
INSTITUTE OF MATHEMATICS
TH

E
CZ
EC
H
AC

AD
EM

Y
O
F
SC
IE
NC

ES On convergence of numerical solutions
for the compressibleMHD systemwith
weakly divergence-freemagnetic field

Yang Li

Bangwei She

Preprint No. 53-2021

PRAHA 2021





On convergence of numerical solutions for the

compressible MHD system with weakly divergence-free

magnetic field

Yang Li1 Bangwei She2,3

1School of Mathematical Sciences,
Anhui University, 230601, Hefei, People’s Republic of China

Email: lynjum@163.com

2Institute of Mathematics,
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Sokolovská 83, 186 75, Praha 8, Czech Republic
Email: she@math.cas.cz

July 3, 2021

Abstract

We study a general convergence theory for the analysis of numerical solutions to a magnetohydro-
dynamic system describing the time evolution of compressible, viscous, electrically conducting fluids in
space dimension d (= 2, 3). First, we introduce the concept of dissipative weak solutions and prove the
weak–strong uniqueness property for dissipative weak solutions, meaning a dissipative weak solution
coincides with a classical solution emanating from the same initial data on the lifespan of the latter.
Next, we introduce the concept of consistent approximations and prove the convergence of consistent
approximations towards the dissipative weak solution as well as the classical solution. Interpreting
the consistent approximation as the energy stability and consistency of numerical solutions, we have
built a nonlinear variant of the celebrated Lax equivalence theorem. Finally, as an application of this
theory, we show the convergence analysis of two numerical methods.
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1 Introduction

The time evolution of unsteady, electrically conducting fluids in the presence of magnetic field is de-
scribed by the magnetohydrodynamic (MHD) system. Mathematical theory of MHD is widely applied
in astrophysics and thermonuclear reactions, among many others. A simplified and well-accepted model
for compressible isentropic MHD system admits the form (see for instance [10]):

∂t%+ div(%u) = 0,

∂t(%u) + div(%u⊗ u) +∇p(%) = divS(∇u) + CurlB×B,

∂tB = Curl(u×B)− αCurl(CurlB),

divB = 0,

(1.1)

in the time-space domain (0, T ) × Ω, Ω ⊂ Rd, d = 2, 3. Here, t ∈ (0, T ) and x ∈ Ω represent the time
and space variables, respectively. We denote by % = %(t, x) the density of the fluids, u = u(t, x) ∈ Rd
the velocity field, B = B(t, x) ∈ Rd the magnetic field and p = p(%) the scalar pressure. α > 0 is the
resistivity coefficient acting as the magnetic diffusion. S = S(∇u) stands for the Newtonian viscous
stress tensor given by

S(∇u) = µ

(
∇u +∇Tu− 2

d
divuI

)
+ λdivuI,

where µ > 0 and λ ≥ 0 are the shear and bulk viscosity coefficients, respectively. The pressure p is
assumed to satisfy the isentropic law

p(%) = a%γ , a > 0, (1.2)

where γ > 1 is the adiabatic exponent. System (1.1) is supplemented with the boundary conditions (n
denotes the unit outward normal on the boundary ∂Ω):{

either non-slip boundary conditions: u|∂Ω = 0, B× n|∂Ω = 0,

or periodic boundary conditions: Ω = T d = ([0, 1]{0,1})
d,

(1.3)

together with the initial conditions:

(%, %u,B)|t=0 = (%0,m0,B0). (1.4)

The well-posedness of the compressible MHD system (1.1) has been studied in several occasions. We
refer to Vol’pert and Hudjaev [14] for local well-posedness with positive initial density, Fan and Yu [4]
for local well-posedness with initial vacuum. The existence of global weak solutions with finite energy
initial data was studied by Hu and Wang [10] for γ > 3

2 in three dimensions. Moreover, we refer to
[12, 13] for global well-posedness theory with smallness of initial data, either close to equilibrium state
or smallness of initial energy but possibly large oscillations.

The convergence analysis of numerical solutions for compressible viscous fluids was first reported
by Karper [11] and further studied by Feireisl et al. [6, 7, 8]. When a magnetic field is coupled to
compressible viscous fluids, as far as we know, the only result on numerical convergence was done by
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Ding and Mao [3]. They studied the convergence of a mixed finite volume (FV)-finite element (FE)
approximation towards (a suitable subsequence of) weak solutions requiring the technical assumption on
the adiabatic exponent γ > 3. Unfortunately it excludes physically relevant parameters, e.g. γ = 7/5
for the diatomic gas. Therefore, it is significant to study the case of “small” γ that covers the physical
parameters.

The aim of this paper is to establish a general framework for the convergence analysis of numerical
approximations for the compressible MHD system (1.1) for the full range of γ ∈ (1,∞). As a byproduct,
we also prove global solvability to the compressible MHD system for any γ > 1 and large initial data.
The strategy is built on the concepts of dissipative weak solutions and consistent approximation, see
respectively Definition 2.1 and Definition 2.3. A dissipative weak (DW) solution allows concentration
and oscillation defects that can be controlled by the dissipation defects of the energy stability. It should
be stressed that constructing a weak solution for “small” γ < d/2 is a challenging task for compressible
viscous fluids while the dissipative character of the DW solution allows us to work with “small” γ.
Though the DW solution is weaker than the standard finite energy weak solution, it satisfies the weak–
strong uniqueness principle, meaning that a DW solution coincides with a classical solution as long as
the latter exists. By this argument, the convergence of a numerical solution reduces to the convergence
towards a DW solution. Upon realizing a DW solution can be obtained by the limit (discretization
parameter h→ 0) of a consistent approximation interpreting the stability and consistency properties of
the numerical solution, we find a generalized Lax equivalence theorem:

convergence (to a DW or classical solution) ⇐⇒ stability + consistency =: consistent approximation.

More specifically, our strategy reads:

• Proving the weak–strong uniqueness principle in the class of DW solution, see Theorem 2.4.

• Passing to the limit (h→ 0) from the consistent approximation to construct a DW solution in the
sense of Definition 2.1.

• Showing that a numerical solution is a consistent approximation in the sense of Definition 2.3 that
reflects the stability and consistency of the numerical solution.

In this paper, the convergence theory is aimed for the class of numerical schemes that preserves the
divergence free of the magnetic field weakly. Other properties such as conservation of the mass, positivity
of the density, and stability of the total energy are also expected for the numerical solutions.

The rest of the paper is organized as follows. In Sect. 2 we first introduce the concepts of DW solutions
and consistent approximation. Then we state the main theorems; these are the weak–strong uniqueness
property and convergence of a consistent approximation for the compressible MHD system. In Sect. 3
we establish the relative energy inequality in the framework of DW solutions and prove the weak–strong
uniqueness principle through the Gronwall-type argument. In Sect. 4, we prove the convergence of a
consistent approximation and apply it to the convergence analysis of numerical solutions of two mixed
finite volume–finite element methods. The paper ends up with the conclusion.

2 Main results

2.1 Preliminaries

LetM
(
Ω
)

signify the space of signed Borel measures over Ω and letM+
(
Ω
)

be the non-negative ones.
Moreover, we recall that ψ ∈ L2

0(Ω) means ϕ ∈ L2(Ω) with zero mean. We now introduce the concept
of DW solutions.

