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ABSTRACT. We show a new blow up criterion for regular solutions of
the Navier—Stokes—Fourier system in terms of uniform bounds on the
density and integral bounds on the absolute temperature. In comparison
with the existing results, we remove the technical conditions relating the
values of the shear and bulk viscosity coefficients. The result can be seen
as a rigorous justification of Nash’s conjecture concerning the character
of possibly singularities in the equations of fluid dynamics.
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1. INTRODUCTION

As pointed out by Nash in his seminal paper [21], mathematical problem-
s arising in continuum fluid dynamics consist in vast majority of systems
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2 COMPRESSIBLE NAVIER-STOKES EQUATIONS

of parabolic/hyperbolic nonlinear equations. Nash also realized that solv-
ability of these problem is intimately related to available a priori bounds.
Standard examples among these models are the Euler and Navier—Stokes
equations describing the motion of an inviscid and viscous fluid, respective-
ly. In this paper, we focus on the Navier—-Stokes—Fourier system governing
the time evolution of a general compressible, heat conducting, and linearly
viscous fluid. Here again, it is Nash’s truly pioneering contribution [21],
[22] that represents the very first step in understanding the well posedness
of this problem, see also [8]. Nash also makes a remarkable statement that
might be interpreted as Nash’s conjecture, see [21]:

Probably one should first try to prove a conditional existence
and uniqueness theorem for flow equations. This should give
existence, smoothness, and unique continuation (in time) of
flows, conditional on the non-appearance of certain gross type-
s of singularity, such as infinities of temperature or density.

The results of the present paper can be seen as the ultimate step in the
proof of Nash’s conjecture in the context of compressible, viscous Newtonian
flows. It is interesting to note that possible singularities must first appear at
the level of thermodynamic variables - the density and the temperature - and
not for the fluid velocity as often conjectured in the context of incompressible
fluids, see e.g. Prodi [23], Serrin [24]. Moreover, in view of the recent results
by Merle et al. [20] and Buckmaster et al. [3] on blow up for the isentropic
Navier—Stokes system, the regularity criterion proved below seems sharp.

The time evolution of the density p = p(z,t), the (bulk) velocity u =
(u1,uz,u3)(z,t) and the total energy E = E(z,t) of a viscous, compress-
ible, and heat conducting fluid is governed by the following system of field
equations:

pt + div(pu) =0,
(1.1) (pu)¢ + div(pu @ u) = div(T),
(pE) + div(pEu) = div(Tu) — div(q).

For the sake of simplicity, we have deliberately ignored the effect of external
mechanical and heat sources.

For linearly viscous fluids, the Cauchy stress 7 is given by Newton’s
rheological law

T = (Vu+ (Vu)') + Adivuls — Pls,

where I3 is a 3 x 3 unit matrix, and P = P(p,0) is the pressure deter-
mined in terms of the density p and the (absolute) temperature 6 = 0(z,t).
Accordingly, the heat flux ¢ is given by Fourier’s law

q = —krVe6.
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The shear viscosity coefficient u, the bulk viscosity coefficient A + %”, and

the heat conductivity coefficient x are supposed to be constant satisfying
2
(1.2) >0, A+?“20,;<>0.

Finally, we write the total energy E as the sum of the kinetic and internal
energy,
Jul?
5
For definiteness, we consider Boyle’s law of a perfect gas,

P = ph.

E=e+

Similarly, the internal energy is a linear function of the temperature,
e=C,0,

where C), is a positive constant representing the specific heat at constant
volume.

There has been a long way in understanding the precise meaning of “cer-
tain gross types of singularity” suggested in Nash’s seminal work. It turns
out that the analysis depends considerably on the type of physical domain
Q C R? occupied by the fluid. There are essentially two types considered
in the literature: (i) Q = R3 representing a mathematical idealization of
a fluid not influenced by the effects of the kinematic boundary and com-
plying with suitable far field conditions, (ii) a more realistic situation Q a
bounded/exterior domain supplement with suitable boundary conditions.

e One of the first results due to Cho, Choe, and Kim ([4]) states a
blow up criterion:

tim sup (llpllwr2cmna + ullpy ) =0.
t AT+

This and several other blow up criteria (see [14, 27] for instance),
however, refer to possible gradient singularity and therefore remain
far from the original Nash statement.

