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ABSTRACT. The present paper contributes to the ongoing programme of quantification
of isomorphic Banach space theory focusing on Pelczynski’s classical work on dual Ba-
nach spaces containing L; (= L1[0,1]) and the Hagler—Stegall characterisation of dual
spaces containing complemented copies of L;. We prove the following quantitative ver-
sion of the Hagler-Stegall theorem asserting that for a Banach space X the following
statements are equivalent:
e X contains almost isometric copies of (B, € )¢,
e for all £ > 0, X* contains a (1 + &)-complemented, (1 4 ¢)-isomorphic copy of Ly,
e for all ¢ > 0, X* contains a (1 + &)-complemented, (1 4 ¢)-isomorphic copy of
o, 1]*.
Moreover, if X is separable, one may add the following assertion:
e for all € > 0, there exists a (1 + ¢)-quotient map T: X — C(A) so that T*[C(A)*]
is (1 + €)-complemented in X*,
where A is the Cantor set.

1. INTRODUCTION

In 1968, Pelczynski [15] showed that if a Banach space X contains an isomorphic
copy of /1, then the dual space X* contains an isomorphic copy of L; and proved that
the converse holds as well subject to a mild technical condition that was later removed
by Hagler [6]. More precisely, the result stated that the isomorphic containment of ¢;
is equivalent to the following assertions: X™* contains a subspace isomorphic to L;, X*
contains a subspace isomorphic to C[0,1]*. When X is separable, these are further
equivalent to the assertions: X* contains a subspace isomorphic to ¢,([0,1]), C[0,1] is
a quotient of X.

Shortly after, Hagler and Stegall [8] obtained a ‘complemented’ version of aforemen-

tioned theorem, that is the following result.

Theorem 1.1 (Hagler—Stegall). Let X be a Banach space. Then the following assertions

are equivalent:

(1) X contains a subspace isomorphic to (@, (% )e,;

(2) X* contains a complemented subspace isomorphic to Ly;
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(3) X* contains a complemented subspace isomorphic to C|0, 1]*;

(4) X* contains an infinite set K such that K is equivalent to the usual basis of 1(T")
for some ', [K]| is complemented in X*, and K is dense-in-itself in the weak™
topology on X*;

If, in addition, X is separable, then the assertions (1)—(4) are equivalent to

(5) There exists a surjective operator T: X — C0,1] such that T*[C[0,1])*] is com-
plemented in X*.

Subsequently, Dilworth, Girardi, and Hagler [5] proved the following isometric version
of Petczyniski’s result mentioned earlier by means of the notion of asymptotically isometric

copies of /1.

Theorem 1.2. Let X be a Banach space. Then the following are equivalent:

(1) X contains an asymptotically isometric copy of {1;
(2) X* contains an isometric copy of Ly;

(3) X* contains an isometric copy of C[0, 1]*.

The result was refined further by Hagler [7] who provided the following quantitative

characterisations of dual spaces containing complemented isometric copies of L;.

Theorem 1.3 (Hagler). Let X be a Banach space and A = 1. The following assertions

are equivalent:

1) X contains (1, \)-asymptotic copies of {1 (., 0™ )¢, ;

( n=1 o

(2) X* contains A-complemented subspaces isometric to Ly;

(3) X* contains A-complemented subspaces isometric to C[0,1]*;

(4) X* contains an infinite set K such that K is isometrically equivalent to the usual
basis of ¢1(T") for some I, [K] is A-complemented in X*, and K is dense in itself

in the weak™* topology on X*.
If, in addition, X is separable, then the above assertions are equivalent to

(5) There exists a quotient map T: X — C(A) such that T*[C(A)*] is \-complemented
in X*.

The purpose of this note is to quantify the aforementioned results, especially Theorem
1.1, in the spirit of the recent research on quantitative versions of various theorems and
properties of Banach spaces (see [2, 10, 11| and references therein).

