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Field equations
Navier—Stokes—Fourier system

-
Oro + divx(ou) =0
O¢(ou) + divi(ou @ u) + Vip(o,¥) = div,S(d, Vxu) + gg
. . 1 - V0
Ot(0s(o,)) + divk(os(o, 9)u) + divy (%) =3 (S V-9 3 )
\

Constitutive relations

e

Gibbs’ equation, thermodynamics stability

9Ds—De+pp (1) dp(e,9) -0, de(0.9) _
0 0o oL,

Newton'’s rheological law

S(8, Vxu) = pu(d) (qu + Viu' — %divxuﬂ) + n(9)divyul

Fourier’s law
q=—k(9)Vy¥




Open fluid systems, boundary conditions

Dissipative systems

Physical space occupied by the fluid — Q ¢ R?, d = 1,2,3 bounded domain
Mechanically open - mass interchange with the outer world allowed
Energetically open - energy (heat) interchange with the outer world allowed

e 3
Dirichlet boundary condition for the velocity

u=ugond N, ={x€0Q|ug-n<0}
Mass inflow boundary condition
0= os on [y,
Dirichlet boundary conditions for the temperature
¥ = 9p on 00
Alternatively: Heat flow through the boundary

(0se(os,¥)us +q) -n= Fg on lNu, q-n =0 otherwise




Long time behavior of open systems
Total energy

1
E(o,u,9) = Eg|u|2 + oe(o,9)

Velocity relative energy

1

Ev <Q7 Uyﬁ‘uB) = 50lu— us|® + oe(o,9)
Ballistic energy
1 2
EB (Q7 u719‘l157 193) = EQ‘U - uBl + Qe(gv 79) - 0595(97 19)

Main goals:

-
Dissipativity - bounded absorbing sets

t— oo

lim sup/ E(o,u,9)(t,") dx < £
Q

Convergence of ergodic averages

-
%/ F(o,u,¥)dt — / F(z) du(z) as T — oo, P — phase space
0 P




Why weak solutions?

far from equilibrium (not “small”)
global in time solutions ~ weak solutions

Possible formulation of the energy balance:

-
Internal energy balance ~ “heat equation”

O:(0e) + divy(geu) + diveq = S(J, Viu) : Veu —

Energy balance ~ First law

OcE 4| divi(Eu) |+ divy(pu) + diveq — | divi(S - u) |= g - u

Entropy balance ~ Second law

de(os(0,9)) + divy(os(o, 9)u) + divy (%) E]% (S RS E Zxﬂ)




Weak solutions — basic idea

Entropy inequality ~ Second law

. . 1 V.
:(0s(0,9)) + divx(os(0, 9)u) + divy (%) B (s Veu— 9 : )

Total energy balance ~ First law

i/ E dx < / 0g dx—l—’ boundary energy flux




Weak solutions - basic definition

-

Equation of continuity

Oro + divx(ou) =0
Momentum balance
Ot(ou) + divi(ou ® u) + Vip(o,9) = divsS + 0g
Entropy
Du(0s) + divi(osu) + dive (1) > % (S V- Zxﬂ)

\

Some form of total energy balance must be added
for the system to be (formally) well posed



Energy balance — flux b.c. for temperature

Relative (velocity) energy inequality

e

a [[1 R
T Q{§g|u—uB| —&—ge} dx
+/ Fg sgn [uB-n]idUX-i-/ [ge(g,ﬁg)} [ug - n]"do,
aq Joa
S—/ [Qu®u+pH—S] : Vxug d><—|—l/gu~VX|u,‘3\2 dx
Q 2 Ja
+ [ olu=us)- (g~ duus) dx
Q




Main problem with the Dirichlet b.c. for the temperature

Boundary heat flux in the energy balance

/ q-ndox
aQ

Solution — compensation with the entropy flux

/ q-ndoy :/ H195d0x, Y]oa = I8
o9 oo U

54
Replace energy by ballistic energy!




Energy balance — Dirichlet b.c. for temperature

Ballistic energy inequality

e

Bg|u—uB|2+ge—ﬂggs} dx
+/ [Qse(gs,ﬂs 193935(93,198)] [ug - n] " dox
o0
+/ [Qe 0,98) — Us0s(o, 195)} [ug - n]"do
Q
D6 (o q- V.0

§—/[gu®u+pﬂ—§} :VXqux+1/gu~Vx|uB\2dx
Q 2 Jq

(5]

4 / o(u— ug) - (g — Deus) dx

/ [gs(atﬁ3+u V,98) + Vx’ﬂg] dx.
Q




Results |, existence of weak solutions
Sufficient conditions for global existence of weak solutions

d
~ ~ +oml(0,9) + 9 2 o
p~ e, p CI(Q) P (Q: ) a ) CI(Q) o', V> 2

elastic component radiation component

p(9) ~ 1+ 9", g(9) S 149", % <A<1
K(9) =1+ 9°, B R 3 for temperature flux b.c.
B X 6 Dirichlet b.c. for temperature

Results:
-

m Existence. Weak solutions exist globally in time for any finite energy
initial data

m Compatibility. Any sufficiently smooth weak solution is a strong
(classical) solution

m Weak-strong uniqueness (3 = 3). A weak solution coincides with
the strong solutions corresponding to the same initial/boundary data
as long as the latter exists




Results 11, bounded absorbing set

Hard sphere pressure EQS

qlo)=(e—0) % 2>0

Results:

-
m Bounded absorbing set. There is a bounded absorbing set
m Asymptotic compactness. Positive time shifts of any global in time
solution
St(e,u,9)(t,-) = (e, u, I)(T + ¢,)
are precompact in the strong LP topology. In particular, their
asymptotic limit is another solution of the same problem (for
autonomous boundary data)




Results I, ergodic averages, statistical solutions
Trajectory space [idea of Sell, Netas]
P = {t € R‘ (o,m=o,u,5= 95(9719)}

Ergodic averages

.
%/0 F(S:[0,m, S]) dr

m Krylov — Bogolyubov method = any bounded global trajectory
generates a stationary statistical solution &~ a shift invariant measure
V on the trajectory space = a stationary stochastic process solving
the problem V ma.s.

m Birkhoff — Khinchin theorem = the ergodic averages converge for
- a.a. trajectory
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