e Fan, Jiang, Ou ([9]) obtained the following blowup criterion for the
strong solution to (1.1) in three dimensions:

(1.3) lim sup ([[0]| oo (0,1:00) + | Vull L1 (0,1:0¢)) = 00
t T+

Obviously, a bound on the amplitude of the velocity gradient implies
boundness of the fluid density as well. The result is conditioned by
a technical but physically irrelevant restriction

(1.4) Tw> A
It is worth-noting, however, that (1.4) is still compatible with New-

ton’s hypothesis of vanishing bulk viscosity relevant to the monoatom-
ic gas.
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e Sun, Wang, and Zhang ([26]) obtained a blow up criterion of strong
solutions in terms of the density and the temperature for the initial-
boundary value problem in three dimensions, where u|sq = 0 and

Selon =0

‘ 1
(15) lim sup (HHHL"O(O,t;LOO) + HPHLOO(O,t;LOO) + H*H ) = 00,
t T P

L>(0,t;L°°)
still under the technical condition (1.4).

e The term |[1/p||foc(0,4;100) has been removed from (1.5) by Wen, Zhu
([29]) for the Cauchy problem with vanishing far field conditions

p = 0 = 0 under even more restrictive condition
3u > A

The condition “7p > A’ in the criterion (1.5) for the initial-
boundary value problem and “3u > A’ for the Cauchy problem
used in [26] and [29], respectively, are crucial for the bound on
fQ plul>T? dz with “c > 07 necessary for controlling some super-
critical nonlinear terms.

Our main goal in this work is to remove completely any technical as-
sumption relating the two viscosity coefficients and relax slightly the blow
up conditions in terms of the temperature. From this perspective, the re-
sult gives an ultimate affirmative answer to Nash’s conjecture. Besides, it
is interesting to note that the blow up results obtained recently by Merle et
al. [20] and Buckmaster et al. [3] in the context of isentropic flows assert
a simultaneous blow up of the density and the velocity in the L°°-norm for
the Cauchy problem with zero/positive far field density. As the isentropic
flow in the context of wviscous fluids seems physically less realistic but still
a widely used approximation, the effect of temperature changes in possibly
blow up mechanism represents a challenging open problem.

Last but not least, removing the hypothesis on smallness of the bulk
viscosity coefficient is not only academic. As observed by Graves and Argrow
[7](cf. also Cramer [6]): “Several fluids, including common diatomic gases,
are seen to have bulk viscosities which are hundreds or thousands of times
larger than their shear viscosities.”

In the context of smooth solutions considered in the present paper, system
(1.1) can be written in the form:

pt+ V- (pu) =0,

(1.6) pur + pu-Vu+ VP(p,0) = pAu+ (p + \)Vdivu,
Cy (pOs + pu - V) + pbdive = § |[Vu + (Vu)'|> + M(divu)?

+rA0,
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in 2 x (0,00), where u, A, and x are constants satisfying (1.2). System (1.6)
is supplemented with the initial conditions:

(17) (p7 u, 0)|t:0 = (P07u0790)7 YIS Q7

and one of the following boundary /far field conditions:

e O C R3 is a bounded and smooth domain:

o0
(1.8) ulpo =0, —| =0 fort>0,
on|yq
where n denotes the outer normal vector.
o ) =R3:
(1.9) (p,u,0) = (7,0,0), as |a] — oo,

with constants p, 0 > 0;

Remark 1.1. Note that the above boundary conditions correspond to an
energetically closed fluid system, where the boundary of the physical space is
both mechanically and thermally insulated. This fact facilitates considerably
the analysis, in particular obtaining the uniform bounds, performed below.
Ezxtension to more complicated boundary conditions would definitely require
a more elaborate treatment notably of the estimates presented in Section 3
below.

Notation:

o/f:/ﬂfdx.

e For 1 < [ < oo, we use the following notation for the standard
Lebesgue and Sobolev spaces:

' =1Q), DM ={u€ Lh(Q) : [VFul i < oo},
wht = Lt Dkl HF =wh?2  DF = Dk?
D} = {u € LS : ||Vl 12 < oo, ulgn = 0},

lull pit = 119" .

e For 3 x 3 matrices E = (E;j), F' = (Fj;), we denote the scalar
product of E with F' by

3
FE:.F= Z EZ]FZ]
4,j=1
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1.1. Main result. Before presenting our main result, we introduce the con-
cept of strong solution to (1.6) used throughout the paper.

