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Abstract

We study a general convergence theory for the analysis of numerical solutions to a magnetohydro-
dynamic system describing the time evolution of compressible, viscous, electrically conducting fluids in
space dimension d (= 2, 3). First, we introduce the concept of dissipative weak solutions and prove the
weak—strong uniqueness property for dissipative weak solutions, meaning a dissipative weak solution
coincides with a classical solution emanating from the same initial data on the lifespan of the latter.
Next, we introduce the concept of consistent approximations and prove the convergence of consistent
approximations towards the dissipative weak solution as well as the classical solution. Interpreting
the consistent approximation as the energy stability and consistency of numerical solutions, we have
built a nonlinear variant of the celebrated Lax equivalence theorem. Finally, as an application of this
theory, we show the convergence analysis of two numerical methods.

Keywords: magnetohydrodynamic fluids, weak—strong uniqueness, stability, convergence, dissipa-
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1 Introduction

The time evolution of unsteady, electrically conducting fluids in the presence of magnetic field is de-
scribed by the magnetohydrodynamic (MHD) system. Mathematical theory of MHD is widely applied
in astrophysics and thermonuclear reactions, among many others. A simplified and well-accepted model
for compressible isentropic MHD system admits the form (see for instance [10]):

Oro + div(pu) = 0,

O¢(ou) + div(pu ® u) + Vp(p) = divS(Vu) + CurlB x B,
0;B = Curl(u x B) — aCurl(CurlB),

divB = 0,

(1.1)

in the time-space domain (0,7) x ©, Q C RY, d = 2,3. Here, t € (0,7) and = € Q represent the time
and space variables, respectively. We denote by ¢ = o(t,x) the density of the fluids, u = u(t,z) € R?
the velocity field, B = B(t,z) € R? the magnetic field and p = p(o) the scalar pressure. a > 0 is the
resistivity coefficient acting as the magnetic diffusion. S = S(Vu) stands for the Newtonian viscous
stress tensor given by

2
S(Vu) = u <Vu + Viu - ddivu]l) + Adivul,

where > 0 and A > 0 are the shear and bulk viscosity coeflicients, respectively. The pressure p is
assumed to satisfy the isentropic law

p(0) = ag”, a >0, (1.2)

where v > 1 is the adiabatic exponent. System (1.1) is supplemented with the boundary conditions (n
denotes the unit outward normal on the boundary 952):

either non-slip boundary conditions: u|so =0, B x n|pg =0, (13)
or periodic boundary conditions: Q = 7% = ([0, 1]{0’1})d, '
together with the initial conditions:
(0, 0u,B)li=0 = (00, mo, Bo). (1.4)

The well-posedness of the compressible MHD system (1.1) has been studied in several occasions. We
refer to Vol'pert and Hudjaev [14] for local well-posedness with positive initial density, Fan and Yu [4]
for local well-posedness with initial vacuum. The existence of global weak solutions with finite energy
initial data was studied by Hu and Wang [10] for v > % in three dimensions. Moreover, we refer to
[12, 13] for global well-posedness theory with smallness of initial data, either close to equilibrium state
or smallness of initial energy but possibly large oscillations.

The convergence analysis of numerical solutions for compressible viscous fluids was first reported
by Karper [11] and further studied by Feireisl et al. [6, 7, 8]. When a magnetic field is coupled to

compressible viscous fluids, as far as we know, the only result on numerical convergence was done by
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Ding and Mao [3]. They studied the convergence of a mixed finite volume (FV)-finite element (FE)
approximation towards (a suitable subsequence of) weak solutions requiring the technical assumption on
the adiabatic exponent v > 3. Unfortunately it excludes physically relevant parameters, e.g. v = 7/5
for the diatomic gas. Therefore, it is significant to study the case of “small” v that covers the physical
parameters.

The aim of this paper is to establish a general framework for the convergence analysis of numerical
approximations for the compressible MHD system (1.1) for the full range of v € (1, 00). As a byproduct,
we also prove global solvability to the compressible MHD system for any v > 1 and large initial data.
The strategy is built on the concepts of dissipative weak solutions and consistent approximation, see
respectively Definition 2.1 and Definition 2.3. A dissipative weak (DW) solution allows concentration
and oscillation defects that can be controlled by the dissipation defects of the energy stability. It should
be stressed that constructing a weak solution for “small” v < d/2 is a challenging task for compressible
viscous fluids while the dissipative character of the DW solution allows us to work with “small” ~.
Though the DW solution is weaker than the standard finite energy weak solution, it satisfies the weak—
strong uniqueness principle, meaning that a DW solution coincides with a classical solution as long as
the latter exists. By this argument, the convergence of a numerical solution reduces to the convergence
towards a DW solution. Upon realizing a DW solution can be obtained by the limit (discretization
parameter h — 0) of a consistent approximation interpreting the stability and consistency properties of
the numerical solution, we find a generalized Lax equivalence theorem:

convergence (to a DW or classical solution) <= stability + consistency =: consistent approximation.
More specifically, our strategy reads:
e Proving the weak—strong uniqueness principle in the class of DW solution, see Theorem 2.4.

e Passing to the limit (h — 0) from the consistent approximation to construct a DW solution in the
sense of Definition 2.1.

e Showing that a numerical solution is a consistent approximation in the sense of Definition 2.3 that
reflects the stability and consistency of the numerical solution.

In this paper, the convergence theory is aimed for the class of numerical schemes that preserves the
divergence free of the magnetic field weakly. Other properties such as conservation of the mass, positivity
of the density, and stability of the total energy are also expected for the numerical solutions.

The rest of the paper is organized as follows. In Sect. 2 we first introduce the concepts of DW solutions
and consistent approximation. Then we state the main theorems; these are the weak—strong uniqueness
property and convergence of a consistent approximation for the compressible MHD system. In Sect. 3
we establish the relative energy inequality in the framework of DW solutions and prove the weak—strong
uniqueness principle through the Gronwall-type argument. In Sect. 4, we prove the convergence of a
consistent approximation and apply it to the convergence analysis of numerical solutions of two mixed
finite volume—finite element methods. The paper ends up with the conclusion.