Definition 2.1 (DW solution). A triple (%,u,B) is said to be a dissipative weak solution to the MHD
system (1.1)–(1.4) provided that

• Regularity of solution

% ≥ 0, % ∈ L∞(0, T ;Lγ(Ω)),
√
%u ∈ L∞(0, T ;L2(Ω;Rd)),

3
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B ∈ L∞(0, T ;L2(Ω;Rd)), ∇u,CurlB ∈ L2(0, T ;L2(Ω;Rd×d));

• The continuity equation ∫ τ

0

∫
Ω

(
%∂tϕ+ %u · ∇ϕ

)
dx dt =

[∫
Ω
%ϕ dx

]t=τ
t=0

(2.1)

for a.e. τ ∈ (0, T ), any ϕ ∈ C1
c ([0, T ]× Ω);

• The momentum equation∫ τ

0

∫
Ω

(
%u · ∂tv + %u⊗ u : ∇v + p(%)divv − S(∇u) : ∇v + (CurlB×B) · v

)
dx dt

+

∫ τ

0

∫
Ω
∇v : dµc(t) dt+

∫ τ

0

∫
Ω

v · dµB(t) dt =

[∫
Ω
%u · v dx

]t=τ
t=0

(2.2)

for a.e. τ ∈ (0, T ), any v ∈ C1
c ([0, T ] × Ω;Rd) and some µc ∈ L∞(0, T ;M(Ω;Rd×dsym)), µB ∈

L2(0, T ;M(Ω;Rd×d));

• The Maxwell’s equation∫ τ

0

∫
Ω

(
B · ∂tv + (u×B) · Curlv − αCurlB · Curlv

)
dx dt =

[∫
Ω

B · v dx

]t=τ
t=0

(2.3)

for a.e. τ ∈ (0, T ), any v ∈ C1
c ([0, T ]× Ω;Rd), v × n|∂Ω = 0;

• Divergence free of magnetic field ∫
Ω

B · ∇ϕ dx = 0 (2.4)

for any ϕ ∈ C1(Ω) ∩ L2
0(Ω);

• Balance of total energy∫
Ω

[
1

2
%|u|2 +

1

2
|B|2 +H(%)

]
(τ, x) dx+

∫ τ

0

∫
Ω

(
S(∇u) : ∇u + α |CurlB|2

)
dx dt

+

∫
Ω

dD(τ) +

∫ τ

0

∫
Ω

dC ≤
∫

Ω

[
1

2

|m0|2

%0
+

1

2
|B0|2 +H(%0)

]
dx (2.5)

for a.e. τ ∈ (0, T ) and some D ∈ L∞(0, T ;M+(Ω)), C ∈M+([0, T ]× Ω);

• Compatibility conditions ∫ T

0
ψ(t)

∫
Ω

d|µc(t)|dt .
∫ T

0
ψ(t)

∫
Ω

dD(t) dt, (2.6)

∫ T

0
ψ(t)

∫
Ω

d|µB(t)|dt . 1

ε

∫ T

0
ψ(t)

∫
Ω

dD(t) dt+ ε

∫ T

0

∫
Ω
ψ(t)dC (2.7)

for any ε > 0, ψ ∈ C([0, T ]), ψ ≥ 0.

Remark 2.2. In (2.2), the measure µc denotes the oscillation and concentration defects due to the
nonlinear terms %u⊗u and p(%), while µB reflects that of CurlB×B. In (2.5), the non-negative measure
D represents the defects from the total energy 1

2%|u|
2 + 1

2 |B|
2 +H(%), while C means the defects from the

dissipative terms S(∇u) : ∇u + α |CurlB|2. Furthermore, these measures are interrelated through the
compatibility conditions (2.6) and (2.7), which play a crucial role in proving the weak–strong uniqueness
principle.
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Next, let us define the concept of consistent approximation in terms of the stability and consistency
of a numerical solution.

Definition 2.3 (Consistent approximation). Let the differential operator ∇h (resp. divh and Curlh)
be compatible1 with ∇ (resp. div and Curl) in the sense of [8, Definition 5.8]. We say a numerical
approximation (%h,uh,Bh) of the MHD system (1.1)–(1.4) is a consistent approximation if the following
stability and consistency conditions hold:

1. Stability. The numerical approximation is stable in the sense that

Eh(τ) +

∫ τ

0

∫
Ω

(
S(∇huh) : ∇huh + α|CurlBh|2

)
dx ≤ Eh(0), ∀τ ∈ [0, T ], (2.8)

where Eh =
∫

Ω

(
1
2%h |Πhuh|2 +H(%h) + 1

2 |Bh|2
)

dx the total energy, H(%h) = a
γ−1%

γ
h the pres-

sure potential, and Πh is either identity or a piecewise constant projection operator satisfying
‖Πhuh − uh‖L2(Ω) ≤ h ‖∇huh‖L2(Ω).

2. Consistency.

The numerical approximation is consistent if:

• Continuity equation. It holds for any φ ∈ C1
c ([0, T )× Ω) that∫ T

0

∫
Ω

(%h∂tφ+ %huh · ∇φ) dx dt = −
∫

Ω
%0
hφ(0, ·) dx+ e1,h[φ], (2.9a)

where e1,h[φ]→ 0 as h→ 0 for any φ ∈ CMc ([0, T )× Ω) for some integer M ≥ 1;

• Balance of momentum. It holds for any v ∈ C1
c ([0, T )× Ω;Rd) that∫ T

0

∫
Ω

(%hΠhuh · ∂tv + %hΠhuh ⊗ uh : ∇v + phdivv − S(∇huh) : ∇v) dx dt

+

∫ T

0

∫
Ω

(CurlhBh ×Bh) · v dx dt = −
∫

Ω
%0
hΠhu

0
h · v(0, ·) dx+ e2,h[v]

(2.9b)

where e2,h[v]→ 0 as h→ 0 for any v ∈ CMc ([0, T )× Ω;Rd) for some integer M ≥ 1;

• The Maxwell equation It holds for any C ∈ C1
c ([0, T )× Ω;Rd), C× n|∂Ω = 0 that∫ T

0

∫
Ω

(Bh · ∂tC + (uh ×Bh − αCurlhBh) · CurlC) dx dt = −
∫

Ω
B0
h ·C(0, ·) dx+ e3,h[C] (2.9c)

where e3,h[C]→ 0 as h→ 0 for any C ∈ CMc ([0, T )× Ω;Rd) for some integer M ≥ 1;

• Weakly divergence free of magnetic field. It holds for any ψ ∈ C1(Ω) ∩ L2
0(Ω) that∫

Ω
Bh · ∇ψ dx = e4,h[ψ] (2.9d)

where e4,h[ψ]→ 0 as h→ 0 for any ψ ∈ CM (Ω) ∩ L2
0(Ω) for some integer M ≥ 1.

2.2 Main theorems

Our main results in this paper are summarized in the following two theorems. The first one is concerned
with the stability of classical solutions within DW solutions.

1A simple example of such compatibility is that ∇h = ∇ element-wisely, see [8, Section 11.4].
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Theorem 2.4 (weak–strong uniqueness). Let (%,u,B) be a DW solution to (1.1)–(1.4) with the initial
data (%0, %0u0,B0). Suppose that (%̃, ũ, B̃) is a classical solution to (1.1)–(1.4) starting from the same
initial data with %0 > 0,divB0 = 0 and belonging to the class

% ∈ C1([0, T ]× Ω), u,B ∈ C2([0, T ]× Ω;Rd). (2.10)

Then µc = 0, µB = 0, D = 0, C = 0 and

% = %̃, u = ũ, B = B̃, in (0, T )× Ω.

The second one gives the convergences of numerical solutions.

Theorem 2.5 (Convergence). Let (%h,uh,Bh) be a consistent approximation of the MHD system in the
sense of Definition 2.3. Then the following convergences hold:

1. Convergence to DW solution. There exists a subsequence of (%h,uh,Bh) not relabelled such
that

%h → % weakly-(*) in L∞(0, T ;Lγ(Ω)),

uh → u weakly in L2((0, T )× Ω;Rd)
Bh → B weakly-(*) in L∞(0, T ;L2(Ω;Rd)),

where the triple (%,u,B) represents a DW solution to the MHD system in the sense of Defini-
tion 2.1.

2. Convergence to classical solution. In addition, let the MHD system (1.1)–(1.4) admit a classi-
cal solution in the class (2.10). Then the above weak limit is unconditional (no need of subsequence
but the whole sequence) and the limit quantity (%,u,B) coincides with the classical solution.

