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Abstract

We introduce a new concept of dissipative varifold solution to models of two phase com-
pressible viscous fluids. In contrast with the existing approach based on the Young measure
description, the new formulation is variational combining the energy and momentum balance
in a single inequality. We show the existence of dissipative varifold solutions for a large class
of general viscous fluids with non–linear dependence of the viscous stress on the symmetric
velocity gradient.
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1 Introduction

We consider a simple model of a two–phase flow, where the interface between the two fluids is
described via a phase variable χ ∈ {0, 1} that coincides with the characteristic function of the
domain occupied by one of the fluid components. Accordingly, the time evolution of χ is governed
by the transport equation

∂tχ+ u · ∇xχ = 0, (1.1)

∗The work of E.F. was supported by the Czech Sciences Foundation (GAČR), Grant Agreement 21–02411S.
†The work of A.N. was partially supported by the Eduard Čech visiting program at the Mathematical Institute
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where u is the fluid velocity. We denote

O1(t) =
{
x ∈ Ω

∣∣∣ χ(t, x) = 1
}
− the part of the physical space Ω ⊂ Rd occupied by fluid 1,

O2(t) =
{
x ∈ Ω

∣∣∣ χ(t, x) = 0
}
− the part of the physical space Ω ⊂ Rd occupied by fluid 2,

Γ(t) = O1(t) ∩ O2(t)− the interface.

As the mass of the fluid is conserved, its density % satisfies the standard equation of continuity

∂t%+ divx(%u) = 0. (1.2)

The material properties of the two fluid components are characterized by a general barotropic
equation of state

pi = pi(%), i = 1, 2, p(χ, %) = χp1(%) + (1− χ)p2(%). (1.3)

The viscous stress S is related to the symmetric velocity gradient Dxu through an “implicit”
rheological law

Si : Dxu = Fi(Dxu) + F ∗i (Si), i = 1, 2 (1.4)

where the dissipative potentials Fi, i = 1, 2 are convex functions defined on the space Rd×d
sym of sym-

metric d−dimensional real matrices, and where F ∗i denotes the convex conjugate. More specifically,
we suppose

Fi : Rd×d
sym → [0,∞] is l.s.c. convex, Fi(0) = 0, i = 1, 2. (1.5)

Note that (1.4) is equivalent to

Si ∈ ∂Fi(Dxu) ⇔ Dxu ∈ ∂F ∗i (Si).

It is easy to check that the choice

Fi =
µi
2

∣∣∣∣D− 1

d
tr[D]

∣∣∣∣2 +
λi
2
|tr[D]|2 , i = 1, 2

gives rise to the standard Newtonian viscous stress used in the Navier–Stokes system. Similarly
to (1.3), we set

S(χ,Dxu) = χS1(Dxu) + (1− χ)S2(Dxu).

We refer to Buĺıček et al [6] for more details about ”implicitly” constituted fluids, where the viscous
stress is related to the velocity gradient in a way similar to (1.4). Similar abstract approach has
been used in [1].

The balance of momentum is satisfied for each individual fluid. The velocity is continuous,
while the Cauchy stress

Ti = Si − piI, i = 1, 2

experiences a jump on the interface, specifically,

[T · n] = κHn on Γ, κ ≥ 0,
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where Hn is the mean curvature vector, and κ the coefficient of surface tension. Consequently, it
is convenient to formulate the momentum balance in the weak form:[∫

Ω

%u ·ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

−
∫ τ

0

∫
Ω

S(χ,∇xu) : ∇xϕ dx dt+ κ

∫ τ

0

∫
Γ(t)

Hn ·ϕ dSx dt

(1.6)

for any 0 ≤ τ ≤ T , ϕ ∈ C1
c ([0, T ] × Ω;Rd), where we have omitted the effect of external volume

forces for simplicity.

1.1 Varifold solutions

If the initial interface is a smooth surface (curve if d = 2), the problem admits a local in time
regular solution as long as the data are regular, see the survey of Denisova, Solonnikov [7] and
the references cited therein. Global existence is not expected because of possible singularities and
self–intersections of Γ(t).

Plotnikov [10, 11, 12] adapted the concept of varifold to study the problem for large times in the
context of incompressible non-Newtonian fluids for d = 2. Later Abels [2, 3] introduced the class
of measure–valued varifold solutions to attack the problem for d = 2, 3 still in the incompressible
setting but for a larger family of viscous stresses including the standard Newtonian fluids. He
also showed the existence of weak varifold solutions in the absence of surface tension. Ambrose at
al. [4] extended the existence proof to the case with surface tension for incompressible Newtonian
fluids and d = 2. To the best of our knowledge, with the only exception of the work of Plotnikov
[12] dealing with a simplified Stokes model, similar problems are completely open in the context
of compressible fluids.

We introduce a new weak formulation of the problem based on the principles of the calculus of
variations. The main idea is to rewrite the momentum equation with the associated total energy
balance as a single inequality in terms of the dissipation potentials F1, F2. The resulting problem
still uses the concept of varifold, however, the description of oscillations via a Young measure is
no longer necessary. The new formulation is versatile and can be used for both compressible and
incompressible fluids. Finally, we show that the problem admits global in time solutions as long
as divxu is penalized in a way similar to [9].

2 Weak formulation

To avoid problems with physical boundary, we consider the space–periodic boundary conditions.
In other words, the spatial domain Ω is identified with a flat torus,

Ω = Td, d = 2, 3. (2.1)
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2.1 Varifolds

Following Abels [2], Plotnikov [10], we introduce the concept of varifold V ,

V ∈ L∞weak−(∗)(0, T ;M+(Td × Sd−1)),

which, after disintegration, takes the form

V = |V | ⊗ Vx, |V | ∈ M+(Td), {Vx}x∈Td ⊂ P(Sd−1).