2 Main results

2.1 Preliminaries

Let M (ﬁ) signify the space of signed Borel measures over { and let M™ (ﬁ) be the non-negative ones.
Moreover, we recall that ¢ € L3(2) means ¢ € L?({2) with zero mean. We now introduce the concept
of DW solutions.

Definition 2.1 (DW solution). A triple (g, u, B) is said to be a dissipative weak solution to the MHD
system (1.1)—(1.4) provided that

e Regularity of solution

0>0, 0€ L™(0,T; L7(R)), ou € L=(0,T; L*(;RY)),
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B € L>(0,T; L*(; RY)), Vu, CurlB € L2(0,T; L*(Q; R™*%));

e The continuity equation

T t=1
/ / (g@tcp + ou - V<p> dxdt = [/ %) dx]
0 JQ Q t=0

for a.e. 7€ (0,7), any ¢ € CL([0,T] x Q);

e The momentum equation

/ / (Qll v+ ou®u: Vv +p(o)divy —S(Vu) : Vv + (CurlB x B) - v> dzdt
0 JQ

T T t=T1
+/ /Vv:duc(t)dt+/ /v-duB(t)dt: [/ Qll'Vd$:|
0 JQ 0 Ja Q t=0

(2.1)

(2.2)

for a.e. 7 € (0,T), any v € C([0,T] x Q;RY) and some pu. € L¥(0,T; M(Q;RL)), up €

sym

L2(0, T; M(; R™));
e The Maxwell’s equation

t=1

/ / (B -0yv + (u x B) - Curlv — aCurlB - Curlv) dzdt = [/ B- vdx}
0 JQ Q

t=0
for a.e. 7€ (0,T), any v € CL([0,T] x & R?), v x n|pg = 0;

e Divergence free of magnetic field
/ B -Vedz=0
Q

for any ¢ € C1(Q) N L3(Q);

e Balance of total energy

1 1 i
/ [Q]u|2 + - |BJ? +’H(g)] (r,z)dz +/ / (S(Vu) :Vu+ |CurlB\2) dz dt
al2 2 o Ja

/ / /d€</ [;’n;zp ;‘BO|2+”H(90)} dz
for a.e. 7€ (0,7) and some ® € L>®(0,T; M*T(Q)), € € MT([0,T] x Q);
/OTW)/QdWc(t)ldtS/OTw(t)/Qd@(t)dt

/OTI/J(t)/leuB(tﬂdtS 1/0T¢(t)/gd©(t)dt+E/OT/Qw(t)dg

for any € > 0,9 € C(]0,T]),v > 0.

e Compatibility conditions

(2.3)

(2.4)

(2.6)

(2.7)

Remark 2.2. In (2.2), the measure u. denotes the oscillation and concentration defects due to the
nonlinear terms gpu®u and p(g), while pp reflects that of CurlB x B. In (2.5), the non-negative measure
D represents the defects from the total energy 2 olu|?+ 3|B|?+H (o), while € means the defects from the

dissipative terms S(Vu) : Vu + « |CurlB|*. Furthermore, these measures are interrelated through the
compatibility conditions (2.6) and (2.7), which play a crucial role in proving the weak—strong uniqueness

principle.
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Next, let us define the concept of consistent approximation in terms of the stability and consistency
of a numerical solution.

Definition 2.3 (Consistent approximation). Let the differential operator V}, (resp. divy, and Curly,)
be compatible! with V (resp. div and Curl) in the sense of [8, Definition 5.8]. We say a numerical
approximation (gp, up, By) of the MHD system (1.1)—(1.4) is a consistent approximation if the following
stability and consistency conditions hold:

1. Stability. The numerical approximation is stable in the sense that

Ep(1) +/OT/Q (S(Vhuy) : Viuy, + a|CurlB,|*) dz < E,(0), V7€ (0,77, (2.8)

where Ej, = [, (%gh \Hhuh]2 + H(on) + % \Bh]2> dz the total energy, H(on) = ﬁgz the pres-
sure potential, and Il is either identity or a piecewise constant projection operator satisfying
[Hpup = wnll 20y < 2 IViasl| 2

2. Consistency.
The numerical approximation is consistent if:

e Continuity equation. It holds for any ¢ € C1([0,7) x ) that

T
/ / (0nDh+ onun - Vo) dzdl — — / (0, ) dz + e1 4[4, (2.90)
0 Q Q

where e 5,[¢] — 0 as h — 0 for any ¢ € CM([0,T) x Q) for some integer M > 1;
e Balance of momentum. It holds for any v € CL([0,T) x Q;R?) that

T
/ / (opIlpuy - Opv + opllpuy @ uy, @ Vv + prdivy — S(Vpuy) - Vv) dedt
0o Jo (2.9b)

T
Jr/ /(CurlhBh XBh)-vdxdt:/ Qhﬂhuh v(0,-)dz + eg V]
0 Q Q

where e ,[v] = 0 as h — 0 for any v € CM ([0, T) x Q; R?) for some integer M > 1;
e The Maxwell equation It holds for any C € C}([0,7T) x Q;R?), C x n|spg = 0 that

/ / (Bp, - 0,C + (u x By — aCurl,By,) - CurlC) dx dt = / B0 ) dx +e34[C] (2.9¢c)

where e3,[C] — 0 as h — 0 for any C € CM([0,T) x ©;R?) for some integer M > 1;
e Weakly divergence free of magnetic field. It holds for any 1 € C*(Q) N L3(2) that

/QBh -Vipdar = eq p[¢)] (2.9d)

where ey p[t)] — 0 as h — 0 for any ¢ € CM(Q) N L(2) for some integer M > 1.

2.2 Main theorems

Our main results in this paper are summarized in the following two theorems. The first one is concerned
with the stability of classical solutions within DW solutions.

LA simple example of such compatibility is that V, = V element-wisely, see [8, Section 11.4].
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Theorem 2.4 (weak-strong uniqueness). Let (o,u,B) be a DW solution to (1.1)—(1.4) with the initial

data (00, 0ouo, Bo). Suppose that (p,u,B) is a classical solution to (1.1)—(1.4) starting from the same
initial data with o9 > 0,divBg = 0 and belonging to the class

0e CH[0,T] x Q), u,B e C*[0,T] x Q;RY). (2.10)
Then e =0, up=0, ®=0, €=0 and
0=9, u=1u, B=B, in (0,T) x Q.