3 Weak–strong uniqueness

In this section, we aim to prove the weak–strong uniqueness theory (Theorem 2.4) for the DW solutions
given in Definition 2.1. To this end, we invoke the relative entropy functional to measure the distance
between a DW solution and a classical solution. For definiteness, we shall proceed in case of Dirichlet
boundary conditions, while the periodic case can be carried out exactly in the same way.

3.1 Relative energy inequality

The goal of this part is to establish the relative energy inequality in the context of DW solutions.
Let (%,u,B) be a DW solution to (1.1)–(1.4) and (r,U,b) be subject to

r ∈ C1([0, T ]× Ω), r > 0,

U ∈ C1([0, T ]× Ω;Rd), U|∂Ω = 0,

b ∈ C1([0, T ]× Ω;Rd), b× n|∂Ω = 0, divb = 0.

Inspired by [9] in the context of finite energy weak solutions, we introduce the relative entropy in the
framework of DW solutions

E
(

(%,u,B)
∣∣∣ (r,U,b)

)
(τ) =

∫
Ω

[
1

2
%|u−U|2 +

1

2
|B− b|2 +H(%)−H(r)−H′(r)(%− r)

]
(τ, ·) dx.

Notice that we may rewrite the relative entropy in an equivalent form as follows

E
(

(%,u,B)
∣∣∣ (r,U,b)

)
(τ) =

∫
Ω

(
1

2
%|u|2 +

1

2
|B|2 +H(%)

)
dx+

∫
Ω

1

2
%|U|2 dx

−
∫

Ω
%u ·U dx−

∫
Ω

B · b dx−
∫

Ω
%H′(r) dx+

∫
Ω
p(r) dx+

1

2

∫
Ω
|b|2 dx.

(3.1)
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The crucial observation is that the integrals on the right-hand side of (3.1) can be expressed through
(2.1)–(2.5) with suitable choices of test functions. To handle the density-dependent terms, we first test
the continuity equation (2.1) with 1

2 |U|
2 to derive[∫

Ω

1

2
%|U|2 dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

(
%U · ∂tU + %u · ∇U ·U

)
dx dt. (3.2)

Moreover, we take H′(r) as a test function in (2.1) to find[∫
Ω
%H′(r) dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

(
%∂tH′(r) + %u · ∇H′(r)

)
dx dt. (3.3)

Upon choosing U as a test function of the momentum equation (2.2), we observe that[∫
Ω
%u ·U dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

(
%u · ∂tU + %u⊗ u : ∇U + p(%)divU

− S(∇u) : ∇U + (CurlB×B) ·U
)

dx dt+

∫ τ

0

∫
Ω
∇U : dµc(t) dt+

∫ τ

0

∫
Ω

U · dµB(t) dt. (3.4)

Next, to calculate the term involved with the magnetic field, we choose b as a test function in (2.3) to
deduce that [∫

Ω
B · b dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

(
B · ∂tb + (u×B) · Curlb− αCurlB · Curlb

)
dx dt. (3.5)

Finally, combining (3.2)–(3.5) with the balance of total energy (2.5), we obtain the relative energy
inequality as follows[

E
(

(%,u,B)
∣∣∣ (r,U,b)

)]t=τ
t=0

+

∫ τ

0

∫
Ω
S(∇u−∇U) : (∇u−∇U) dx dt

+α

∫ τ

0

∫
Ω
|Curl(B− b)|2 dx dt+

∫
Ω

dD(τ) +

∫ τ

0

∫
Ω

dC

≤ −
∫ τ

0

∫
Ω

(
%u · ∂tU + %u⊗ u : ∇U + p(%)divU

)
dx dt

+

∫ τ

0

∫
Ω

(
%U · ∂tU + %u · ∇U ·U

)
dx dt+

∫ τ

0

∫
Ω
S(∇U) : (∇U−∇u) dx dt

+

∫ τ

0

∫
Ω

[(
1− %

r

)
p′(r)∂tr − %u ·

p′(r)

r
∇r
]

dx dt+ α

∫ τ

0

∫
Ω

Curlb · (Curlb− CurlB) dx dt

+

∫ τ

0

∫
Ω

(
∂tb · (b−B)− (u×B) · Curlb

)
dx dt−

∫ τ

0

∫
Ω

(CurlB×B) ·U dx dt

−
∫ τ

0

∫
Ω
∇U : dµc(t) dt−

∫ τ

0

∫
Ω

U · dµB(t) dt. (3.6)

3.2 Weak–strong uniqueness principle

The aim of this part is to estimate the right hand side of (3.6) towards the proof of weak–strong
uniqueness principle. The strategy consists of the following steps:

• Setting the classical solution (%̃, ũ, B̃) as the test function (r,U,b) in the relative energy inequality
(3.6);

• Estimating each term on the right-hand side of the relative energy inequality (3.6) in a suitable
manner;
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• Applying Gronwall-type argument to derive the expected results.

Let (%̃, ũ, B̃) be a classical solution to (1.1)–(1.4) starting from the smooth initial data (%0,u0,B0)
with strictly positive %0 and divB = 0. Let (%,u,B) be a DW solution to (1.1)–(1.4) emanating from
(%0, %0u0,B0). It follows from (3.6) that

E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(τ) +

∫ τ

0

∫
Ω
S(∇u−∇ũ) : (∇u−∇ũ) dx dt

+α

∫ τ

0

∫
Ω
|Curl(B− B̃)|2 dx dt+

∫
Ω

dD(τ) +

∫ τ

0

∫
Ω

dC

≤ −
∫ τ

0

∫
Ω

(
%u · ∂tũ + %u⊗ u : ∇ũ + p(%)divũ

)
dx dt

+

∫ τ

0

∫
Ω

(
%ũ · ∂tũ + %u · ∇ũ · ũ

)
dx dt+

∫ τ

0

∫
Ω
S(∇ũ) : (∇ũ−∇u) dx dt

+

∫ τ

0

∫
Ω

[(
1− %

%̃

)
p′(%̃)∂t%̃− %u ·

p′(%̃)

%̃
∇%̃
]

dx dt+ α

∫ τ

0

∫
Ω

CurlB̃ ·
(

CurlB̃− CurlB
)

dx dt

+

∫ τ

0

∫
Ω

[
∂tB̃ ·

(
B̃−B

)
− (u×B) · CurlB̃

]
dx dt−

∫ τ

0

∫
Ω

(CurlB×B) · ũ dx dt

−
∫ τ

0

∫
Ω
∇ũ : dµc(t) dt−

∫ τ

0

∫
Ω

ũ · dµB(t) dt. (3.7)

In light of the compatibility conditions (2.6), it holds that∣∣∣∣−∫ τ

0

∫
Ω
∇ũ : dµc(t) dt−

∫ τ

0

∫
Ω

ũ · dµB(t) dt

∣∣∣∣
. ε

∫ τ

0

∫
Ω

dC +
1

ε

∫ τ

0

∫
Ω

dD(t) dt,

where ε > 0 is chosen to be sufficiently small. Using the hypothesis that (%̃, ũ, B̃) solves (1.1)–(1.4) in
the classical sense, i.e., 

∂t%̃+ div(%̃ ũ) = 0,

%̃ (∂tũ + ũ · ∇ũ) +∇p(%̃) = divS(∇ũ) + CurlB̃× B̃,

∂tB̃ = Curl(ũ× B̃)− αCurl(CurlB̃),

divB̃ = 0,

(3.8)

we furthermore simplify the right-hand side of (3.7) as follows. Since this process is straightforward and
similar to the compressible Navier-Stokes system (see [5]), the details are omitted.

