THE CZECH ACADEMY OF SCIENCES

INSTITUTE OF MATHEMATICS

Euler system with a polytropic equation
of state as a vanishing viscosity limit

Eduard Feireisl
Christian Klingenberg
Simon Markfelder

Preprint No. 62-2021
PRAHA 2021






Euler system with a polytropic equation of state as a
vanishing viscosity limit

Eduard Feireisl* Christian Klingenberg Simon Markfelderf
September 23, 2021

Institute of Mathematics of the Academy of Sciences of the Czech Republic
Zitna 25, CZ-115 67 Praha 1, Czech Republic

Institute of Mathematics, Wiirzburg University
Emil-Fischer-Str. 40, 97074 Wiirzburg, Germany

Department of Applied Mathematics and Theoretical Physics, University of Cambridge
Wilberforce Road, Cambridge CB3 OWA, United Kingdom

Abstract

We consider the Euler system of gas dynamics endowed with the incomplete (e — o — p)
equation of state relating the internal energy e to the mass density ¢ and the pressure p. We
show that any sufficiently smooth solution can be recovered as a vanishing viscosity — heat
conductivity limit of the Navier—Stokes—Fourier system with a properly defined temperature.
The result is unconditional in the case of the Navier type (slip) boundary conditions and
extends to the no-slip condition for the velocity under some extra hypotheses of Kato’s type
concerning the behavior of the fluid in the boundary layer.

Keywords: Polytropic equation of state, compressible Euler system, Navier-Stokes—Fourier
system, vanishing dissipation limit

*The research of E.F. leading to these results has received funding from the Czech Sciences Foundation (GACR),
Grant Agreement 21-02411S. The Institute of Mathematics of the Academy of Sciences of the Czech Republic is
supported by RVO:67985840.

fS. M. acknowledges financial support by the Alexander von Humboldt Foundation.



1 Introduction

The FEuler system describing the evolution of the density o = o(¢, x), the velocity u = u(t, z), and
the internal energy e = e(¢, x) of a compressible inviscid fluid reads

0o + div,(ou) = 0,
Oi(ou) + div,(ou ® u) + V,p = 0,

o) BgyuP + ge] + div, (( Bg\uP + ge} —i—p) u) = 0. (1.1)

The fluid is confined to a bounded domain Q C R3, with impermeable boundary,
u-njgy =0. (1.2)

The system (1.1) rewritten in terms of the phase variables (g, u,e) is symmetric hyperbolic, see
e.g. Benzoni-Gavage and Serre [4, Chapter 13, Section 13.2.2]. The problem is formally closed by
prescribing a suitable equation of state (EOS). We consider a polytropic EOS

p = (v — 1)pe with the adiabatic exponent v > 1. (1.3)

The equation of state (1.3) is incomplete, in particular, the (absolute) temperature ¥ is not
uniquely determined. Indeed Gibbs’ law asserts

¥Ds = De + pD (é) , (1.4)

where s is a new thermodynamic variable called entropy. Here D = (a%, 8%). Plugging (1.3) in
(1.4) we obtain a first order system that can be integrated yielding

plo,9) = 971 P (1951_1)’ (1.5)

and, in accordance with (1.3), (1.4),

e(0,9) = ! Q<}wP( . )

y=1 0 \ps
s(0,9) = S (L) (2=~ ! 17P(Z) ;f (2)2 (1.6)

~y—1

for an arbitrary function P. Thus the absolute temperature ¥ is determined by ¢ and e modulo
the function P, see Cowperthwaite [6], Miiller and Ruggeri [17], or [11, Chapters 2,3].

The Navier—Stokes—Fourier system describing the motion of a real viscous and heat conductive
gas can be viewed as a viscous regularization of (1.1):

o + div,(pu) = 0,



Oi(ou) + div,(ou ® u) + V,p = div,S,

1 . t
O(0s) + div,(psu) + div, <%> =3 (S :Dyu — 9 gﬁ‘) , Dyu= M, (1.7)

with the viscous stress S given by Newton’s rheological law
- 1 -
S=2n (]D)xu — Ediwuﬂ) + ndiv,ul, (1.8)

and the heat flux given by Fourier’s law
q=—rV,0. (1.9)
The Second law of thermodynamics requires the entropy production rate

1 q~qu9>

to be non—negative; whence the diffusion transport coefficients ji, 17, and k£ must be non—negative.
Note that, unlike in the Euler system (1.1), the knowledge of the temperature ) is necessary to
determine the entropy as well as the heat flux in (1.7). The internal energy e can be evaluated in
terms of p, ¥ through (1.6). Thus solutions of the associated Navier—Stokes—Fourier system (1.7),
that may be seen as a viscous regularization of the Euler system (1.1), depend on the choice of P
in (1.5).

We consider the vanishing dissipation limit of the Navier-Stokes—Fourier system, specifically,
we rescale

Sn R fnS, An & End, fn N0, Ky N\, 0. (1.10)

Moreover, the existing mathematical theory of the Navier—Stokes—Fourier system (see [11]) is based
on the augmentation of the pressure, and, accordingly, the internal energy and entropy, by the

radiation component
a a 4a
=9 ep= -V, sp=—1 a>0. 1.11
Pr=73 R 0 R 30 ( )
The parameter a is very small and usually neglected in the real world applications. Consistently
with (1.10), we therefore consider

a = Gp, a, 0. (1.12)

Suppose that v > 1 is given and that the Euler system (1.1)—(1.3) admits a smooth (C?)
solution on a time interval [0,7]. Our goal is to identify the function P in (1.5) in such a way that
any sequence of weak solutions to the Navier-Stokes—Fourier system (1.7)-(1.9) converges in the
vanishing viscosity /radiation limit (1.10)—(1.12) to the solution of the Euler system in (0,7") x 2.
Moreover, we show that the convergence is unconditional, if the boundary layer is eliminated by
the choice of the complete slip boundary conditions

u-nlgo =0, (S-n) xnlspg =0, (1.13)
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where n denotes the outer normal vector to 0€2. In the case of the no—slip boundary conditions
u’aQ = O, (1.14)

the convergence is conditioned by extra hypotheses of Kato’s type [15], [16] identified in the
compressible setting by Sueur [21] and Wang, Zhu [22].