The second one gives the convergences of numerical solutions.

Theorem 2.5 (Convergence). Let (op,up, By,) be a consistent approzimation of the MHD system in the
sense of Definition 2.3. Then the following convergences hold:

1. Convergence to DW solution. There exists a subsequence of (on,up,Bp) not relabelled such
that

on = 0 weakly-(¥) in L=(0,T; L(2)),
w;, — u weakly in L*((0,T) x Q;RY)
Bj, — B weakly-(*) in L0, T; L*(; RY)),

where the triple (o,u,B) represents a DW solution to the MHD system in the sense of Defini-
tion 2.1.

2. Convergence to classical solution. In addition, let the MHD system (1.1)—(1.4) admit a classi-
cal solution in the class (2.10). Then the above weak limit is unconditional (no need of subsequence
but the whole sequence) and the limit quantity (o,u,B) coincides with the classical solution.

3 Weak—strong uniqueness

In this section, we aim to prove the weak—strong uniqueness theory (Theorem 2.4) for the DW solutions
given in Definition 2.1. To this end, we invoke the relative entropy functional to measure the distance
between a DW solution and a classical solution. For definiteness, we shall proceed in case of Dirichlet
boundary conditions, while the periodic case can be carried out exactly in the same way.

3.1 Relative energy inequality

The goal of this part is to establish the relative energy inequality in the context of DW solutions.
Let (0,u,B) be a DW solution to (1.1)—-(1.4) and (r, U, b) be subject to

re CH[0,T] x Q), r>0,
U e CY([0,T] x {RY), Ulgg =0,
b e CY[0,T] x GRY), b xnlsg =0, divb=0.

Inspired by [9] in the context of finite energy weak solutions, we introduce the relative entropy in the
framework of DW solutions

(2w UB)(7) = [ [Fol = UP 4 5B bP + o) - 1)~ (e =)| ()

Notice that we may rewrite the relative entropy in an equivalent form as follows

5((@, u, B)

(T,U,b)>(7):/ﬂ<;Q\u|2+;]B\2+H(g)) dx—l—/Q;Q|U|2da:

1
—/gu-de—/B-bdx—/g?—l'(r)d:c+/p(r)dx+/[b]de.
Q Q Q Q 2 Ja

6

(3.1)
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The crucial observation is that the integrals on the right-hand side of (3.1) can be expressed through
(2.1)—(2.5) with suitable choices of test functions. To handle the density-dependent terms, we first test
the continuity equation (2.1) with 3[UJ? to derive

t=1 T
[/ 1QU|2dx] :/ / (QU-@tU+Qu-VU-U) da dt. (3.2)
Q2 =0 Jo Ja
Moreover, we take H'(r) as a test function in (2.1) to find
t=1 T
[ / oM (r) dx} _ / / (0 (r) + ou- V#(r)) dz . (3.3)
Q t=0 0 JQ

Upon choosing U as a test function of the momentum equation (2.2), we observe that
t=1 T
[/ gu-de} :/ /(Qu-atU+Qu®u:VU+p(g)divU
Q t= 0 Q

~5(Vu) : VU + (CurlB x B) - U) dxdt+/7/VU:dMC(t)dt—ir/T/U-duB(t) d. (3.4
0 Q 0 Q

Next, to calculate the term involved with the magnetic field, we choose b as a test function in (2.3) to
deduce that

t=r1 T
[ / B bdx] - / / (B .9b + (u x B) - Curlb — aCuwlB - curlb) da dt. (3.5)
Q 0 Q

Finally, combining (3.2)—(3.5) with the balance of total energy (2.5), we obtain the relative energy
inequality as follows

[5((9,11,3)‘(r,U,b))}:Jr/OT/QS(Vu—VU) . (Vu — VU)dzdt

+a/ /\CurlB b)[? dxdt—i—/d@ / /d@

—// gu-@tU—i—gu@u:VU+p(g)diVU)dxdt
0 Q

+/ /(QU~atU+gu-VU.U)dxdt+/ /S(VU):(VU—Vu) dz dt
0 Q 0 Q

/ T
/ / [ 1 ~ 2 (1o — ou- L (T)Vr} dzdt + a / / Curlb - (Curlb — CurlB) dz dt
r 0 JO

+/OT/Q<8tb-(b—B)—(u><B)-Cur1b> dmdt—/T/ (CurlB x B) - Udzdt

/ / VU - dpe(t) dt — / / U dug(t) (3.6)

3.2 Weak-strong uniqueness principle

The aim of this part is to estimate the right hand side of (3.6) towards the proof of weak-strong
uniqueness principle. The strategy consists of the following steps:

e Setting the classical solution (g, u, ]§) as the test function (r, U, b) in the relative energy inequality
(3.6);

e Estimating each term on the right-hand side of the relative energy inequality (3.6) in a suitable
manner;
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e Applying Gronwall-type argument to derive the expected results.

Let (5,1,B) be a classical solution to (1.1)—(1.4) starting from the smooth initial data (o, uo, Bo)
with strictly positive g9 and divB = 0. Let (¢, u,B) be a DW solution to (1.1)—(1.4) emanating from
(00, 0ouo, Bo). It follows from (3.6) that

8<(g,u,B))(g,uB // (Vu—Vu): (Vu—Vu)dzdt
+a/ /|CurlB B)]2dxdt+/d© / /dc
—/ /(gu-@tﬁ+gu®u:Vﬁ—l—p(g)divﬁ) dx dt
0 Q
+/ /(gﬁ-atﬁ+gu~Vﬁ-ﬁ)dxdt+/ /S(Vﬁ):(Vﬁ—Vu) dz dt
0 JQ 0 JQ
T / T . -
+/ / [(13) p’(@@tﬁgu-pS@J)V@} dxdt+a/ /CurlBo (CurleCurlB) de dt
0 JQ o 1 0 JQ

+/ / [atfé. (1§—B) —(uxB)-Curlﬁ} dxdt—/ /(CurleB)-ﬁdmdt
0 Q 0 Q

- [ [vaianoa- [ [ G auoa (37)

In light of the compatibility conditions (2.6), it holds that

‘—/OT/QVG:duc(t)dt—/oT/Qﬁ-duB(t)dt’
Se/OT/QinJri/OT/Qd@(t)dt

where € > 0 is chosen to be sufficiently small. Using the hypothesis that (3,1, B) solves (1.1)~(1.4) in
the classical sense, i.e.,

8,6 + div(gn) = 0,

0 (80 + 1 - V) + Vp(d) = divS(Va) + CurlB x B,
9B = Curl(t x B) — aCurl(CurlB),

divB = 0,

(3.8)

we furthermore simplify the right-hand side of (3.7) as follows. Since this process is straightforward and
similar to the compressible Navier-Stokes system (see [5]), the details are omitted.