In order to state the main results of the paper, we employ the following four quantities
denoted by lower-case Greek letters and defined as suprema of certain sets; when the
sets happen to be empty, we use the convention that then each of the quantities is 0.
Hereinafter X and Y will stand for Banach spaces; B(X,Y) is the space of (bounded,

linear) operators from X to Y.
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o ay(X) =sup{||T7'||7': T € B(Y,X) an isomorphism with || 7| < 1}.
ay, being directly related to the Banach—Mazur distance, measures how far Y is
from being isomorphically embeddable into X. Obviously, ay (X) = 1 if and only
if X contains almost isometric copies of Y, that is, for every € > 0, X contains
a subspace (1 + ¢)-isomorphic to Y.

o By (X) = sup{(JA|BI)"": A € B(X,Y), B € B(Y, X), AB = Iy}.
Py (X)) measures how far Y is from being isomorphic to a complemented subspace
of X: By(X) = 1if and only if for every ¢ > 0, there exists a subspace M of X
so that M is (1 + ¢)-isomorphic to Y and (1 + ¢)-complemented in X

o vy (X) =sup{d(T): T € B(X,Y) is a surjective operator with ||| < 1},
where §(7') = sup{c > 0: ¢By C T Bx}. 7y (X) measures how far Y is from being
isomorphic to a quotient of X: vy (X) = 1 if and only if Y is a (1 + €)-(linear)
quotient of X for every € > 0.

o Oy (X) =sup{(J|A]]||S])~': A € B(X,Y),S € B(X*,Y*),SA* = Iy }.
We have 6y (X) = 1 if and only if, for every € > 0, there exists a (1 4 ¢)-quotient
map 7: X — Y so that T*[Y*] is (1 + ¢)-complemented in X*.

A straightforward argument shows that
(1) By(X) < 0y (X) < fy-(X).

By using the aforementioned four quantities, we quantify the aforementioned results

as follows.
Theorem A. Let X be a Banach space. Then
ap (X) = ar, (X)) = acgj(X7).
If, in addition, X is separable, then
g, (X) = (0,1 (X7) = vep0,11(X)-
Theorem B. Let X be a Banach space. Then
oz ey, (X) = Boro ) (X7) = B, (X7).
If, in addition, X is separable, then
Oca)(X) = Br, (X7).
The following two corollaries follows immediately from Theorem A:

Corollary A. Let X be a Banach space. The following are equivalent:

(1) X contains a subspace isomorphic to ly;
(2) X* contains almost isometric copies of L1,

(3) X* contains almost isometric copies of C|0, 1]*;
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If, in addition, X is separable, then the assertions (1)—(3) are equivalent to:

(4) X* contains almost isometric copies of ¢1([0,1]);
(5) C[0,1] is a (1 + &)-quotient of X for every e > 0.

Corollary B. Let X be a Banach space and let Y be one of the spaces: Ly or C|0,1]*.
If Y s isomorphic to a subspace of X*, then X* contains an almost isometric copy of Y.

If, in addition, X is separable, then an analogous assertion is valid for Y = ¢,([0,1]).
The following (1 + €)-version of Theorem 1.1 follows from Theorem B.

Corollary C. Let X be a Banach space. Then the following assertions are equivalent:

(1) X contains almost isometric copies of (B, (2 )i ;

(2) X* contains a (1+ ¢)-complemented subspace that is (1 4 €)-isomorphic to Ly for
every € > 0;

(3) X* contains a (1+¢)-complemented subspace that is (1+¢)-isomorphic to C0, 1]*

for every € > 0.
If, in addition, X is separable, then

(4) For every € > 0, there exists a (1 + €)-quotient map T: X — C(A) so that
T*[C(A)*] is (1 + €)-complemented in X*.

2. PRELIMINARIES

Our notation and terminology are standard and mostly in-line with [1] and [14].
Throughout the paper, all Banach spaces are infinite-dimensional. We work with real
scalar but the result can be easily amended to the complex too. By a subspace we
understand a closed, linear subspace and by an operator we understand a bounded,
linear map. Let X be a Banach space. We denote by Bx the closed unit ball of X. Ix
stands for the identity operator on X and Jx: X — X** is the canonical embedding. For
a subset K C X, [K] stands for the closed linear span of K. For a subspace M C X,
we denote by i,, the inclusion map from M into X. For A > 1, we say that a surjective

operator T: X — Y is a A-quotient map if | T|| co(T) < A, where
co(T) =inf{c > 0: By Cc-TBx}.

Quotient maps are l-quotient maps according to the above terminology. A norm-one
surjective operator T: X — Y is a quotient map if and only if 7" is a (14)-quotient map,
that is, (1 + €)-quotient map for every € > 0.