Definition 1.2. (Strong solution) Given a time T > 0, a trio (p,u,0) is
called strong solution to the Navier-Stokes-Fourier equations (1.6), (1.7) ,
(1.9), or (1.6), (1.7) (1.8) in Q@ x [0,T] if:

p>0, p—peC([0,T;WH(Q)nHY(Q)), pr € C([0,T]; L*(2) N L)),
(u,0 — ) € C([0,T]; D*(Q) N D(Q)) N L2(0,T; D>4(1)),

(ut, 0¢) € L*(0,T; D)),  (Vpue, /pb:) € L>=(0,T; L*(Q2)),

for some q € (3,6], and (p,u,0) satisfies (1.6) a.a. in L x (0,T], together
with the associated initial and boundary conditions.

Initial data. In agreement with the regularity class specified in Definition
1.2, the initial data satisfy pg > 0, po — p € WH9(Q) N HY(Q) for some
q € (3,6], (uo, 80 — ) € D*(Q) N D§(R). In addition, we suppose polug|® +
polfo — 02 € L1(Q), and that the following compatibility conditions:

pAug + (p+ A)Vdivug — VP(po, 00) = \/Py91,
(1.10)
KAB + & [Vuo + (Vuo)'|” + Mdivug)? = \/poge, @ € Q

for some g; € L%(Q), i = 1,2. Finally, we require (ug,6p) to satisfy the
relevant boundary condition specified in (1.8) if  is bounded.

Remark 1.3. Under the above stated assumption on the initial data, the
local existence of strong solutions was obtained in [5, 31] except for the bound-
ary condition %bg = 0. Howewver, it turns out that the local existence in this
case can be established in a way similar to [5, 31]. In particular, the strong
solution always exists on a non—empty time interval for the initial data be-
longing to the class specified above. Moreover, the life span can be always
extended beyond the existing one as long as uniform bounds are available.

Thus any strong solution is defined up a maximal existence time T* > 0.

Now we are in a position to state our main result:

Theorem 1.4. Let (p,u,0) be a strong solution to the initial-boundary value
problem (1.6), (1.7), (1.8), or to the Cauchy problem (1.6), (1.7), (1.9)
defined on a mazimal existence time interval [0,T%).

If T* < +o00, then

(111 lim sup (ol (o) T 10 =0l (o,t;mﬂ))) -

for any r € (3,00] and s € [1,00] satisfying 2 + 2 < 2.
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Remark 1.5. Apparently at odds with the basic physical principles, we do
not require the (absolute) temperature 6 to be strictly positive. Similarly,
although the Navier—Stokes—Fourier system is derived as a model of non—
dilute fluids, we allow the density to vanish at some parts of the physical
space. From the pure analysis point of view, however, omitting these phys-
ically grounded hypotheses we obtain a mathematically stronger result. In
addition, it is easy to see that positivity of both the density p and the temper-
ature 6 is inherited by any strong solution from the initial/boundary data.

Remark 1.6. In combination with a suitable weak—strong uniqueness result
in the spirit of [12], condition (1.11) can be interpreted as a regularity cri-
terion for a weak or even more general dissipative measure valued solution
introduced in [2]. Note, however that the existence of a weak solution for
the present constitutive relations is a largely open problem that persists even
in the larger class of dissipative weak solutions due to the lack of suitable a
priori bounds notably on the entropy fluz.

1.2. Main result and Nash’s conjecture.

e In the particular case s = r = oo, Theorem 1.4 yields the no blow
up criterion

lim sup (|lp(t, )z(e) + 100t )| L)) < o0
T

that may be interpreted as an affirmative solution of Nash’s conjec-
ture. In contrast with all previously known results, the conclusion
holds without any non—physical restriction imposed on the viscosity
coeflicients.

e Theorem 1.4 provides a general criterion on the life span of strong
solutions. Specifically, if there exist r € (3, 0c] and s € [1, 00| satis-
fying 2 + 2 < 2 such that