5((@, u,B) ‘ (0,1, B / / S(Vu—Vu): (Vu— Vu)) dz dt

+a/OT/Q|Cur1(B—]§)]2dxdt+/ﬂd©(7)—I—/OT/QdQ
5/07/99(u—ﬁ)-Vﬁ-(ﬁ—u)dxdt—i—/T/S(Vﬁ):(Vﬁ—Vu) dz dt

+/ /Q(ﬁ—u) ~divS(Vi) dxdt—/ / p(3) — ' (9) (0 —@'))divﬁdxdt
0 Q
T _ _ _ 1 _ _
ta / / CurlB - (cuﬂB - curlB) da dt + / / o —u)- = (curlB X B) de dt
0 JQ 0 JQ 0
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-|-/T/Q(8t]~3-(]§—B)—(uxB)-Curlﬁ)dxdt
0

—/OT/Q(CurIB x B).ﬁdde/OT/Qd@(t)dt. (3.9)

Notice that the integrals involved with the magnetic field may be rewritten as, using (3.8)3,

a/ /Curl]~3- (Curlﬁ—CurlB) d:):dt—i—/ /Q(ﬁ—u)-l(CurlﬁxfB) dz dt

0 Ja 0 JQ 1Y%

+/ /(8t]§-(ﬁ—B)—(uxB)-Curlﬁ)dxdt—/ /(CurleB)-ﬁdxdt
0o Ja 0 Jo

:/OT/Q(Q_@(ﬁ_u)é(curlﬁxE) dxdt+/07/ﬂ(ﬁ—u)~<0ur1]§><]§) dz dt

+/T/Q[Curl(l~l><]~3)-(]§—B)—(uxB).Curlﬁ} difdt"i‘/T/QCurlB-(ﬁxB)dxdt
0 0

—/OT/Q(Q—@(ﬁ—u)-,lé(Cuﬂﬁxﬁ) dxdt+/0T/()Curl(B_]§)'<ﬁ><(B—]§)>da:dt

N /OT /Q CulB - ((u _ W) x (B- B)) de dt. (3.10)

Moreover, it holds that

T/ Curl(B — B) - (ﬁ x (B — ﬁ)) da dt‘

//‘CurlB B‘ dadt + cfe //|B B2 dz dt; (3.11)

/ CurlB - <(u — @) x (B B)) da dt‘

//\u ul?dadt + c(e //yB B/|? dz dt. (3.12)

Due to the generalized Korn-type inequality,

/ /|u—ﬁ|2dxdt,§/ /S(Vu—Vﬁ):(Vu—Vﬁ)dxdt. (3.13)
0o Jo 0 Jo

In addition, the isentropic law of pressure function yields

p(3) — ' (3) (0 — @)divﬁdxdt‘

/ / (D) - H(@e- D) dodt )

Consequently, combining (3.9)—(3.14) and choosing € > 0 suitably small give rise to

5((g,u,B)}(g,uB //SVu—Vu) (Vu— Vu)dzdt

+a/ /|Curl(B—]§)]2dxdt+/d@(r)—l—/ /de
0 Q Q 0 Q

5/0T/QS(VG) : (Vi - Vu) dxdt—l—/OT/Qg(ﬁ—u)~,1§divS(Vﬁ) dzdt

+/OT/Q(Q—@(ﬁ—u)é(cuﬂ]§x1§> dz dt
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—|-/OT€((g,u,B)‘(§,ﬁ,]§))(t)dt—|—/T/di)(t)dt

(3.15)

Following [5, 9], we estimate the remaining integrals as follows. Let x be a cut-off function such that

X € CZ((0,00)),
0<x<1,
x(0) = 1if g € [inf g,sup g].

Then we may write

g o)(a—nu)- (Curlﬁ ><]§) dxdt‘

// |Q—Q||u—u|dxdt+//1— ))|o — o|ju — u|dzdt.

The first integral on the right-hand side of (3.16) is bounded through

// )o — ol|la —u|dxdt
T 1 T 1 2 _
5/ /g|u—u|2d:rdt—|—/ /X(Q)|Q—Q|2d$dt
0 Ja?2 0o Ja2 o

S /075((9, wB)|(3.5,8))()dr

(3.16)

(3.17)

To estimate the second integral on the right-hand side of (3.16), we make a further decomposition, i.e.,

1 —x(0) = x1(0) + x2(0)

such that
suppx1 C [0, inf 9], suppyx2 C [sup g, o).

//xl(g)le—ﬁ\lﬁ—umxdt

0 Q

/ /’u—ﬁIdedHc(e)/ /x%(g>|@—5|2dxdt
0 Q 0 Q

It follows from (3.13) that

56/0T/Q(S(Vu—Vﬁ) (Vu— VD)) dedt + efe) /75((0,11,13)‘@,6,%))(@ dt.

0

//X2 )o—ollu—u|dzdt
5/ /Xz( Jolu — u!2dxdt+/ /X2 Yodz dt
0

S /075((9, wB)| (2,1, B)) () d.

Taking (3.16)—(3.19) into account, we see

Clearly,

(0—0)(u—n)- ; (Curlf’; X ]§) d:cdt‘

56/0T/Q(S(Vu—Vﬁ) : (Vu—Vﬁ))dxdt—i—c(e) /OTS((g,u,B)‘(ﬁ,ﬁ,ﬁ))(t) dt.

