeleton and find several in-
teresting consequences. Most importantly, we provide a new character-
ization of Valdivia compacta using the notion of retractional skeletons,
which seems to be helpful when characterizing its subclasses. Further,
we characterize Eberlein and semi-Eberlein compacta in terms of retrac-
tional skeletons and show that our new characterizations give an alter-
native proof of the fact that continuous image of an Eberlein compact
is Eberlein as well as new stability results for the class of semi-Eberlein
compacta, solving in particular an open problem posed by Kubis and
Leiderman.

1. INTRODUCTION

The study of the class of compact spaces that admit a retractional skeleton
was initiated in [24], where the authors proved that a compact space is Val-
divia if and only if it admits a commutative retractional skeleton. Later, in
[22] a notion similar to retractional skeletons in the context of Banach spaces
was introduced; namely, the notion of projectional skeletons. In some sense,
those notions are dual to each other. More precisely, if a compact space
K admits a retractional skeleton, then C(K) admits a projectional skeleton
and if a Banach space X admits a projectional skeleton, then (Bx=,w*)
admits a retractional skeleton. The class of Banach (compact) spaces with
a projectional (retractional) skeleton was deeply investigated from various
perspectives and nowadays we have quite a rich family of natural examples
and interesting results related to various fields of mathematics such as topol-
ogy [26], Banach space theory [15], theory of von Neumann algebras [3] or
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JBW*-triples [4]. Let us note that, quite surprisingly, there was indepen-
dently introduced also the notion of monotonically retractable topological
spaces which turned out to be very closely related to the study of compact
spaces that admit a retractional skeleton, see [11], and from there on, several
results and modifications of the corresponding notions were considered, see
e.g. [5, 17, 18].

One of the recent streams in the area is to describe some classes of Banach
(compact) spaces using the notion of projectional (retractional) skeletons,
see e.g. [24, 9, 15, 22] where the characterizations of Plichko spaces (and
Valdivia compacta), WLD spaces (and Corson compacta), Asplund spaces,
WLD+Asplund spaces and WCG spaces were given.

The main two results of this paper (Theorems A and B) are characteriza-
tions of Eberlein and semi-Eberlein compacta, respectively, using the notion
of retractional skeletons. Let us recall that given a set I we define

co() :={z eR: (Ve > 0)|{i € I: |z(i)| > e}| <w} C RS

and that a compact space K is Eberlein if it homeomophically embeds into
co(I), for some set I. This is a central concept in Banach space theory, as it
is known that a compact space is Eberlein if and only if it is homeomorphic
to a weakly compact set of a Banach space, see [1] or [14, Corollary 13.19].
For the notion of shrinkingness we refer the reader to Definition 28.

Theorem A. Let K be a compact space. Then the following conditions are
equivalent:

(1) K is Eberlein.
(2) There exist a bounded set A C C(K) separating the points of K and
a retractional skeleton s = (rs)ser on K such that s is A-shrinking.
(8) There exist a countable family A of subsets of Be(xy and a full re-
tractional skeleton s = (rg)ser on K such that
(a) For every A € A there exists e4 > 0 such that s is (A,e4)-
shrinking, and

(b) for every e > 0 we have Bexy = J{A € A ea <e}.

Recall that a compact space K is Eberlein if and only if C(K) is WCG
if and only if C(K) is a subspace of a WCG space, thus Theorem A is
naturally connected to the characterization of WCG Banach spaces and their
subspaces presented in [15]. Moreover, from Theorem A one may deduce
that continuous images of Eberlein compacta are Eberlein, see Remark 43
below. Quite many steps of our proof seem to be much more flexible and
we believe that those may be used in order to find characterizations of
other natural subclasses of Valdivia compacta (the most important in this
respect is probably Theorem D mentioned below). This is witnessed by the
characterization of semi-Eberlein compacta presented in Theorem B. Recall
that, following [23], we say a compact space K is semi-Eberlein if there
exists a homeomorphic embedding h : K — R’ such that h=![co(1)] is dense
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in K. We denote by D(s) the set induced by a retractional skeleton s (see
Definition 1).

Theorem B. Let K be a compact space. Then the following conditions are
equivalent:

(1) K is semi-FEberlein.

(2) There exist a dense subset D C K, a bounded set A C C(K) sepa-
rating the points of K and a retractional skeleton s = (rg)ser on K
with D C D(s) such that
(a) s is A-shrinking with respect to D, and

(b) limgerr r5(z) € D, for every x € D and every up-directed subset
IV of T.
(8) There exist a dense set D C K, a countable family A of subsets of
Be(iy and a retractional skeleton s = (rs)ser on K with D C D(s)
such that
(a) For every A € A there exists eq4 > 0 such that s is (A,e4)-
shrinking with respect to D,

(b) for every e > 0 we have Bexy = | {A € A: ea <¢}, and

(¢) limger 75(x) € D, for every x € D and every up-directed subset
IV of T.

Finally, using Theorem B we provide new structural results for the class
of semi-Eberlein compacta, answering in particular the second part of [23,
Question 6.6] in positive. The most important new stability results are
summarized below.

Theorem C. Let K be a semi-Eberlein compact space.

e If L is an open continuous image of K and it has densely many
Gs-points, then L is semi-Eberlein.

o If K is moreover Corson and L is a continuous image of K, then L
is semi-Eberlein.

As mentioned previously, many steps of the proofs of Theorem A and
Theorem B are of independent interest and we believe those could be used
when trying to characterize other subclasses of Valdivia compacta, which
opens quite a wide area of potential further research. This is outlined in
Section 7.

Let us now briefly describe the content of each section, emphasizing the
general steps mentioned above.

Section 2 contains basic notations and some preliminary results.

In Section 3 we consider retractions associated to (not necessary count-
able) suitable models. The most important outcome is Theorem 15, where
we summarize the properties of canonical retractions associated to suitable
models. As an easy consequence, in Proposition 17 we show a very general
method of obtaining a continuous chain of retractions on a compact space
admitting a retractional skeleton. This part is essentially known as similar
results were obtained e.g. in [5, Lemma 2.5] (using other methods than
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suitable models), but our approach is in a certain sense much more flexi-
ble (most importantly, because it may be combined with other statements
involving suitable models) and we actually use this flexibility later. As a
corollary of our investigations we show in Theorem 21 that we may in a
certain way combine properties of countably many retractional skeletons.

In Section 4, inspired by the proof of [5, Theorem 2.6], we aim at see-
ing as concretely as possible the “Valdivia embedding” of compact spaces
with a commutative retractional skeleton. As a consequence we obtain the
following result which might be thought of as the fourth main result of the
whole paper. The most important part which we use later is the implication
(i)=(iv).

Theorem D. Let K be a compact space and s = (rs)ser be a retractional
skeleton on K. Then the following conditions are equivalent.

(i) D(s) is induced by a commutative retractional skeleton.

(ii) There exists a subskeleton of s which is commutative.

(iii) There exist a subskeleton so = (75)scr of 5 and a dense set D C D(s)
such that for every up-directed set T" C T and every x € D we have
limgerr rg(x) € D.

Moreover, if A > 1 and A C ABe (g is a closed, symmelric and convez set
separating the points of K such that fors € A, for every f € A and s € T,
then those conditions are also equivalent to the following one.

(iv) There exists H C A such that the mapping ¢ : K — [—1,1]" defined
as p(x)(h) := %(z), for every h € H and x € K, is a homeomorphic
embedding and p[D(s)] C X(H).

Note that Theorem D provides a characterization of Valdivia compacta,
since a compact space is Valdivia if and only if it admits a commutative
retractional skeleton.

In Section 5 we prove (slightly more general versions of) Theorem A and
Theorem B. Section 6 is devoted to applications (in particular to the proof
of Theorem C) and Section 7 is devoted to open problems and remarks.

2. NOTATION AND PRELIMINARY RESULTS

We use standard notations from topology and Banach space theory as can
be found in [12] and [14].
For a set I, we define

Y(I) == {z € R!: [suppt(z)| < w},

where suppt(z) = {i € I: z(i) # 0} is the support of x. Given a subset S of
I we denote the characteristic function of S by 1g.

All topological spaces are assumed to be Tychonoff. Let T be a topological
space. A subset S C T is said to be countably closed if C C S, for every
countable subset C' C S. We denote by w(T') the weight of T', by C(T,T)
the set of continuous functions from 7' to T and by BT the Cech-Stone
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compactification of T. If T is compact, then as usual C(T') denotes the
Banach algebra of real-valued continuous functions defined on 7', endowed
with the supremum norm. Moreover, if A C C(T'), we denote by alg(A) the
algebraic hull of A in the algebra C(T'). Recall that a compact space T is
said to be Valdivia if there is a homeomorphic embedding h : T — R’ such
that h=1[X(I)] is dense in T, we refer to [20] for a survey in this subject.

Let (I', <) be an up-directed partially ordered set. We say that a sequence
(Sn)new of elements of I' is increasing if s, < s,41, for every n € w. We say
that I is o-complete if for every increasing sequence (s, )ne, in I' there exists
sup,, sp in I'. We say that IV C T is cofinal in T if for every sy € ' there
is s € I with s > sg. If " is o-complete and A C I', we denote by A, the
smallest o-closed subset of I" containing A. Notice that, by [21, Proposition
2.3], if A is up-directed, then A, is up-directed.

Definition 1. Following [11], a retractional skeleton in a countably compact
space K is a family of continuous retractions s = (rg)ser on K indexed by
an up-directed, o-complete partially ordered set I', such that:

(i) rs[K] is a metrizable compact space for each s € T,
(ii) s,t €', s <tthenrg=r0ors =rsor,
(iii) given an increasing sequence (sp)new in I', if s = sup,c, sn € T,
then rg(z) = limy, 00 s, (), for every z € K,

(iv) for every x € K, x = limger 75().
We say that |J,cp 7s[K] is the set induced by the retractional skeleton s and
we denote it by D(s). We say that s is commutative if we have rgor, = rpor
for every s,t € I'. We say that s is full if D(s) = K.

The following preliminary result will be used in what follows quite fre-
quently. It seems to be new even though it could be known to some experts
as well.

Lemma 2. Let K be a compact space. Suppose that K has a retractional
skeleton s = (rs)ser. Let I C T be an up-directed subset, then the mapping
Ry K — K defined by R (x) = lim v 75(x) is a continuous retraction

and Ry [K] = U e rs[K]. Moreover, the following holds.

(i) If T is countable, then s = supT” exists and we have Ry = rs.
(i) If M is an up-directed subset of P(I') such that each M € M is
up-directed. Then limpyepm Ry () = Rym(z), © € K.
(iii) For every s € (I'), we have that r4[K| C Rp/[K| and rs o Rpr =
RF/ OTs.
(1) (rs|rp[K))se(r), @ a retractional skeleton on Rp[K] with induced
set D(s) N Rp/[K].
(v) If s is commutative, then D(s) N Rp/[K] = Rp/[D(s)].

Proof. Let us start by proving that the mapping Ry is well-defined. In
order to do that fix z € K and suppose that (r5(z)) . is an infinite set
(otherwise the assertion would be trivial). Since K is compact, there exists
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a cluster point ¥ € K for the net (r5(z)),.v. Let us show that such a
cluster point x7 is unique. Indeed, let x1 # x2 be two cluster points of
(rs(:v))sepx. Let Uy, Us C K be two open subsets such that x1 € Uy, x9 € Uy
and Uy NUs = 0. Let (8p)n<w, (tn)n<w C I be two increasing sequences of
indexes such that s, < t, < sp41, 7s,(x) € Uy, and 1, (z) € Us, for every
n € w. Since I' is o-complete, we have that sup,,c,, Sn = sup,c,tn = s € I'.
Then rs(x) € Up N Uy, a contradiction. Therefore Ry is well-defined.