(1.12) + 16— 0|

”pHLoo (O,t;Loo (Q)) Ls (O,t;LT(Q))

remains bounded for ¢ T, then the life span of the strong solution
can be extended beyond T'. In fact, condition (1.12) has been verified
for any positive T" in some special cases such as the Cauchy problem
for vacuum solutions with small initial energy or small mass, giving
rise to the global existence results obtained in [16, 30]. However,
validity of (1.12) for the initial-boundary value problem (i.e. (1.8))
with the same smallness assumptions is not known.

e Hypothesis polug|? € L(€2) on boundedness of the initial kinetic en-
ergy is relevant only for the Cauchy problem with strictly positive
far field temperature § > 0 (see Lemma 4.3). If § = 0, this condition
may be replaced by polug|* € L(€).
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e Theorem 1.4 also holds for classical solution in the sense introduced
in [16, 30]. As we shall see, given the estimates in Sections 3 and 4,
the higher-order estimates for the Cauchy problem can be obtained
following step by step the arguments of [16, 30]. For the initial-
boundary value problem, one may use the decomposition of velocity
introduced in Section 3.

1.3. Main challenges and principal ideas.

Main challenge. The main challenge here is to deduce sufficiently strong a
priori bounds for a (hypothetical) regular solution under the mere assump-
tion that both the temperature and and the density are bounded. This
may be seen as a counterpart of Nash’s celebrated conditional regularity
statement L>*° — C'“ in the context of parabolic equations.

The method originally used in [21] is nowadays known as Nash'’s iteration.
Nash naturally conjectured that his new method (see [8] for Klainerman’s
comments on Nash’s work [21]) or some suitable extension, would apply to
more complex systems such as the Navier-Stokes equations in fluid dynamic-
s. The problem turned out to be more delicate, however, due to the limited
applicability of De Giorgi-Nash-Moser techniques to general systems of e-
quations. In particular, the compressible Navier—Stokes system is of mixed
type of a transport and parabolic equations. In addition, strict parabolicity
of the momentum and internal energy equations may become degenerate in
the nearly vacuum state of very low density.

Main ideas. Let us explain the principal ideas of the proof of Theorem 1.4
that allow us to remove the technical restrictions imposed on the viscosity
coefficients omnipresent in the existing literature.

On condition that the density and the temperature remain bounded, the
higher order a priori bounds depend in a crucial way on boundedness of the
quantity fQ plu[3T? for ¢ > 0. In particular, this estimate is necessary to
control certain super-critical quantities arising in the convective terms. The
problem is definitely more delicate than for a simple parabolic equation. To
understand the principal stumbling blocks suppose, for a while, that the
velocity solves a linear parabolic “system” of equations:

for 4 = 1,2,3. Multiplying on (3 + o)|u[*Tu;, u = (u1,u2,u3), we get

O(|ul**7)

) L =B = 3+ )l

— 3+ o)1+ o)plu + |V |ul|.
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The desired L3+ estimate can be derived by integrating (1.13) over Qx (0, )
using the boundary conditions, specifically,

/|u|3+”d:v—i—D0:/ |luo|3 1 dx
Q Q

where ug(z) = u(z,0) for x € Q and

t
Do =(3+ g),u/ / " [[Vaul? + (1 + a)|V|u|‘2] dx ds > 0.
0 Ja

The problem becomes more difficult for the linear parabolic system
ou;
ot
where u = (uy,uz,u3) and 0; = 8%1_ and the viscosity coefficients satisfy

(1.2). Multiplying (1.14) by (3 + o)|u|**7u;, and integrating the result over
Q x (0,t), we obtain

(1.15) /|u|3+od:c+D1:/ |luo|> 1 dx
Q Q

where

t
Dy =3 +0) / / " [ Vul? 4+ (A + p)|divel® + (1 + O‘),LL‘V|UH2] dz ds
0 Ja

(1.14) = pAu; + (p + A)0idivu,

+B+o)(1+0o)(n+A) / |u|w - V|u| dive dz.
Q

Unlike Dy the integral D; may not be positive depending on the specific
values of the viscosity coefficients. The simplest solution is imposing the
technical condition 7y > A. Accordingly, D1 becomes non-negative and the
desired L3179 estimate of u can be obtained.