The first variation of V reads

〈δV (t);ϕ〉 =

∫
Td⊗Sd−1

(I− z ⊗ z) : ∇xϕ(x) dV (t) for any ϕ ∈ C1(Td).

Similarly to [2], we rewrite the momentum equation (1.6) as[∫
Td
%u ·ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

−
∫ τ

0

∫
Td

S(χ,Dxu) : ∇xϕ dx dt+ κ

∫ τ

0

∫
Td×Sd−1

〈δV ;ϕ〉 dV dt

(2.2)

for any 0 ≤ τ ≤ T , ϕ ∈ C1([0, T ]× Td;Rd).

2.2 Total energy balance

Introducing the pressure potentials

Pi(%), P ′i (%)%− Pi(%) = pi(%), i = 1, 2, P (χ, %) = χP1(%) + (1− χ)P2(%), (2.3)

we deduce the total energy balance

d

dt

[∫
Td

(
1

2
%|u|2 + P (χ, %)

)
dx+ κ‖∇xχ‖M(Td;Rd)

]
+

∫
Td

S(χ,Dxu) : Dxu dx = 0, (2.4)

cf. Abels [2]. In the weak formulation, the energy balance (2.4) is replaced by an inequality[∫
Td

(
1

2
%|u|2 + P (χ, %)

)
dx+ κ‖∇xχ‖M(Td;Rd)

]t=τ
t=0

+

∫ τ

0

∫
Td

S(χ,Dxu) : Dxu dx dt ≤ 0. (2.5)

Next, subtracting (2.2) from (2.5) we obtain[∫
Td

(
1

2
%|u|2 −

∫
Td
%u ·ϕ dx+ P (χ, %)

)
dx+ κ‖∇xχ‖M(Td;Rd)

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

+ κ

∫ τ

0

∫
Td×Sd−1

〈δV ;ϕ〉 dV dt

+

∫ τ

0

∫
Td

S(χ,Dxu) : (Dxu− Dxϕ) dx dt ≤ 0.

(2.6)
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Finally, in view of (1.4),

F (χ,Dxϕ)− F (χ,Dxu) ≡ χ
(
F1(Dxϕ)− F1(Dxu)

)
+ (1− χ)

(
F2(Dxϕ)− F2(Dxu)

)
≥ S(χ,Dxu) : (Dxϕ− Dxu)

Consequently, we rewrite (2.6) in the final form∫ τ

0

∫
Td

(
F (χ,Dxϕ)− F (χ,Dxu)

)
dx dt

≥
[∫

Td

(
1

2
%|u|2 −

∫
Td
%u ·ϕ dx+ P (χ, %)

)
dx+ κ‖∇xχ‖M(Td;Rd)

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

+ κ

∫ τ

0

∫
Td×Sd−1

〈δV ;ϕ〉 dV dt

(2.7)

for any 0 ≤ τ ≤ T , ϕ ∈ C1([0, T ]× Td;Rd).

2.3 Dissipative varifold solutions

We are ready to introduce the concept of dissipative varifold solution.

Definition 2.1 (dissipative varifold solution). We say that [χ, %,u, V ] is a dissipative varifold
solution of the problem (1.1), (1.2), (1.6), (2.1) if the following holds:

• Regularity class.

χ ∈ C([0, T ];L1(Td)), χ ∈ {0, 1} for a.a. t, x; (2.8)

% ∈ C([0, T ;L1(Td)]), 0 ≤ % ≤ %(t, x) ≤ % for a.a. t, x; (2.9)

u ∈ Lα(0, T ;W 1,α(Td;Rd)) for some α > 1, %u ∈ C([0, T ];L2(Td;Rd)), (2.10)

V ∈ L∞weak−(∗)(0, T ;M+(Td × Sd−1)). (2.11)

• Transport. [∫
Td
χϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Td

(
χ∂tϕ+ χu · ∇xϕ+ χdivxuϕ

)
dx dt (2.12)

for any 0 ≤ τ ≤ T , ϕ ∈ C1([0, T × Td]).
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• Mass conservation.[∫
Td
%ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Td

(
%∂tϕ+ %u · ∇xϕ

)
dx dt (2.13)

for any 0 ≤ τ ≤ T , ϕ ∈ C1([0, T × Td]).

• Momentum–energy balance∫ τ

0

∫
Td

(
F (χ,Dxϕ)− F (χ,Dxu)

)
dx dt

≥
[∫

Td

(
1

2
%|u|2 − %u ·ϕ + P (χ, %)

)
dx+ κ‖∇xχ‖M(Td;Rd)

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

+ κ

∫ τ

0

∫
Td×Sd−1

〈δV ;ϕ〉 dV dt

(2.14)

for any 0 ≤ τ ≤ T , and any ϕ ∈ C1([0, T ]× Td;Rd) satisfying∫ T

0

∫
Td

(F1(Dxϕ) + F2(Dxϕ)) dx dt <∞. (2.15)

• Varifold compatibility. If, in addition, κ > 0, we require χ ∈ L∞weak−(∗)(0, T ;BV (Td)), and∫
Td×Sd−1

ϕ · z dV (τ, ·) +

∫
Td

ϕ · d∇xχ(τ) = 0 (2.16)

for a.a. 0 ≤ τ ≤ T , and any ϕ ∈ C(Td).