The Banach—Mazur distance d(X,Y") between two isomorphic Banach spaces X and
Y is defined by inf |||, where the infimum is taken over all norm-one isomorphisms
T from X onto Y. As defined by Lindenstrauss and Rosenthal [13], for 1 < p < oo and

A > 1, a Banach space X is said to be a £, y-space whenever for every finite-dimensional
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subspace E of X there is a finite-dimensional subspace F' of X such that ' O E and
d(F,19™F) < X\. We say that a Banach space X is an L, x-space if it is an L, \,.-space
for all € > 0.

Following the notation from [8], we denote
F={(n,i):n=0,1,...;:=0,1,...,2" — 1}
and, for (n,i), (m,j) € F we write (n,i) > (m,j) whenever
e N =>m,
0 20 < i< 2 (4 1) — L
Let A = {0,1}" be the Cantor set endowed with the metric

()i 020 = D orlan = bl (@) (b € A).

n=1

By Miljutin’s Theorem ([1, Lemma 4.4.7]), C|0, 1] is isomorphic (but not isometric) to
C(A). Tt is well-known that C'(A)* and C[0, 1]* are linearly isometric, though.

[e.e]

3. PROOF OF THEOREM A

The present section is devoted to the proof of Theorem A and is conveniently split

into more digestible parts.

Proof. Step 1. ay, (X) < ag, (X7*).
Let 0 < ¢ < ay, (X). Then there exists an operator T': ¢; — X such that ||T']] < 1
and c||z|| < ||Tz|| (z € ¢1). Setting Y = T'¢; yields an operator A: L; — Y* so that

(3.1) A <TAFIE< I (f € L),
Indeed, we may define S: ¢; — Y by Sz = Tz (z € £;). Take an isometric embedding

U: L — |y (I is universal for all separable Banach spaces and their conjugate spaces).
Then A = (S*)7!U is the required operator. By the l-injectivity of L.,, we obtain an
operator B: X** — (, so that Bijf = A* and || B| = ||A*|| = ||A]|:

A

Yy A Loo

Passing to the adjoints, we get a commutative diagram:

J * ok J3
L1 L LT* A Yok Y Y*
Y ] T
by by
J*
X X X*
Let R = J¢B*Jr,: Ly — X*. Clearly, |R|| < ||B]| = ||A|| < ¢!. Moreover, it

follows from chasing the above diagram as well as from (3.1) that

IRfIN = iy Ix B* o, fll = IS5 B* I, fll = [y A", fl 2 L fI (F € Ly).
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Consequently, ar,(X*) > c¢. Since ¢ was arbitrary, the proof of the inequality is

complete.

Step 2. ar, (X*) < ag (X).

Let 0 < ¢ < ar,(X*) and € > 0. Then there is an operator T: L; — X* with
|17\l < 1sothat ||Tf|| = c||fll (f € L1). Weset Y =TL,. We may then take a sequence
(yn)22, that is dense in Y and choose z, € Bx so that [(y,, z,)| = (1 —¢)|ly.|| (n € N).
Letting Z = [2,,: n € NJ], one may observe that the restriction map J: Y — Z* y — y|z
satisfies ||Jy|| = (1 —¢)|ly|| (y € Y). The composite operator S = JT': Ly — Z* satisfies

A= WSFZ (M =ITF = (M =e)llfl (f € La).

This means that oy, (Z2*) > ¢(1 —¢). It follows from [4, Theorem 1.1] that
Yoy (Z) = ar, (Z7) = (1 —¢).

We take an operator R: Z — C(A) with ||R|| < 1 so that RBz 2 ¢(1 — €)B¢a) and
an isometric embedding U: ¢; — C(A). For each n € N, pick z,, € By so that Rz, =

c(1 —e)Ue?, where (e})>; is the unit vector basis of ¢;. It is easy to check that

c(1=2)) lael <D arzll  (n€Nay,... a, €R).
k=1 k=1

Finally, if we define A: ¢; — X by assigning e, — x, (n € N) and extend linearly
to the linear span and then, by density, to the whole of ¢;, then

c(I =)zl <llAzll < Izl (= € ).