The map Ry is continuous. Indeed, let (x))xea be a net converging to
x € K. Up to taking a subnet we may assume without loss of general-
ity that Rp(x)) converges to y. Suppose by contradiction y # Ry (z),
then there are two open subsets U,V C K with y € U and Ry (z) € V,
such that U NV = (. We find recursively two increasing sequences of in-
dexes (sp)n<w In I and (A)n<w in A such that rg, (zy,) € Vif ¢ > k and
re,(xy,) €U if i < k.

Let us sketch the recursion here. Since Ry (xy) — y, there exists A\g € A

such that Ry (xy) € U for every A > Ag. Since 7r5(x) r Ry (z), there exists

s0 € T such that r¢(z) € V for every t > sq. Since r4(zy,) Lt Ry (zy,) €U,
there exists s; > sg such that r¢(xy,) € U for every t > s;. By the continuity
of rs,, we have rs, (z)) = 5, () € V; hence there exists A\; > ¢ such that
rs,(xx) € V for every A > A\1. We proceed recursively in an obvious way.
Since I' is o-complete, s = supye, sk belongs to I'. Hence ry, (x),) con-
verges to rg(zy,) € U for every i € w. Moreover, by compactness we
have yeo (@2,)i>k # 0, so we may pick Z € (¢, (¥, )i>k- We observe
that rs, (Z) € V for every k € w, hence rs(Z) € V. On the other hand
rs. (z),) = rs(x),) € U for every i € w; therefore r4(Z) € U, a contradiction.
Thus, Ryp+ is continuous.

Let us check that Ry is a retraction. Indeed, pick z € K. Then

Ry (R (x)) = lim r¢(lim r,(x)) = lim lim 74(rs(z))
" ser’ tel” ser’

tel’
= i () = fimy () = B ().

Finally, for every s € I" and = € r4[K] we have Ry (z) = limers 45 7¢(rs(2)) =
x so we obtain (J,cp 7s[K| C Rpv[K] and the other inclusion follows from
the definition of Ryv.
It remains to prove the “Moreover” part. We first observe (see the proof of
[21, Proposition 2.3] for more details) that (I'), is directed, o-closed and
(M) = Ua<w, Ba, where

e By=1";

® Bot1 =B, U{supt, : (t,) is an increasing sequence in B, };

o B\ =y Ba, if A <w; is a limit ordinal.
(i): If I is countable, then we can find an increasing sequence (s, )necw from
I’ with sup,, s, = s = supI”. Then, using that the sequence {s,: n € w} is
cofinal in I, we obtain Rp = Ry, . new} = 7s-
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(ii): Suppose that M C P(I') is up-directed and that each M € M is
up-directed. Put Moo := (Jysepq M, fix € K and open set U such that
Ry, (z) € U. Let V be an open neighborhood of Ry () such that V C U.
Then, there exists s9 € My such that rs(z) € V, for every s € My, with
s > sg. By the definition of M, there exists My € M such that sg € My. If
M € M and My C M, then so € M. This implies that the set {s € M: s >
S0} is cofinal in M and so we have

=i = i .
Ry (z) Sén]\}[rs(:c) seﬂfﬁéso rs(x) e V.CU
This shows that limyreas Ras(x) = Rar, ().
(iii): We prove inductively that for every @ < w; and s € B,, it holds
that r4[K] C Rp[K] and 75 0 Rpv = Rpr ors. Pick s € By = I". Then
rs[K] C R [K], since Ry [K] = J o 7s[K]. Moreover, for x € K we have

rs(Rr(z)) = te%“if,ntlzs rs(re(z)) = te%“i’r,?zs r¢(rs(z)) = R (rs()).

Now, fix o < wy and suppose that the result holds for every v < . If o is
a limit ordinal, then it follows easily from the induction hypothesis that the
result also holds for a. Suppose that a =~ + 1. Let s € B,, x € rg[K] and
(Sn)new C By such that sups, = s. By the induction hypothesis, we have
that Rpi(rs, (x)) = rs, (x), for every n € w and therefore:

Rp/(z) = lién Ry (rs, (z)) = ligl rs, () =rs(x) = .

With a similar argument, we also conclude that r; o Rpr = Ry ors.
(iv): First, we claim that for every x € Rpv[K] we have limy¢rv), 7s(7) = 2.
Indeed, since (I), is up-directed, it holds that R, [K] = User, 7s[K],
which implies that Rp/[K] C R, [K] and therefore if x € Rp[K], then
r = R(F’)O— ((IJ) = hmsE(F/)g rs(a:).

Using (iii) and the previous claim, it is easy to see that s' := (7s|g_, (x])se(r"),
is a retractional skeleton on Rp[K] with D(s') = Use), mslRr[K]] C
D(s) N Rp/[K]. On the other hand, since D(s) is Fréchet-Urysohn (see [22,
Theorem 32]), for every x € D(s) N Rp/[K] there is a sequence (s, )new in
I with 75, () — x and therefore z € D(s’), because D(s') is a countably
closed set. Thus, we have that D(s") = D(s) N Rp/[K].
(v): If (rs)ser is commutative, then for every s € I and = € K we have

Rev(rs(a)) = lim ra(r(2) = ro(Jim r,(2) € D(s),
which implies Rp/[D(s)] C D(s) and so Rp/[D(s)] = D(s) N R/ [K]. O

3. RETRACTIONS ASSOCIATED TO SUITABLE MODELS

The most important results concerning projectional skeletons were origi-
nally proved in [22] using the so-called “method of suitable countable mod-
els” which replaces inductive constructions by “suitable countable models”.
The presentation of this method was further simplified in [6] and later it was
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also used in the context of spaces admitting retractional skeletons, see e.g. [7]

r [11]. Here we further generalize and deeply investigate this method. The
main difference of our approach is that we do not consider only countable
models. The main outcome of this section is that for every (not necessarily
countable) suitable model we can define a canonical retraction associated to
this model. Those canonical retractions will be deeply used in the remainder
of the paper.

Properties of retractions associated to suitable models are summarized
in Theorem 15 and, consequently, in Proposition 17 we obtain a continu-
ous chain of retractions associated to suitable models with very pleasant
properties. As an example of an application we show in Theorem 21 that
we may in a certain way combine properties of countably many retractional
skeletons.

3.1. Preliminaries. Here we settle the notation and give some basic ob-
servations concerning suitable models. We refer the interested reader to [6]
and [11], where more details about this method may be found (warning:
in [6, 11] only countable models were considered, while here we consider
suitable models which are not necessarily countable).

Any formula in the set theory can be written using symbols €, =, A, V, -, —
, <>, 3,(,),[,] and symbols for variables. On the other hand, it would be very
laborious and pointless to use only the basic language of the set theory. For
example, we often write x < y and we know, that in fact this is a shortcut
for a formula (z,y, <) with all free variables shown. Thus, in what follows
we will use this extended language of the set theory as we are used to, having
in mind that the formulas we work with are actually sequences of symbols
from the list mentioned above.

Let N be a fixed set and ¢ be a formula. Then the relativization of ¢ to
N is the formula ¢ which is obtained from ¢ by replacing each quantifier
of the form “Jz” by “Jzr € N” (and if we extend our language of set theory
by the symbol “VY” then we replace also each quantifier of the form “Vx” by
“Yr e N”).

If ¢(x1,...,2,) is a formula with all free variables shown, then ¢ is abso-
lute for N if

Yai,...,an € N ((Z)N(al,...,an)H(Z)(al,...,an)).

Definition 3. Let ® be a finite list of formulas and X be any set. Let
M D X be a set such that each ¢ from ® is absolute for M. Then we

say that M is a suitable model for ® containing X. This is denoted by
M < (9; X).

Note that suitable models do exist.
Theorem 4 (see Theorem IV.7.8 in [25]). Let ® be a finite list of formulas
and X be any set. Then there exists a set R such that R < (®;X) and

|R| < max(w,|X]|)) and moreover, for every countable set Z C R there
exists M C R such that M < (®; Z) and M is countable.
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The fact that certain formula is absolute for M will always be used exclu-
sively in order to satisfy the assumption of the following lemma. Using this
lemma we can force the model M to contain all the needed objects created
(uniquely) from elements of M. We give here the well-known proof for the
convenience of the reader.

Lemma 5. Let ¢(y,x1,...,2,) be a formula with all free variables shown
and let M be a set that is absolute for ¢ and for Jyp(y,x1,...,xn). If
ai,...,an € M are such that there exists a set u satisfying ¢(u,aq,...,ay),
then there exists a set v € M satisfying ¢(v,a1,...,a,). Moreover, if there
exists a unique set u such that ¢(u,aq,...,ay), then u € M.

Proof. Tt follows from the absoluteness of the formula Jyé(y, z1,...,x,),
that there exists v € M such that ¢™(v,ay,...,a,). Therefore the abso-

luteness of the formula ¢(y,z1,...,x,) implies that ¢(v,ai,...,a,) holds.
Moreover, if u is the only set such that ¢(u, a1, ..., ay), then v = v and thus
u € M. ([

Convention 6. Whenever we say “for any suitable model M (the following
holds ...)” we mean that “there exists a finite list of formulas ® and a
countable set Y such that for every M < (®;Y) (the following holds ...)”.

If M is a suitable model and (X, 7) is a topological space (or is (X, d) a
metric space or is (X, +, -, || - ||) a normed linear space) then we say that M
contains X if (X,7) € M, (X,d) € M and (X,+,,| - ||) € M, respectively.

The following summarizes certain easy observations. For the proofs we
refer the reader to [6, Sections 2 and 3], where it is assumed that M is
countable but this fact is not used in proofs.

Lemma 7. For any suitable model M the following holds:

(1) Q,w,R € M and M contains the usual operations and relations on
R.

(2) For every function f € M we have Dom f € M, Rng f € M and
fIM NnDom f] C M.

(8) For every finite set A we have A € M if and only if A C M.

(4) For every countable set A € M we have A C M. Moreover, if K € M
is a cardinal and k C M then for every A € M with |A| < k we have
AcCM.

(5) For every natural numbern > 0 and sets ay, . .., a, we have {ai,...,an} C
M if and only if (ay,...,a,) € M.

(6) If A,B € M, then ANBe M, B\Ae M and AUB € M.

(7) If M contains a normed linear space X, then X N M is a linear
subspace of X.

Some more easy observations are summarized in the following.

Lemma 8. For any suitable model M the following holds:
(1) If (T, <) is up-directed and (I', <) € M, then I' " M is up-directed.
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(2) If f,g € M are functions and f o g is well-defined, then foge M.

(3) If f € M is a function which is one-to-one then f~' € M.

(4) If f € M is a function and X € M is a subset of Dom f, then
fIMNX]=Mn fX].

(5) If A and B are sets and A, B € M, then B € M and Ax B € M.

(6) For every set I € M and X C R with X € M we have 7 € M,
where m : I — RX is the mapping given for i € I and z € X as
m(i)(x) = (7).

(7) Let X C %(I) be such that I € M. Then suppt(x) C M for every
re XNM.

(8) If (X, T) is a topological space with {X, 7} C M, then {C(X),+,-,®} C
M (where - is a multiplication by real numbers and @ pointwise mul-
tiplication of functions). Moreover, if X is a compact space then
M contains the normed linear space C(X), C(X)NM is a closed
subalgebra of C(X) and 1 € C(X) N M.

(9) If (K, T) is a compact space, A C C(K) separates the points of K
and {K, 1, A} C M, then alg((AU{1})NM)=C(K)NnM.

(10) If (K, 7) is a compact space , K' C K is closed and metrizable
with {K', 7, K} € M then C(K) N M separates the points of K' and
K cK NnM.