In comparison with the existing literature, notably [22], our result covers all admissible values
of the adiabatic coefficient v in (1.3) as well as general dependence of the transport coefficients on
the temperature in the spirit of the existence theory developed in [11].

The paper is organized as follows. In Section 2, we recall the necessary preliminary material
concerning the weak solutions to the Navier-Stokes—Fourier system including the relative energy
inequality that represents a crucial tool in the analysis. Section 3 contains the main results. In
Section 4 we show consistency of the vanishing viscosity approximation. Specifically, the viscous
stress, the heat flux as well as the radiation components of the pressure, internal energy, and
entropy along with the associated fluxes disappear in the regime specified in (1.10), (1.12). This
process is “path dependent”, specifically certain relations concerning the asymptotic behaviour of
(fn, Fin, @) must be imposed in the spirit of [8]. The convergence towards the strong solution of
the Euler system is shown in Section 5.

2 Preliminary material

We recall the existing theory of weak solutions to the Navier-Stokes-Fourier system.

2.1 Mathematical theory of the closed system

By imposing either the complete slip (1.13) or the no slip boundary condition (1.14) we suppose
the fluid is mechanically insulated. In view of our final objective, we require the fluid to be
energetically isolated, specifically
The mathematical theory for closed systems relevant for future analysis was developed in [11].
Note that the extension to open systems is also available in the recent works [5] and [12], see also
the forthcoming monograph [9].

A suitable weak formulation of the Navier—Stokes—Fourier system augmented by the radiative
terms proposed in [11] reads

0o + div,(ou) =0,
Oi(ou) + div,(ou @ u) + V. (p + pr) = pdiv,S,

1 -V, 0
O(o(s+ sg)) + dive(o(s + sg)u) + KV, (%) > 3 (uS :Dyu — Kq ) ,
L (Loup + ol +en)) do=0 (2.2)
A 5olu ole +er x =0, )
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see [11, Chapter 3|. Note that we anticipate the influence of thermal radiation represented by the
extra terms pg, eg, and sg in (2.2). In accordance with (1.12), these terms will vanish in the
asymptotic limit. The energy balance appearing in the Euler system in (1.1) is replaced by the
entropy inequality supplemented with the total energy balance in (2.2).

2.2 Transport coefficients

In accordance with the molecular theory of gases (see e.g. Becker [1]), the transport coefficients
depend on the temperature. Specifically, we assume that g, 7, k are continuously differentiable
functions of ¥ satisfying

0<pu(l+9)<p@) <u(l+9%), a>0,

sup i (9)] < oo,
¥€[0,00)

0<7W) <H(L+9%), 0<k(1+9%) <RW) <F(1+ 0% (2.3)

for any ¥ > 0. Note that the cubic growth of s is motivated by the presence of the radiation terms,
see Oxenius [18].

2.3 Equation of state

A proper choice of the equation of state for the Navier-Stokes—Fourier system plays of course a
crucial role in the present paper. Given 7 > 1, we have to identify the function P in (1.5). For
p=p(0,9), e =e(p,9), we recall the hypothesis of thermodynamic stability

p(o, V) de(o,7)
Do o0

> 0, > 0. (2.4)

This imposes the following restrictions on P:

P'(Z) > 0 for all Z > 0,
YP(Z)— P (Z)Z > 0 for all Z > 0. (2.5)
The following lemma shows existence of a suitable P.

Lemma 2.1. For all Z > 0 there exist functions P, S € C[0, 00) with properties (1.6), (2.5) and
such that

P(Z)=72 foral Z €0, Z]. (2.6)

Moreover P, S satisfy
P(0) = 0; (2.7)
1P(Z) _ZP (2)2 <C  forall Z > 0; (2.8)
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P(2)

Zlglgo 77 > 0; (2.9)
lim S(Z) = 0. (2.10)

Z—00

Note that according to (2.10), S from lemma 2.1 is in accordance with the Third law of
thermodynamics, namely

s(0,9) — 0 as ¥ — 0+ for any fixed o > 0,
cf. Belgiorno [2], [3].
Proof. Let us first consider the case Z = 1. Set P, S € C'[0, o)

Z if Z <1,
P@%:{li+lT/HZ>1
v v ’
and )
_f —log(2)+1 ifZ<1,
S@»—{% if Z>1,

It is then straightforward to check (1.6), (2.5), (2.6)—(2.10).
Let us now look at Z # 1. We define the P, S constructed above as Pp, .S, and set

P@y—a(g), S@%—%&(g)

Again straightforward computations show that the properties (1.6), (2.5), (2.6)—(2.10) follow from
the corresponding property of Py, Sj. n

Note that for Z € [0, Z], according to (2.6) and (1.5) we simply obtain the Boyle-Mariotte law

p(o, V) = ov.

Hence the temperature for the Euler system (1.1) endowed with the incomplete EOS (1.3) can be
recovered by choosing Z in lemma 2.1 appropriately, see section 4.1 for details.

2.4 Relative energy

The relative energy for the Navier—-Stokes—Fourier system may be seen as a counterpart of Dafer-
mos’ relative entropy for the (hyperbolic) Euler system, see [7]. Given a trio of “test functions”

r>0, 6>0, U, (2.11)

the relative energy reads

8H@(T, @)

E (g, J,u 30

1
r.6,U) = Solu~UP + Ho(o. 1) -

(e —7) — He(r,0) (2.12)
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where
He(o,9) = o(e(0,9) — Os(0, 7))

is the ballistic free energy. In the context of the system (2.2) perturbed by the radiation terms,
we have

He(0,7) = o((e + er)(0,9) — O(s + sr)(0,7)).