E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(τ) +

∫ τ

0

∫
Ω

(
S(∇u−∇ũ) : (∇u−∇ũ)

)
dx dt

+α

∫ τ

0

∫
Ω
|Curl(B− B̃)|2 dx dt+

∫
Ω

dD(τ) +

∫ τ

0

∫
Ω

dC

<∼
∫ τ

0

∫
Ω
%(u− ũ) · ∇ũ · (ũ− u) dx dt+

∫ τ

0

∫
Ω
S(∇ũ) : (∇ũ−∇u) dx dt

+

∫ τ

0

∫
Ω
%(ũ− u) · 1

%̃
divS(∇ũ) dx dt−

∫ τ

0

∫
Ω

(
p(%)− p(%̃)− p′(%̃)(%− %̃)

)
divũ dx dt

+α

∫ τ

0

∫
Ω

CurlB̃ ·
(

CurlB̃− CurlB
)

dx dt+

∫ τ

0

∫
Ω
%(ũ− u) · 1

%̃

(
CurlB̃× B̃

)
dx dt

8
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+

∫ τ

0

∫
Ω

(
∂tB̃ · (B̃−B)− (u×B) · CurlB̃

)
dx dt

−
∫ τ

0

∫
Ω

(CurlB×B) · ũ dx dt+

∫ τ

0

∫
Ω

dD(t) dt. (3.9)

Notice that the integrals involved with the magnetic field may be rewritten as, using (3.8)3,

α

∫ τ

0

∫
Ω

CurlB̃ ·
(

CurlB̃− CurlB
)

dx dt+

∫ τ

0

∫
Ω
%(ũ− u) · 1

%̃

(
CurlB̃× B̃

)
dx dt

+

∫ τ

0

∫
Ω

(
∂tB̃ ·

(
B̃−B

)
− (u×B) · CurlB̃

)
dx dt−

∫ τ

0

∫
Ω

(CurlB×B) · ũ dx dt

=

∫ τ

0

∫
Ω

(%− %̃)(ũ− u) · 1

%̃

(
CurlB̃× B̃

)
dx dt+

∫ τ

0

∫
Ω

(ũ− u) ·
(

CurlB̃× B̃
)

dx dt

+

∫ τ

0

∫
Ω

[
Curl(ũ× B̃) ·

(
B̃−B

)
− (u×B) · CurlB̃

]
dx dt+

∫ τ

0

∫
Ω

CurlB · (ũ×B) dx dt

=

∫ τ

0

∫
Ω

(%− %̃)(ũ− u) · 1

%̃

(
CurlB̃× B̃

)
dx dt+

∫ τ

0

∫
Ω

Curl(B− B̃) ·
(
ũ× (B− B̃)

)
dx dt

+

∫ τ

0

∫
Ω

CurlB̃ ·
(

(u− ũ)× (B̃−B)
)

dx dt. (3.10)

Moreover, it holds that ∣∣∣∣∫ τ

0

∫
Ω

Curl(B− B̃) ·
(
ũ× (B− B̃)

)
dx dt

∣∣∣∣
<∼ ε
∫ τ

0

∫
Ω

∣∣∣Curl(B− B̃)
∣∣∣2 dx dt+ c(ε)

∫ τ

0

∫
Ω
|B− B̃|2 dx dt; (3.11)∣∣∣∣∫ τ

0

∫
Ω

CurlB̃ ·
(

(u− ũ)× (B̃−B)
)

dx dt

∣∣∣∣
<∼ ε
∫ τ

0

∫
Ω
|u− ũ|2 dx dt+ c(ε)

∫ τ

0

∫
Ω
|B− B̃|2 dx dt. (3.12)

Due to the generalized Korn-type inequality,∫ τ

0

∫
Ω
|u− ũ|2 dx dt .

∫ τ

0

∫
Ω
S(∇u−∇ũ) : (∇u−∇ũ) dx dt. (3.13)

In addition, the isentropic law of pressure function yields∣∣∣∣∫ τ

0

∫
Ω

(
p(%)− p(%̃)− p′(%̃)(%− %̃)

)
divũ dx dt

∣∣∣∣
<∼
∫ τ

0

∫
Ω

(
H(%)−H(%̃)−H′(%̃)(%− %̃)

)
dx dt. (3.14)

Consequently, combining (3.9)–(3.14) and choosing ε > 0 suitably small give rise to

E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(τ) +

∫ τ

0

∫
Ω
S(∇u−∇ũ) : (∇u−∇ũ) dx dt

+α

∫ τ

0

∫
Ω
|Curl(B− B̃)|2 dx dt+

∫
Ω

dD(τ) +

∫ τ

0

∫
Ω

dC

<∼
∫ τ

0

∫
Ω
S(∇ũ) : (∇ũ−∇u) dx dt+

∫ τ

0

∫
Ω
%(ũ− u) · 1

%̃
divS(∇ũ) dx dt

+

∫ τ

0

∫
Ω

(%− %̃)(ũ− u) · 1

%̃

(
CurlB̃× B̃

)
dx dt

9
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+

∫ τ

0
E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(t) dt+

∫ τ

0

∫
Ω

dD(t) dt. (3.15)

Following [5, 9], we estimate the remaining integrals as follows. Let χ be a cut-off function such that
χ ∈ C∞c ((0,∞)),

0 ≤ χ ≤ 1,

χ(%) = 1 if % ∈ [inf %̃, sup %̃].

Then we may write ∣∣∣∣∫ τ

0

∫
Ω

(%− %̃)(ũ− u) · 1

%̃

(
CurlB̃× B̃

)
dx dt

∣∣∣∣
<∼
∫ τ

0

∫
Ω
χ(%)|%− %̃||ũ− u|dx dt+

∫ τ

0

∫
Ω

(1− χ(%))|%− %̃||ũ− u|dx dt. (3.16)

The first integral on the right-hand side of (3.16) is bounded through∫ τ

0

∫
Ω
χ(%)|%− %̃||ũ− u|dx dt

<∼
∫ τ

0

∫
Ω

1

2
%|ũ− u|2 dx dt+

∫ τ

0

∫
Ω

1

2

χ2(%)

%
|%− %̃|2 dx dt

<∼
∫ τ

0
E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(t) dt. (3.17)

To estimate the second integral on the right-hand side of (3.16), we make a further decomposition, i.e.,

1− χ(%) = χ1(%) + χ2(%)

such that
suppχ1 ⊂ [0, inf %̃], suppχ2 ⊂ [sup %̃,∞].

It follows from (3.13) that ∫ τ

0

∫
Ω
χ1(%)|%− %̃||ũ− u| dx dt

<∼ ε
∫ τ

0

∫
Ω
|u− ũ|2 dx dt+ c(ε)

∫ τ

0

∫
Ω
χ2

1(%)|%− %̃|2 dx dt

<∼ ε
∫ τ

0

∫
Ω

(
S(∇u−∇ũ) : (∇u−∇ũ)

)
dx dt+ c(ε)

∫ τ

0
E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(t) dt. (3.18)

Clearly, ∫ τ

0

∫
Ω
χ2(%)|%− %̃||ũ− u| dx dt

<∼
∫ τ

0

∫
Ω
χ2(%)%|ũ− u|2 dx dt+

∫ τ

0

∫
Ω
χ2(%)% dx dt

<∼
∫ τ

0
E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(t) dt. (3.19)

Taking (3.16)–(3.19) into account, we see∣∣∣∣∫ τ

0

∫
Ω

(%− %̃)(ũ− u) · 1

%̃

(
CurlB̃× B̃

)
dx dt

∣∣∣∣
<∼ ε
∫ τ

0

∫
Ω

(
S(∇u−∇ũ) : (∇u−∇ũ)

)
dx dt+ c(ε)

∫ τ

0
E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(t) dt. (3.20)

10
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Finally, notice also that the first two integrals on the right-hand side of (3.15) are estimated as above
upon observing that∫ τ

0

∫
Ω
S(∇ũ) : (∇ũ−∇u) dx dt+

∫ τ

0

∫
Ω
%(ũ− u) · 1

%̃
divS(∇ũ) dx dt

=

∫ τ

0

∫
Ω

(%− %̃)(ũ− u) · 1

%̃
divS(∇ũ) dx dt. (3.21)

Combining (3.15), (3.20)–(3.21) and fixing ε > 0 sufficiently small shows that

E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(τ) +

∫ τ

0

∫
Ω

(
S(∇u−∇ũ) : (∇u−∇ũ)

)
dx dt

+α

∫ τ

0

∫
Ω
|Curl(B− B̃)|2 dx dt+

∫
Ω

dD(τ) +

∫ τ

0

∫
Ω

dC

<∼
∫ τ

0
E
(

(%,u,B)
∣∣∣ (%̃, ũ, B̃)

)
(t) dt+

∫ τ

0

∫
Ω

dD(t) dt.