(11) If (K, T) is a compact space, D C K a dense subset with {K,D,T} C
M and f € C(K) N M, then |f] = |f]poa]

Proof. Let S and ® be the countable set and the list of formulas from the
statement of Lemma 7, where ® is enriched by formulas (and their subfor-
mulas) marked by (%) in the proof below. Let M < (®;S). Then M satisfies
(1), (2), (3), (5), and (6). Indeed those items follow easily using Lemma 5
and the absoluteness of the following formulas (and their subformulas)

Vu,v e 'Jw e Tw > u, v, (%)
3h (h=fog). ()
(b= f1. (%)
W (W =B4). (%)

IW (W =B x A). (%)

Ir e (RN (VieIVee X :n(i)(z) = 2(i)). (%)
(4): By Lemma 7 (2), we have that f[M N Dom f] C M so in particular

fIM N X] Cc Mn f[X]. For the other inclusion pick x € f[X] N M. Using
Lemma 5 and the absoluteness of the following formula (and its subformulas)

WeX (fly) =), (%)

there exists y € M N X with f(y) =z and so z € f[M N X].
(7): Pick z € X N M. Using Lemma 5 and absoluteness of the following
formula (and its subformulas)

dDcI (ieD<ex(i)#0), (%)
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we obtain that suppt(z) € M. Since suppt(z) is a countable set, by Lemma 7
(4) we obtain that suppt(z) C M.

(8): Using Lemma 5 and absoluteness of the following formulas (and their
subformulas)

3C(X) e R¥(Vf e RY : f € C(X) & f is continuous),

(%)
I+ € C(X) O] g € C(X) Vo € X : +(f,9)(2) = [(2) +9(x)), (+)
3 e (X)X (Va e RYf € C(X)Vz € X : (o, f)(x) = af(z)), (%)
3 € C(X)S (VS g € C(X) Vo € X - @(f,9)(z) = f(2)9(2), (%)
we obtain that C(X) € M and that {+,-,®} C M. Morevoer, if X is a

compact space, then using Lemma 5 and the absoluteness of the following
formula (and its subformulas)

3 - lloe € RED (vf € CX) = |- 1I(S) :jg)lglf(x)\)a (*)

*

we obtain that M contains the normed linear space C(X). Thus, by Lemma 7
(7), C(X)N'M is a closed subspace of C(X) and, since ® € M, C(X) N
M is closed under multiplication and therefore C(X) N M is closed under
multiplication as well. Finally, using Lemma 5 and absoluteness of the
following formula (and its subformulas)

AfeC(X) (VxeX f(z)=1), (%)
we obtain that 1 € C(X) N M.
(9): By (8), C(K)N M is a closed subalgebra of C'(K) that contains (A U
{1}) N M, so we have alg((AU{1})NM) C C(K)N M. For the other in-

clusion, pick f € C(K)N M. By Lemma 5 and absoluteness of the following
formula (and its subformulas)

JAC A (Ais countable and f € alg(AU {1})), (%)

there is a countable set A C A with A € M and f € alg(AU{1}). By
Lemma 7 (4), we have that A C AN M. Therefore, using that 1 € M, we
obtain

alg((AU{1}) N M) =alg((ANM)U{1}) DC(K)N M.

(10): By (8), Lemma 5 and the absoluteness of the following formula (and
its subformulas)

JA C C(K) (A is countable and separates the points of K'), (%)

there is a countable set A C C(K) with A € M which separates the points of
K'. By Lemma 7 (4), we have that A C C(K)NM so C(K)NM separates the
points of K’. Therefore, since by (8) the set C(K) N M is a closed algebra
containing constant functions, Stone-Weierstrass theorem ensures that the
set {f|gr: f € C(K)N M} is dense in C(K'), which implies that {f|x/: f €
C(K)NM} is dense in C(K') and therefore {f~(—1/2,1/2)NK’: f € C(K)N
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M} is an open basis of K’. Moreover, for every f € C(K)NM using Lemma 5
and the absoluteness of the following formula (and its subformulas)

Jr e f1(-1/2,1/2) N K’, (%)

we have that f~1(—1/2,1/2) N (K' N M) # () for every f € C(K)N M and
therefore the set K/ N M is dense in K’.

(11): Since D C K is a dense set, we have that ||f|| = ||f|p||. It follows

from (8) that || - || € M and so ||f|| € M. Therefore, using Lemma 5 and

the absoluteness of the following formula (and its subformulas)
VnewdreD ([fl=1/n<|f(x)] <|fl+1/n), (%)

we obtain that for every n € w, there exists x,, € DN M such that |f(x,)| —
[ralE O

3.2. Retractions associated to suitable models. Here we show that
in a compact space with a retractional skeleton, for every suitable model
there is a canonical retraction associated to it (see Definition 12). The
main outcome of this subsection is Theorem 15, where the properties of a
canonical retraction are summarized.

Lemma 9 and Lemma 10 are inspired by [11, Lemma 4.7], where something
similar was proved for suitable models which are countable.

Lemma 9. For every suitable model M the following holds: Let X be a set
and A C RX such that {X}U.A C M. Consider the mapping qps : X — RA
defined for x € X as qp(z)(f) := f(z), f € A. Then for every B C X with

B € M we have qp[B] C gy [B N M].

Proof. In this proof we will use the identification of any n € w with the set
{0,...,n — 1}. Further, denote by B the set of all the open intervals with
rational endpoints and by B<% the set of all the functions whose domain is
some n € w and whose values are in B.

Let S be the countable set from the statement of Lemma 7 enriched by
{B,B<“} and let ® be the list of formulas from the statement of Lemma 7
enriched by formulas (and their subformulas) marked by (x) in the proof
below. Let M < (®; SU{X}UA).

Fix B ¢ X with B € M, a point x € B and a basic neighborhood of
a point gp/(x); that is, let us pick finitely many functions FF C A and a
sequence of rational intervals such that f(x) € Iy, f € F' and consider the
neighborhood

N:={yeRA: y(f) e Iy for every f € F}.
By Lemma 7 (3), we have that F' € M and by absoluteness of the formula
dn € w3n (7 is a bijection between n and F'), (%)

and its subformulas, there is n € w and a bijection n € M between n and F.
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Let us further define the mapping § : n — B by £(i) = I,;. Since
£ € B~ € M, it follows from Lemma 7 (4) that £ € M. By Lemma 5 and
the absoluteness of the formula (and its subformulas)

dre B (Vi<n:n(i)(z) (i), (%)
there is a point xyp € B N M such that ga(zg) € N; hence, gy [B N M] is
dense in gy [B]. O

Lemma 10. For every suitable model M the following holds: Let (K, T) be
a compact space and D C K be a dense subset with {K,D, 7} C M.
If C(K) N M separates the points of D N M, then there exists a unique
retraction ryr : K — D N M such that f = fory, for every f € C(K)NM.
Moreover, in this case

(1) for every x € K and A C C(K) separating the points of K with A €
M, ry(z) is the unique point from D N M satisfying f(ry(z)) =
f(x), for every f € AN M.

(2) if BC D and B € M, then ry[B] = BN M.

Proof. Let S and ® be the union of sets and the lists of formulas from the
statements of Lemma 7, Lemma 8 and Lemma 9. Let M < (®; SU{K, D, 7})
be such that C(K) N M separates the points of D N M. By Lemma 8 (8),
we have that C(K) € M.

Let us consider the mapping qp; : K — REEIM given by qu(z) =
(f(®))fec(kynms, * € K. Then gy is continuous and, by the assump-
tion, qar|pnaa7 is one-to-one; hence, gas|pAz7 is @ homeomorphic embedding.
Moreover, whenever B C D is such that B € M, then by Lemma 9 we have
qum|[B N M) D qp[B] which implies gps[B] = qu[B N M].

Now, put rps = (qM|w)_1 o qyr- Then it is a continuous retraction
with rp[K] = D N M. Moreover, for every z € K

rar(x) = (qulpagr) " o am(z) = v,

where y € K is the unique point such that y € DN M and g(y) = g(x), for
every g € C(K)N M. Hence, for f € C(K)N M we have

flra(x)) = fly) = f(2).

In order to see that ), is unique, let us consider another retraction r’ :
K — DN M satisfying that f = f o’ for every f € C(K)N M. Then,
for every x € K, and every f € C(K) N M we have f(ry(z)) = f(x) =
f(r'(z)); hence, since C(K) N M separates the points of rjs[K], it holds that
ray(x) = r'(z). Since x € K was arbitrary, we have ry; = /. Moreover,
given y € DN M such that f(y) = f(z) for every f € AN M, where
A C C(K) is a set separating the points of K with A € M, we obtain that
fly) = f(z) for f € alg((AU{1})N M) = C(K)N M (the last equality
follows from Lemma 8 (9)) and so y = rps(x).

Finally, if B C D is such that B € M then by the above we have qy/[B] =

gu[B N M] and so ry[B] =ry[BNM|=BnNM.

O
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Let us note that a compact space K admits a retractional skeleton if
and only if there exists a dense set D C K such that for every suitable
model M which is moreover countable, the set C(K) N M separates the
points of DN M, see e.g. [7, Theorem 4.9] or [19, Theorem 19.16] (that
is, the assumption of Lemma 10 is satisfied for suitable models which are
countable). The following shows that we do not need to assume countability
of the model.

Proposition 11. For every suitable model M the following holds: If (K, T)
is a compact space and D C K is a subset of a set induced by a retractional
skeleton with {D, K, 7} C M, then C(K)NM separates the points of D N M.

Proof. Let S be the union of sets from the statements of Lemma 7 and
Lemma 8 and let ® be the union of lists of formulas from the statements
of Lemma 7 and Lemma 8 enriched by formulas (and their subformulas)
marked by (%) in the proof below. Let M < (®; SU{K,D,7}).

By Lemma 5 and the absoluteness of the following formula (and its sub-
formulas)

ara< 3ar (D is a subset of a set induced by
the retractional skeleton {r(s): s € I'}), (%)

there exist I', <,r € M such that {r(s): s € I'} is a retractional skeleton on
K inducing a set containing D. For s € I' we will write below rg instead of
r(s). By Lemma 8 (1), the set I' N M is up-directed. Hence by Lemma 2
there exists a continuous retraction Ryr: K — K defined by Rpy(z) =
limgernps rs(x), for every x € K. Using the absoluteness of the following
formula (and its subformulas)

Vue D3s e T'u € rg[K], (%)

we obtain that D N M C Ry;[K] and therefore DN M C Ry [K|. Now fix
x,y € DN M with z # y. Since x = limsernny 7s(z) and y = limgernas rs(y)
there exists s € I' N M such that rs(z) # rs(y). By Lemma 7 (2), we have
that r(s) = rs € M and r4[K] € M. Thus, by Lemma 8 (10), there exists
f € C(K)N M such that f(rs(z)) # f(rs(y)). Now using Lemma 8 (2),
we obtain that g = fors € C(K)NM and g(x) # g(y). Thus, C(K)N M
separates the points of D N M U

The retraction constructed in Lemma 10 (whose assumption is satisfied
by Proposition 11 in compact spaces admitting a retractional skeleton) will
be the key to our considerations. Let us give it a name.

Definition 12. Let K be a compact space and let D C K be a dense subset
that is contained in the set induced by a retractional skeleton. Given a set
M, we say that rps is the canonical retraction associated to M, K and D if
it is the unique retraction on K satisfying ry/[K] = DN M and f = fory,
for every f € C(K)N M. We say that a set M admits canonical retraction
if there exists the canonical retraction associated to M, K and D.
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In the case when D = K we say that M admits canonical retraction rys
associated to M and K.

The properties of canonical retractions associated to suitable models are
summarized in Theorem 15. We need two lemmas first.

Lemma 13. For every suitable model M the following holds: Let (K, T) be
a compact space and A C C(K) be a set separating the points of K with
{A,K,7} C M. Then for every compact set K' C K, AN M separates the
points of K' if and only if C(K) N M separates the points of K'.

Proof. Let S and ® be the set and the list of formulas from the statements
of Lemma 7 and Lemma 8. Let M < (®; S U{K, 7, A}). In order to get a
contradiction, let us assume that C(K) N M separates the points of K’ but
ANM does not separate the points of K’. Then also alg((AN M) U {1}) does
not separate the points of K’ (because if there are z # y with f(z) = f(y)
for every f € AN M, then also g(z) = g(y) for every g of the form g =
ao+ >y a;II7L, fi ;). But this is a contradiction, because using Lemma 8
(8) and (9) we conclude that alg((ANM)U{1}) =C(K)n M. O

Lemma 14. For every suitable model M the following holds: Let (K, T) be
a compact space and let D C K be a dense subset that is contained in the
set induced by a retractional skeleton such that {K,D,7} C M. Then the
mapping ® : C(K)NM — C(DNM) defined by ©(f) := flpans for every
feC(K)NM, is a surjective isometry.