The relative energy augmented by the radiation component will be denoted E,. We also introduce
the standard energy

1
(0,9, ) = Soluf* + ee(e, V).
The following result was proved in [10]: Suppose that:

e (0,9,u) is a weak solution to the Navier-Stokes—Fourier system (2.2) in (0,7") x §2 with the
no—flux boundary conditions (2.1) and either the complete slip boundary conditions (1.13)
or the no-slip boundary condition (1.14).

e (1,0,U) is a trio of continuously differentiable test functions,
r>0,0>0in[0,7T] x Q,
where U satisfies either the impermeability boundary condition
U - nljpo = 0,

or the no—slip boundary condition

U|aQ =0.

Then the relative energy inequality

[/QEQ<Q,19,u
S/OT/QQ(u—U)~VxU-(U—u)dxdt

+ /S(ﬁ,vxu):Vdemdt—m/ /M-Vx@dxdt
0 Q 0 Q 19

t=1 T .
r,@,U> dx} —|—/ /9 uS(9,V,u) : Vyu — mq(ﬂ’ Vi) - V) dz dt
t=0 0 Q 19 19

+ o((s + sr)(0,9) — (s + 55)(r,©)) (U — ) - VO dz dt

S~

T

+ g(@tU +U- va> (U—u)dzdt — / /(p + pr)(0,9)div, U da dt
0 Q

T

S— — —

o((s +sr)(0,9) — (s + 5r)(r, ©)) (&@ +U- ng@) dz dt

S— S



+ /OT/Q ((1 - g) B,(p + pr)(r, ©) — fu -V (p+pr)(r, 6)) d dt (2.13)

holds for a.a. 7 € (0,7).
Finally, we recall the fundamental properties of the relative energy that follow from the hy-
pothesis of thermodynamic stability (2.4). In accordance with hypothesis (2.11), fix

0<o< inf r< sup r<op,

— [oT)xQ 0,T]x0
0<¥< inf ©< sup © <0,
[0,7]x% [0,T]xQ
and define
[Fless = ®(0, D) F, [Flres = F' = [Fless,
where

dcCH0,00)? 0<P <1, CID(g,ﬁ):1wheneveré)§g§@andﬁ§19§5.
Then

Ea <Q7ﬁ7u

€ess

r,@,u) >F (g,ﬁ,u r,@,u) > c([@—?“]ﬁss—i- [0 — 6], + [u— U] )
Ey (0,0,1)r,0,1) > ¢ (L + [ole + er)(0, ) s + [l(s + ) (0. 9) 1)

E(@ﬁuh@m>Zcﬂm+@d@mhyﬂdﬂ@mm@, (2.14)

where the constants depend on g, g, ¥, and ¥, see e.g. [11] for details. As a consequence of
the hypothesis of thermodynamic stability (2.4), the relative energy expressed in terms of the
conservative entropy variables (o, m = pu, S = ps) is a strictly convex function and represents to
so-called Bregman distance between (o,m,S) and (r,7U,rs(r,0)), see e.g. [12]. Note carefully
that the relative energy F, associated to the Navier—Stokes—Fourier system (2.2) is augmented by
the radiation component

4
Mm—@ﬂ+§@@%w%zo
3 Main results
We state the main results in the physically relevant case Q C R®. We consider three vanishing

parameters in the asymptotic limit: the viscosity coefficient u,, the heat conductivity coefficient
Kn, and the radiation parameter a,, cf. (1.10), (1.12).

3.1 Unconditional convergence in the absence of boundary layer

We start with the Navier—Stokes—Fourier system (2.2), with the complete slip boundary conditions
(1.13), and the no—flux boundary condition (2.1).
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Theorem 3.1 (Unconditional convergence). Let Q C R® be a bounded Lipschitz domain. Suppose
that the Euler system (1.1)~(1.3), with v > 1, admits a strong solution

og, ep € CY([0,T] x Q), ug € C*([0,T] x Q; R®)

satisfying
inf op >0, inf er>0.
[0,T1xQ [0,T1xQ

Then there exists a (p-0-9) EOS p = p(o,9) that complies with Gibbs’ relation (1.4) as well as
the hypothesis of thermodynamic stability (2.4), with the associated internal energy EOS e = e(p, )
and entropy s = s(p,V) determined through (1.6), such that the following holds:

Let (0n,Vn,1,)32, be a sequence of weak solutions to the Navier—Stokes—Fourier system (2.2),
with the complete slip boundary condition (1.13), and the no—fluxz boundary conditions (2.1), in
the vanishing dissipation/radiation regime:

_4

NGO, a, i B g 3.1
P N\ 0, M 3 ,

an

where a € [%, 1] is the exponent in hypothesis (2.3). In addition, suppose that the initial data
On,0 = Qn<07 ')7 ﬁn,o = ﬁn(oa ')7 Uno = un(07 ')7

converge strongly to those of the Fuler system, specifically,

0<o< inf 0,0< sup o0 <0 uniformly inn, on0 — 0£(0,-) in L'(€2),
- (O0T)xaQ (0,T)x€
0<d< inf ¥,0< sup U, < 9 uniformly in n, (01,0, Un0)(0,-) = eg(0,-) in LY(Q),
(0,7)x82 (0,T)xQ
W0 < W uniformly in n, u,o— ug(0,-) in L*(Q; R?). (3.2)

Then
On — 0B, On€(0n,Vn) — oper in Ll((O,T) x Q), onu, — opug in Ll((O,T) x € Rg). (3.3)

Remark 3.2. The reader may consult [11, Chapter 3] for the exact definition of a weak solution
of the Navier-Stokes—Fourier system emanating from the initial data (0,0, 950, Uno)-

Remark 3.3. We strongly point out that Theorem 3.1 does not contain any claim concerning the
existence of weak solutions for the Navier-Stokes—Fourier system. The existence is known only in
some particular cases: vy > g, a € [%, 1], see [11, Chapter 3, Theorem 3.1], and v > %, a =1,
see Jesslé, Jim, and Novotny [14, Theorem 2.1]. The best known results for the planar flows were

obtained recently by Pokorny, M. and Skiisovsky [19].

Local in time existence of smooth solutions to the Euler system was established by Schochet
[20].