Consequently, ay, (X) > ||[A7Y|7! = ¢(1 —¢). Letting ¢ — 0, we arrive at oy, (X) > c. As
c is arbitrary, the proof of Step 2 is complete.
Step 3. ay, (X) < agpo,1+(X¥).

Let 0 < ¢ < ay, (X). There exists a contractive operator 7": ¢; — X that is bounded
below by ¢, that is, ¢||z|| < ||Tz|| (z € ¢1). Set Y = T[¢;]. Take a quotient map
Q: ¢, — C[0,1]. Since C|0,1]** is 1-injective, we get an operator S: X — C[0,1]** so
that ||S]| = [|Jop,Q@T || and S|y = Jepy@T ', Let us summarise this in the diagram:

X
35

iy
y T 0 2 copo,1] clo, 1]
Let us consider the composite map A = S*Jgo,1)+ C10,1]* — X* and fix ¢ > 0. For

Jeo,1

each € CI0, 1]*, we get

- 1 ]
Apll = sup [{Jop QT 'y, u)| = sup |(u, Q2)| = sup  |{u, /)| = .
l4x yeBy et ) 2€By, : ) 1+4+¢ f€Bcpn [(us ) 1+4+¢
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Moreover, it is easy to see that ||A]| < ¢'. Hence we arrive at
1
— < Ap| <t € C[0,1]7).
Tz el < 4wl < eHlull - (n € O10,1]7)
This implies a3+ (X*) > ¢/(1 4 €). The arbitrariness of ¢ and e completes the proof of
Step 3.

Step 4. aC[O,l]*(X*) < OéLl (X*>

This is trivial since L; can be isometrically embedded into C0, 1]*.

Step 5. v, 0,17y (X*) < oy, (X) if X is separable.

Let 0 < ¢ < oy (po7)(X™). Similarly as before, we may take a contractive operator
T: ¢,([0,1]) — X* so that | Tf|| = || f|l (f € ¢.([0,1])). Set K = (T*Jx)[Bx]. Then
K is separable, bounded, convex, and ® D By (0,1)); i-e., the weak* closure of 'K
contains the unit ball of £([0,1]). In order to complete the proof of Step 5, we require

to make two claims that are slight modifications of Hagler’s results from [6].

Claim 1. Let C be a separable, bounded and convex subset of (([0,1]) whose weak*
closure contains By_(jo,1))- Let I't, ..., I, Tnqq, ..., I'qon be pairwise disjoint subsets of
[0, 1] with cardinality ¢, the continuum. Then, for every 0 < ¢ < 1, there exists f € C

such that for all i = 1,2,...,n one has
card{y e T;: f(7) > 1—¢} =,

whereas forall i =n+1,...,n+m
card{y eI';: f(y)<e—-1} =vc.

Claim 2. Let C be a separable, bounded, and convex subset of ([0, 1]) whose weak*
closure contains By (o,1))- Given m > 1 and a finite collection I'g,I'y,. .., [om_; of pair-
wise disjoint subsets of [0, 1] each having the cardinality ¢, for every 0 < e < 1, there
exists f € C' so that for every 1 =0,...,2™ — 1
card{y € T;: (=1)'f(y) > 1—¢c}=rc
Indeed, one may define
F;:Fm‘, O<Z<2m_1—1
FIQm—1+Z’ = F2i+17 0 < { < 2m_1 - 1.

Then it readily follows from Claim 1 that there is f € C so that for all 0 <7 <21 —1

card{y eI'l: f(y) =2 1—¢}=¢
card{y € I ;: f(7) <e -1} =c

In other words, card{y € T}, : (=1)¥f(y) > 1 —¢} = cforall 0 < k < 2™ — 1, so the

claim is justified.
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Let 0 < ¢ < 1. By [15, Propositon 2.2], there exists a sequence (f,)5°; in ¢ 'K so
that

(32) (1-¢) Zlanl IIZanfnll Zlanl

for all m and all scalars aq, as, ..., a,,. For each n, pick x,, € Bx so that cf, = T*Jxx,.
It follows from (3.2) that

m

(33) e(l=2) Y lanl <Y anzall <Y lan
n=1 n=1 n=1

for all m and all scalars aq, as, ..., ap,.
We are now in a position to define an operator S: ¢; — X by the assignment e} — x,,.
By (3.3), we have

ag (X) Z 1877 = (1 — ).