First observe that dissipative varifold solutions coincide with weak varifold solutions in the
sense of Plotnikov [10] and Abels [2], if they satisfy the energy balance[∫

Td

(
1

2
%|u|2 + P (χ, %)

)
dx+ κ‖∇xχ‖M(Td;Rd)

]t=τ
t=0

+

∫ τ

0

∫
Td

S : Dxu dx dt = 0, (2.17)

where
S(t, x) ∈ χ∂F1((χ,Dxu)(t, x)) + (1− χ)∂F2((χ,Dxu)(t, x)) for a.a. t, x. (2.18)
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Indeed subtracting (2.17) from (2.14) we obtain∫ τ

0

∫
Td

(
F (χ,Dxϕ)− F (χ,Dxu)− S : (Dxϕ− Dxu

)
dx dt

≥ −
[∫

Td
%u ·ϕ dx

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ− S : Dxϕ

)
dx dt

+ κ

∫ τ

0

∫
Td×Sd−1

〈δV ;ϕ〉 dV dt,

where, by virtue of (2.18),∫ τ

0

∫
Td

(
F (χ,Dxϕ)− F (χ,Dxu)− S : (Dxϕ− Dxu

)
dx dt

= −
∫ τ

0

∫
Td

(
F (χ,Dxϕ)− F (χ,Dxu)− S : (Dxϕ− Dxu

)
dx dt ≤ 0.

Consequently, we deduce the standard weak varifold formulation of the momentum equation[∫
Td
%u ·ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ− S : Dxϕ

)
dx dt

+ κ

∫ τ

0

∫
Td×Sd−1

〈δV ;ϕ〉 dV dt

for any 0 ≤ τ ≤ T , and any ϕ ∈ C1([0, T ]× Td;Rd)).
Note that Definition 2.1 can be easily adapted to incompressible fluids just by dropping the

pressure term and considering solenoidal test functions in (2.14).

3 Hypotheses and main results

Our goal is to handle the largest possible class of the pressure–density equations of state as well
as the dissipative potentials. For technical reasons, however, certain singularity of Fi will be
required to keep the system out of the vacuum. Our principal technical hypotheses concerning the
dissipative potentials read:

Fi : Rd×d
sym → [0,∞] convex l.s.c, Fi(0) = 0, 0 ∈ int(Dom[F1] ∩Dom[F2]); (3.1)

Fi(D)
>∼
∣∣∣D− 1

d
tr[D]

∣∣∣α − 1 for some α >
2d

d+ 2
; (3.2)
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Fi(D) =∞ whenever tr[D] > d ≥ 0; (3.3)

i = 1, 2. Hypothesis (3.2) seems natural to guarantee integrability of the convective term by means
of the energy bounds, hypothesis (3.3) yields a uniform bound

|divxu| ≤ d a.a. in (0, T )× Ω. (3.4)

We refer the reader to [9] for the modelling aspects of (3.3).
In the context of incompressible fluids, the hypothesis (3.4) becomes irrelevant, while (3.1),

(3.2) can be rewritten as

Fi : Rd×d
sym,0 → [0,∞] convex l.s.c, Fi(0) = 0, 0 ∈ int(Dom[F1] ∩Dom[F2]); (3.5)

Fi(D)
>∼ |D|α − 1 for some α >

2d

d+ 2
, (3.6)

i = 1, 2. As Fi may become infinite, the above class is broad enough to accommodate the rheology
of thick fluids, see Barnes [5] and Rodrigues [13].

As the velocity u enjoys the Sobolev regularity (2.10) and (3.4) holds, the theory of DiPerna–
Lions [8] applies to (2.12), (2.13). In particular, for the initial data

0 < % ≤ %0 ≤ %, (3.7)

the equation of continuity (2.13) admits a unique renormalized solution % belonging to the class

% ∈ C([0, T ];L1(Td)), % exp
(
−td

)
≤ %(t, x) ≤ % exp

(
td
)

for any t, x.

By the same token, the phase variables χ,

χ ∈ C([0, T ];L1(Td)), ranges in the set {0, 1}

provided the same is true for the initial data. In addition, χ and % satisfy the renormalized equation[∫
Ω

b(χ, %)ϕ(0, ·) dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

[
b(χ, %)∂tϕ+ b(χ, %)u · ∇xϕ+

(
b(χ, %)− ∂b(χ, %)

∂%
%

)
divxuϕ

]
dx dt

(3.8)

for any 0 ≤ τ ≤ T , any ϕ ∈ C1([0, T ]× Ω), and any b ∈ C1
loc([0, 1]× (0,∞)).

We are ready to state our main results. We start with a mixture of two compressible fluids
without surface tension.

Theorem 3.1 (Compressible fluids without surface tension). Let d = 2, 3. Suppose that
κ = 0 and pi ∈ C1

c (0,∞) are increasing functions of % for i = 1, 2. Let Fi, i = 1, 2, satisfy
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(3.1)–(3.3) with α ≥ 11
5

if d = 3 and α ≥ 2 if d = 2. In addition, suppose there is a constant k > 0
such that

1

k
F1(D)− k ≤ F2(D) ≤ k

(
F1(D) + 1

)
for any D ∈ Rd×d

sym . (3.9)

Let the initial data satisfy

χ(0, ·) = χ0 = 1Ω, Ω0 ⊂ Td a Lipschitz domain,

%(0, ·) = %0, 0 < % ≤ %0 ≤ %, %u(0, ·) = m0 ∈ L2(Td;Rd).

Then the problem (1.1), (1.2), (1.6), (2.1) admits a dissipative varifold solution (%,u, χ) in
(0, T )× Td in the sense of Definition 2.1.