3.2 Conditional result — viscous boundary layer

The no-slip boundary condition (1.14) imposed on the viscous flow cannot be retained for the
limit Euler system and the well known problem of viscous boundary layer appears. We report a
conditional result a la Kato in the spirit of Sueur [21] and Wang, Zhu [22]. Let

Q5 = {x =0 ( dist[z, 99 < 5} .

Any vector field w can be decomposed into its normal and tangential component with respect to
o8

w(t,x) = w,(t,z) + w.(t,x),
w,(t, ) = (w - Vdist[z, 09]) V. dist[z, 0], w,(t,z) = w(t,x) — W, (¢, ).

Note that |V, dist[z, 0]| = 1, see section 5.1.
We start with a result inspired by Sueur [21].

Theorem 3.4 (Conditional convergence, gradient criterion). Let Q C R? be a bounded domain of
class C*™. Suppose that the Euler system (1.1)~(1.3), with v > 1, admits a strong solution

og, ep € CY([0,T] x Q), ug € C*([0,T] x Q; R®)

satisfying
inf pp >0, inf ep > 0.
[0,7]x0 0,7]x2

Then there exists a (p-0-9) EOS p = p(p,v) that complies with Gibbs’ relation (1.4) as well as
the hypothesis of thermodynamic stability (2.4), with the associated internal energy EOS e = e(p, V)
and entropy s = s(o,19) determined through (1.6), such that the following holds:

Let (0n, On, 1,)52, be a sequence of weak solutions to the Navier—Stokes—Fourier system (2.2),
with the no—slip boundary condition (1.14), and the no—flur boundary conditions (2.1), in the
vanishing dissipation/radiation regime:

4
1+« Iin

,Un\xov an = pn"*, —5 — 0,

an

where o € [%, 1] is the exponent in hypothesis (2.3). In addition, suppose that the initial data
On,0 = Qn(oa ')7 1971,0 = 1971(0, ')7 Upo = un(ov ')a
converge strongly to those of the Fuler system, specifically,

0<po< inf p,0< sup gn0 <0 uniformly inn, on0 — 05(0,-) in LY(Q),

(0,T)xQ (0,T)xQ
0<d< inf ¥,0< sup Vo <V uniformly inn, e(0n0,9n0)(0,) — ex(0,-) in L*(Q),
(0,7)x82 (0,T) %
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l,.0| <@ uniformly in n, w,o — ug(0,-) in L'(Q; R?).

T
,un/ / S(9y, Vau,)|? dodt — 0,
0

En

T 2 2 9
Qn|un| Qn|(un)n| )

n + dedt — 0 3.4

s /0 /Q (dlst [z,00Q]  dist?*[z, 0] v (3.4)

Hn

Finally, suppose

fe)

as n — o00.
Then

0n — 05, 0ne(0n, V) — ogep in LY(0,T) x Q), o,u, — opug in L'((0,T) x Q; R?).
Finally, we state a conditional result inspired by Wang and Zhu [22].

Theorem 3.5 (Conditional convergence). Let Q C R? be a bounded domain of class C**¥. Suppose
that the Euler system (1.1)=(1.3), with v > 1, admits a strong solution

og, eg € CY([0,T] x Q), ug € C*([0,T] x Q; R®)

satisfying

infﬁQE > 0, infﬁeE > 0.
[0,7]x$2 [0,7]x$2

Then there exists a (p-0-9) EOS p = p(p, V) that complies with Gibbs’ relation (1.4) as well as
the hypothesis of thermodynamic stability (2.4), with the associated internal energy EOS e = e(p,9)
and entropy s = s(o,v) determined through (1.6), such that the following holds:

Let (0n,Vn,1,)32, be a sequence of weak solutions to the Navier—Stokes—Fourier system (2.2),
with the no—slip boundary condition (1.14), and the no—flur boundary conditions (2.1), in the
vanishing dissipation/radiation regime:

o Kn
Mn\oa an’\’,uﬁ+ ’ _3_>07

where o € [%, 1] is the exponent in hypothesis (2.3). In addition, suppose that the initial data
On,0 = Qn(Oa ')7 1971,0 - 1971(07 .)7 un,O - un(07 ')7
converge strongly to those of the Fuler system, specifically,

0<po< inf p,0< sup on0 <0 uniformly inn, on0 — 05(0,-) in LY(Q),

(0,7)x (0,T)xQ
0<d< inf ¥,0< sup Vo <V uniformly inn, e(0n0,9n0)(0,) — ex(0,-) in L*(Q),
(0,7)x82 (0,T) %

11



l,.0| <@ uniformly in n, w,o — ug(0,-) in L'(Q; R?).

Finally, suppose there is a sequence 6, — 0 such that

% — 0 as n — oo,
LT

—/ 19,11“‘ drdt <e,
5n 0 Q5n

2

T
1 1 9 1—a
/0 (E Hgn(u”)"||L172+74m(Qén) + % ||Qn(un)nHLniﬁ(Qén) Hﬁm ) dt — 0 (3.5)

uniformly for n — oo.
Then

8
LI~ (Qs,)

On — 0B, 0n€(0n,Un) — opep in Ll((O,T) x Q), opu, — ogug in Ll((O,T) x € RS).

Hypothesis 3.5 is awkward and seems much stronger than its counter part by Wang and Zhu
[22]. However, for o = 1 we have the following.

Theorem 3.6 (Conditional convergence, a = 1). Let Q C R® be a bounded domain of class C**.
Suppose that the Euler system (1.1)—(1.3), with v > 1, admits a strong solution

or, ep € CH[0,T] x Q), up € C*([0,T] x Q; R?)

satisfying
infﬁQE>O, infﬁeE>O.
[0,7]x$2 [0,71x$2

Then there exists a (p-0-9) EOS p = p(o,v) that complies with Gibbs’ relation (1.4) as well as
the hypothesis of thermodynamic stability (2.4), with the associated internal energy EOS e = e(p, 9)
and entropy s = s(o,19) determined through (1.6), such that the following holds:

Let (0n, U, 1,)52, be a sequence of weak solutions to the Navier—Stokes—Fourier system (2.2),
with the no-slip boundary condition (1.14), and the no—flur boundary conditions (2.1), in the
vanishing dissipation/radiation regime with o = 1:

’in

— — 0.

an

,LLn \lO? Qp, %Mia

In addition, suppose that the initial data
On,o = Qn(ou ')7 1971,0 = 1971(07 ')7 Uno = un(07 ')7
converge strongly to those of the Fuler system, specifically,

0<o< i%f o 00 < sup 0n0 < 0 uniformly inn, ono — 0g(0,-) in L'(Q),
- X

(o,r (0,T)xQ

12



0<d< inf ¥,0< sup Vo< 9 uniformly in n, (0.0, Un0)(0,+) — eg(0,-) in L'(Q),
(0,7)x8 (0,T)xQ

W0 < W uniformly in n, u,o — ug(0,-) in L*(Q; R?).