The counterpart of (1.15) in the momentum equation reads

t
(1.16) /p|u]4da:+D1:/p0\u0]4dx+4/ /div(]u\zu)deds
Q Q 0 JQ

where we choose ¢ = 1 for simplicity. To deduce from (1.16) the desired
estimate without imposing any extra restriction on the viscosity coefficients,
it is crucial to control the divu-related terms in Di, see Lemma 3.1. To
achieve this, we introduce a new quantity

4CC, ~
plul = =2 plul*(0 — ),

for A > 0. It turns out that the integral-in-space of the quantity %p|u|2(9—
é) satisfies a new inequality containing dive with an enhanced weight via
a nonlinear term containing velocity in the temperature equation, see Lem-
mas 3.2 and 3.3. Such a combination produces the desired cancellation in
the divu-related terms in D, yielding the estimate of [, plul* dz without any
technical restriction on p and A. To see this, a series of new associated a pri-
ori estimates need to be derived, see Lemmas 3.4 and 3.5, and Corollary 3.6.
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In the case A < 0, D; is non-negative, which can absorb the corresponding
terms on the right-hand side of (1.16) by virtue of Cauchy inequality.

2. PRELIMINARIES

In this section, we recall some useful results used throughout the rest of
the paper.

Lemma 2.1. ([18, 28]) Let Q C RN (N =2,3) be a bounded domain with
piecewise smooth boundary. Then the following inequality is valid for every
function u € W1P(Q):

(2.1) lull 0y < Colllullzaay + IV llgay Il

where o = (1/r" — 1/p')(1/r" — 1/p + 1/N)~L. If, moreover, p < N, then
p € [r',pN/(N — p)] for v < pN/(N —p), and p' € [pN/(N — p),r’] for
r" > pN/(N —p). If p > N, then p' € [r',00) is arbitrary. The positive
constant Cy in inequality (2.1) depends on N, p, v’, o and the geometry of
the domain €.

Remark 2.2. The first term on the right-hand side of (2.1), specifically,
ullL1(q), can be omitted if u € Wol’p(ﬂ). In this case, (2.1) is the well-
known Gagliardo-Nirenberg inequality.

Lemma 2.3. ([11]) Let v € W2(Q), and let p be a non-negative function
such that

O<M§/pdx, /p’ydeSEo,
Q Q

where Q C RY is a bounded domain for N> 1 and~v > 1.
Then there exists a constant ¢ depending solely on M, Ey such that

2

Remark 2.4. For the boundary condition (1.8), the solution in Theorem
1.4 satisfies the mass conservation,

(2.2) /p:/po = My > 0.

Thus under the conditions of Lemma 2.3, the following estimate can be 0b-
tained by using the Holder inequality and (2.2):

23) Il < (B Mo) (IVatliiaey + [ plof da).
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3. INITIAL-BOUNDARY VALUE PROBLEM

Assume that T* < oo and that there exist constants r € (%,oo] and
s € [1, o0 satisfying

2
2,

S T
such that

Ls(0,15L7(9) SM' <o

for any T' € (0,7%). Our aim is to show that under the assumption (3.1)
and the hypotheses of Theorem 1.4, there is a bound C > 0 depending only
on M*, po,uo, 0o, pt, A, k, and T such that

swp (olhwra + 11,0 2 + lptll o + /s, /280) )
<t<T*

T*
62+ [ (o)l + 1)l de < C.

In view of the available local existence results specified in Remark 1.3, it is
easy to check (see for instance [27]) that (3.2) implies the strong solution
can be extended beyond T, meaning T is not the maximal existence time,
which yields the desired contradiction.

Throughout the rest of the paper, we denote by C' a generic constant
that may depend on M™*, pg, ug, 0o, p, é,u,)\, k, and T* but independent of
the other parameters €, €; and 0 specified below. The symbols C, and Cj
denote constants that may depend on € and §, respectively.

As in [25], we denote w = u — h, where h is the unique solution to

Lh=VP, inQx(0,T],

(3.3) hlaga =0, if Q is bounded,
h—0 as|z|— o0, if Q=R3

where Lh = pAh + (p + A\)Vdivh. Then we have
Lw = pi, in Qx(0,7],

(3.4) wlpo =0, if O is bounded,
w—0 as|z|— oo, if Q=R3

where @ = us + u - Vu. Relations (3.3) and (3.4) yield

IVh||» < C|IP(p,0) — P(5,0)| e,
(3.5)
V2Rl e < CVP| L,
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and
(3.6) V2wl e < Cllpil| o,
for any p € (1, 00), see for instance [1, 25].