The hypothesis (3.9) requires the dissipative potentials to share the growth of the same order
for large D.

To handle the compressible case with surface tension, we restrict ourselves to the pressure–
density rheological law pertinent to isothermal gases, namely

pi(%) = ai%, ai > 0, i = 1, 2, p(%, χ) = χa1%+ (1− χ)a2%. (3.10)

Theorem 3.2 (Compressible fluids with surface tension). Let d = 2, 3, and κ ≥ 0. Suppose
that the pressure is given by (3.10). Let Fi, i = 1, 2, satisfy (3.1)–(3.3). Let the initial data satisfy

χ(0, ·) = χ0 = 1Ω, Ω0 ⊂ Td a Lipschitz domain,

%(0, ·) = %0, 0 < % ≤ %0 ≤ %, %u(0, ·) = m0 ∈ L2(Td;Rd).

Then the problem (1.1), (1.2), (1.6), (2.1) admits a dissipative varifold solution (%,u, χ, V ) in
(0, T )× Td in the sense of Definition 2.1.

Finally, we reformulate the result in terms of incompressible fluids.

Theorem 3.3 (Incompressible fluids). Let d = 2, 3, and κ ≥ 0. Suppose that Fi satisfy (3.5),
(3.6). Let the initial data satisfy

χ(0, ·) = χ0 = 1Ω, Ω0 ⊂ Td a Lipschitz domain,

%(0, ·) = %0, 0 < % ≤ %0 ≤ %, %u(0, ·) = m0 ∈ L2(Td;Rd).

Then the problem (1.1), (1.2), (1.6), (2.1) admits a dissipative varifold solution (%,u, χ, V ) in
(0, T )×Td in the incompressible setting of Definition 2.1. Specifically, divxu = 0 and (2.14) holds
for any test function ϕ such that divxϕ = 0.

The rest of the paper is devoted to the proof of the above results.
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4 Basic approximation scheme

To construct the varifold solution, we adapt the approximation scheme introduced in [1]. First,
we replace the dissipative potentials Fi by their Moreau–Yosida approximation,

F ε
i (D) = inf

M∈Rd×dsym

{
1

2ε
|M− D|2 + F i(D)

}
, i = 1, 2, δ > 0

Next, we consider an orthogonal basis {en}∞n=1 of the space L2(Ω;Rd) consisting of, say, trigono-
metric polynomials. We look for approximate velocity field belonging to the space

u ∈ C([0, T ];XN), XN = span{en}Nn=1.

Given u ∈ C([0, T ];XN), the transport equation as well as the equation of continuity may be
solved by the method of characteristics,

χ(t, x) = χ0(X−1(t, x)), %(t, x) = %0(X−1(t, x)) exp

(
−
∫ t

0

divxu(s,X−1(s, x))ds

)
, (4.1)

where X is the associated Lagrangian flow

d

dt
X(t, x) = u(t,X(t, x)), X(0, x) = x.

At this stage, we approximate the initial data χ0 to be a characteristic function of a C1−domain
Ω0. Accordingly, if u is smooth with respect to the x−variable, the image of Ω0 under the flow
remains C1 at any time,

χ0 = 1Ω0 of class C1 ⇒ χ(t, ·) = 1Ωt , Ωt of class C1.

The velocity field will be identified via a Faedo–Galerkin approximation:[∫
Td
%u ·ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

−
∫ τ

0

∫
Td
∂F ε(χ,Dxu) : Dxϕ dx dt+ κ

∫ τ

0

∫
∂Ωt

(I− n⊗ n) : ∇xϕ dSx dt

− δ
∫ τ

0

∫
Td

∆m
x u ·∆m

x ϕ dx dt, %u(0, ·) = m0, ε > 0, m > 2d,

(4.2)

for any ϕ ∈ C1([0, T ];XN), where we have set

∂F ε(Dxu) = χ∂F ε
1 (Dxu) + (1− χ)∂F ε

2 (Dxu).
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The reader may consult Abels [2], where the specific form of the “varifold term” in (4.2) is discussed.
Identity (4.2) contains also an elliptic regularization necessary for performing the passage from
smooth to rough dissipation potentials.

The approximation scheme depends on three parameters: N , ε, and δ. These being fixed,
the existence of approximate solutions can be shown by the standard fixed–point argument, see
[1, Section 3] and Abels [2, Section 4]. Our goal is to perform consecutively the limits N → ∞,
ε→ 0, and δ → 0.

4.1 Energy estimates

As all quantities are smooth at the basic approximation level, we may consider u as a test function
in (4.2) obtaining the energy balance

d

dt

[∫
Td

(
1

2
%|u|2 + P (χ, %)

)
dx+ κ‖∇xχ‖M+(Td)

]
+

∫
Td
∂F ε(χ,Dxu) : Dxu dx+ δ

∫
Td
|∆m

x u|2 dx = 0,

(4.3)

where we have used the identity (see Abels [2, Section 2.4, formula (2.8)])

d

dt

∫
∂Ωt

ϕ dSx =

∫
∂Ωt

(I− n⊗ n) : ∇x(ϕu) dSx +

∫
∂Ωt

n · ∇xϕn · u dSx, ϕ ∈ C1(Td), (4.4)

together with the renormalized version (3.8) of the equations (2.12), (2.13), specifically[∫
Td
P (χ, %) dx

]t=τ
t=0

+

∫ τ

0

∫
Td
p(χ, %)divxu dx dt = 0

for any 0 ≤ τ ≤ T .