10

(3.18)

(3.19)

(3.20)
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Finally, notice also that the first two integrals on the right-hand side of (3.15) are estimated as above
upon observing that

/oT /Q S(Vi) : (Vi - Vu) dedt + / T /Q S ;divg(vm o

1 ~
/ / u) - :divS(Vu) dz dt. (3.21)
Combining (3.15), (3.20)—(3.21) and fixing € > 0 ufﬁc1ently small shows that
5((@, u,B) ‘ (0,1, B / / S(Vu—Vu): (Vu-— Vu)) dz dt

+a/ /|Cur1B B)dexdt+/d® / /de:
5/075((9,11,3)’(5,&,3) (t)dt+/0 /de)(t)dt.

As a direct application of Gronwall’s inequality, we conclude that
0=0, u=1u, B=B, in(0,7)xQ,
pe=0, up=0, ®=0, €=0,
thus completely finishing the proof of Theorem 2.4. O

4 Convergence

In this section we prove another main result, that is the convergence of a consistent approximation stated
in Theorem 2.5. As an application of this theorem, we will also show the convergence analysis of two
mixed finite volume-finite element methods.

4.1 Convergence of a consistent approximation

In this subsection we prove Theorem 2.5 for the convergence of a consistent approximation (gp, up, Bj)
in two steps, that are the convergences towards a DW solution and towards a classical solution.

4.1.1 Convergence to a DW solution

Proof of Item 1 of Theorem 2.5. As (op,un,Byj) is a consistent approximation in the sense of Defini-
tion 2.3, it satisfies the stability property (2.8). Consequently, we derive for suitable subsequences, not
relabelled, that

on — 0 weakly-(*) in L*°(0,T;L"(9)), 0 > 0,
wy,, Ijuy, — u weakly in L2((0,T) x ;R%), where u e L0, T; WH?(Q;RY)),
and in the case of Dirichlet boundary conditions u € LQ(O, T; W&’Z(Q; ]Rd)),
onTlnwy, — U weakly-(*) in L(0, T; L3+1(€; RY)),
Bj, — B weakly-(*) in L>(0, T; L*(; RY)),
Curl,Bj, — CurlB weakly in L2((0,T) x Q;R%),
w, x B), = u x B weakly in L2(0,T; L2 (Q; R?)),
m X m

+ p(o)I weakly-(*) in L>=(0, T; M (€; REX4)),

sym

orllpup @ up + pon)l — 150
Curl, By, x By, — CurlB x B weakly-(*) in L?(0, T; M(Q; R?)),
S(Vruy) : Viuy, — S(Vu) : Vu in MT([0,T] x Q),
|Curl,Bp,|? = [CurlBJ2 in MT([0,T] x Q),

1 1 1 1 —
§Qh \Hhuh]2 + H(on) + 5 \Bhlz — ig]uP + H(o) + i‘BP weakly-(*) in L>(0,T; MT(€)).

11
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With the uniform bounds at hand, we may invoke Lemma 3.7 in Abbatiello et al. [1] to deduce that
ou=pu, uxB=uxB.

We then set

mX®m m ® m

fe := 1p>0 + (o)l - (1g>0 + p(@)ﬂ> ,

pp := CurlB x B — (CurlB x B),

1 1 1 1
D= Jolul? + H(o) + 5B — (ol + (o) + JIBP).

¢ = (S(Vw) - Vu - S(Vu) : Vu) + o([CwrlB — |CurlBJ?),

Knowing the above limit, we are ready to pass to the limit A — 0 in the consistency formulation
(2.92)—(2.9d) and the energy stability (2.8). We get the following formulae for the limit functions

[/Q o dx] i; - /OT /Q (93t¢ +ou- Wﬁ) de dt,

for any ¢ € CM([0,T] x Q) and for some M > 1;

[/ ou - vdx] / / ou-v+ouxu+po)l: Vv)da;dt

//SVu Vvda:dt—i—//CurleB -vdxdt
—I—/ /szduc(t)dzH—/ /v-d,uB(t)dt
0 JO 0o JO

for any v € CM([0,T] x Q;R?) and for some M > 1;
t=r1 T
[/B-Cdx} :/ /(B-@tC—aCurlB-CurIC+(uxB)-CurlC) da dt
Q t=0 Q
for any C € CM([0,T] x Q;RY), v x n|sq = 0 and for some M > 1;
/ B V¢dr =0
Q
for any ¢ € CM(Q) N L3() and for some M > 1;

1 1 T
/ {g|u2 + - |BJ? +’H(g)] (1,2) dx—i—/ / <S(Vu) :Vu+a \CurlB]2> dz dt
Ql2 2 0 Jo

T 1 ‘mO‘Q 1 2
+ [ dD(1) + [ de < 5 + =|Bo|” + H(00)| dz.
Q 0 Ja al2 oo 2
for a.e. 7€ (0,7);

Finally, the compatibility conditions (2.6) and (2.7) hold owing to [5, Lemma 2.1] and the crucial
observations:

1 1 1
lou s utp(o)l| S seluf’ + M) S el +H(e) + 5B,
1
’CurIB X B‘ < ¢e|CurlB]? + = B> < e(|Cu1rlB\2 +S(Vu) : Vu)
€
11 9 1.
—|—; 5@’u| + §|B| +H(p)|, for any e > 0.
Consequently, collecting the above identities and relations, we conclude that the weak limit (g, u, B),
with the associated p., ®, €, generated by the consistent approximation (gp, up, By,) for h — 0, represents

a DW solution of the MHD system (1.1) in the sense of Definition 2.1. This proves Item 1 of Theorem 2.5.
O]

12
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4.1.2 Convergence to the classical solution

Proof of Item 2 of Theorem 2.5. Combining Item 1 of Theorem 2.5 and Theorem 2.4 we immediately
obtain Item 2 of Theorem 2.5; that is the convergence of the consistent approximation (gp,un, Bp)
towards the classical solution. O

We have built a general theory in Theorem 2.5 that a consistent approximation converges to the DW
solution as well as the classical solution (on its lifespan). Next, we show the application of this theory
in the convergence analysis of numerical solutions by two examples. The only gap here is whether the
numerical solution is a consistent approximation in the sense of Definition 2.3.

4.2 Example-I

In the first example, we propose a mixed FV-FE approximation adapted from the Navier-Stokes solver
of Karper [11] and the magnetic solver of Ding and Mao [3] with no-slip boundary conditions. To begin,
we introduce the necessary notations.