Proof. Let S and ® be the union of countable sets and finite lists of formulas
from the statements of Lemma 8 and Proposition 11. Let M < (®;S U
{K,D,7}). By Lemma 8 (11), we have that ||f|| = ||f|pna||, for every
f € C(K)N M, so the mapping ®|¢(x)nns is an isometry which implies that
® is also an isometry. It remains to show that it is surjective. By Lemma 8
(8), C(K)N'M is a closed subalgebra of C(K) and so the image of @ is
a closed subalgebra of C(D N M) which, by Proposition 11 separates the
points of D N M. Therefore, it follows from Stone-Weierstrass theorem that
OIC(K)NM]=C(DnNM). O

Theorem 15. For every suitable model M the following holds: Let (K, T)
be a compact space and let D C K be a dense subset that is contained in the
set induced by a retractional skeleton with {K,D,7} C M. Then there exists
a unique retraction ryy : K — DN M with ry[K] = DN M and f = fory,
for every f € C(K) N M. Moreover, for this retraction ry; the following
holds:

(i) Whenever A C C(K) separates the points of K and A € M, then
for every x € K, ry(x) is the unique point from D N M satisfying
f(ry(x)) = f(x), for every f € AN M.

(ii) Whenever (I', <) is up-directed and o-complete andr: I' — C(K, K)
is a mapping such that s = {r(s): s € I'} is a retractional skeleton
on K with D C D(s) and {r,I', <} C M, then the following holds.
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(a) For every se TN M, r(s)[K] C DN M.
(b)

ru(e) = lim r(s)(@), @c k.

(c) If M is countable, then rpr = r(s) for s =supI'N M.

(d) {r(s)lryx]: s € (DN M)g} is a retractional skeleton on ry[K]
with induced set D(s) Nry[K].

(e) If s is commutative, then rp[D(s)] = D(s) Nry[K].

(iii) Whenever h : K — L is a surjective homeomorphism with h € M,
then r := horyroh™! is the unique retraction on L such that r[L] =
hIDJNM and for = f, for every f € C(L)N M.

(w) w(rm[K]) < |M].

Proof. Denote by B the set of all open intervals with rational endpoints.
Let S be the union of sets from the statements of Lemma 7, Lemma 8,
Lemma 10, Lemma 14 and Proposition 11 and let ® be the union of lists of
formulas from the statements of Lemma 7, Lemma 8, Lemma 10, Lemma 14
and Proposition 11 enriched by the formula (and its subformulas) marked
by (x) in the proof below. Let M < (®;SU{K,D,7}). It follows directly
from Proposition 11 and Lemma 10 that the retraction r,; exists and that
it satisfies (i).

Let {r,I,<} C M be as in (ii). For s € I' N M, by Lemma 7 (2) we
have that r(s)[K] € M and thus Lemma 8 (10) ensures that r(s)[K] C
r(s)[K]N M. Moreover, for every x € r(s)[K] N M, using the countable
tightness of D(s) the following formula holds

3C c D (C is countable and = € C). (%)

Thus, by Lemma 5 there exists a countable set C' C D with C € M (which
implies C C M) such that # € C, which implies that z € DN M, so
r(s)[K] C r(s)[K]NM C DN M and (a) holds. By Lemma 8 (1), ' N M
is up-directed and so, using Lemma 2 the limit limgsernas 7(s)(x) =: Ryr(x)
exists for every z € K.

We claim that Rp; = rps. Note that due to the uniqueness of ryy, it
is enough to show that Ry/[K] € DN M and that f o Ry = f, for every
f € C(K)NM. By the definition of Ry, using (a), we observe that Ry/[K]| C
DN M. Moreover, for every x € DN M, by Lemma 5 and the absoluteness
of the following formula (and its subformulas)

Js €T (rs(z) =), (%)
there is s € ' N M with r4(z) = x and so x € Ry[K]. Thus, we have that
Ry[K]=Dn M. Pick f € C(K)NM. Since (75)scrnm converges pointwise
to Ry, using [21, Lemma 5.2] we conclude that (f o rg)serna converges
in norm to f o Ry. Therefore f o Ry € C(K)N M, since it follows from

Lemma 7 (2) and Lemma 8 (2) that fors € C(K)NM, for every s € TN M.
Thus f and f o Ry are two functions from C(K) N M which have the same
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values on D N M and so, by Lemma 14, f = f o Ry;. This proves the claim
and establishes (b) which, using Lemma 2, implies (c), (d) and (e).

The proof of (iii) is easy once we realize that by Lemma 8 (4) we have that
h[D N M] = h[D]N M and that foh € C(K)N M, for every f € C(L) N M.
We omit the straightforward details.

Finally, (iv) follows from Proposition 11, since rp/[K] = DN M. O

3.3. Families of canonical retractions. Here we study families of canoni-
cal retractions associated to suitable models. Those are more-or-less straight-
forward consequences of Theorem 15. The most important for what follows
is Proposition 17 which will be repeatedly used further.

Lemma 16. There are a countable set S and a finite list of formulas ®
such that the following holds: Let (K,T) be a compact space, (I', <) be an
up-directed set, r : I' — C(K, K) be a mapping such that s := {r(s): s € I'}
is a retractional skeleton on K and let D C D(s) be dense in K. Put
S'=SU{K,r,D,T',<,r}. Then every M < (®;5’) admits the canonical
retraction ry; associated to M, K and D.
Moreover, we have the following.
(1) If M, N < (®;5") and M C N thenryjory =ryory =ry.
(2) Let M be an up-directed set with M < (®;5"), for every M € M and
let Moo := Upremy M. Then My < (9;5") and limprep () =
v (z), x € K.
(3) If U is a basis of T, M is an up-directed set with M < (®;5), for
every M € M and U C Uprep M, then limpyeprar(x) = x, for
every x € K.

Proof. The existence of S and ¢ follows from Theorem 15. Let us prove
the moreover part using the additional properties of canonical retractions
established in Theorem 15.

(1) Since ry[K] = DNM C DNN = ry[K], we have ryy = ry o ry.
Moreover, for every f € C(K)NM C C(K)N N we have

flru(2)) = f(2) = f(rn (@) = f(ru(rn (@), © € K

and so ry(x) = ry(ry(z)), for every z € K.

(2) Since M is up-directed, it follows from [6, Lemma 2.1] and Lemma 5
that M < (S’; ®). Now, combining Theorem 15 (ii) with Lemma 8 (1) and
Lemma 2 (ii) we obtain that limpysepm rar(z) = s (2), € K.

(3) Pickz € K, U € Usuch that z € U and find V € U withz € V c V C U.
Since V- € U and U C |Jpsepq M, there exists My € M such that V' € M.
Now fix M € M with My C M. It follows from Lemma 7 (6) that VN D €
M. Therefore Lemma 10 ensures that rys(x) € ryy[VND] Cc VNnDcCU,
sincex € VN D. O

Proposition 17. There exist a countable set S and a finite list of formulas
® such that the following holds:
Let (K,T) be a compact space, (I',<) be an up-directed set and r : I' —
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C(K,K) be a mapping such that s = {r(s): s € I'} is a retractional skeleton
on K. Let k:=w(K) and U : k — 7 be such that {U(i): i < K} is an open
basis of 7. Put S := SU{K, D(s),T',<,r,7,U}. Let (My)a<x be a sequence
of sets satisfying

(Ra) M, < (®;5"), for every a € [0, K],

(Rb) |M,| < max(w, |a|), for every a € [0, k],

(Rc) Muot1 D My U{a}, for every a € [0, k),

(Rd) Mo =g, Mg, if a € (0, k] is a limit ordinal.

Then for every a € [0, k| there exists a canonical retraction 14 associated to
My, K and D(s) and the following holds.

(R1) For every o < 3, we have that 1o 0173 =10 7Tq = Tq.

(R2) ro(x) — x, for every x € K.

(R3) Let a < i, let n: [0,a) — Kk be an increasing function and let & < k
be a limit ordinal with supg,n(B) = §. Then limgcq g (7) =
re(x), for every x € K.

(R4) ry =1d.

(R5) For every a € [0,k], we have that w(rq[K]) < maz(w,|a|) and
(Tslra[K])se(Mnia), 18 a retractional skeleton on ro[K] with induced
set D(s) Nry[K].

(R6) If A is a closed subset of C(K) and fors € A, for every f € A and
seTl, then {fory: feAa<k}CA

(R7) If x,y are distinct points in K then f:= min{a < k: ro(x) # ro(y)}
exists and it is a successor ordinal or § = 0.

(R8) For every o < K, the set T'NM, is up-directed and ro(z) = limge(ar,nr) 7s(7),
for every x € K.

(R9) For every a < k and t € (I' N\ My,)y, it holds that ryorq =1rq 014,

(R10) Let A C C(K) be a set that separates the points of K and a < k. If
A € M,, then AN M, separates the points of ro[K] and for, = f,
for every f € AN M,.

Moreover, if s is full or commutative, then ro[D(s)] C D(s), for every a €
[0,x] and if D C D(s) is such that ro[D] C D for every a € [0, k], then we
also have the following.

(R11) The sets {ro(z): a < k} and {a < k : 7o() # ras1(z)} are count-
able, for every x € D.

Proof. Let S and ® be the union of sets and lists of formulas from the state-
ments of Theorem 15 and Lemma 16. Then the existence of ro, a € [0, K]
follows from Theorem 15. Now, (R1) follows immediately from Lemma 16.
(R2) and (R3) follow from Lemma 16 as well (using for (R2) the fact that
{U@@): i < K}t C Ugper Mo and for (R3) the fact that Uz, My = Me).
(R4) follows from (R2) and (R3) applied to n(i) :=1, i < k and { = k. (R5)
and (R10) follow from Theorem 15. For (R6) we observe that by Theo-
rem 15 (ii) the net of continuous retractions (7s)sernaz, converges pointwise
to the continuous retraction r, and so [21, Lemma 5.2] ensures that the
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net (f ors)serna, converges in norm to f or,, for every f € C(K), which
implies (R6). For (R7) we observe that by (R2) there is i < k such that
ri(z) # ri(y) so B is well defined and if 5 # 0 then it is a successor ordinal
by (R3). For (R8) is suffices to apply Lemma 8 (1) and Theorem 15 (ii).
(R9) follows from Lemma 2 (iii).

Moreover, if s is full then we obviously have 7o[D(s)] = ro[K]| C K = D(s)
and if it is commutative then Theorem 15 (ii) ensures that ro[D(s)] C D(s).
(R11): Pick x € D and note that in order to prove that {ry(z): a < K}
is countable, it suffices to show that for every strictly increasing function
n: [0,w1) — K, there is ¢ < wy with 7, (2) = 78 (), for every ¢ <
B < wi. Let n : [0,w;) — Kk be a strictly increasing function and set
§ == supg,, N(B). By (R3), we have r¢(x) = limgy, ry(g)(z). Hence, since
r¢e[D] C D and D has countable tightness (see [22, Theorem 32]), there
is a ¢ < wp with re(z) € ry)[K]; so, for ¢ < B < w1, using (R1), we
obtain 7, (z) = ry(g)(re(x)) = 1¢(x). Finally, to conclude that the set
{a < Kk : 1o(x) # rot1(z)} is countable, note that the mapping p(a) =
ro(x) is an injection from this set into {r(z): a < k}. Indeed, suppose by
contradiction that there exist a, 8 < Kk with a # 3, ro(z) # ro41(x) and
rg(z) # rg1(x) such that ro(x) = rg(x). Without loss of generality, we
may assume that o < . Then applying the map 7441, by (R1), we obtain
ro(z) = raq1(ro(z)) = raq1(rg(x)) = ra+1(z), which is a contradiction. [

3.4. Application - passing to a subskeleton. Here we introduce the no-
tion of a (weak) subskeleton and show that for a countable family of retrac-
tional skeletons inducing the same set there is a common weak subskeleton,
see Theorem 21.