Finally, suppose there is a sequence d,, — 0 such that

% — 0 as n — oo,
LT
—/ 19% dxdt < c,
577» 0 Q(gn
1 [t )
= [ ool a0 (3.6)
as n — oo.
Then

On — 08, 0n€(0n,Vn) — oper in Ll((O,T) x Q), o,u, — opug in Ll((O,T) x € RS).

The rest of the paper is devoted to the proof of the above results.

4 Consistency of the vanishing dissipation/radiation ap-
proximation

As a preliminary step, we show consistency of the vanishing dissipation/radiation approximation.

4.1 Temperature for the Euler system

First we introduce the temperature ¥ associated to the limit system. Without loss of generality,
we may fix the constants o, ¢ in (3.2) so that

0<o< inf o< sup o <0 (4.1)
- O0Tx0 [0,T]xQ

Next, in accordance with the hypotheses of Theorem 3.1,

O0<e< inf ep< sup ep<e (4.2)
[0,T]x% [0,T]xQ

for certain constants e, €. Let us set



and apply lemma 2.1 to obtain suitable functions P,S. Furthermore we define
Vg = (y—1eg.

Note that Jg > (v — 1)e and hence

OE <7
(19E)ﬁ n

By virtue of (2.6), we have B
e(op,Vg) = eg in [0,T] x Q.

Moreover, without loss of generality, we may suppose

0<¥< inf ¥ < sup g <9, (4.3)
[O’T]XQ [O,T]Xﬁ

with the same constants ¥, ¥ as in (3.2). From this moment on, the pressure law is fixed.
As p, e, and s comply with Gibbs’ relation, the smooth solution of the Euler system conserves
the entropy:

Oy(ors(or,Vr)) + divi(ops(or, Vr)up) = 0, (4.4)
where s is given by (1.6).

4.2 Consistency

The Navier—Stokes—Fourier system (2.2) may be viewed a singular perturbation of the Euler system
with the extra “error” terms

Qn
E, =pr= ?ﬁi’
- 2 _
E? = 11,S(9,, Vou,) = i, (u(ﬁn) (qun + Viu, — gdivxunﬂ) + n(ﬁn)divmunﬂ) ,
4a,, 4a, ~ V.9,
E? = osp = %19,31, E! = gspu = %ﬁun, E’ = /in% = Knk(Yy,) 9 ES = ger = a,v;.

(4.5)

We say that the approximation of the Euler system by the Navier-Stokes—Fourier system is
consistent, if the above “error” terms vanish in the asymptotic limit n — 0. As a matter of fact, we
need a milder form of consistency compatible with the relative energy inequality. More specifically,
it is sufficient to control the “errors” by the dissipation term

()
Dn = n/
H 0 On

r(9,,
+/<cn/ 592 >|Vx19n|2 dx,
Q n

2 2 70,
V.u, + Viu, — gdivmun]l dr + ,un/ M|divggu|2 dx
Q

Un
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and the total energy
1
gn = / (5@n|un‘2 + Qne(Qnaﬁn) + anﬁi) dz.
Q
For each error term E’, i =1,...,6 specified in (4.5) and € > 0, we have to find c(¢) such that
| EL 219y < €Dy + c(€)€n + c(e)w, uniformly for n — oo, w, — 0. (4.6)

Obviously, E} = pr, ES = gegr, and E? = psp satisfy (4.6) (with e = 0), it remains to handle the
viscous stress, the heat flux and the entropy convective flux term.

Moreover, we recall some basic estimates that follow directly from the hypotheses (1.6), (2.5),
(2.7)-(2.10):

0" + o ~ ge(g,9),
0 < os(0,9) ~ o (1 + |log(0)| + [log()]*) . (4.7)

4.2.1 Viscous stress consistency

By virtue of hypothesis (2.3),

/Q finfi(Un)
o [

< EDn + C(8>/L7’L + C(E)Mn/ [19711+a} res dz
Q

V.u, + Vtxun — gdivxun]l dx

2

=

2
V.u, + Viun — gdivxun]l

dz + c(a),un/ (1+9,) da
Q

1ta
< eD, + c(e)pn + c(a)’lf—fa / [an“ 19&5”1} dx
CLnT 0 res

< eDy + c(e) i + c(e) / la, 0 +1]  dz

res
Q

where the last inequality follows from hypothesis (3.1) and the simple fact that z'™ < ¢(z* + 1).
Thus we obtain the desired estimate (4.6). The bulk viscosity term can be handled in a similar
fashion.

4.2.2 Heat flux consistency

Similarly to the preceding part,

o U o Vi Q
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]

< Dy, + c(€)kn + c(€)ky, / 93 dx < D, + c(e)ky, + c(s)@ (/ anvs dm)
0 Q

3
an
< D, + c(€)kn + c(a)ig + c(e)&y; (4.8)
an
whence (4.6) follows from hypothesis (3.1).