Mesh. Let ) be a regular and quasi-uniform triangulation of the bounded domain 2, £ be the set
of all (d — 1)-dimensional faces, £8 = £ N 9N be the exterior faces, EL = £\ £ be the interior faces,
and £(K) be the set of all faces of an arbitrary element K. We denote ¢ = K|L € £ as the common
face of two neighbouring elements K and L. Further, we denote n, as the outer normal of a face 0 € £
and n, x as the unit normal vector pointing outwards K if o € £(K). The size of the mesh (maximal
diameter of all elements) is supposed to be a positive parameter h < 1.

Function spaces. We define on 2, discrete function spaces @y, Vi, N}, that are spaces of piecewise
constants, piecewise linear Crouzeix—Ravairt elements, and lowest order H (curl)-Nédélec edge elements,
respectively.

Qn={veL*Q)|vlx € Py(K) K €},

Vi = {v € L*(Q)

vk € PUK)WVK € Qh;/ [v] dS(z) =0Vo e 51} :

N, = {v, Curlv € L*(Q)

V|K€Pg@PéxVKGQh;/[[vxn]] dS(:r):()Vaec‘:I},

where PZ(K) (resp. P}(K)) denotes the space of polynomials of degree not greater than n on element K
for d-dimensional vector valued functions (resp. for scalar functions). The spaces Qp, V, and N}, shall be
used for the approximation of the discrete density, velocity and magnetic field, respectively. In addition,
for the purpose of designing weakly divergence-free magnetic field (see Lemma 4.1), we introduce the
following space

Wy, ={veW"nL§|v|x e PLK)VK € U} .

It should be mentioned that for any 1, € W}, we have V¢, € N},.
The interpolation operators associated to the function spaces V}, N}, and W), are given by

My : Wh2(Q) =V, Ty : WY2(Q) = N, Ty LE(Q) — W,
satisfy the following interpolation estimates

< < <
v —=Tyv|e ~ kvl [[v—=Twv| ~h|vle, [lu—=Tyul, + [|Curl(u = IIyu)|, ~ £k lufce .
(4.1)
for any v € C1(Q), u € C%(Q), p € [1, 0], see e.g. the monograph of Brezzi et al. [2].
For simplicity of notation, we denote Xj, = Qp x Vo, x N, where

Vo,n = {VGVh

/VdS(x) =0Vo € EB} and Npp = {v e N,

/vxndS(x):()VJESB}.

13
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Next, we suppose the time step size At ~ h and denote t* = kAt for k =1,..., Ny(= T/At). For a
generic discrete function v, at time t* = kAt we denote it by v,’j and write v, € Lai(0,T;Y) if v,’?L ey
forall k =1,..., Ny with Y € {Qp, Vo5, No.p, X3} and

vp(t,-) = v for t <0, vu(t,-) = vf for t € (k —1)At, kAt], k=1,2,..., Np.

Some discrete operators. We define the discrete time derivative by the backward FEuler method

un(t) = vj,(t)

A7 for t € (0,7) with v} (t) = vp(t — At).

Dtvh =
For any piecewise continuous function f, we define its trace on a generic edge as

fwgzggj@—&%%vaea ﬁﬂazgﬁj@+&h%Voey.

Note that fo"|¢s is determined by the boundary condition. Further, we define the jump and average
operators at an edge o € £ as

¢ fout fm
[f], = " = f" and {f}, = 5 (4.2)
respectively, and denote I}, = Il as the element-wise constant projection, where
HQ:Ll( ) = Qh. HQf|K ﬂ ’K|/fdx vV K € Q.
Next, we introduce the upwind flux for any function r, € Q, at a generic face o € &!
Uplry, up) =7, us = 0 ug T 4 79 [ug] T,
where uy, € V}, is the velocity field and
1 £/ rinif u, >0
Uy = — [ updS(z) - n,, t_L = and AP =<h ’
I RSN M it o, <0,
Furthermore, we consider a diffusive numerical flux function of the following form for £ > 0
Fy(rh, up) = Up[rp, up] — h° [rp] . (4.3)
It is easy to check for any g, € @ and uy € Vj, that
|ap|?
> Fj (onttn, up) [un] — F,(on, un) 5 dS(z)
g
0651 (4.4)

== 3 [ (G iuel + 4 Gouk, ) 1P a5

oc&l
For simplicity, we denote co{a,b} = [min(a, b), max(a,b)] and write a ~ b if a < ¢b if ¢ is a positive

constant that is independent of the mesh size and time step used in the scheme. We shall frequently use
the abbreviation |||, and ||| » e for || 1o () and ||| 1o (0,1, £a(q))s Tespectively.

The numerical method. Using the above notations we propose a mixed FV-FE method for the
approximation of the MHD system (1.1) named as Scheme-I.

14
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Scheme-I. Given the initial values (1.4) we set (o), u),BY) = (Ilggo, Iy ug, lIxyBg) and seek
(on,un, Bp) € Lat(0,T; Xp) such that

/ Dionpndz— Y / F5 (on un) [én] dS(@) =0 for all ¢y € Qu; (4.50)

oe&l

/Dt opuy) - vy dr — Z /Fh onup,up) - [vp] dS(z) —l—u/ Viuy : Vv, de
oee! . (4.5b)

+ / (vdivpuy — pp)divpvy, dz — / (Curl,By, x Bj) - viyde =0 for all v, € Vo p;
Q Q

/Q (DtBh . Ch + aCurlhBh . Curthh — (uh X BZ) . Curthh) dz for all Ch € ./\/‘07}1. (4.5C)

where v = d%fu + A, the discrete operators divy, Vy and Curly, are the same as the continuous
case on each element. Moreover, the artificial diffusion parameter ¢ follows

e>0ify>2 and e€(0,2y—1-4d/3)if v e (4d/(1+ 3d),2).

Scheme-1 enjoys the following properties:
Lemma 4.1 (Existence, mass conservation, renormalized continuity, positivity, divergence free).
1. Existence of a numerical solution. There ezists at least one solution to Scheme-I.