Definition 18. Let K be a compact space and let s = (r5)ser be a retrac-
tional skeleton on K. We say that (rs)ser is a subskeleton of s, if IV C T is
a o-closed and cofinal subset.

It is easy to see that every subskeleton is a retractional skeleton.

Definition 19. Let (r5)ser be a retractional skeleton on a compact space
K. We say that (R;);en is a weak subskeleton of (rs)ser if (R;)iea is a
retractional skeleton on K and there exists a mapping ¢ : A — I' such that

o R; = ry, for every i € A;

e ¢ is w-monotone, that is, if 4,5 € A with ¢ < j, then ¢(i) < ¢(j)
and if (i,)new is an increasing sequence from A, then sup,, ¢(i,) =
p(supy, in);

o {4(i): i € A} is cofinal in T.

Clearly, every subskeleton of a retractional skeleton is also a weak sub-
skeleton. Some basic properties of weak subskeletons are summarized below.

Fact 20. Let (rs)ser be a retractional skeleton on a compact space K and
(R;)icA be a weak subskeleton of (rs)ser. Then

e (R;)ica induces the same subset as (Ts)ser;
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o if (Sj)jen is a weak subskeleton of (R;)icn, then it is a weak sub-
skeleton of (rs)ser-

The following result shows that we may concentrate properties of count-
ably many retractional skeletons into one skeleton, which is moreover gen-
erated by suitable models.

Theorem 21. Let K be a compact space and let (r?)ser,, n € w be a
sequence of retractional skeletons on K inducing the same set D. Then
there exists a retractional skeleton which is a weak subskeleton of (r?)ser,,
for every n € w.

Moreover, for every countable set S and every finite list of formulas P,
there exists a family M consisting of countable suitable models for ® con-
taining S such that every M € M admits canonical retraction rys associated
to M, K and D and (rar) mem is a weak subskeleton of (r2)ser,,, for every
n € w, where the ordering on M is given by inclusion.

Proof. Let I'y, = (I'y, <) and 7, : I'y;, = C(K, K) be such that r,(s) := r7,
for every n € w and s € I';,. Let 7 be the topology on K. Let S’ be the
union of S and the countable set from the statement of Theorem 15 enriched
by {K,D,7,r,Tn,<p: n € w} and let ' be the union of ¢ and the list of
formulas from the statement of Theorem 15. By Theorem 4, there is a set
R D> S"UtU,e,'n such that R < (®';.5") and for every countable set
Z C R there is a countable set M(Z) C R satisfying M (Z) < (®'; Z). Set

M={M € [R: M < (®',5)},

ordered by inclusion. The o-completeness of M follows from [6, Lemma 2.4].
To see that M is up-directed, let N1, No € M, then the set M (N1UN;y) € M
and satisfies Ny UNg C M (N;UN3). By Theorem 15, every M € M admits
canonical retraction rp; associated to M, K and D. Note that for every
U € 7 thereis M € M with U € M (it suffices to put M = M ({U}US’)) and
so TN(|J M) = 7 is indeed a basis of the topology 7. Therefore it follows from
Theorem 15 (iv) and Lemma 16 that (ras)aem is a retractional skeleton
on K. Now for every n € w, let ¢, : M — I';; be the mapping defined by
¢n (M) := sup(I', N M). By Theorem 15 (ii), we have that rp; = T (M)’
for every n € w. Now, let (My)kew C M be an increasing sequence, then
it is easy to see that supy, ¢n (M) = ¢n(Mso), where Moo = Upe,, M- It
remains to prove that the set {¢, (M) : M € M} is cofinal in T, for each
n € w. Let n € w and s € I',,, then there exists M € M such that s € M
(it suffices to put M = M ({s} US’)). Therefore ¢, (M) = sup(I', " M) > s.
This concludes the proof. ([l

4. VALDIVIA EMBEDDING OF COMPACT SPACES ADMITTING A
COMMUTATIVE SKELETON

Giving a compact space K that admits a commutative retractional skele-
ton s, it is known that there exists a homeomorphic embedding h : K —
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[~1,1]7 such that h[D(s)] c £(I) (that is, K is Valdivia and D(s) is a
Y-subset of K). The main aim of this section is to have a very concrete
and very flexible way of understanding the mapping h, which is the topic
handled in Subsection 4.2, where the proof of Theorem D is given. Apart
from Theorem D, we would like to highlight Theorem 27 which gives a new
characterization of Valdivia compacta using suitable models.

4.1. Canonical retractions associated to suitable models in Valdivia
compact spaces. The goal here is to obtain the following concrete descrip-
tion of the canonical retractions associated to suitable models in Valdivia
compact spaces.

Lemma 22. For every suitable model M the following holds: Let D C %(I)
be such that K = D is compact and {K,D,I,7} C M (where T is the
topology on K ). Then the mapping r : K — K defined as r(x) = x|ranm, for
every x € K, is the canonical retraction associated to M, K and D.

This was in a certain sense most probably well-known for countable mod-
els (see e.g. [24, Lemma 2.4]), here we show that the situation is the same
for uncountable models as well. The remainder of this subsection is more-
or-less devoted to the proof of Lemma 22. We start with two preliminary
results.

Lemma 23. For every suitable model M the following holds: Let X C %(I)
be such that {X,I} C M. Then we have

XNM={zlrm:zeX}.

Proof. Let S and ® be the union of sets and lists of formulas from the
statements of Lemma 7, Lemma 8 and Lemma 9 and let M < (®; SU{X, I}).
Let 7 : I — RX be the mapping given by m;(z) = (i), for every x € X
and ¢ € I. By Lemma 7 (2) and Lemma 8 (6), we have that 7 € M and
A:=7x[INM] C M. Let qpy : X — RA be the mapping from Lemma 9,
that is, for x € X we have qy(x)(m;) = (i), i € I N M. Consider the
mapping ¢ : R4 — R! given for 2 € RA by ¢(x)(i) := z(m), ifi € INM
and ¢(x)(i) := 0, if ¢ € I\ M. It is easy to see that ¢ is continuous. By
Lemma 9, we have ¢y [X] C ga[X N M| which implies that

{l’|[mM: x € X} = d)(qM[X]) C gb(qM[XﬂM]) = {ZE|[QM: S XQM}.

Thus, it suffices to note that for every x € X N M we have x|rny = x, which
follows from the fact that the support of every x € X N M is contained in
M, see Lemma 8 (7). O

The following is well-known. We did not find a suitable reference, but it
follows e.g. from the proof of [24, Theorem 6.1] (for the key step see also [2,
Lemma 1.2]). For the convenience of the reader we show a short argument
based on our previous considerations.
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Lemma 24. Let K C R! be a compact space and let D := X(I) N K be
dense in K. Put

I:={Ac[I|%: z|s € K for every x € K}

and for every A € T define ry : K — K by ra(z) := z|a, x € K. Then
(ra)aer is a commutative retractional skeleton on K inducing the set D.

Proof. 1t is obvious that each 74 is a continuous retraction with r4[K]
metrizable. For every A,B € I', we have AN B € I' and r4 orp = ranB
which implies that rqorp = rgor4. Having an increasing sequence (A4, )new
from I' and x € K, we have ra,z — |4, and so As := [JA, € T and
ra, & — ra 2. Let us now observe that for every x € D there is A € T’
with 74z = x. Indeed, any = € D has a countable support, so it suffices
to see that for every countable F C I there is A € I' with F C A. Indeed,
by Theorem 4 and Lemma 23 (applied to X = D), there exists a countable
set M such that E C M NI and {z|;np: ¢ € D} = DN M, which implies
that M NI € I'. Finally, note that the cofinality of I' in [I]=% implies that
the net (r4)aer converges pointwise to the identity in K. Thus, I' is cofinal
and o-closed in [I]S% (in particular ' is a o-complete up-directed set) and

(ra)aer is a commutative retractional skeleton on K inducing the the set
D. O

Proof of Lemma 22. Let S and ® be the union of the countable sets and
finite lists of formulas from the statements of Lemma 7, Lemma 8, Theo-
rem 15 and Lemma 23. Pick M < (®;SU{K,D,I,7}). Since D is dense
in K and contained in the set induced by a retractional skeleton (see e.g.
Lemma 24), by Theorem 15, M admits canonical retraction r; associated
to M, K and D.

By Lemma 23, using the continuity of the mapping K > x +— x|;ny and
compactness of K, we have D N M = {x|;na: @ € K} and so the retraction
7 is well-defined, continuous and r[K] = DN M. Let 7 : I — R be the
mapping given for i € I and z € K as 7n(i)(z) := z(i). By Lemma 8 (4)
and (6), we have m € M and «[I] N M = [l N M]. Since we obviously have
for=f, forevery f € n[INM]=n[I]NM and 7[I| € M separates the
points of K, using Theorem 15 we obtain that r = ;. O

4.2. Valdivia embedding. This subsection is devoted to the proof of The-
orem D whose proof is based on the proof of [5, Theorem 2.6]. Quite sur-
prisingly, the inductive argument does not give us only the “Valdivia em-
bedding” (that is, Theorem D (i)=-(iv)), but it also provides us with a new
characterization of Valdivia compacta (that is, Theorem D (i)« (iii)) which
we use later. Let us also highlight that there is an analogy of this new char-
acterization in the language of suitable models, see Theorem 27. We start
with a lemma.
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Lemma 25. Let K be a compact space and let A C C(K) be a set separating
the points of K. Then there exists A" C A with |A’| = w(K) which separates
the points of K.

Proof. First, since by the Stone-Weierstrass theorem alg(A U {1}) is dense
in C(K), we easily observe that {f~1(—1/2,1/2): f € alg(AU {1})} is a
basis for the topology of K. Thus, by [12, Theorem 1.1.15], there is F C
alg(A U {1}) with |F| = w(K) such that {f~1(=1/2,1/2): f € F} is a
basis for the topology of K. Pick A" C A such that |A'| = w(K) and
F C alg(A"U{1}). Then A’ separates the points of K, because otherwise
alg(A" U {1}) would not separate the points of K, a contradiction with the
fact that {f~1(—1/2,1/2): f € F} is a basis of the topology. O

Proof of Theorem D. (i)=-(ii) Let so be the commutative retractional skele-
ton on K inducing D(s). Then by Theorem 21 there is a weak subskeleton of
both s and s,, which easily implies that there is a cofinal subset IV C T" such
that rs o ry = ry o1y, for every s,t € I'. Thus, it suffices to let IV = (I'),.
(ii)=-(iii): Let so = (rs)serr be a commutative subskeleton of s. Pick an
up-directed set I C IV and x € D(s) = D(s2). By Lemma 2 the limit
limgepr 75(x) exists. Since there exists so € IV such that x = 7, x, using the
commutativity we obtain

slérrl‘}’ rs(z) = Slérlg/ Ts(rso) = Ts, (Slérlgl rs(x)) € D(s).

Thus, sy satisfies (iii) with D = D(s).