As 0 < ¢ < g (X) and 0 < e < 1 were arbitrary, we proved that oy, (X) > oy, (o1 (X¥).

Step 6. ac[o,l]*(X*) g aél([o,l})(X*)~
This inequality follows immediately from the elementary fact that ¢,([0, 1]) can be

isometrically embedded into C[0, 1]* via Dirac delta functionals.

Step 7. o, (X*) = vcp,11(X), whenever X is separable.
This is [4, Theorem 1.1 (b)]. O

4. PROOF OF THEOREM B

We proceed as in the proof of Theorem A by splitting it into a number of independent
steps.

Proof of Theorem B. Step 1. age i), (X) < By (X7).
Since Z = (@:>2, (%), embeds 1sometr1cally 1nt0 (B, 02 )e,, it suffices to prove

n=1"~00

that az(X) < Peay-(X*). For this, let us fix 0 < ¢ < az(X). Then there exists

a contractive operator R: Z — X that is bounded below by c.

)00,2"—1

Let us consider a double-indexed family (A, ;)2 ;—, of clopen subsets of the Cantor

set such that

(1) A()’o = A, An,i = An+1,2i U An+1,2i+1 ((n,z) S JT") and Ami N An,j =g ifq 7é ],
(2) the diameter of A, ; is 1/2" (0 <7< 2" —1).

. . . . n n+1__ n
We set gni = 1a,,, which is a continuous function, [9n.i)70" C [gnt, 1]3 o b (gni)isgtis

isometrically equivalent to the unit vector basis of £% for all n and U [gn.i]22g " is dense
n=0
in C(A). We may then define an operator T': Z — C(A) by the assignment Te,,; = ¢y,.;.

Clearly, ||T|| = 1.
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Claim 1. If W is a finite-dimensional Banach space and S: W — C(A) is an operator,
then for every & > 0, there exists an operator S: W — Z so that ||S] < (1 +¢)||S] and
IS - T38| <e

Proof of Claim 1. Let us fix an Auerbach basis (wg, w})y_, for W (dimW = N). Let
d > 0 be such that 0N < ¢||S|| and 6N < . Then, there exist a positive integer n and
(fo)N) in [gni)iogt so that ||Swy, — fil <6 (k=1,2,...,N). Write

2" —1

= Ztkvigm, (]C:LQ,,N)
=0

Define an operator S: W — Z by Swy, = S thiens. We claim that IS < (1+9)||S]
and ||S — TS| < e. Indeed, for w = SN agwy, € W, we have

ISwl| = | Z ar fi|
< |l Z ar(fr — Swi)|| + || Z apSwy|
k=1
< (5N+ 1S1)|w]]
< (T+9)[IS[flw]].
Furthermore,
~ 2n -1
[Sw —TSw|| = | Z ar(Swy — Z th,iGni) |
= | kz ar(Swy, — fi)|l
=1
< ON|wl]
< efjwl. 0

Let € > 0. Since C(A) has the metric approximation property, there exists a net
(Tw)a of finite-rank operators on C'(A) such that

o limsup ||7,|| < 1+e¢,

o dim T, (C(A)) — oo,

o T, — Ig(a) strongly.
For each «, we may apply Claim 1 to the inclusion map I,: T,,[C(A)] — C(A) to get an
operator I, : T,[C(A)] — Z so that ||Io]| < 14¢ and ||[I, —T 1| < (14dim T,[C(A)]) 2.
Let S be a o(B(Z*, C(A)*), Z*@,C(A))-cluster point of the net ((I.7%)*)a. A standard
argument shows that ST* = Ioa)-.

Claim 2. There exists an operator T: C'(A)* — X* so that R*T = T* and || T|| < (1+¢)/c.
The proof of the claim is a variation of the Lindenstrauss’ compactness argument
(see |9, Proposition 1] and [12, Lemma 2]). Since some amendments are required, we

present the full reasoning.
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Proof of Claim 2. We use the fact that C'(A)* is isometric to Ly(p) for some infinite
measure f, and as such, it is a £ ;-space. Let A be the collection of all finite-dimensional
subspaces of C'(A)*. Then, for each v € A there exist £, € A with v C E,, together with
an isomorphism U, : E(liimE” — B, so that ||[U,|[[|[USY] < 1+4e. Let S,: Z — EZ be an
operator such that S* = 7|y, (v € A). By the l-injectivity of (3mEy there is an operator
Ry: X = (35 5o that R,R = U2S, and | By| < USSR < U IITIIR. Let
T, = R:U;': B, — X*. Then R*T, = T*|g, and ||T,|| < £=||T'||. For each v, we define
a non-linear, discontinuous function from C'(A)* to X* by

if:{T,yf, f ek,

0, otherwise.