4.2 Limit N →∞
The limit N → ∞ in the family of Faedo–Galerkin approximations is straightforward. Let
(χN , %N ,uN)N≥1 be the corresponding family of solutions. Keeping ε > 0, δ > 0 fixed we de-
duce from the energy balance and (4.1) the following uniform bounds:

%N ≈ 1,

(uN)N≥1 bounded in L∞(0, T ;L2(Td;Rd)) ∩ L2(0, T ;W 2m,2(Td;Rd)),

(χN)N≥1 bounded in L∞((0, T )× Td), (κχN)N≥1 bounded in L∞(0, T ;BV (Td)).
(4.5)

First, we have

uN → u weakly-(*) in L∞(0, T ;L2(Td;Rd)) and weakly in L2(0, T ;W 2m,2(Td;Rd)) (4.6)
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passing to a suitable subsequence as the case may be. In particular, the velocity field remains
regular at least in the spatial variable, and we get

%N → % in C1([0, T ]× Td), χN → χ weakly-(*) in L∞weak−(∗)(0, T ;M(Rd)), (4.7)

and
χN → χ in C([0, T ];L1(Td)),

where the limit functions are given by formula (4.1).
Denoting

ΠN : L2(Td;Rd)→ XN

the orthogonal projection, we deduce from (4.2) that

(∂tΠN(%NuN))N≥1 bounded in Lp(0, T ;W−k,2(Td;Rd)) for some p > 1, k > 0.

Consequently, by virtue of Aubin–Lions Lemma,∫ T

0

∫
Td
%N |uN |2 dx dt→

∫ T

0

∫
Td
%|u|2 dx dt,

yielding
uN → u in L2(0, T ;L2(Td;Rd)).

Thus, finally,
uN → u in Lq(0, T ;C1(Td;Rd)) for some q > 2.

As the regularization ∂F ε
i are globally Lipschitz in Dxu, we are allowed to perform the limit in the

momentum equation (4.2) obtaining[∫
Td
%u ·ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

−
∫ τ

0

∫
Td
∂F ε(χ,Dxu) : Dxϕ dx dt+ κ

∫ τ

0

∫
∂Ωt

(I− n⊗ n) : ∇xϕ dSx dt

− δ
∫ τ

0

∫
Td

∆m
x u ·∆m

x ϕ dx dt, %u(0, ·) = m0, ε > 0, m > 2d,

(4.8)

for any ϕ ∈ C1([0, T ]× Td;Rd).
Finally, we pass to the limit in the energy balance (4.3):[

ψ

∫
Td

(
1

2
%|u|2 + P (χ, %)

)
dx+ κ‖∇xχ‖M+(Td)

]t=τ
t=0

−
∫ τ

0

∂tψ

(∫
Td

(
1

2
%|u|2 + P (χ, %)

)
dx+ κ‖∇xχ‖M+(Td)

)
dt

+

∫ τ

0

ψ

∫
Td
∂F ε(χ,Dxu) : Dxu dx dt+ δ

∫ τ

0

ψ

∫
Td
|∆m

x u|2 dx dt ≤ 0,

(4.9)

for a.a. 0 ≤ τ ≤ T and any ψ ∈ C1[0, T ], ψ ≥ 0.
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Remark 4.1. As a matter of fact, a more refined argument would yield equality in (4.9). This is,
however, not needed for the remaining part of the proof.

5 Compressible case without surface tension

Being given a family of approximate solutions identified in Section 4.2, our goal is to perform the
limits ε→ 0, δ → 0. Fixing δ > 0 we denote (%ε, χε,uε)ε>0 the associated approximate solution.

5.1 Limit ε→ 0

Since the energy balance (4.9) holds, we may repeat step by step the arguments of Section 4.2 to
obtain

%ε ≈ 1, %ε → % in C1([0, T ]× Ω),

uε → u weakly-(*) in L∞(0, T ;L2(Td;Rd)) and weakly in L2(0, T ;W 2m,2(Td;Rd)),

χε → χ in C([0, T ];L1(Td)) and weakly-(*) in L∞(0, T ;BV (Td))
(5.1)

passing to a suitable subsequence as the case may be. Similarly to the preceding section, the
characteristic curves are still well defined and the limit functions χ, % are given by formula (4.1).

Next, we take ψ = 1 in the energy inequality (4.9) and subtract the resulting expression from
the momentum balance obtaining[∫

Td

(
1

2
%ε|uε|2 − %εuε ·ϕ + P (χε, %ε)

)
dx+ κ‖∇xχε‖M+(Td)

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%εuε · ∂tϕ + %εuε ⊗ uε : ∇xϕ + p(χε, %ε)divxϕ

)
dx dt

+ κ

∫ τ

0

∫
∂Ωε,t

(I− n⊗ n) : ∇xϕ dSx dt− δ
∫ τ

0

∫
Td

∆m
x uε ·∆m

x ϕ dx dt

+

∫ τ

0

∫
Td
∂F ε(χε,Dxuε) : (Dxuε − Dxϕ) dx dt+ δ

∫ τ

0

ψ

∫
Td
|∆m

x uε|2 dx dt ≤ 0,

(5.2)

for any ϕ ∈ C1([0, T ]× Td;Rd), where∫
Td
∂F ε(χε,Dxuε) : (Dxuε − Dxϕ) dx ≥

∫
Td

(
F ε(χε,Dxuε)− F ε(χε,Dxϕ)