4.2.3 Radiation entropy convective flux consistency

To close the circle of consistence estimates, we have to handle the integral

/ﬁwmwm<awwu
Q

Lg(Q)HunHL4“hR%

that corresponds to the radiation entropy convective flux.
By virtue of Sobolev embedding theorem,

1

||un||L4 Q:R3) N ||un|| 1, ﬁ(QRS) as long as o > §

and, by a generalized Korn-Poincaré inequality [11, Theorem 11.23],

. —|—/gn|un] dz | .
L5a (R JQ

Hvxun + Viun — gdivxun]l

2
< + .
wmw%®ﬁ~@m%+m%_§m%ﬂ

Another application of Holder’s inequality yields

8
L5=a (Q;R?)

l1—a
2
S ”0n HLTga“D

a1 2
W2 (qun + Vfcun — —divxun]l>
3 L2(;R9)

Consequently,

R <
%LﬁmwhSM@M%WWMMWWWW£®AMMMw

a—1 2
+an |54 ||19 s e (Veu, + Viu, — Sdiv,u,l
n T— a Z
L= @ 3 12(0;9)
ai
< Dyt RN 107 s+ B [ el b (49)

Finally, by virtue of hypothesis (3.1)

T—a 1+a T—a
2 1—a 2 4 nT 4 T—a
D32y e s = [0t de) =1 a0 dr)  RET.
L L3(Q) LT=5(Q) iy \Jg tn \Ja

The rightmost integral in (4.9) can be handled in a similar fashion. Since « € [3,1], we have in
particular 0 < o < 3 and the desired conclusion (4.6) follows from boundedness of the total energy.
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5 Convergence

The proof of convergence consists in plugging the strong solution (¢g, 9g, ug) of the Euler system
as the test functions r = gg, © = Jp, U = ug in the relative energy inequality (2.13). This can
be done in a direct manner in the case of the complete slip boundary conditions (1.13) , whereas
the velocity ug must be modified to comply with the homogeneous Dirichlet boundary conditions
in the case of no—slip (1.14). We focus on the latter case as the proof in the case of the complete
slip boundary conditions can be performed in a way similar to [8].

5.1 Velocity regularization

If the solutions of the Navier—Stokes—Fourier system satisfy the no—slip boundary conditions, the
velocity ug is not eligible for the relative energy inequality (2.13) as its tangential component may
not vanish on 0€). Instead we consider

U:uE—V(;, (51>
where the perturbation v is given as
dist[z, 00
vilt,z) = € (%) wp(t, (), 6> 0, (5.2)
where
EeC®R), £<0,&d)=1ifd<0, £d)=0if&>1,
and

II(z) € 0N is the nearest point to x in S
If 09 is of class CF, k > 2, then dist[z, Q] € C*(Q;) for any 0 < § < dy, and

V. dist[z, 0Q] = % = —n(II(x)) for any = € Qs,

see Foote [13].

5.2 Application of the relative energy inequality

As U = ug — v, vanishes on 09, the trio (r = gg, U = ug — v5,0 = ) can be used as test
functions in the relative energy inequality (2.13). Recall that at this stage we have the following
vanishing parameters: ,, k,, a,, and d = 0.

We have

‘E (Q’rﬂﬂn?un QE779E7UE> - FE <Q7797u‘QE7/I9EauE - V(S)‘ é ‘Qn(un - uE)V5’ + Qn‘v5’2 (53>
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Seeing that

<
ess Sup ||onl|lzv(Q) +ess sup |o,uy, ~1, 5.4
Jup l[onllzo( Sup, lonta] 2 2 . (5.4)

we may infer that

[ |E (en i,
Q

The first rather straightforward observation is that, under hypothesis (3.2) concerning the
initial data,

QE,ﬁE,uE) —F (g,ﬁ,u‘gE,ﬁE,uE — V5>’ dr — 0as o — 0. (55)

/Ean Q0n700n7u0n

0r(0,-),Yg(0,-),ug(0, ) — vs(0, )) dz — 0 for n — 0o, § — 0.

Consequently, we can write (2.13) in the form

/ E (anﬁnaun

+19/ / < SV, Veu,) : Veu, — quwn,vxgn) : Vxﬁ”) dz dt

< / / on(u, — (g — vs)) - Vi(ug — vs) - (0, — (up — vy))dae dt
o Ja
+ un/ / SV, Veuy,) - Vi(ug — vs) de dt — /fn/ / W -V, Ug dxdt
0 Q 0 Q n

+ / ' / 00 (5 + 57)(0ms 9n) — (5 + 52) (0, 91)) (11 — V) — 1) - Vi ot

QEaﬁE)uE - V5) (7—7 ) dI

+/ / on at (up — v5) + (up — vs) - Va(up — va)) ((up — vs) — ) da dt
/0 Q(p + pr)(0n, Vn)div,(ug — vs) dz dt
[ [ ealts - sm)en0) s+ s0) e, 02) (000 + (= v) - V)

/ / ((1 -~ —) i(p + pr)(0F, VE) — E—Eun : Vx(p+pR)(QE,19E)> dz dt + h(n,0), (5.6)

holds for a.a. 7 € (0,7'), where h denotes a generic sequence,
h(n,d) — 0 asn — oo, § — 0.

Our goal is to show

/ Ean (Qm 19717 u'n
Q

by means of a Gronwall type argument.

og, Vg, up — V5) (1,-) da = h(n,d) uniformly for a.a. 7 € (0,7T),

18



5.3 Integrals controlled by the consistency estimates

Evoking the bounds obtained in Section 4.2 we get

[T g aa] < | [ ) 9,90, a0
o Q

n = Rn

Un Un
< Kknp, / {Ml V.0, -V, 05 dz| + K, / {M} V.9, -V, 05 dz
Q 19” ess Q ,19" res
E(0n)
S €Dn+c<€,”vaﬂ9E||Lw)/€n+ HvxﬁEHLooIin 19— |Vx19n| dI,
Q n res

where, by virtue of (4.8),

. / {“gm} Vo] dz < D, + c(e) / an[Uplres dz
(9] n res

Q

< eD,, + c(e) /

Q

Ean <Qn7 79717 u,

0r, Vg, up — Va) dz.