As a direct application of Gronwall’s inequality, we conclude that

% = %̃, u = ũ, B = B̃, in (0, T )× Ω,

µc = 0, µB = 0, D = 0, C = 0,

thus completely finishing the proof of Theorem 2.4.

4 Convergence

In this section we prove another main result, that is the convergence of a consistent approximation stated
in Theorem 2.5. As an application of this theorem, we will also show the convergence analysis of two
mixed finite volume-finite element methods.

4.1 Convergence of a consistent approximation

In this subsection we prove Theorem 2.5 for the convergence of a consistent approximation (%h,uh,Bh)
in two steps, that are the convergences towards a DW solution and towards a classical solution.

4.1.1 Convergence to a DW solution

Proof of Item 1 of Theorem 2.5. As (%h,uh,Bh) is a consistent approximation in the sense of Defini-
tion 2.3, it satisfies the stability property (2.8). Consequently, we derive for suitable subsequences, not
relabelled, that

%h → % weakly-(*) in L∞(0, T ;Lγ(Ω)), % ≥ 0,

uh,Πhuh → u weakly in L2((0, T )× Ω;Rd), where u ∈ L2(0, T ;W 1,2(Ω;Rd)),

and in the case of Dirichlet boundary conditions u ∈ L2(0, T ;W 1,2
0 (Ω;Rd)),

%hΠhuh → %u weakly-(*) in L∞(0, T ;L
2γ
γ+1 (Ω;Rd)),

Bh → B weakly-(*) in L∞(0, T ;L2(Ω;Rd)),
CurlhBh → CurlB weakly in L2((0, T )× Ω;Rd),

uh ×Bh → u×B weakly in L2(0, T ;L
3
2 (Ω;Rd)),

%hΠhuh ⊗ uh + p(%h)I→ 1%>0
m⊗m

%
+ p(%)I weakly-(*) in L∞(0, T ;M(Ω;Rd×dsym)),

CurlhBh ×Bh → CurlB×B weakly-(*) in L2(0, T ;M(Ω;Rd)),

S(∇huh) : ∇huh → S(∇u) : ∇u in M+([0, T ]× Ω),

|CurlhBh|2 → |CurlB|2 in M+([0, T ]× Ω),

1

2
%h |Πhuh|2 +H(%h) +

1

2
|Bh|2 →

1

2
%|u|2 +H(%) +

1

2
|B|2 weakly-(*) in L∞(0, T ;M+(Ω)).

11
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With the uniform bounds at hand, we may invoke Lemma 3.7 in Abbatiello et al. [1] to deduce that

%u = %u, u×B = u×B.

We then set

µc := 1%>0
m⊗m

%
+ p(%)I−

(
1%>0

m⊗m

%
+ p(%)I

)
,

µB := CurlB×B− (CurlB×B),

D :=
1

2
%|u|2 +H(%) +

1

2
|B|2 −

(
1

2
%|u|2 +H(%) +

1

2
|B|2

)
,

C =
(
S(∇u) : ∇u− S(∇u) : ∇u

)
+ α

(
|CurlB|2 − |CurlB|2

)
,

Knowing the above limit, we are ready to pass to the limit h → 0 in the consistency formulation
(2.9a)–(2.9d) and the energy stability (2.8). We get the following formulae for the limit functions[∫

Ω
%φ dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

(
%∂tφ+ %u · ∇φ

)
dx dt,

for any φ ∈ CMc ([0, T ]× Ω) and for some M ≥ 1;[∫
Ω
%u · v dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

(
%u · ∂tv + %u⊗ u + p(%)I : ∇v

)
dx dt

−
∫ τ

0

∫
Ω
S(∇u) : ∇v dx dt+

∫ τ

0

∫
Ω

(CurlB×B) · v dx dt

+

∫ τ

0

∫
Ω
∇v : dµc(t) dt+

∫ τ

0

∫
Ω

v · dµB(t) dt

for any v ∈ CMc ([0, T ]× Ω;Rd) and for some M ≥ 1;[∫
Ω

B ·C dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

(
B · ∂tC− αCurlB · CurlC + (u×B) · CurlC

)
dx dt

for any C ∈ CMc ([0, T ]× Ω;Rd), v × n|∂Ω = 0 and for some M ≥ 1;∫
Ω

B · ∇ψ dx = 0

for any ψ ∈ CM (Ω) ∩ L2
0(Ω) and for some M ≥ 1;∫

Ω

[
1

2
%|u|2 +

1

2
|B|2 +H(%)

]
(τ, x) dx+

∫ τ

0

∫
Ω

(
S(∇u) : ∇u + α |CurlB|2

)
dx dt

+

∫
Ω

dD(τ) +

∫ τ

0

∫
Ω

dC ≤
∫

Ω

[
1

2

|m0|2

%0
+

1

2
|B0|2 +H(%0)

]
dx.

for a.e. τ ∈ (0, T );
Finally, the compatibility conditions (2.6) and (2.7) hold owing to [5, Lemma 2.1] and the crucial

observations: ∣∣∣%u⊗ u + p(%)I
∣∣∣ . 1

2
%|u|2 +H(%) .

1

2
%|u|2 +H(%) +

1

2
|B|2,∣∣CurlB×B

∣∣ . ε|CurlB|2 +
1

ε
|B|2 . ε

(
|CurlB|2 + S(∇u) : ∇u

)
+

1

ε

[
1

2
%|u|2 +

1

2
|B|2 +H(%)

]
, for any ε > 0.

Consequently, collecting the above identities and relations, we conclude that the weak limit (%,u,B),
with the associated µc,D,C, generated by the consistent approximation (%h,uh,Bh) for h→ 0, represents
a DW solution of the MHD system (1.1) in the sense of Definition 2.1. This proves Item 1 of Theorem 2.5.

12
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4.1.2 Convergence to the classical solution

Proof of Item 2 of Theorem 2.5. Combining Item 1 of Theorem 2.5 and Theorem 2.4 we immediately
obtain Item 2 of Theorem 2.5; that is the convergence of the consistent approximation (%h,uh,Bh)
towards the classical solution.

We have built a general theory in Theorem 2.5 that a consistent approximation converges to the DW
solution as well as the classical solution (on its lifespan). Next, we show the application of this theory
in the convergence analysis of numerical solutions by two examples. The only gap here is whether the
numerical solution is a consistent approximation in the sense of Definition 2.3.

4.2 Example-I

In the first example, we propose a mixed FV–FE approximation adapted from the Navier-Stokes solver
of Karper [11] and the magnetic solver of Ding and Mao [3] with no-slip boundary conditions. To begin,
we introduce the necessary notations.

Mesh. Let Ωh be a regular and quasi-uniform triangulation of the bounded domain Ω, E be the set
of all (d − 1)-dimensional faces, EB = E ∩ ∂Ω be the exterior faces, EI = E \ EB be the interior faces,
and E(K) be the set of all faces of an arbitrary element K. We denote σ = K|L ∈ EI as the common
face of two neighbouring elements K and L. Further, we denote nσ as the outer normal of a face σ ∈ E
and nσ,K as the unit normal vector pointing outwards K if σ ∈ E(K). The size of the mesh (maximal
diameter of all elements) is supposed to be a positive parameter h < 1.

Function spaces. We define on Ωh discrete function spaces Qh, Vh,Nh, that are spaces of piecewise
constants, piecewise linear Crouzeix–Ravairt elements, and lowest order H(curl)-Nédélec edge elements,
respectively.