)
dx

Now, consider φ ∈ C1(Td;Rd) such that |Dxφ| < M , and ψ ∈ C1
c (0, T ), 0 ≤ ψ ≤ 1. In view if

hypothesis (3.1),
Dxφ ∈ int(Dom[F1] ∩Dom[F2])
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as long as M > 0 is small enough. Using ϕ(t, x) = ψ(t)φ(x) as a test function in (5.2) we obtain∫ T

0

∂tψ

∫
Td
%εuε · φ dx dt+

∫ T

0

ψ

∫
Td

(
%εuε ⊗ uε : ∇xφ+ p(χε, %ε)divxφ

)
dx dt

+ κ

∫ T

0

ψ

∫
∂Ωε,t

(I− n⊗ n) : ∇xφ dSx dt− δ
∫ T

0

ψ

∫
Td

∆m
x uε ·∆m

x φ dx dt

≤
∫
Td

(
1

2
%0|u0|2 + P (χ0, %0)

)
dx+ κ‖∇xχ0‖M+(Td) +

∫ T

0

∫
Td
F ε(χε, ψDxφ) dx,

where, furthermore,∫
Td
F ε(χε, ψDxφ) dx ≤

∫
Td
F1(ψDxφ) dx+

∫
Td
F2(ψDxφ) dx ≤ C(M).

Thus we may infer that

t ∈ [0, T ] 7→
∫
Td

(%εuε)(t, ·) · φ dx ∈ BV [0, T ]

whenever φ ∈ C1(Td;Rd),

with the norm bounded uniformly for ε→ 0. Consequently, similarly to Section 4.2, we conclude∫ T

0

∫
Td
%ε|uε|2 dx dt→

∫ T

0

∫
Td
%|u|2 dx,

yielding, finally,
uε → u in Lq(0, T ;C1(Td;Rd)) for some q > 2. (5.3)

The ultimate goal of this step is to perform the limit in (5.2). Summing up the previous
observations, we get

lim sup
ε→0

∫ τ

0

∫
Td
F ε(χε,Dxϕ) dx dt− lim inf

ε→0

∫ τ

0

∫
Td
F ε(χε,Dxuε) dx dt

≥
[∫

Td

(
1

2
%|u|2 − %u ·ϕ + P (χ, %)

)
dx+ κ‖∇xχ‖M+(Td)

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

+ κ

∫ τ

0

∫
∂Ωt

(I− n⊗ n) : ∇xϕ dSx dt− δ
∫ τ

0

∫
Td

∆m
x u ·∆m

x ϕ dx dt

+ δ

∫ τ

0

ψ

∫
Td
|∆m

x u|2 dx dt

(5.4)
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for any ϕ ∈ C1([0, T ]× Td;Rd). Consider a test function

ϕ ∈ C1([0, T ]× Td;Rd),

∫ T

0

∫
Td

(
F1(Dxϕ) + F2(Dxϕ)

)
dx dt <∞, (5.5)

and write∫ τ

0

∫
Td
F ε(χε,Dxϕ) dx dt =

∫ τ

0

∫
Td
χεF

ε
1 (Dxϕ) dx dt+

∫ τ

0

∫
Td

(1− χε)F ε
2 (Dxϕ) dx dt.

We already know that

χε → χ ∈ {0; 1} a.a. in (0, T )× Td, F ε
i (Dxϕ)↗ Fi(ϕ) in (0, T )× Td, i = 1, 2.

Consequently, in accordance with (5.5),∫ τ

0

∫
Td
F ε(χε,Dxϕ) dx dt =

∫ τ

0

∫
Td
χεF

ε
1 (Dxϕ) dx dt+

∫ τ

0

∫
Td

(1− χε)F ε
2 (Dxϕ) dx dt

≤
∫ τ

0

∫
Td
χεF1(Dxϕ) dx dt+

∫ τ

0

∫
Td

(1− χε)F2(Dxϕ) dx dt

→
∫ τ

0

∫
Td
χF1(Dxϕ) dx dt+

∫ τ

0

∫
Td

(1− χ)F2(Dxϕ) dx dt =

∫ τ

0

∫
Td
F (χ,Dxϕ) dx dt.

(5.6)

On the other hand,∫ τ

0

∫
Td
F ε(χε,Dxuε) dx dt =

∫ τ

0

∫
Td
χεF

ε
1 (Dxuε) dx dt+

∫ τ

0

∫
Td

(1− χε)F ε
2 (Dxuε) dx dt

≥
∫ τ

0

∫
Td
χεF

ε
1 (Dxuε) dx dt+

∫ τ

0

∫
Td

(1− χε)F ε
2 (Dxuε) dx dt

→
∫ τ

0

∫
Td
χF ε

1 (Dxu) dx dt+

∫ τ

0

∫
Td

(1− χ)F ε
2 (Dxu) dx dt as ε→, ε fixed.

Consequently,

lim inf
ε→0

∫ τ

0

∫
Td
F ε(χε,Dxuε) dx dt

≥
∫ τ

0

∫
Td
χF ε

1 (Dxu) dx dt+

∫ τ

0

∫
Td

(1− χ)F ε
2 (Dxu) dx dt

for any ε. Thus we may infer that

lim inf
ε→0

∫ τ

0

∫
Td
F ε(χε,Dxuε) dx dt

≥
∫ τ

0

∫
Td
χF1(Dxu) dx dt+

∫ τ

0

∫
Td

(1− χ)F2(Dxu) dx dt.