2. Mass conservation. The numerical method (4.5) preserves the total mass.

/Qgh(t)da::/ggh(O)dx:/Qggdx, Vtelo,T).

3. Renormalized continuity equation. Let (gn,up) € Qp x Vo, satisfy the discrete continuity
equation (4.5a) and b = b(g) € C?(0,00). Then the discrete continuity equation (4.5a) can be
renormalized in the sense that

/Q(Dtb(@h) — (onb'(on) — blon))divpuy) da
1 ,, 1
[ V©IDaP dx—;/b O Lol (1 + Jiuel) aS(o),

out

where & € co{o}, on} and ¢ € co{o", 08

4. Positivity of the density. Let o9 > 0. Then any solution to the discrete problem (4.5) satisfies
on(t) >0 fort e (0,7T).

5. Weakly divergence free of magnetic field. Let divBg = 0. Then Scheme-1 preserves diver-
gence free of magnetic field weakly, meaning that fQ By - Vppdx =0 for any vy € Wh.

Proof. e The existence of a numerical solution to (4.5) can be proven exactly in the same way as in
[3] via the theorem of topological degree, see also similar result in [8, Lemma 11.3].

Taking ¢, = 1 in the equation of continuity (4.5a) immediately yields the mass conservation.

We refer to [11, Lemma 4.1] for the proof of renormalized continuity equation.

Concerning the positivity of density, we refer to [8, Lemma 8.3] for the proof.

We refer to [3, Remark 6] for the proof of weakly divergence-free of magnetic field.
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4.2.1 Stability

The solution of Scheme-I (see (4.5)) satisfies the stability criteria (2.8) of the consistent approximation.
More precisely, we have the following energy estimates.

Theorem 4.2 (Stability of Scheme-I).
Let (on,up,By) be a solution of Scheme-1. Then there exist & € co{g}, on} and ¢ € co{o}®, 09"} for
any o € £ such that

1 1 .
Dt/ (29h [@l” +H(on) + 5 \B,ﬁ) dz + | Vaun| 72 + v [divaug| 72 + [|Curl, By 72
Q

At At At
== /@ | Dy |* dz — =~ / |DB[* do — — /Q H'(€) |Dsonl” da (4.7)
-y / (a5 40 b, ) 1107 as0) - X [ 9@ Lanl® (4 1) aso) <
oeel 7 oeel v 7
Proof. First, summing up (4.5a) and (4.5b) with the test functions ¢, = —@ and vy = uy, implies the

discrete kinetic energy balance
1 . .
/ Dy < on |ap| > dz + p ”Vhl.lh”%g +v ”lehlth%Q — / prdivyuy, do
Q

i i ( pruar+h€{{gh}}g) G2 dS() (48)

oe&l

= /Q(CurlhBh X sz) ‘updr = — /Q Curl, By, - (uh X BZ) da.

where we have used (4.4) and the following equality

_ 1 At
Di(onup) - up, — Dyop = Dt(§Qh‘uh‘2) + ?QZ!Dtth'

Next, by setting Cj, = By, in (4.5¢), we derive

B 2
/ ((uy, x Bj)) - Curly By, — a|Curl,By|?) dz = / DBy, - By dx :/ (Dt| "‘ yD B \2>
Q Q Q

2
(4.9)
Upon setting b = H(p) in the renormalized continuity equation (4.6) and noticing the equality
oH'(0) — H(o) = p(0), we obtain the balance of internal energy

[ wton - ptv) a0 = -5 [ w@oaPas— ¥ [ #0 1l (1 + Glul ) as(o)

ceel ’?
(4.10)
where £ € co{o}, o} and ¢ € co{ol", o9"*} are the same as in the renormalized continuity equation (4.6).
Finally, we finish the proof by summing up the identities (4.8)—(4.10). O

Uniform bounds. As a consequence of the energy estimates (4.7) and Sobolev’s inequality, we deduce
the following bounds.

[willpzre ~ IVl 2z ~ 1, A2 | DBl pocrz ~ 1, Bl poore ~ 1, [[CurlyByll 22 1. (4.11)
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4.2.2 Consistency

Another step towards the consistent approximation is the consistency. The numerical solution of
Scheme-I satisfies the consistency criteria (2.9) of a consistent approximation. More precisely, we
have the following consistency formulation.

Theorem 4.3 (Consistency of the Scheme-I).
Let (on,un,Bp) be a solution of the discrete problem (4.5) on the time interval [0,T] with At ~ h and

¥ > li‘éd. Then there exists some positive constant B such that

| [ 10010+ evun-10] dwat = - [ o0, do+ 0@) (1122
0 JQ Q
for any ¢ € C2([0,T) x Q);
T T
/ / lopay, - OV + gpuy, @ uy, 0 Vv + ppdivy] dzdt — / / S(Vypuy) : Vvdzde
0 0 Ja (4.12b)
+/ /(CurlhBh x Bp) - vdzdt = —/ o) - v(0,-) dz + O(h?)
0 Q Q
for any v € C2([0,T) x Q;RY);
T
/ BY - C(0,-)dx —i—/ / (B}, - 8;C — aCurl,By, - CurlC + (u; x By) - CurlC) dz dt = O(h?) (4.12¢)
Q 0 Q
for any C € C2([0,T) x ;R?), C x n|ypq = 0;
/ By, - Vi dz = O(h) (4.12d)
Q

for any 1 € C%(Q) N LE(1).