Then (T ), is a net in the compact space

1+e¢
11 . | T £ Bx-.
fec(a)x

and as such, it has a cluster point T. Standard arguments show that Tis linear, RT =T*
and ||T| < 2|7 = &= O

Finally, we get SR*T = ST* = IC( Ay« and hence
. c
Beay (X7) = (ITIISR ) SER

“ 1+
Letting e — 0, we get Boay-(X*) > c. As c is arbitrary, we get Step 1.
Step 2. Bojo,- (X*) < Br, (X¥).

It is well known that L; is isometric to a 1-complemented subspace of C[0, 1]* (see,

e.g., |1, p. 85]), which implies Step 2.

Step 3. Br, (X*) < a@=, o), (X)

Let 0 < ¢ < B, (X*). Then there exist operators A: L; — X*, B: X* — L; so that
BA=1;,,||A]| =1and |B|]| < 1/c. Let 0 <e <1 and g, =¢/2*"" (n=0,1,...).

By [8, Lemma 3|, we get (fn,i)m,ijer i Lo and (2,)m,ier in X satisfying

(1) || fnillh =1 and f,; > 0 everywhere for all (n,i) € F;

(2) For each n and i # j, f,.(t) and f, ;(t) cannot be both non-zero for the same

t € [0,1];
(3)

<Afn,iaxm,j> = { 1, (TL,Z) > (mvj)a

0, otherwise;
on_1
(4) max |t < || X tiwnill < (1+e,) ¢t max || (n=0,1,--+;t0,...,tan_1 €

0<i<2n—1 = 0<i<2n—1
R).
We may now define recursively a sequence (W, ;)n,icr of non-empty weak*-closed

subsets of Bx- as follows:
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[ ] WO70:{$*EBX*: |<.T*,$00>—]_| 50}

o Wiog=WoonN{z* € Bx«: |(z*,210) — 1| <ep, [(z*,211)] < e}y
o Wi =WooN{z* € Bx~: |[(x*,211) — 1] <1, (2%, 210)| < a1},
o Wyo=WigN{z* € Bx«: |(z", 220) — 1| < e, [(x*,225)| <e2,5=1,2,3},
o Wy =WignN{z* € Bx«: |(z*,x21) — 1| < &9, [(2*,22;)| < 2,5 =0,2,3},
o Woo=WiiN{a* € Bx+: |(x*,222) — 1| < &g, |[(x*, 22;)| < £2,5 =0,1,3},
o Wys=WiiN{z" € Bx«: |(z",223) — 1| < e, [(x*,225)| <e2,5=0,1,2},

and so on. By (3), each W,,; is non-empty. By the choice of ¢, the sets W,,;, W, ; are
disjoint as long as ¢ # j. Let
o 271
K=(|JWa) and K,;=W,;nK ((n,i)€F).
n=0 i=0
By (3), Afn; € Wy, if (n,i) > (m, j), which implies that each K, ; is non-empty. By
the construction of the sequence (W,,;), we see that Koo = K, K412 U Kpy12i01 = Ky
and K,,, N K, ; =@ if i # j.
Let us define an operator 7: X — C(K) by (Tz,2*) = (z*,z) (z € X,z* € K).
Then [(T@,;, ) — 1] < &, if 2" € Ky, and (T, 2%)| < e, if 2 € U, Ky Set

gn,i = 1k, ,, which is continuous as K, ; is clopen. Then ||Tz,; — gn:|| < &,. Moreover,

ontl_1 1

[gn,z]?ia [9n+1 ’L]z 0 (gn,z)?ia
(% for all n, and

is isometrically equivalent to the unit vector basis of

o0

[gn,i: (n,z) S F] = U[gn z]anOl
n=0
is isometric to C'(A). Let Z be a subspace of C(A) isometric to (D, ¢%)s, and

let (zn;)p2] 310 be a basis of Z isometrically equivalent to the unit vector basis of