(iii)=(iv): First, we may without loss of generality assume that so = s. We
will prove the result by induction on k := w(K). We may without loss of
generality assume that A = 1. If kK = w, then by Lemma 25, there exists a
countable set H C A which separates the points of K and this set does the
job. So let us assume that the result holds for every compact space of weight
strictly smaller than k. Proposition 17 together with Theorem 4 imply
the existence of sets (M, )<, satisfying (Ra)-(Rd) and retractions (7 )a<w
satisfying (R1)-(R11). Note that using (R8), we obtain that r,[D] C D.
For every a < k, define A, := {f € C(ro[K]): fory € A}. It is easy to see
that, for every a. < k, the set A, is symmetric, closed, convex and bounded.
The fact that A, separates the points of r,[K] follows from (R6) and (R9)
implies that fors € A,, for every f € A, and every s € (I' N M,),. For
every a < r, define Dy, := D Nry[K] C D(s) Nre[K]. Since ro[D] is dense
in ro[K] and r7o[D] C D,, we have that D, is dense in r[K]. Therefore the
induction hypothesis and (R5) imply that there are sets T, C A, such that
the mapping @, : ro[K] = [1,1]T given by ¢q(z)(t) := t(z), t € T, and
x € 1o[K] is a homeomorphic embedding and ¢,[D,] C X(Ty), for every
a < k. We may without loss of generality assume that T, N Tz = () for
a # B. Now, we put T = To U, ., Tas1 and define ¢ : K — [—1, 1]7 by

o(z)(t) == %(@a-&-l(rrx-&-l(x))(t) - 8004+1(T04(95))(t))7 t € Toti,
(po(ro(x))(t), telTp.



24 C. CORREA, M. CUTH, AND J. SOMAGLIA

Then ¢ is of course continuous. Let us verify that it is one-to-one. Indeed,
if x,y are distinct points from K then by (R7) there is a minimal ordinal
ap < K for which 74, (z) # 74, (y) and o = 0 or it is a successor ordinal. If
ap = 0, then there exists ¢ € Ty such that ¢o(ro(z))(t) # ¢o(ro(y))(t) and
so we have p(z)(t) # ¢(y)(t). Otherwise, ag = By + 1 for some [y < k and
there is t € Ty, such that @, (ra,(2))(t) # Pae(Tae(y))(t). Moreover, since
ag is minimal, we have 7g,(x) = r3,(y), hence we obtain ¢(z)(t) # (y)(t)
and so ¢(x) # ¢(y). Thus, ¢ is a homeomorphic embedding.

Let us show that ¢[D(s)] C X(T'). Indeed, by (R11), for every x € D the
set {a < k: roq1(x) # ro(x)} is countable. Moreover, since 7o[D] C D, the
induction hypothesis ensures that the supports of g (7’0(:(})), Ya+1(rat1(z))
and @+1(ro(z)) are countable. Therefore the support of ¢(x) is countable
and we obtain p[D] C X(T'). Moreover, since D is dense in K, by Lemma 24
there is a commutative retractional skeleton so on ¢[K] such that D(sq) =
e[K]NX(T). Since p[D(s)]ND(s2) D ¢[D], by [7, Lemma 3.2] we have that
#lD(s)] = D(sz) © (T).

Now, let us show that m o ¢ € A, for every t € T. Firstly, note that
T 0 Yo € Ag, for every t € T, and every a < k. If t € Ty, then we have
that m 0 p =mopgoryg € A. Pick o < k and t € Ty41. Then, similarly as
above, T 0 Ya+1 0 Ta11 € A and therefore using (R6), we obtain

Tt O @ = %(T"t C Pa+10Tat+l — Tt O Pa+1 O Tat1 0 Toz) € A
Omitting some indices, we may without loss of generality assume that the
mapping T' 3 t — f; := m 0@ € A is one-to-one and so H := {f;: t € T}
does the job.

(iv)=(i): By Lemma 24 there is a commutative retractional skeleton ss on
¢[K] such that D(sq) = ¢[K]|NX(I). Since p[D(s)] C D(s2), by [7, Lemma
3.2] we have that ¢[D(s)] = D(s2) and so the set D(s) is induced by a
commutative retractional skeleton.

(iii)=(i): follows from (iii)=-(iv)=>(i) applied to the set A := B¢(x. O

The following corollary might be well-known, but let us mention it for
future reference.

Corollary 26. Let K be a compact space and let s be a full retractional
skeleton on K. Then there exists a commutative subskeleton of s.

Proof. Apply Theorem D (iii) = (ii) to D := K. O
The proof of Theorem D gives us also the following.

Theorem 27. Let K be a compact space and let D be a set induced by a
retractional skeleton on K. Then the following are equivalent.

(a) D is induced by a commutative retractional skeleton.

(b) For every suitable model M the following holds:

Vee DIye DNDNMVfeC(K)NM: f(x)= f(y).
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Proof. (a)=(b): By Theorem 15, there is a finite list of formulas ® and a
countable set S (depending on the compact space K and the set D) such
that for any M < (®,S), M admits canonical retraction rj; and we have
rar[D] C D. Then (b) follows from Theorem 15 (i) applied to A := C(K).

(b)=(a): Follows from the fact that in the proof of Theorem D (iii)=(iv)
we used condition (iii) only to ensure that for a suitable model M, we
have ro[D] C D, which by Theorem 15 (i) follows from the condition (b)
above. g

5. CHARACTERIZATION OF (SEMI-)EBERLEIN COMPACTA

Here, we apply the results of the preceding sections and characterize
(semi)-Eberlein compacta using the notion of an A-shrinking retractional
skeleton.

Definition 28. Let K be a countably compact space. Let (} # A C C(K)
be a bounded set. The pseudometric p4 on K is given as

pA(k7l) = Sup|f(k)_f(l)|a k,le K.
feA

If (rs)ser is a retractional skeleton on K and D C K, we say that (rg)ser
is A-shrinking with respect to D if for every x € D and every increasing se-
quence (Sp)new in I' with s := sup,,¢,, sp, we have that limy,c,, pa(7s, (z),7s(z)) =
0. If (r5)ser is A-shrinking with respect to K, then we just write that (s)ser
is A-shrinking.
Finally, given € > 0 we say that (rs)ser is (A, e)-shrinking with respect
to D if for every x € D and every increasing sequence (Sy)ne, in I' with
S 1= SUpP, e, Sn, we have that limsup,,c,, pa(rs, (x),7s(x)) < e.

Note that if the nonempty and bounded set A separates the points of K,
then p4 is a metric on K.

The aim of this section is to prove the following result from which Theo-
rem A and Theorem B easily follow.

Theorem 29. Let K be a compact space and let D C K be a dense set.
Consider the following conditions.

(i) There exists a homeomorphic embedding h : K — [—1,1]1 such that
h[D] = ¢o(I) N h[K].
(ii) There exist a bounded set A C C(K) separating the points of K and
a retractional skeleton s = (rs)ser on K with D C D(s) such that
(a) s is A-shrinking with respect to D,
(b) limgep r5(x) € D, for every x € D and every up-directed subset
IV of T.
(iii) There exist a countable family A of subsets of Be(ky and a retrac-
tional skeleton s = (rs)ser on K with D C D(s) such that
(a) For every A € A there exists eq4 > 0 such that s is (A,e4)-
shrinking with respect to D,
(b) for every e > 0 we have Bexy = | {A € A: ca <¢}, and
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(¢) limger r5(x) € D, for every x € D and every up-directed subset
IV of T.
(iv) There exists a homeomorphic embedding h : K — [—1,1]7 such that
hID] C ¢o(J).
Then (i)=(ii)=(iii)= (iv).
Let us first give some comments.

Remark 30. The notion of a shrinking retractional skeleton is inspired by
[15], where the definition of a shrinking projectional skeleton was given and
WCG Banach spaces were characterized using this notion.

Given a retractional skeleton (rs)ser on a compact space K, it is well
known that (Ps)ser given by Ps(f) := fors, s € I' is a projectional skeleton
on C(K), see e.g. [21, Proposition 5.3]. Moreover, if ) # A C C(K) is a
bounded set and (Ps)ser is A-shrinking in the sense of [15, Definition 16],
it is not very difficult to observe that (rs)ser is A-shrinking in the sense of
Definition 28. It is not clear whether the converse holds as it is (at least
formally) a stronger condition. Thus, Theorem A allows us in a certain
sense to strengthen implication (ii)=(i) from [15, Theorem 21]. Since the
other implication is easier, Theorem A may be thought of as a topological
counterpart and in a certain sense also strengthening of [15, Theorem 21] in
the context of C(K') spaces.

Notice that the shrinkingness of a retractional skeleton is not a specific
property of one particular skeleton. First, observe that any A-shrinking
retractional skeleton is also full, whenever A C C(K) separates the points
of K, this is generalized in the following.

Lemma 31. Let K be a compact space, A C C(K) be a bounded set separat-
ing the point of K and let s = (rs)ser be a retractional skeleton on K which
is A-shrinking with respect to a set D with D D D(s). Then D = D(s) and
limger 75(x) € D, for every x € D and every up-directed subset T of T.

Proof. Fix € D and an up-directed set IV C T'. Since s is A-shrinking with
respect to D, it is not very difficult to observe (see e.g. [15, Proposition 20])
that there exists an increasing sequence (S, )ne, in IV with s = sup,, s, € T’
such that p4 — limgep 7(z) = r5(z). Therefore, since the limit limyeps 74 ()
exists, we obtain f(limyep r4(x)) = f(rs(x)), for every f € A. Since A
separates the points of K, we deduce that limycp () = r5(x) € D(s) C D.
Finally, for IV = T we obtain x = limgep rs(z) € D(s) and so D C D(s). O

Lemma 32. Let K be a compact space and A C C(K) be a bounded set sep-
arating the points of K. If there exists an A-shrinking retractional skeleton
on K, then every full retractional skeleton on K admits a weak subskeleton
which is A-shrinking and commutative.

Proof. By Lemma 31, there exists an A-shrinking and full retractional skele-
ton (7;)ier on K. Moreover, by Corollary 26 we may without loss of general-
ity assume that (7;);cs is commutative. Now, let (rs)ser be a full retractional
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skeleton on K. By Theorem 21, there exists a retractional skeleton (R;);ea
which is a weak subskeleton of both (7s)ser and (7;);c;. It is easy to see
that (R;)iea is commutative and A-shrinking. O

In the remainder of this section we provide the proof of Theorem 29. Let
us start with the proof of the implication (i)=-(ii).

Lemma 33. Let K be a compact space and D C K be a dense subset.
If there exists a homeomorphic embedding h : K — [~1,1)1 such that
h[D] = h[K]Nco(I), then there are A C Be(xy, § = (7's)ser such that (i) in
Theorem 29 holds with A, s = (rs)ser and we moreover have fors € A for
every f € A and s € T.

Proof. We may without loss of generality assume that K C [~1,1]!, D = KN
co(I). Pick the commutative retractional skeleton (74)4er from Lemma 24
and put S = {m|x: ¢ € I} U{0} C C(K). Clearly S is bounded and
separating. Moreover D is obviously contained in the set K N X(I) (which
is the set induced by (r4)aer) and it is easy to observe that if A € I and
f €S8, then fory €8S.

Now, let us show that (74)acr is S-shrinking with respect to D. Pick = €
D, an increasing sequence (Ap)nen in I' and put A = sup,, A, = U, ., An-
Fix £ > 0 and let ng € w be such that {i € A: |z(i)] > e} C Ap,. Then for
every n > ng we obtain 74, 2(i) — rax(i) = 1\ 4, - ©(i), therefore for every
i € I we have |ra,z(i) — rax(i)| < &; hence supjes |f(ra,7) — f(raz)| <e.

Finally, we note that whenever IV C I' is up-directed and x € D, then
y = limgep rax exists by Lemma 2 and moreover if ¢ € suppty, then
y(i) = x(i). Therefore, we have that y € K Nco(I) = D. O

The most demanding is the proof of the implication (iii)=-(iv) in Theo-
rem 29. We start with an easy observation.

Lemma 34. Let K be a compact space, A C C(K) be a bounded set, € > 0
and D be a subset of K. Suppose that (rs)ser is a retractional skeleton on
K that is (A, e)-shrinking with respect to D. For an up-directed set I'cT
let R be as in Lemma 2. Then for every x € D we have the following.

(Sa) If I' C T is up-directed, then there exists so € T such that we have
pA(RI" (l‘),TS(ZE)) < Te, s 2 50,8 € I

(Sb) If M C P(T) is such that M is up-directed and each M € M is
up-directed, then there exists My € M such that for every M € M
with M O My we have

pA(Rum (), Rym(w)) < 1de.