Using the consistency estimates of Section 4.2, we can handle other integrals containing van-
ishing parameters. Accordingly, the inequality (5.6) simplifies to

/E <Qn,z9n,un o, Vg, upg — V(;) (1,-) dx

+19/ / ( SV, Vou,) : Veu, — K/nq(ﬁn7vx§n) : Vmﬁn) dz dt

< / [ enluan = (g = v5)) - Vv, = (g = va)) dact

S—

=

n

/S(ﬁn, V.u,) : Vyvsdedt
Q

0

* /OT /Q 0n((s + sR) (0, ¥n) — (s + sr) (08, V) (up — vs) — ) - Vydpdadt
+ /OT /Q On (c’)t(uE —vs) + (ug — vs) - Vo(ug — Vé)) (g — vs) — wy,) de di
_ /OT/Q(erPR)(Qn,ﬁn)divx(uE — v;) dzdt
/0 /Q 0n(5(0n,9n) — s(0m,VE)) (éwE + (ug — vg) - Vﬂ%;) dr dt
+/0 /Q (1 B Q_n) Oples, Vp) — g—un : pr(QE,ﬁE)) de dt
E

+
N
:o\

. (gn,ﬁ Op Ug — v(;) da dt + h(n, d), (5.7)
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Moreover, as ug - n|gg = 0,
||divyvs||ze ~ 1 independently of 4,

and, consequently,

/E (gn,ﬁn,un

+19/ / ( S, Vou,) : Vou, — an(ﬁn,vxgn) : Vxﬂ") dx dt
—/ / ony - Vovs - (1, — (ug — vg)) dedt
0o Ja
— un/ /S(ﬁn,vmun) : Vyvsdadt
o Ja

+/ 0n[5(0n, V) + res|n|| V05| dz dt
0 Q

05, Vg, up — V&) (T, ) dw

T 1
+ / On (c%uE +ug - quE + Q_vmp<QE779E)) . (uE — un) dx dt
E

o
3

{O\{O\{O\{O\{O

N%No\;

On ((Zv(g + Vg - quE> -((ug — vs) —u,) dedt

3

+

<p(gE, VE) — p(0n, 19n)>divmuE dz dt

)
3

(Qm 7971) (QE7 ﬂE)) <at79E + ug - Vﬂ?E> dx dt

+
—_

) (9p(or,VE) +uE - Vep(or, 9g)) dedt

/ Ean On, 19717 u,
Q

Finally, as (0g, U, ug) solves the Euler system,

op, U up = vs) dwdt+h(n, ).

—

1
oug +ug - Vyup + Q—pr(QE, vg) =0.
E

In addition, it is easy to check that
10:vs|| e + ||Vs]|lze ~ 1 independently of 4.

Consequently,

/ / On <3tV5 + vy - quE> ((ug —vs) —uy,) dedt
0o Ja

20
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:/ / Qn(atV6+V6'vqu>'((uE—V(S)—un>d£Udt%OaS(5—>0
0 Qs

as both (0,)n>0 and (0,u,),>0 are equi-integrable in (0,7") x Q. Thus (5.9) reduces to
0p,VE, U — V5> (r,) da

/Ean (@n,ﬁn,un
Q
0 Q ﬁn 79n

< —/ /@nun-VxVa~(un — (ug — vg)) dz dt
0 Q

—un/ /S(ﬁn,vxun) : Vepvsda dt
0o Ja

+/ /Qn[s(gn:ﬁn)+1]res‘unHVﬂ9E|d$dt
0o Ja
+/ / P(QE;ﬁE)—p(Qn,ﬁn)>divqudxdt

[ [ enlstnsta) = ston.02)) (300 + wp - V.05) o

=)
2

—|—/ / 1-— &) (Owp(0E, V) + up - Vup(og,Vg)) dedt
0o Jao

OF

_I_C/ /Ean <Qn719naun
0 Q

5.4 Integrals independent of the boundary layer

o5, VE,ug —V5) dzdt + h(n,0). (5.11)

Now, we estimate the integrals on the right-hand side of (5.11) that are independent of v4. First,
by virtue of (4.7),

/ 0[5(0ms 9 + Uresl ||V 95| de
0

3 / [onlreslnl? ez + / [Onlress?(0m, ) dz
(9] Q

5 / (Eo. (0, Uy )es
Q

5/Ean (Qn,ﬁmun
Q

We point out that this step depends in an essential way on the fact that s satisfies the Third law
of thermodynamics.

Next, we recall two identities that follow from the specific form of EOS (1.3), (1.4), namely

0p, Vg, ug — Va) dz + h(5). (5.12)

aﬂ?E + ug - VIﬁE = —(’7 — 1)19Edivqu,
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owp(0r,VE) +ug - Vep(op, V) = —yp(oE, VE)div,ug.

Consequently, we get
[ (sen.0) = pon ) )divausde = [ u(s(en,02) = sler 96) (0 + we - V.di) da
Q Q

+/Q (1 _ Q_E> (Owp(0E,VE) +up - Vep(op, 9g)) dx

= / divqu p(QEv 79E) - p(@m ﬁn) + (7 - 1)QE79E (S(Qmﬁn) - S(QEvﬂE)):| da
Q
—7/ divyug (1 — @) p(og,Vg) dx
Q OE
+(y—1) / Ve(on — 0E) (s(gn,ﬁn) — S(QE,ﬁE))diV:BuE dx (5.13)
Q

Finally, we use the identity

v+ <§—Z - 1) YP(0e, V) + (M(QE — 0n) + M(ﬁfﬂ - ﬁn))

Do v
+(v = 1)erdr (as(é)a#fbﬂ)(@ — on) + as(%#ﬁ’ﬁbﬂ)(% — ﬁn)) . (5.14)

Plugging (5.14) to (5.13) yields the desired estimate. Thus (5.11) reduces to

/ Qn,ﬁn,un

/ / ( S(9n, Vauy,) : vmun—nnqwn’v””g”)'v”ﬁ”) dz dt

—/ / Ony - Vovs - (u, — (ug — vg)) dedt
0o Ja

—un/ /S(ﬁn,vxun) : Vyvsdadt
0o Ja

C/ /Ean <Qn719naun
0 Q

Note that inequality (5.15) already completes the proof of Theorem 3.1, where we may take vs = 0.