Qh ≡
{
v ∈ L2(Ω)

∣∣ v|K ∈ P1
0 (K) K ∈ Ωh

}
,

Vh ≡
{

v ∈ L2(Ω)

∣∣∣∣ v|K ∈ Pd1 (K)∀K ∈ Ωh;

∫
σ

JvK dS(x) = 0 ∀σ ∈ EI
}
,

Nh ≡
{

v,Curlv ∈ L2(Ω)

∣∣∣∣ v|K ∈ Pd0 ⊕ P1
0x ∀ K ∈ Ωh;

∫
σ

Jv × nK dS(x) = 0 ∀ σ ∈ EI
}
,

where Pdn(K) (resp. P1
n(K)) denotes the space of polynomials of degree not greater than n on element K

for d-dimensional vector valued functions (resp. for scalar functions). The spaces Qh, Vh and Nh shall be
used for the approximation of the discrete density, velocity and magnetic field, respectively. In addition,
for the purpose of designing weakly divergence-free magnetic field (see Lemma 4.1), we introduce the
following space

Wh =
{
v ∈W 1,2 ∩ L2

0

∣∣ v|K ∈ P1
1 (K) ∀ K ∈ Ωh

}
.

It should be mentioned that for any ψh ∈Wh we have ∇φh ∈ Nh.
The interpolation operators associated to the function spaces Vh, Nh and Wh are given by

ΠV : W 1,2(Ω)→ Vh, ΠN : W 1,2(Ω)→ Nh, ΠW : L2
0(Ω)→Wh

satisfy the following interpolation estimates

‖v −ΠV v‖Lp
<∼ h ‖v‖C1 , ‖v −ΠWv‖Lp

<∼ h ‖v‖C1 , ‖u−ΠNu‖Lp + ‖Curl(u−ΠNu)‖Lp
<∼ h ‖u‖C2 .

(4.1)
for any v ∈ C1(Ω), u ∈ C2(Ω), p ∈ [1,∞], see e.g. the monograph of Brezzi et al. [2].

For simplicity of notation, we denote Xh = Qh × V0,h ×N0,h, where

V0,h =

{
v ∈ Vh

∣∣∣∣∫
σ

v dS(x) = 0 ∀σ ∈ EB
}

and N0,h =

{
v ∈ Nh

∣∣∣∣∫
σ

v × n dS(x) = 0 ∀ σ ∈ EB
}
.

13
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Next, we suppose the time step size ∆t ≈ h and denote tk = k∆t for k = 1, . . . , NT (= T/∆t). For a
generic discrete function vh at time tk = k∆t we denote it by vkh and write vh ∈ L∆t(0, T ;Y ) if vkh ∈ Y
for all k = 1, . . . , NT with Y ∈ {Qh, V0,h,N0,h, Xh} and

vh(t, ·) = v0
h for t ≤ 0, vh(t, ·) = vkh for t ∈ ((k − 1)∆t, k∆t], k = 1, 2, . . . , NT .

Some discrete operators. We define the discrete time derivative by the backward Euler method

Dtvh =
vh(t)− v/h(t)

∆t
for t ∈ (0, T ) with v/h(t) = vh(t−∆t).

For any piecewise continuous function f , we define its trace on a generic edge as

f in|σ = lim
δ→0+

f(x− δnσ), ∀ σ ∈ E , fout|σ = lim
δ→0+

f(x+ δnσ), ∀ σ ∈ EI .

Note that fout|EB is determined by the boundary condition. Further, we define the jump and average
operators at an edge σ ∈ E as

JfKσ = fout − f in and {{f}}σ =
fout + f in

2
, (4.2)

respectively, and denote Πh ≡ ΠQ as the element-wise constant projection, where

ΠQ : L1(Ω)→ Qh. ΠQf |K = f̂
∣∣∣
K
≡ 1

|K|

∫
K
f dx, ∀ K ∈ Ωh.

Next, we introduce the upwind flux for any function rh ∈ Qh at a generic face σ ∈ EI

Up[rh,uh] = rup
h uσ = rin

h [uσ]+ + rout
h [uσ]−,

where uh ∈ Vh is the velocity field and

uσ =
1

|σ|

∫
σ

uh dS(x) · nσ, [f ]± =
f ± |f |

2
and rup

h =

{
rin
h if uσ ≥ 0,

rout
h if uσ < 0.

Furthermore, we consider a diffusive numerical flux function of the following form for ε > 0

Fεh(rh,uh) = Up[rh,uh]− hε JrhK . (4.3)

It is easy to check for any %h ∈ Qh and uh ∈ Vh that∑
σ∈EI

∫
σ

(
Fεh(%hûh,uh) JûhK− Fεh(%h,uh)

s
|ûh|2

2

{)
dS(x)

= −
∑
σ∈EI

∫
σ

(
1

2
%up
h |uσ|+ hε {{%h}}σ

)
|JûhK|2 dS(x).

(4.4)

For simplicity, we denote co{a, b} = [min(a, b),max(a, b)] and write a
<∼ b if a ≤ cb if c is a positive

constant that is independent of the mesh size and time step used in the scheme. We shall frequently use
the abbreviation ‖·‖Lp and ‖·‖LpLq for ‖·‖Lp(Ω) and ‖·‖Lp(0,T ;Lq(Ω)), respectively.

The numerical method. Using the above notations we propose a mixed FV–FE method for the
approximation of the MHD system (1.1) named as Scheme-I.

14
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Scheme-I. Given the initial values (1.4) we set (%0
h,u

0
h,B

0
h) = (ΠQ%0,ΠV u0,ΠNB0) and seek

(%h,uh,Bh) ∈ L∆t(0, T ;Xh) such that∫
Ω
Dt%hφh dx−

∑
σ∈EI

∫
σ

Fεh(%h,uh) JφhK dS(x) = 0 for all φh ∈ Qh; (4.5a)

∫
Ω
Dt(%hûh) · vh dx−

∑
σ∈EI

∫
σ

Fεh(%hûh,uh) · Jv̂hK dS(x) + µ

∫
Ω
∇huh : ∇hvh dx

+

∫
Ω

(νdivhuh − ph)divhvh dx−
∫

Ω
(CurlhBh ×B/

h) · vh dx = 0 for all vh ∈ V0,h;

(4.5b)

∫
Ω

(DtBh ·Ch + αCurlhBh · CurlhCh − (uh ×B/
h) · CurlhCh) dx for all Ch ∈ N0,h. (4.5c)

where ν = d−2
d µ + λ, the discrete operators divh,∇h and Curlh are the same as the continuous

case on each element. Moreover, the artificial diffusion parameter ε follows

ε > 0 if γ ≥ 2 and ε ∈ (0, 2γ − 1− d/3) if γ ∈ (4d/(1 + 3d), 2).

Scheme-I enjoys the following properties:

Lemma 4.1 (Existence, mass conservation, renormalized continuity, positivity, divergence free).

1. Existence of a numerical solution. There exists at least one solution to Scheme-I.

2. Mass conservation. The numerical method (4.5) preserves the total mass.∫
Ω
%h(t) dx =

∫
Ω
%h(0) dx =

∫
Ω
%0 dx, ∀ t ∈ [0, T ].

3. Renormalized continuity equation. Let (%h,uh) ∈ Qh × V0,h satisfy the discrete continuity
equation (4.5a) and b = b(%) ∈ C2(0,∞). Then the discrete continuity equation (4.5a) can be
renormalized in the sense that∫

Ω

(
Dtb(%h)−

(
%hb
′(%h)− b(%h)

)
divhuh

)
dx

= −∆t

2

∫
Ω
b′′(ξ)|Dt%h|2 dx−

∑
σ∈EI

∫
σ
b′′(ζ) J%hK2

(
hε +

1

2
|uσ|

)
dS(x).

(4.6)

where ξ ∈ co{%/h, %h} and ζ ∈ co{%in
h , %

out
h }.

4. Positivity of the density. Let %0 > 0. Then any solution to the discrete problem (4.5) satisfies
%h(t) > 0 for t ∈ (0, T ).