Proof. First, recalling [8, Theorem 13.2] we know (4.12a) holds and there exists a 5 > 0 such that

/OT/QDt(QhI/J\h) vy dedt — /OT Z /UFZ(Qhﬁ\hvuh) - [¥i] dS(z) dt

oe&l

T T
+ M/ / Viuy : Vv dedt —I—/ /(ydivhuh — pp)divy vy, da dt

0o Jo . 0o Jo (4.13)
= —/ 921/1\2 -v(0)dx — / / [onuy - OV + opuy, @ uy, 2 Vv + ppdivy] dz dt

Q 0 Q

T
+/ / S(Vyuy) : Vvdzdt + hP.
0 Q

Then we derive (4.12b) by combining (4.13) with the following estimates

T
/ / ((CurlhBh X B?L) : va — (CurlhBh X Bh) : V) dx dt’
0 Q

T
/ / ((CurlyBy, x By) - (Iyv — v) + (Curl,By, x (B, — Bj)) - v) dzdt
0 Q

S| CurlyByl| 2p2 (IBallpae b IVllor + At [ DByl g [Vlico) = h+ At < h12,

where we have used Holder’s inequality, the uniform bounds (4.11) as well as the interpolation esti-
mate (4.1). We are left with the proof of (4.12c) and (4.12d). To proceed, we set Cj, = IIC as the test
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function in (4.5¢) and analyze each term in the following. First, for the time derivative term we have

T 1 T 1 T—At
/ /DtBh-HNCdx:At/ /Bh(t)-HNC( )dx—At/ /Bh TINC(t + At) do
/ /Bh DtHNCdx—/ /Bh HNC t+At)d
At

+/ /Bh Iy C(t + At) dz
At T-At %z—’

T At
—/ /Bh(t)-DtnNCdx—/Bg-/ IyC(t) dt da
0 Q Q 0
T
—/ /Bh(t).athx—/BQ.C(o)dx+Il+12,
0 Q Q

I = / /Bh - (8,C — D,IINC) dz dt, IQ:/QB;L(O)'<C(0)—/OAtHNC(t)dt> dz.

where

By Holder’s inequality and the estimates (4.11) we have
< < <
11 = Bullpepe ACllee S by || S |[By]| 0 A[ICllee < h.

Next, using Holder’s inequality again with the uniform bounds (4.11) and interpolation estimate (4.1)
we derive

T
/ / Curl, By, - (Curl, Iy C — CurlC) dz dt < || C| s || Curly Byl 272 ~ b,
Q
and

T
/ / (up x BY) - Curly Ty C — (uy, x By,) - CurlC) dz dt
0 Q

T T

= / /(uh x Bj) - (Curl,IIyC — CurlC) dz dt —|—/ /(uh x (Bj — By)) - CurlCdz dt
0 Q 0 Q

S wnllzers (BBl o2 IClc2 + A DB g [Cller) < b+ A < B2,

Consequently, summing up the above terms finishes the proof of (4.12c). Finally, concerning the proof
of (4.12d), we recall Item 5 of Lemma 4.1 to deduce

/QBh -Vipdr = /QBh V(¢ = Twe) da = |Bh oo 2 2 19l c2 ~ B,
which completes the proof. O

4.2.3 Convergence

Now we are ready to prove the convergence of Scheme-I.

Theorem 4.4 (Convergence of Scheme-I).
Let (on,upn,Bp) be a solution to Scheme-I with At ~ h and v > 1+3d Then it converges in the sense
of Theorem 2.5.

Proof. Note that the compatibility of the discrete differential operators has been presented in [8, Section
11.4 and Section 13.4]. Combing Theorem 4.2 and Theorem 4.3 we conclude that the numerical solution
of Scheme-I is a consistent approximation of the MHD system in the sense of Definition 2.3. Applying
Theorem 2.5 we derive the convergence for Scheme-1I. O

18



Convergence of numerical solutions for compressible MHD Y.Li and B.She

4.3 Example-II

In this example we introduce Scheme-II on a periodic domain identified with the flat torus. On one
hand, we use the same discretization as Scheme-1I for the magnetic field. On the other hand, we follow
Feireisl et al. [7] with piecewise constant discretizations for the approximation of the density, velocity,
and pressure for the Navier-Stokes part.
Scheme-II. Let Q = T = ([0, 1]\{071})61 and p satisfy (1.2). Given the initial data (1.4) we set
(Q%, u%, B?Z) = (IIgeo, Iy ug, [IxBy) and seek (op, up, Bp) € La(0, T Qp X (Qr)?* x N},) such that
(4.5¢) holds for any Cp, € N}, and

Dok + Z ’E‘(“Fi(gh,uh) =0, forall K €Qy;

cel(K)
D lol (e _ o] :
d(onun) e + Y K| n(onun, up) + {pnfy 0 — po== = (p+ A) {divaunft, n
occE(K) 7
= —1/ CurlyBj, x By dz, for all K € Qp;
K| Jk

where the artificial diffusion parameter ¢ satisfies

e>0ify>2 and e€(0,2y—1-4d/3)ifvye(1,2).

Here, the discrete operators [-], {-}}, and the numerical flux F; are defined in (4.2) and (4.3), £y, is
a uniform structured mesh discretization of ) consisting of rectangles in 2D or cuboids in 3D, d, = h
denotes the distance between the centers of neighboring elements. Moreover, the discrete divergence
operator for the piecewise constant velocity uy € (Qh)d is given by

(divhuh)K = |f1ﬂ Z |O" {{uh}}g ‘n VK ey,

ceé(K)

Remark 4.5. The difference between Scheme-I and Scheme-II mainly relies in the discretization of
the Navier-Stokes part. It is analogous to check that Scheme-II also satisfies all the properties stated
in Lemma 4.1, e.g. conservation of mass, positivity of density, weakly divergence free of magnetic field.
Further, noticing that the stability and consistency of the Navier-Stokes part of Scheme-II have been
analyzed in [8, Chapter 11] with v > 1 and At =~ h, we may analogously show that the numerical
solution of Scheme-1II is a consistent approximation of the MHD system in the sense of Definition 2.3.
Systematically, we have the following convergence result.

Proposition 4.6 (Convergence of Scheme-II). Let (op,upn, Bp) be a solution to Scheme-II with At ~
h and v > 1. Then it converges in the sense of Theorem 2.5.

5 Conclusion

We introduced the concept of DW solution and consistent approximation for multi-dimensional compress-
ible MHD system (1.1)—(1.4). We derived the weak—strong uniqueness property for the DW solution,
meaning that the DW solution coincides with the classical solution (emanating from the same initial
data) as long as the latter exists. Further, we proved the convergence of the consistent approximation
towards the DW solution as well as the classical solution on the lifespan of the latter. Interpreting
the consistent approximation as the stability and consistency of a numerical solution, we established
a generalized Lax equivalence theory. Finally, we applied this theory for the convergence analysis of
two mixed finite volume—finite element methods. These two methods preserve the conservation of mass,
positivity of density, stability of total energy, and weakly divergence free of the magnetic field.
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