(5.7)
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Combining (5.4), (5.6), and (5.7), we obtain∫ τ

0

∫
Td
F (χ,Dxϕ) dx dt−

∫ τ

0

∫
Td
F (χ,Dxu) dx dt

≥
[∫

Td

(
1

2
%|u|2 − %u ·ϕ + P (χ, %)

)
dx+ κ‖∇xχ‖M+(Td)

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ

)
dx dt

+ κ

∫ τ

0

∫
∂Ωt

(I− n⊗ n) : ∇xϕ dSx dt− δ
∫ τ

0

∫
Td

∆m
x u ·∆m

x ϕ dx dt

+ δ

∫ τ

0

ψ

∫
Td
|∆m

x u|2 dx dt

(5.8)

for any ϕ ∈ C1([0, T ]× Td;Rd) satisfying (5.5).

5.2 Limit δ → 0

Let (χδ, %δ,uδ)δ>0 be the family of approximate solutions obtained in the previous section. Our
ultimate goal is to perform the limit δ → 0. Up to this moment, the proof has been identical for
Theorems 3.1, 3.2, with the obvious modifications for Theorem 3.3. Now, we focus on the case of
compressible fluids without surface tension.

If κ = 0, the approximate solutions satisfy the following relations:[∫
Td
χδϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Td

(
χδ∂tϕ+ χδuδ · ∇xϕ+ χδdivxuδϕ

)
dx dt (5.9)

for any 0 ≤ τ ≤ T , ϕ ∈ C1([0, T × Td]);[∫
Td
%δϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Td

(
%δ∂tϕ+ %δuδ · ∇xϕ

)
dx dt (5.10)

for any 0 ≤ τ ≤ T , ϕ ∈ C1([0, T ]× Td);∫ τ

0

∫
Td
F (χδ,Dxϕ) dx dt−

∫ τ

0

∫
Td
F (χδ,Dxuδ) dx dt

≥
[∫

Td

(
1

2
%δ|uδ|2 − %δuδ ·ϕ + P (χδ, %δ)

)
dx

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%δuδ · ∂tϕ + %δuδ ⊗ uδ : ∇xϕ + p(χδ, %δ)divxϕ

)
dx dt

− δ
∫ τ

0

∫
Td

∆m
x uδ ·∆m

x ϕ dx dt+ δ

∫ τ

0

∫
Td
|∆m

x uδ|2 dx dt

(5.11)
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for any ϕ ∈ C1([0, T ] × Td;Rd) satisfying (5.5). Setting ϕ ≡ 1 in (5.11), we recover the energy
estimates

ess sup
t∈(0,T )

∥∥%δ|uδ|2∥∥L1(Td)

<∼ 1,∫ T

0

∫
Td
F (χδ,Dxuδ) dx

<∼ 1,

δ

∫ T

0

∫
Td
| dx∆m

x uδ|2
<∼ 1.

Consequently, by virtue of hypothesis (3.3),

|divxuδ(t, x)| ≤ d for a.a. (t, x). (5.12)

In addition,
χδ ∈ C([0, T ];L1(Td)), χδ(t, x) ∈ {0, 1} for a.a. (t, x)

and
%δ ∈ C([0, T ];L1(Td)), % exp

(
−td

)
≤ %δ(t, x) ≤ % exp

(
td
)

for a.a (t, x),

represent the unique renormalized solution of (5.9), (5.10) in the sense of DiPerna and Lions [8].
Similarly to Section 5.1, we show

%δ → % in Cweak([0, T ];Lq(Td)), 1 < q <∞,

%δuδ → %u in Lpweak(0, T ;L2(Td;Rd)) for any 1 < p <∞,

and
%δuδ ⊗ uδ → %u⊗ u weakly in Lq((0, T )× Td;Rd×d

sym) for some q > 1. (5.13)

In particular,∫ T

0

∫
Td
%δ|uδ − u|2 dx =

∫ T

0

∫
Td

(
%δ|uδ|2 − 2%δuδ · u + %δ|uδ|2

)
dx dt→ 0.

As %δ is bounded below away from zero, the above relation yields

uδ → u in L2((0, T )× Td;Rd). (5.14)

With the estimates (5.12), (5.14) at hand, we may apply [8, Theorem II.5] to obtain

χδ → χ in C([0, T ];Lq(Td)) for any 1 ≤ q <∞, (5.15)

where χ is a renormalized solution of the transport equation (2.12), χ(t, x) ∈ {0, 1} for a.a. (t, x).
Moreover, it is easy to check that % is a renormalized solution of the equation of continuity (2.13).
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Finally, we use the fact that χδ, %δ satisfy the renormalized equation (3.8) and rewrite (5.11)
in the form∫ τ

0

∫
Td
F (χδ,Dxϕ) dx dt−

∫ τ

0

∫
Td
F (χδ,Dxuδ) dx dt

≥
[∫

Td

(
1

2
%δ|uδ|2 − %δuδ ·ϕ

)
dx

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%δuδ · ∂tϕ + %δuδ ⊗ uδ : ∇xϕ + p(χδ, %δ)(divxϕ− divxuδ)

)
dx dt

− δ
∫ τ

0

∫
Td

∆m
x uδ ·∆m

x ϕ dx dt

+ δ

∫ τ

0

∫
Td
|∆m

x uδ|2 dx dt.

(5.16)

Repeating the arguments of Section 5.1, we let δ → 0 in (5.16) obtaining∫ τ

0

∫
Td
F (χ,Dxϕ) dx dt−

∫ τ

0

∫
Td
F (χ,Dxu) dx dt

≥
[∫

Td

(
1

2
%|u|2 − %u ·ϕ

)
dx

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%u · ∂tϕ + %u⊗ u : ∇xϕ + p(χ, %)divxϕ− p(χ, %)divxu

)
dx dt,

(5.17)

where

p(χδ, %δ)→ p(%, χ) weakly-(*) in L∞((0, T )× Td),
p(χδ, %δ)divxuδ → p(%, χ)divxuδ weakly inLα((0, T )× Ω;Rd).