(D, "), Fix n > 1. Then there exist m > n and unit vecors h,; € [gmilig "
so that ||z, — bl < /2773 (j =0,1,...,n —1). We write h,; = >.7 o ' @i jgm; and

define y,, ; = Zf_o_l a;jTm; € X.
Claim. For all (¢ nj)f;”f]lo € (B, ™), we have

n=1"~00
o) co n—1 00
1< / ) /
(=52 max gl < 1D D tugyul < max .
n=1 n=1 j=0 n=1

Indeed, by (4) we get

2m—1 n—1

“Zt gl =1l Z Zam 1.3 )T

=0 5=0

1
<—TEm ey |Zaz’,jtn,j|
=0

C 0<e2™m—1
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1+5m
IIZt,Jh Jll

7=0

,_.

1+e¢
<] Z ninll + Zt nillins = 25
n+3 .
g c <0<r§1<a73< ’”| + n5/2 0<m<aX 1 |tn’] |>
1
< (L+e) max |t ;|-
C 0<j<n—1
Consequently,
oo n—1 00 n—1 ) (e}
1323 sl < 1Yt < Jmax .
n=1 j=0 n=1 j= =1

On the other hand, by the Ch01ce of m and h,, j, we arrive at

1T Yn; — 20l <N TYnj — Pl + 1Fnj — 2n;

2m—1

=Y aij(Tzmi — gma)l| +/2"
=0

Sen2”, Jmm ol +e/2

< 5/2n+3 4 8/2n+3 — 8/2n+2.

This implies

oo n—1 oo n—1
I tagynsl = 10D tn Tyl
n=1 j=0 n=1 j=0
oo n—1 oo n—1
2D gzl = 1D tni(Tyng — 205l
n=1 j=0 n=1 j=0
o 0 6
> 0ot [t il = 2”05}1321 ] on+2
n=1 n=1
o0
>(1—E) max |, |
- 27 £~ o<jsn-1 I
—

Finally, by Claim, we get

g C
n X > (1—-=)—=.

Letting ¢ — 0 yields (g, ), (X) > ¢; since ¢ was arbitrary the proof of Step 3 is
complete.
Step 4. QC(A)(X) < ﬂLl(X*).

This step follows from (1.1) together with Step 2. We are now ready to establish the
final step of the proof.
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Step 5. Suppose that X is separable. Then §r, (X*) < 0c(a)(X).

Let 0 < ¢ < B, (X*). Then there exist operators A: Ly — X* B: X* — L, so that
BA=1,,||A|| =1, and ||B|| < 1/c.

Let (fn,i)m,ijer be a family of functions in Le, (Tni)mier in X, and (Wy;)m.ier
associated to €, = 1/2?""2 (n =0, 1,...) as described in Step 3. Since X is separable, we
may assume that the d-diameter of W, ; < 27" for each ¢, where d is a metric giving the
relative o(X*, X)-topology on Bx-. Let

co 2"—1
K= ﬂ( U Wn,z) and Knﬂ' = Wn,i NK ((n,z) c .F)

n=0 i=0
Then K is a compact, totally disconnected metric space without isolated points, hence
homeomorphic to A. Moreover, Koo = K, K;112iU K11 2i41 = Ky and K, ;NK, j = &
if 1 # 7. Hence K = Uflgl K, for all n. As seen in Step 3, the operator T': X — C'(K),
defined by (T'z,z*) = (z*,z) (v € X,2* € K), satisfies ||Tx,; — gnil| < &,, where
Ini = 1k,, € C(K).

An argument analogous to Step 1 yields that, if W is a finite-dimensional Banach
space and S: W — C(K) is an operator, then, for every £ > 0, there exists an operator
S: W — X so that ||S|| < 2||S|| and ||S — TS| < e.

Fix ¢ > 0. By an argument analogous to the one from Step 1, we get an operator
S: X* — C(K)* with ||5]] < @ so that ST* = I¢(k)-. This means that

c
(1+¢e)?

Letting ¢ — 0, we get arrive at c(a)(X) = c. As c is arbitrary, the proof is complete. [

Oc(a)(X) = o) (X) =
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