5. Weakly divergence free of magnetic field. Let divB0 = 0. Then Scheme-I preserves diver-
gence free of magnetic field weakly, meaning that

∫
Ω Bh · ∇hψh dx = 0 for any ψh ∈Wh.

Proof. • The existence of a numerical solution to (4.5) can be proven exactly in the same way as in
[3] via the theorem of topological degree, see also similar result in [8, Lemma 11.3].

• Taking φh ≡ 1 in the equation of continuity (4.5a) immediately yields the mass conservation.

• We refer to [11, Lemma 4.1] for the proof of renormalized continuity equation.

• Concerning the positivity of density, we refer to [8, Lemma 8.3] for the proof.

• We refer to [3, Remark 6] for the proof of weakly divergence-free of magnetic field.
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4.2.1 Stability

The solution of Scheme-I (see (4.5)) satisfies the stability criteria (2.8) of the consistent approximation.
More precisely, we have the following energy estimates.

Theorem 4.2 (Stability of Scheme-I).
Let (%h,uh,Bh) be a solution of Scheme-I. Then there exist ξ ∈ co{%/h, %h} and ζ ∈ co{%in

h , %
out
h } for

any σ ∈ EI such that

Dt

∫
Ω

(
1

2
%h |ûh|2 +H(%h) +

1

2
|Bh|2

)
dx+ µ ‖∇huh‖2L2 + ν ‖divhuh‖2L2 + ‖CurlhBh‖2L2

=− ∆t

2

∫
Ω
%/h |Dtuh|2 dx− ∆t

2

∫
Ω
|DtBh|2 dx− ∆t

2

∫
Ω
H′′(ξ) |Dt%h|2 dx

−
∑
σ∈EI

∫
σ

(
%up
h

|uσ|
2

+ hε {{%h}}σ
)
|JûhK|2 dS(x)−

∑
σ∈EI

∫
σ
H′′(ζ) J%hK2

(
hε +

|uσ|
2

)
dS(x) ≤ 0.

(4.7)

Proof. First, summing up (4.5a) and (4.5b) with the test functions φh = − |ûh|
2

2 and vh = uh implies the
discrete kinetic energy balance∫

Ω
Dt

(
1

2
%h |ûh|2

)
dx+ µ ‖∇huh‖2L2 + ν ‖divhuh‖2L2 −

∫
Ω
phdivhuh dx

+
∆t

2

∫
Ω
%/h |Dtuh|2 dx+

∑
σ∈EI

∫
σ

(
1

2
%up
h |uσ|+ hε {{%h}}σ

)
|JûhK|2 dS(x)

=

∫
Ω

(CurlhBh ×B/
h) · uh dx = −

∫
Ω

CurlhBh · (uh ×B/
h) dx.

(4.8)

where we have used (4.4) and the following equality

Dt(%hûh) · uh −Dt%h
|ûh|2

2
= Dt

(1

2
%h|uh|2

)
+

∆t

2
%/h|Dtuh|2.

Next, by setting Ch = Bh in (4.5c), we derive∫
Ω

(
(uh ×B/

h) · CurlhBh − α|CurlhBh|2
)

dx =

∫
Ω
DtBh ·Bh dx =

∫
Ω

(
Dt
|Bh|2

2
+

∆t

2
|DtBh|2

)
dx

(4.9)
Upon setting b = H(%) in the renormalized continuity equation (4.6) and noticing the equality

%H′(%)−H(%) = p(%), we obtain the balance of internal energy∫
Ω

(DtH(%h)− phdivhuh) dx = −∆t

2

∫
Ω
H′′(ξ)|Dt%h|2 dx−

∑
σ∈EI

∫
σ
H′′(ζ) J%hK2

(
hε +

1

2
|uσ|

)
dS(x).

(4.10)
where ξ ∈ co{%/h, %h} and ζ ∈ co{%in

h , %
out
h } are the same as in the renormalized continuity equation (4.6).

Finally, we finish the proof by summing up the identities (4.8)–(4.10).

Uniform bounds. As a consequence of the energy estimates (4.7) and Sobolev’s inequality, we deduce
the following bounds.

‖uh‖L2L6
<∼ ‖∇huh‖L2L2

<∼ 1, ∆t1/2 ‖DtBh‖L∞L2
<∼ 1, ‖Bh‖L∞L2

<∼ 1, ‖CurlhBh‖L2L2
<∼ 1. (4.11)
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4.2.2 Consistency

Another step towards the consistent approximation is the consistency. The numerical solution of
Scheme-I satisfies the consistency criteria (2.9) of a consistent approximation. More precisely, we
have the following consistency formulation.

Theorem 4.3 (Consistency of the Scheme-I).
Let (%h,uh,Bh) be a solution of the discrete problem (4.5) on the time interval [0, T ] with ∆t ≈ h and
γ > 4d

1+3d . Then there exists some positive constant β such that∫ τ

0

∫
Ω

[%h∂tφ+ %huh · ∇hφ] dx dt = −
∫

Ω
%0
hφ(0, ·) dx+O(hβ) (4.12a)

for any φ ∈ C2
c ([0, T )× Ω);∫ T

0

∫
Ω

[%hûh · ∂tv + %hûh ⊗ uh : ∇v + phdivv] dx dt−
∫ T

0

∫
Ω
S(∇huh) : ∇v dx dt

+

∫ T

0

∫
Ω

(CurlhBh ×Bh) · v dx dt = −
∫

Ω
%0
hû

0
h · v(0, ·) dx+O(hβ)

(4.12b)

for any v ∈ C2
c ([0, T )× Ω;Rd);∫

Ω
B0
h ·C(0, ·) dx+

∫ T

0

∫
Ω

(Bh · ∂tC− αCurlhBh · CurlC + (uh ×Bh) · CurlC) dx dt = O(hβ) (4.12c)

for any C ∈ C2
c ([0, T )× Ω;Rd), C× n|∂Ω = 0;∫

Ω
Bh · ∇ψ dx = O(h) (4.12d)

for any ψ ∈ C2(Ω) ∩ L2
0(Ω).

Proof. First, recalling [8, Theorem 13.2] we know (4.12a) holds and there exists a β > 0 such that∫ T

0

∫
Ω
Dt(%hûh) · vh dx dt−

∫ T

0

∑
σ∈EI

∫
σ

Fεh(%hûh,uh) · Jv̂hK dS(x) dt

+ µ

∫ T

0

∫
Ω
∇huh : ∇hvh dx dt+

∫ T

0

∫
Ω

(νdivhuh − ph)divhvh dx dt

= −
∫

Ω
%0
hû

0
h · v(0) dx−

∫ T

0

∫
Ω

[%hûh · ∂tv + %hûh ⊗ uh : ∇v + phdivv] dx dt

+

∫ T

0

∫
Ω
S(∇huh) : ∇v dx dt+ hβ.

(4.13)

Then we derive (4.12b) by combining (4.13) with the following estimates∣∣∣∣∫ T

0

∫
Ω

((CurlhBh ×B/
h) ·ΠV v − (CurlhBh ×Bh) · v) dx dt

∣∣∣∣
=

∣∣∣∣∫ T

0

∫
Ω

((CurlhBh ×Bh) · (ΠV v − v) + (CurlhBh × (Bh −B/
h)) · v) dx dt

∣∣∣∣
<∼ ‖CurlhBh‖L2L2 (‖Bh‖L2L2 h ‖v‖C1 + ∆t ‖DtBh‖L2L2 ‖v‖C0)

<∼ h+ ∆t1/2
<∼ h1/2.

where we have used Hölder’s inequality, the uniform bounds (4.11) as well as the interpolation esti-
mate (4.1). We are left with the proof of (4.12c) and (4.12d). To proceed, we set Ch = ΠNC as the test
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function in (4.5c) and analyze each term in the following. First, for the time derivative term we have∫ T

0

∫
Ω
DtBh ·ΠNC dx =

1

∆t

∫ T

0

∫
Ω

Bh(t) ·ΠNC(t) dx− 1

∆t

∫ T−∆t

−∆t

∫
Ω

Bh(t) ·ΠNC(t+ ∆t) dx

= −
∫ T

0

∫
Ω

Bh(t) ·DtΠNC dx− 1

∆t

∫ 0

−∆t

∫
Ω

Bh(t) ·ΠNC(t+ ∆t) dx

+
1

∆t

∫ T

T−∆t

∫
Ω

Bh(t) ·ΠN C(t+ ∆t)︸ ︷︷ ︸
=0

dx

= −
∫ T

0

∫
Ω

Bh(t) ·DtΠNC dx−
∫

Ω
B0
h ·
∫ ∆t

0
ΠNC(t) dtdx

= −
∫ T

0

∫
Ω

Bh(t) · ∂tC dx−
∫

Ω
B0
h ·C(0) dx+ I1 + I2,

where

I1 =

∫ T

0

∫
Ω

Bh(t) · (∂tC−DtΠNC) dx dt, I2 =

∫
Ω

Bh(0) ·
(

C(0)−
∫ ∆t

0
ΠNC(t) dt

)
dx.