5.2.1 Strong convergence of the density

Our ultimate goal in the proof of Theorem 3.1 is to “remove” the bars in (5.17) which amounts to
showing strong a.a. pointwise convergence

%δ → % a.a. in (0, T )× Td. (5.18)

To see (5.18), it is enough to justify the choice ϕ = u as a test function in (5.17). Indeed, as
shown in [9], this would yield∫ τ

0

∫
Td
p(χ, %)divxu dx dt ≥

∫ τ

0

∫
Td
p(χ, %)divxu dx dt.
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On the other hand, from the renormalization,

d

dt

∫
Td

[
P (χ, %)− P (χ, %)

]
dx dt =

∫
Td
p(χ, %)divxu− p(χ, %)divxu dx dt

≤
∫
Td

(
p(χ, %)− p(χ, %)

)
divxu dx dt.

(5.19)

As Pi, i = 1, 2, are strictly convex on the range of % and χδ converges strongly, we get∫
Td
P (χ, %)− P (χ, %) dx =

∫
Td

(
χ
[
P1(%)− P1(%)

]
+ (1− χ)

[
P2(%)− P2(%)

])
dx

>∼ lim sup
δ→0

‖%δ − %‖2
L2(Td).

By the same token,∫
Td

(
p(χ, %)− p(χ, %)

)
divxu dx ≤ ‖divxu‖L∞(Td) lim sup

δ→0
‖%δ − %‖2

L2(Td).

Thus we may apply Gronwall’s lemma to (5.19) to obtain, up to a suitable subsequence, (5.18).
In order to make the preceding step rigorous, we have to justify the choice ϕ = u in (5.17).

Similarly to [9], we consider the regularization in time via the Steklov averages. Specifically, let

ηh(t) =
1

h
1[−h,0](t), η−h(t) =

1

h
1[0,h](t), h > 0,

ξε ∈ C∞c (0, τ), 0 ≤ ξε ≤ 1, ξε(t) = 1 if ε ≤ t ≤ τ − ε.

A suitable approximation of u reads

[u]h,ε = ξεη−h ∗ ηh ∗ (ξεu), ε > 0, h > 0,

where ∗ stands for the convolution in the time variable t. The function [u]h,ε can be used as a test
function in (5.17). As shown in [9, Section 4.3], we have[∫

Td

(
1

2
%|u|2 − %u · [uh,ε]

)
dx

]t=τ
t=0

+

∫ τ

0

∫
Td

(
%u · ∂t[uh,ε] + %u⊗ u : ∇x[uh,ε] dx dt→ 0

as ε, h→ 0. Note that it is only at this point, where the hypothesis α ≥ 11
5

is needed. Consequently,
it is enough to show

lim sup
ε,h→0

∫ τ

0

∫
Td
F (χ,Dx[u]h,ε) dx dt ≤

∫ τ

0

∫
Td
F (χ,Dxu) dx dt. (5.20)

To see (5.20) we first use convexity of Fi and the hypothesis Fi(0) = 0 to observe

Fi(Dx[u]h,ε)) = Fi(ξεη−h ∗ ηh ∗ (ξεDxu)) ≤ ξεFi(η−h ∗ ηh ∗ (ξεDxu)), i = 1, 2.
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Next, by Jensen’ inequality,

Fi(η−h ∗ ηh ∗ (ξεDxu)) ≤ η−h ∗ Fi(ηh ∗ (ξεDxu)) ≤ η−h ∗ ηh ∗ Fi(ξεDxu)), i = 1, 2.

Consequently,
Fi(Dx[u]h,ε)) ≤ ξεη−h ∗ ηh ∗ Fi(ξεDxu)).

By virtue of hypothesis (3.9),

Fi(ξεDxu)→ Fi(Dxu) in L1((0, τ)× Td), i = 1, 2, as ε→ 0;

whence (5.20) follows. Note that it is only at this moment, where the hypothesis (3.9) was needed.
We have proved Theorem 3.1.

6 Fluids with surface tension

The above arguments can be easily adapted to handle the general case of compressible fluids with
surface tension stated in Theorem 3.2. Indeed, as the pressure p(χ, %) is now linear with respect to
%, the proof of strong convergence of the density performed in Section 5.2.1 is now longer needed.
Accordingly, we can drop the hypothesis α ≥ 11

5
as well as (3.9).

In addition to the arguments of the preceding section, we have to perform the limit δ → 0 in
the varifold term

κ

∫ τ

0

∫
∂Ωδ,t

(I− n⊗ n) : ∇xϕ dSx dt

and to show the compatibility relation (2.16). However, this can be done in the same way is in [2],
[12]. This completes the proof of Theorem 3.2

Finally, it is easy to observe that the proof can be modified in a straightforward manner to
deal with the incompressible case claimed in Theorem 3.3.
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Bessatsu, B1, pages 1–19. Res. Inst. Math. Sci. (RIMS), Kyoto, 2007.

20



[4] D. M. Ambrose, M. C. Lopes Filho, H. J. Nussenzveig Lopes, and W. A. Strauss. Transport
of interfaces with surface tension by 2D viscous flows. Interfaces Free Bound., 12(1):23–44,
2010.

[5] H. A. Barnes. Shear-Thickening (“Dilatancy”) in suspensions on nonaggregating solidparticles
dispersed in Newtonian liquids. J. Rheology, 33:329–366, 1989.
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