Proof. Pick z € D.
(Sa) First, let us observe that there exists so € I'” such that

(1) pa(rs(x), s (x)) < 3¢, s> sg,s €I,



28 C. CORREA, M. CUTH, AND J. SOMAGLIA

Indeed, if this is not the case we inductively construct an increasing sequence
(sp) in IV with pa(rs, (x),7s,,,(x)) > 3¢, n € N which is in contradiction
with (A, €)-shrinkingness.

Pick f € A and s; > sg, s1 € . Since limger rs(x) = Ry (z), there
exists sg > s1, so € IV with |f(rs,(z)) — f(Rr(z))| < e. Therefore, by (1)
we obtain

[f(rs1 () = F(Bro (@) < pa(rs, (2), 750 (2)) + pA(rse (), 75, (%)) + € < Te.

Since f € A was arbitrary, this proves (Sa).
(Sb) By (Sa), there exists so € [JM such that pa(rs(z), Ryam(r)) < Te,
for every s > so, s € [JM. Let My € M be such that sy € My. Then, for
every M € M with M D My by (Sa) there exists sy > so, sy € M with
pa(rs,, (x), Ry () < Te, which implies that

pa(Ry (), Rym(w)) < 1de. O

The following proposition together with Theorem D is the core of our
argument. The idea to use such a result is related to a characterization
of Eberlein compacta by Farmaki [16, Theorem 2.9] (see also [13, Theorem
10]). Note however, that our methods enable us to present a self-contained
proof.

Proposition 35. Let K C [—1,1]! be a compact space and for I' C I define
SK,[/ = {ﬂ'i‘K 11 E I/}.

Suppose that K admits a retractional skeleton s = (rg)ser such that D(s) C
Y(I) and let D C D(s). Assume that there is a countable family A consisting
of subsets of I such that

(1) For every A € A, there exists €4 > 0 such that (rs)ser s (Sk,A,€4)-
shrinking with respect to D;

(2) For every e >0, it holds that I = |J{A € A:e4 <e};

(3) limgerr rs(z) € D, for every x € D and every up-directed subset I
of I.

Then for every € > 0 there is a decomposition I = J>—, IS such that

n=0"n
VnVexeD: [{{iel:|z(i)]>e}] <w.

Proof. By [19, Proposition 19.5], we may pick a set J C I such that |J| =
w(K) and supptx C J, for every x € K. By [7, Lemma 3.2], we have that
D(s) = ¥(I) N K and hence Lemma 24 ensures that D(s) is induced by
a commutative retractional skeleton. Therefore it follows from Theorem D
that we may assume the retractional skeleton s is commutative. Now, let us
prove the result by induction on the weight of K. If K has countable weight,
then the set J is countable and we may enumerates it as J := (jn)n>1. For
each e > 0, let I§ = I\ J, and I = {j,}, for every n > 1. Then I = |J;2 ;I
and
YnVere K: [{iel:|z(i)|>e} <1.
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Now suppose that w(K) = k > w; and that the result holds for compact
spaces of weight less than k. Proposition 17 together with Theorem 4 imply
the existence of sets (M, )<, satisfying (Ra)-(Rd) and retractions (7 )a<k
satisfying (R1)-(R11). Note that we can assume that J C U,_. Ma, by
replacing (Rc) by the following (stronger) condition:

Maot1 < (P {ja,a} UDM,), Ya < Kk,

where J = {j, : @ < k}. Note that, by Lemma 22, we may assume that
ro(z) = x|1nM,, for every x € K and a < k. For each o < k, it is easy
to see that for every A € A the retractional skeleton (rg|, [x])se(rnia)s,
given by (R5) is (S, [k],4, €4)-shrinking with respect to the set DNro[K] C
D(s)Nry[K] € B(I)N[—1,1]!. Moreover, if " ¢ ('NM,), is up-directed and
x € DNry[K], then using (R9) we conclude that limgep 75(x) € DNry[K].
Now fix e > 0 and let I = |J,,5, I}, o be the decomposition given by induction
hypothesis applied to 79[K] (using that by (R5) we may apply the inductive
hypothesis to ro[K]), that is, for every y € D Nro[K] and n > 1 the set

{iclyo:lyi)] > e}
is finite. Fix o < &, similarly let I = (J,5; I, 41 be the decomposition
given by the induction hypothesis applied to r,4+1[K], that is, for every
y € DNrop1[K] and n > 1 the set
{i € In 0q1 : ly(@)] > €}
is finite. For A € A with 4 < €/14 define Ifo.4) = I'\ J and for every n > 1
put

IL,y=AnInEon M) U (ANTNI 00 0 (Magr \ Ma)).
a<K
Note that I = [J{If, 5y: n > 0,4 € A,14e4 < ¢}, since J C U, Mo and
I=U{AecA:14e4 <e}. Fixedz € D, A€ Awitheqg <e/l4and n >0,
let us show that the set

S(n,A) = {Z € IFTL,A) : |IL’(Z)| > E}

is finite. Since suppt(x) C J, we have that Sy 4) is empty. Fixed n > 1,
note that in order to conclude that S, 4) is finite it suffices to prove that
the set

Am,a) ={a <k |z(i)] > e forsomei € ANJT NI o N (May1 \ Ma)}

a<k

is finite. Indeed, using that ro(z) = x|rnn, = *|jna, We obtain that:
S(n,A) NANJN I:;O NMy) c{ie I;,O s ro(x)(7)] > e}

and therefore, since 7o(z) = limsernag) 7s(7) € DNro[K], we conclude that
S,y N(ANJT NI o N M) is finite. Similarly, for a < x we have

Sty VANT NI g N Moy \ Mo) CHli € I oiq ¢ [Tas1(2) 0\, (0)] > €}
C{i €I} o1 ¢ [Tat1(@)(0)] > €}
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and therefore S, 4y N(ANJNIZ 1 N M1\ My) is finite. It remains to
prove that A, 4) is finite. In order to do that suppose by contradiction that
A(n,4) is infinite, so there is a strictly increasing sequence (o) g>1 of elements
of k and a sequence (ix)x>1 such that i, € ANJNIE 1N (Mo, 11\ Ma,)
and |z(ig)| > ¢, for every k > 1. Put a = sup;, ax. Then we have (because
ik € Mo, 11\ Mo, C My \ M,,):

e < fa(in)] = Ira(z)(in) = ray, (2) (k)] < P50y (ra(@), 7oy (7)),

for every k > 1. This is a contradiction, because using (R8) and Lemma 34
(Sb) applied to M = {M,, NT": k > 1}, we conclude that

Hmsup ps 4 (Ta(®), 7o, (2)) < 1des <e,

k—o0

since s is (Sk,a,€4)-shrinking with respect to D. O
The following is based on [13, Theorem 10].

Proposition 36. Let K C [-1, 1]1 be a compact space and D be a subset of
K. If for every € > 0, there exists a decomposition I = |J, ., I, such that
for every x € D and every n € w the set

(i e IF: |z(d)| > £}

is finite, then there is a homeomorphic embedding ® : K — [—1, 1}“” such
that ®[D] C ¢o(I X w).

Proof. Let k € w and define the function 7, : R — R as

t+4, ift<—1

Define then ® : K — [—1,1]/*% by
. 1 .
D) (i k) = (i),

ifi € I,l/k, n € wand k € w. Since the map 7(; )0 ® : K — R is continuous,
for every (i,k) € I x w, the map ® is continuous as well. The map is
also one-to-one. Indeed, for distinct z1,z9 € K there exists an ¢ € I with
x1(i) # x2(i). Let k € w be such that 1/k < max{|z1(7)|, |x2(¢)|} and pick
n € w with i € Iy/¥. Then Ti(x1(1)) # TK(22(7)), therefore ®(x1)(i, k) #
D(x2)(i, k).

It remains to prove that ®[D] is contained in ¢y(I x w). In order to do
that, let z € D and fix e > 0. If n,k € w, and n > 1/e or k > 1/¢, then
|®(x)(i, k)| < e, for any choice of i € V¥ Let nk < 1/e (observe that
there are only finitely many n and k such that this inequality holds). Then
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we have

{i e IM® |®(x) (i, k)| > e} C {i € IYF : 7. (x(i)) # 0}
={ieIV*:z(i)>1/k}u{ieI}/*: z() < —1/k}
= {i e IM* - |x()| > 1/k}.

Therefore, the set {i € I |®(z)(i, k)| > €} is finite and thus we conclude
that ®(z) € ¢o(I x w). O

Proof of Theorem 29. Lemma 33 ensures that (i) = (ii).

Now let us prove that (ii)=-(iii). Let A and s = (rs)ser be as in the
assumption and let A > 1 be such that A C ABg k). We may without loss
of generality assume that the constant 1 function is member of A. For every
n € N put

k k
An = {Z il fij: fij € A k€N, lai| < ”}

i=1 =1
and for m € N we further put

An,m = (.An + ﬁBC(K)) N BC(K)'

Now, we claim that the family A= {Anm: n,m € N} and the retrac-
tional skeleton s satisfy the condition from (iii). Pick n,m € N. Then
s is (Apm., %)—Shrinking with respect to D. Indeed, given x € D and an
increasing sequence (sy) in I' with s = sup s, we have

P (5, (2),75(2)) < pa, (rsy (), 75 (@) 57 < 0PN pa(r, (), ms(@)) 4,
so using that s is A-shrinking with respect to D, we obtain

lim sup IOAn,m (rsk ($),Ts(x)) S %
k

Finally, since |J,,cyy An = alg(A) is norm-dense in C(K) we easily observe
that Bexy = Upen Anm for every m € N from which the condition (b)
follows.

Now let us prove that (iii)=(iv). Let A and s = (rs)ser be as in the
assumption. By Theorem D, there exists H C Bk such that the mapping
¢+ K — [~1,1] given by ¢(x)(h) := h(z), for h € H and = € K, is a
homeomorphic embedding and ¢[D(s)] C X(H). For every s € T, define
qgs = porsop 1 o[K] = p[K] and note that the retractional skeleton
(gs)ser 18 (S(y[K],HnA)s €4)-shrinking with respect to the set ¢[D] C p[D(s)]
for every A € A. Indeed, fix x € D and an increasing sequence (Sy)n>1 of
elements of I' with s = sup,, s,. Then we have

PS(1K1,1nA) (an (90(*73))7(18 (Lp(:c))) = hes;-ngA ‘gp(rsn (m))(h) - 90(7’5(55)) (h)‘ =

= sup ’h(?”sn(:t)) - h(rs(x))‘ < pa(rs,(2),75(2)),
heHNA
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so since s is (A, € 4)-shrinking with respect to the set D, (gs) is (S(,[x],2n4), €A)-
shrinking with respect to the set ¢[D]. Obviously, we have H = (J{A N
H:ea < e} for every ¢ > 0. Finally, for every up-directed set IV C T'
and every x € D we have that limger gs(o(x)) = p(limger 75(2)) € w[D].
Therefore, the result follows from Proposition 35 and Proposition 36. O

6. APPLICATIONS TO THE STRUCTURE OF (SEMI)-EBERLEIN COMPACTA

We collect our applications to the structure of (semi-)Eberlein compacta.
Most importantly, we prove Theorem C.

6.1. Eberlein compacta. As mentioned above, using Theorem A it is not
very difficult to show that any continuous image of Eberlein compacta is
Eberlein. The reason is that for continuous images of Eberlein compacta
it is quite standard to verify the condition (iii) from Theorem 29. We will
not provide here the full argument as it is possible to further generalize
this observation, see Remark 43 below. The remainder of this subsection is
devoted to the proof of Theorem 39, which is a generalization of Theorem A,
where instead of compactness we assume countable compactness. In order
to show the argument, we need a lemma first. Recall that every real-valued
continuous function defined on a countably compact space D is bounded so
we may consider the supremum norm on C(D).

Lemma 37. Let D be a countably compact space. Suppose that there exist
a bounded set A C C(D) separating the points of D and a full retractional
skeleton s = (rs)ser on D such that fors € A, for every f € A and s € T.
Then A" ={Bf: f € A} separates the points of 5D.