By Hölder’s inequality and the estimates (4.11) we have

|I1|
<∼ ‖Bh‖L2L2 ∆t ‖C‖C2

<∼ h, |I2|
<∼
∥∥B0

h

∥∥
L1 ∆t ‖C‖C2

<∼ h.

Next, using Hölder’s inequality again with the uniform bounds (4.11) and interpolation estimate (4.1)
we derive ∫ T

0

∫
Ω

CurlhBh · (CurlhΠNC− CurlC) dx dt
<∼ h ‖C‖C2 ‖CurlhBh‖L2L2

<∼ h,

and ∫ T

0

∫
Ω

((uh ×B/
h) · CurlhΠNC− (uh ×Bh) · CurlC) dx dt

=

∫ T

0

∫
Ω

(uh ×B/
h) · (CurlhΠNC− CurlC) dx dt+

∫ T

0

∫
Ω

(uh × (B/
h −Bh)) · CurlC dx dt

<∼ ‖uh‖L2L6 (h ‖Bh‖L∞L2 ‖C‖C2 + ∆t ‖DtBh‖L∞L2 ‖C‖C1)
<∼ h+ ∆t1/2

<∼ h1/2.

Consequently, summing up the above terms finishes the proof of (4.12c). Finally, concerning the proof
of (4.12d), we recall Item 5 of Lemma 4.1 to deduce∫

Ω
Bh · ∇ψ dx =

∫
Ω

Bh · ∇(ψ −ΠWψ) dx
<∼ ‖Bh‖L∞L2 h ‖ψ‖C2

<∼ h,

which completes the proof.

4.2.3 Convergence

Now we are ready to prove the convergence of Scheme-I.

Theorem 4.4 (Convergence of Scheme-I).
Let (%h,uh,Bh) be a solution to Scheme-I with ∆t ≈ h and γ > 4d

1+3d . Then it converges in the sense
of Theorem 2.5.

Proof. Note that the compatibility of the discrete differential operators has been presented in [8, Section
11.4 and Section 13.4]. Combing Theorem 4.2 and Theorem 4.3 we conclude that the numerical solution
of Scheme-I is a consistent approximation of the MHD system in the sense of Definition 2.3. Applying
Theorem 2.5 we derive the convergence for Scheme-I.
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4.3 Example-II

In this example we introduce Scheme-II on a periodic domain identified with the flat torus. On one
hand, we use the same discretization as Scheme-I for the magnetic field. On the other hand, we follow
Feireisl et al. [7] with piecewise constant discretizations for the approximation of the density, velocity,
and pressure for the Navier-Stokes part.

Scheme-II. Let Ω = Td =
(
[0, 1]|{0,1}

)d
and p satisfy (1.2). Given the initial data (1.4) we set

(%0
h,u

0
h,B

0
h) = (ΠQ%0,ΠV u0,ΠNB0) and seek (%h,uh,Bh) ∈ L∆t(0, T ;Qh× (Qh)d×Nh) such that

(4.5c) holds for any Ch ∈ Nh and

Dt%K +
∑

σ∈E(K)

|σ|
|K|

Fεh(%h,uh) = 0, for all K ∈ Ωh;

Dt(%huh)K +
∑

σ∈E(K)

|σ|
|K|

(
Fεh(%huh,uh) + {{ph}}σ n− µJuhK

dσ
− (µ+ λ) {{divhuh}}σ n

)

= − 1

|K|

∫
K

CurlhBh ×B/
h dx, for all K ∈ Ωh;

where the artificial diffusion parameter ε satisfies

ε > 0 if γ ≥ 2 and ε ∈ (0, 2γ − 1− d/3) if γ ∈ (1, 2).

Here, the discrete operators J·K, {{·}}σ and the numerical flux Fεh are defined in (4.2) and (4.3), Ωh is
a uniform structured mesh discretization of Ω consisting of rectangles in 2D or cuboids in 3D, dσ = h
denotes the distance between the centers of neighboring elements. Moreover, the discrete divergence
operator for the piecewise constant velocity uh ∈ (Qh)d is given by

(divhuh)K =
1

|K|
∑

σ∈E(K)

|σ| {{uh}}σ · n ∀ K ∈ Ωh.

Remark 4.5. The difference between Scheme-I and Scheme-II mainly relies in the discretization of
the Navier-Stokes part. It is analogous to check that Scheme-II also satisfies all the properties stated
in Lemma 4.1, e.g. conservation of mass, positivity of density, weakly divergence free of magnetic field.
Further, noticing that the stability and consistency of the Navier-Stokes part of Scheme-II have been
analyzed in [8, Chapter 11] with γ > 1 and ∆t ≈ h, we may analogously show that the numerical
solution of Scheme-II is a consistent approximation of the MHD system in the sense of Definition 2.3.
Systematically, we have the following convergence result.

Proposition 4.6 (Convergence of Scheme-II). Let (%h,uh,Bh) be a solution to Scheme-II with ∆t ≈
h and γ > 1. Then it converges in the sense of Theorem 2.5.

5 Conclusion

We introduced the concept of DW solution and consistent approximation for multi-dimensional compress-
ible MHD system (1.1)–(1.4). We derived the weak–strong uniqueness property for the DW solution,
meaning that the DW solution coincides with the classical solution (emanating from the same initial
data) as long as the latter exists. Further, we proved the convergence of the consistent approximation
towards the DW solution as well as the classical solution on the lifespan of the latter. Interpreting
the consistent approximation as the stability and consistency of a numerical solution, we established
a generalized Lax equivalence theory. Finally, we applied this theory for the convergence analysis of
two mixed finite volume–finite element methods. These two methods preserve the conservation of mass,
positivity of density, stability of total energy, and weakly divergence free of the magnetic field.
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[9] E. Feireisl, A. Novotný, Y. Sun. Dissipative solutions and the incompressible inviscid limits of the
compressible magnetohydrodynamic system in unbounded domains. Discrete Contin. Dyn. Syst. 34,
121–143(2014).

[10] X. Hu, D. Wang. Global existence and large-time behavior of solutions to the three-dimensional
equations of compressible magnetohydrodynamic flows. Arch. Ration. Mech. Anal. 197: 203–
238(2010).

[11] T. Karper. A convergent FEM-DG method for the compressible Navier-Stokes equations. Numer.
Math. 125, 441–510(2013).

[12] S. Kawashima. Systems of a hyperbolic-parabolic composite type, with applications to the equations
of magnetohydrodynamics. Doctoral Thesis, Kyoto University(1984).

[13] H. Li, X. Xu, J. Zhang. Global classical solutions to 3D compressible magnetohydrodynamic equa-
tions with large oscillations and vacuum. SIAM J. Math. Anal. 45: 1356–1387(2013).

[14] A.I. Vol’pert, S.I. Hudjaev. On the Cauchy problem for composite systems of nonlinear differential
equations. Math. USSR-Sb 1: 517–511(1972).

20

Powered by TCPDF (www.tcpdf.org)

http://www.tcpdf.org