0r, Vg, ug —V5>( ) dx

0E, Vg, up —V5> dz dt + h(n,9). (5.15)

5.5 Boundary layer

It remains to control the first two integrals on the right—hand side of (5.15) that represent the
effect of the boundary layer.
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5.5.1 Viscous stress

Similarly to Section 4.2, we have

Hon

/S(ﬁn,vxun) - V,vs do
Q

< <Dy el [ 9 (14 95) [Tvif? d,
Q

where

1
fn / O (14 05) [Vovaf? de S22 [ (14 03%) dz S 52 (”‘/ ot dm)‘
o 5 Jo, 5 5 Jo,

Consequently, hypothesis (3.5) yields the desired estimate. Note that this type of estimates forces
us to consider the thinckeness d of the boundary layer asymptotically large than g,

&—>0.

On

Alternatively, following Sueur [21], we may suppose (3.4), meaning

Vi |S(0n, Veu,) HLQ((O,T)XQM;R“Z) — 0.

Setting u, ~ 9,, we get

T
fin / /S(ﬂn,vacun) - V,vs dadt
o Ja

< V UnHS(ﬁm vacun)HL?((O,T)xQM;Rd) H\/ /‘anxvﬂn ” |L2((0,T)XQHTL;Rd) — 0. (5'16>

5.5.2 Convective term

Finally, we consider

/ ony, - Vovs - (0, — (up — vy)) do = / ony, - Vovs - (0, — (ug — vy)) do in Q.
Q Qs

Recall that

w(t,x) = w,(t,z) + w,(t,x),
w,,(t, ) = (w - Vdist[z, 09]) V. dist[z, 0], w,(t,x) = w(t,x) — w,(t, ).

Similarly, for a scalar function F', we decompose
V.F=V,F+V.,F V,F = (V,dist[z,09Q] - V. F) V,dist[z, 09].

In accordance with the definition of v, we get

(Vo)n =0, [IVovslloe ~ 1, [Vl ~ (5.17)

S| =
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Now,
/ only, - Vv - (0, — (up — vg)) do
Qs

= / 0n(Wp)n - Vovs - (0, — (ug — vg)) de + / on(W,); - Vovs - (0, — (up — vs)) do
Qs Qs

= /Q on(Wn)p - Vi (vs)r - (0, — (up — vs))dae + / on(n)r - Vovs - (u, — (up — vy)) dz,

Qs

where, by virtue of (5.17),

/ Qn(un>7— AVAZE (un — (uE — V(;)) dx
Qs

5/E<Qnﬂ9n,un
Q

In view of (5.4), (0n)n>0, (0nUs)n>0 are equi-integrable; whence

op, Vg, ug — V5> dx +/ onlug — vslju, — (ug — vs)| dz.
Qs

T
/ / onlug — vslju, — (ug — vs)|dzdt - 0as d — 0
o Jos

uniformly in n.
Thus it remains to handle the integral

/ 0n(Un)n - Vi (Vs)r - (up — (up — vs)) da.
Qs

By Hoélder’s inequality and (5.17),

/Q 0n(Wn)p - Vi (vs)r - (0 — (up — vs)) d

1
< < HQR(UN)RHLT%E(Q&) [u, — (up — Vd)HL’?—z?ﬁ(Qg;m) 5 (5.18)
where % is the critical exponent in the Sobolev—Poincaré inequality

V| (5.19)

[l 2es o s e (R
(53R L5=a(Qs;R%)

As u,|gq = 0, Korn’s inequality yields

<
HunHL 24 ) ~ Hvxun”L

7=3a ((4;R3

2
< ¢ .

L5=a (Qs;R?)
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11—«

Un?

<

~Y

a—1 2
’192 (qun + V,u! — gdikun]l>

8
LT=a(Qs)

L2(QR9)

Note that the constants are independent of § as u,, can be extended to be zero outside €).
Thus going back to (5.18) we deduce

/Q 0n(Wn)n - Viu(Vs)r - (W, — (ug — vs)) do
c(e) c(e)

2
=5 Hgn(un)"HLﬁ%(m) * 62ty HQn(un)nHL”%”“ (£25) ‘ v
+¢eD,

1—a (|2
2
n

8
L1=a(Qs)

in accordance with hypothesis (3.5).

Finally, we consider v = 1 and replace the critical exponent 171430[ in (5.18) by the L? norm.
Consequently,

/Q 0n(Wp)n - Vi (Vs)r - (0, — (ug — vg)) do

< = llen()nll 2oy 10 = (ue = Vi)l 12(0,:m0)

<1 1

~5 ||9n(un)n||L2(Q(;) ||un||L2(Q5;R3) + % ||9n(un)n||L2(Q5)

< 1 Hn 1 2

~T ||Qn(un)nHL2(Qg) ||un||L2(Q,;;R3) /= (1+— ||Qn{un)n||L2(Qé) : (5.20)
o 4] fn

Now, replacing (5.19) by Hardy—Sobolev inequality, we gain multiplicative factor 0,

<
||un||L2(Q5;R3) ~ 5||vzun||L2(Qg;R9)' (5'21>

Thus the final inequality reads

/Q 0n(Wn)p - Vi (vs)r - (0 — (up — vs)) d

fhn 1 1
< c(e) - |1+— ||Qn(un)n||22 o) | T ||Qn(un)n||2L2(95
5 m () L )

+&D,,
in accordance with (3.6).

Alernatively, following Sueur [21], we may suppose (3.4). The proof is exactly the same as in
[21].
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5.6 Strong convergence

We have established the convergence

/ E,, (Qn, U, Uy
Q

uniformly for a.a. 7 € (0, 7). This obviously yields

/E (Qmﬁn,un
Q

In addition, as the energy of the initial data converges and both Euler and the Navier—Stokes—
Fourier system conserve energy, we get

0p, Vg, ug — V6n> (1,) dz = 0 asn — oo

QEaﬁE,uE> (T, ) dr — 0 as n — oo.

1 1 )
/ (§gn|un|2 + oné(on, ﬁn)> dz — / (§QE|11E]2 + QEe(gE,ﬁE)) dz in Ll(O,T).
Q Q

This yields the desired strong convergence claimed in (3.3).
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