Proof. By [11, Proposition 4.5], there exists a retractional skeleton & =
(Rs)ser on 8D such that D(&) = D and Rs|p = rs, for every s € I'. Let
x,y € BD be distinct points. Since limger Rs(x) = = and limger Rs(y) = v,
there exists s € I' such that Rs(x) # Rs(y). Since Rs(x), Rs(y) € D, there
exists a function f € A such that f(Rs(x)) # f(Rs(y)). Therefore we have

Bf(Rs(x)) # Bf(Rs(y)). It is easy to see that (8f o Rs)|p = f ors, which
implies that 3f o Ry = B(fors) € A, since fors € A. O

Remark 38. Note that the assumption “f o rgy € A, for every f € A and
s € I'” in Lemma 37 is essential. Indeed, consider D = [0,w;) and

A= {1{0}u[a+1,w1): a < wl}'

Then it is easy to see that A separates the points of D and that D admits
the full retractional skeleton (rq)a<w, given by the formula

ra(8) = {6 =

a+l a<pf<uw,
for every o < wy. However, we have D = [0, w;]| and the set

A" = {B1i0)ujat10n): @ <wi} = {1{opjat 1] @ <wi}



CHARACTERIZATION OF EBERLEIN COMPACTA 33

does not separate 0 from wi.

Theorem 39. Let D be a countably compact space. Then the following
conditions are equivalent.

(i) There exists a set I such that D embeds homeomorphically into
(co(I),w).
(ii) D is an Eberlein compact space.
(iii) There exist a bounded set A C C(D) separating the points of D and
a full retractional skeleton s = (rs)ser on D such that
(a) s is A-shrinking,
(b) forse A, for every f € A and s €T.

Proof. (i) = (i) follows from the classical Eberlein-Smulian theorem and
(79) = (iii) follows from Theorem 29 and Lemma 31. If (iii) holds, pick
the corresponding set A and the full retractional skeleton (7s)ser on D. By
[11, Proposition 4.5], there exists a retractional skeleton & = (Rs)ser on
BD such that D(S) = D and Rs|p = rs, for every s € I'. Consider now
the set A" := {Bf: f € A} C C(BD) and the retractional skeleton &. By
Lemma 37, A’ separates the points of 3D. Obviously, & is A’-shrinking with
respect to D and it is easy to see that for every f € A and s € I' we have
BfoRs = p(fors) € A. By Lemma 31 we have that limgep Rs(z) € D, for
every € D and every up-directed subset I of I. Therefore, Theorem 29
ensures that (i) holds. O

6.2. Semi-Eberlein compacta. In this subsection we provide new stabil-
ity results for the class of semi-Eberlein compacta. The most important in
this respect is probably Corollary 44 which implies Theorem C.

Lemma 40. For every suitable model M the following holds: Let (K,T)
and (L, 7") be compact spaces, D C K a dense subset that is contained in
the set induced by a retractional skeleton, and ¢ : K — L a continuous map
such that ¢[D] C L a dense subset that is contained in the set induced by
a retractional skeleton. If {K,L,7,7',D,p} C M, then there are canonical
retractions ry; and Ryy associated to M, K and D and to M, L and ¢[D],
respectively, and we have Ry o @ = pory.

Proof. Let S and ® be the union of countable sets and finite lists of formu-
las from the statements of Lemma 8 and Theorem 15. Let M < (®;S U
{K,L,7,7",D, ¢}).

The existence of ry; and Ry follows from Theorem 15. Moreover, given
x € K and f € C(L) N M, by Lemma 8 we have foy € C(K)N M and
so by the definition of s, fowory = f o which implies that y =
o(ry(z)) € p[DN M| C ¢[D] N M is a point satisfying f(y) = f(p(z)) for
every f € C(L) N M and so by the uniqueness property of Ry(p(z)) (see
Theorem 15 (i)) we obtain that Ry (¢(x)) = ¢(ram(x)). O

Theorem 41. Let K be a compact space and D C K be a dense subset
such that there exists a homeomorphic embedding h : K — [~1,1]7 such
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that h[D] = co(J) N h[K]. Let us suppose that ¢ : K — L is a continuous
surjection and p[D] is subset of the set induced by a retractional skeleton on
L.

Then there is a homeomorphic embedding H : L — [—1,1]1 with H[p[D]] C
co(I). In particular, L is semi-Eberlein.

Proof. By Lemma 33, there exists a set A C Bk separating the points of
K and a retractional skeleton s = (r5)ser on K with D C D(s) such that s
is A-shrinking with respect to D and limgep 75(z) € D for every 2 € D and
every up-directed subset IV of I'. Using Lemma 40 and an argument similar
to the one presented in the proof of Theorem 21, we conclude that there are
countable set S, finite list of formulas ® and a set R such that

M={M € [RY: M < (®,5)}

ordered by inclusion is an up-directed and o-complete set and moreover we
have

e every M € M admits canonical retractions rj; and Rjy; associated
to M, K and D and to M, L and ¢[D], respectively;
o si := (rar) mem is a weak subskeleton of s and sz, := (Ras) prem is
a retractional skeleton on L;
e for every M € M we have Ry oo = poryy.
In particular, we have that D(s) = D(sk), sx is A-shrinking with respect
to D and limysep mas(2z) € D for every x € D and every up-directed subset
M’ of M. We obviously have ¢[D] C D(sy). Consider now the isometric
embedding ¢* : C(L) — C(K) given by the formula ¢*f := fop, f € C(L).
Further, similarly as in the proof of (ii)=-(iii) of Theorem 29 for every n € N
put

k k
A, = {Zaing_lfi,j: fis €A KEN,) |ai| < n} ,
i=1 i=1
for m € N we further put
-An,m = (-An =+ ﬁBC(K)) N Bcp*C(L)7 Bn,m = (@*)_I(Amm)
and we observe that Be(ry = U, ey Bn,m for every m € N. Moreover, observe

that for every n,m € N the retractional skeleton sy, is (Bn’m, %)—shrinking
with respect to ¢[D]. Indeed, given x € D and an increasing sequence
(M) ken in M with M = supycn My, we have

PB,, m (Bar (¢(2)), Rar(p(2))) = sup |fp(rar, (2))) = f(e(ra(x)))|
feC(L),fop€EAn m

< P (g (), 70 () < o, (rag (@), maa () + 5
< n?palra, (@), ra(2)) + o,

so using that s is A-shrinking with respect to D, we obtain
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Finally, for every x € D and up-directed subset M’ of M we have

Jim Ru(p(@) = ¢ Jm. r(2)) € ¢[D].

Hence, application of Theorem 29 (iii) == (iv) finishes the proof. O

Corollary 42. Let K be a semi-Eberlein compact space, ¢ : K — L be a
continuous surjection and D C K be a dense subset such that there exists a
homeomorphic embedding h : K — [—1,1)” with h[D] = co(J) N h[K]. Then
S = h71[2(J)] is the unique set induced by a retractional skeleton in K
with D C S. Assume that one of the following conditions holds:

(1) ¢*C(L) ={fop: feC(L)} is 7p(S)-closed in C(K);

(2) The set {(z,y) € S x S: o(x) = p(y)} is dense in {(z,y) € K x

K () = ¢(y)}-

Then there is a homeomorphic embedding H : L — [—1,1]! with H[p[D]] C
co(I). In particular, L is semi-Eberlein.

Proof. By Lemma 24, ¥(J) N h[K] is induced by a retractional skeleton
and so its preimage S is induced by a retractional skeleton as well. The
uniqueness of S follows from [7, Lemma 3.2]. If (1) holds, then by 8,
Theorem 4.5] the set ¢[S] is induced by a retractional skeleton and so we
may apply Theorem 41. Finally, by [20, Lemma 2.8] condition (2) implies
(1). O

Remark 43. Note that as a very particular case we obtain that a continuous
image of an Eberlein compact space is Eberlein, since in this case we have
D = K and thus condition (2) in Corollary 42 is trivially satisfied.

The following answers the second part of [23, Question 6.6].

Corollary 44. Let K be a semi-Eberlein compact space, ¢ : K — L be a
continuous surjection. Assume that one of the following conditions holds:

(1) K is Corson.
(2) ¢ is open and K or L has a dense set of Gs points.

Then L is semi-Eberlein.

Proof. Let D C K be a dense subset such that there exists a homeomorphic
embedding h : K — [-1,1]7 with h[D] = ¢o(J) N h[K] and put S :=
h=Y[3(J)]. Note that S is a dense Y-subset of K and, by Corollary 42, it is
the unique set induced by a retractional skeleton with D C S.

If K is Corson then it admits a full retractional skeleton, so by the unique-
ness of S we have that S = K and thus condition (2) from Corollary 42 is
obviously satisfied.

If ¢ is open and L has dense set of G§ points, then by [8, Lemma 6.1]
the set ¢[S] is induced by a retractional skeleton and thus we may apply
directly Theorem 41 (note that inspecting the proof of [8, Lemma 6.1] one
can observe that even the condition (2) from Corollary 42 is satisfied).

Finally, if ¢ is open and K has dense set of G5 points then it is easy to
see that L has dense set of G5 points and we may apply the above. O
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Let us note that if D is a dense Y-subset of K and ¢ : K — L is a
continuous retract, it may happen that ¢[D] is not X-subset of K, see [20,
Remark 3.25]. Thus, it is not possible to apply directly Theorem 41 for
the case when ¢ is a retraction and this is basically the reason why we do
not know how to answer also the first part of [23, Question 6.6] using our
methods.

7. OPEN QUESTIONS AND REMARKS

In Section 3 we obtained as an application of our methods that for a
countable family of retractional skeletons inducing the same set there is a
common weak subskeleton, see Theorem 21. It would be interesting to know
whether we can find even a subskeleton (not only a weak one).

Question 45. In Theorem 21, is it possible to obtain a subskeleton instead
of a weak subskeleton?

When working with retractional skeletons, their index sets are quite mys-
terious. For Banach spaces with a projectional skeleton, the index set may
be chosen to consist of the ranges of the involved projections (ordered by
inclusion), see [10, Theorem 4.1]. We wonder whether something similiar
holds for spaces with a retractional skeleton.

Question 46. Let K be a compact space and let D C K be induced by a
retractional skeleton on K. Does there exist a family of retractions {rp: F €
F} indexed by a family of compact spaces F ordered by inclusion satisfying
the following conditions?
(i) whenever (Fy)new @S an increasing sequence from F, then sup,, F,, =
U, Fn € F,
(ii) for every F € F we have rp[K| = F,
(iii) (rr)rer is a retractional skeleton on K inducing the set D.

Note that in Proposition 35 we proved a result in a sense very similar to
the characterization of Eberlein compacta from [16, Theorem 2.9] (see also
[13, Theorem 10]). We wonder whether an analogoue of [13, Theorem 10]
holds also in the context semi-Eberlein compacta. Note that one implication
follows from Proposition 36, so a positive answer to the following question
would give a characterization of semi-Eberlein compact subspaces of [—1, 1]1 .

Question 47. Let K C [~1,1]1 be a compact space such that (1) N K
is dense in K. Let K be semi-Eberlein. Does there exist D C (1) N K
which is dense in K such that for every e > 0 there exists a decomposition
I =, I satisfying

VnewVeeD: i€l :|z(i)]>e}| <w?

Finally, let us emphasize that we believe that Theorem D gives quite a
big flexibility to consider other subclasses of Valdivia compact spaces and
characterize them using the notion of retractional skeletons. The reason
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why we believe so is, that by Theorem D we may consider any set induced
by a retractional skeleton to be a subset of X(I) (where A C C(K) plays
the role of the set I'); moreover, for subsets of ¥(I) several classes of com-
pact spaces were characterized using their evaluations on the set I, see [13].
Thus, there is enough room for further possible research by considering those
classes of compacta and try to develop the right notion which would give a
characterization using retractional skeletons.
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