The following results (Lemmas 3.1-3.4) hold for both the initial-boundary
value problem and the Cauchy problem. For the sake of simplicity, we
include the constants p and 6 even in the context of the initial-boundary
value problem. These results will be used in the next section.

Lemma 3.1. Under the hypotheses of Theorem 1.4 and (3.1), there holds

d 4 2 2

5 [ el [ 1aPva
L2 ~

<ce [ 1908 +0. (1= 0157 +1) [ (o007 +plul®)

(3.7) +C/|Vu]2+0/|divu|2|u|2,

for any p,0 > 0 and any sufficiently small € > 0 specified in (3.12) below.

Proof. Multiplying (1.6)2 by 4|u|?u, and integrating by parts over Q, we
have

S [ ol A Gval O pdival? + 2009l )

:4/div(|u|2u)P —8(u+ )\)/divu|u\u V]l

<C [ pl6~ 8 Val + €8 [ plufVul + 20 [ Juf]ul
+c/ydivuy2\uy2

<c [ o-0PlP+C [ a4 C [190P + 2 [ 1PVl

(3.8) +2u/|u|2}V|u|’2+C/|divu\2]u\2.
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The fourth and the fifth term on the right-hand side of (3.8) can be
absorbed by the integrals on the left—hand side; whence we have

d 4 2 2 2
G [ ol 2 [ 1 (19l + Vul)
gc/,ﬂye—é\?yu\?+c/p2yu\4+c/yvu\2+c/\divu\21u\2

VA, +C [ plul

<Cllp(0 = O)llrllv/p(O = Ol 2o,

+C/|Vu]2+0/|divu|2\u|2
<Cl0 = Ol llv/p0 = )7 2o +CNO = Or

2
27
Lr—1

Volul|
(3.9) +C/p|u|4—|—C/]Vu|2—I—C'/|divu\2|u\2,

for r € (%,00]4, where we have used Holder inequality, Cauchy inequality
and (3.1).
Using the standard interpolation inequality and (3.1), we have

PO = Ol 2 < IIV/p(0 = DT lV/p(0 — D)l 15"
< Cllvp(8 = 0)lI:11(6 — 6) 17,

where a =1 — % This yields
16— 6ll - |v/P (0 — 5)“?3%1

~ ~ a An2(l—a
<Cl6 — Ol lIv/p(6 — B)|33116 — )75~

2r

<el|f — 0]|26 + Cel|0 — 01|52 1 /p(0 — 0)[|3
- L _2r -
(310)  <Ce( / pl0— 0 + / IV012) + Cello — )12 | /5(0 — B)]2.

for any € > 0, where we have used Young inequality, the Sobolev inequality,
and (2.3) if € is bounded.

Similarly to (3.10), for the second term on the right-hand side of (3.9),
we have

16— 6l

2r

N2

VAl (27 Ily/plul?
<C.16 - BT || alul |2, + ellyale?|s

(3.11) <G8~ 0137 Vol + cClluVlul 2.

3
T
L6

<[ — 0| .-

4Here 1~2j1 =2if r = oo.
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Substituting (3.10) and (3.11) into (3.9), and choosing e small enough so
that

(3.12) €<

Ql=

we get (3.7). The proof of Lemma 3.1 is complete.
[l

Lemma 3.2. Under the hypotheses of Theorem 1.4 and (3.1), we have, for
any given A > 0,

A
/‘Vuﬂ— (Vu) ’ lul? + /(dlvu) |u|?

CopluP (0~ 8) + < [ plu +2(c +3C) [ fuPITuP

_dt
+0.05 (10- 0127 +1) [ o0 - 97 + plul]
(3.13) +c€/\ve\2+c/\vu|2

for any p,0 >0, any small § > 0, and € > 0 specified in (3.26) below.

Proof. Multiplying (1.6)3 by |u|?, and integrating the resulting equation
over {2, we have

g/’Vu+(Vu)"Q\uF+)\/(divu)2|u|2

:C'v/p]u|20t—i—C’U/p\u|2u-Vﬂ—i-/pt9divu|u\2—m/AG]u\2
(3.14) =L+ Ir + I3 + 14.

For I, we have

(3.15) 1 =C, [ pluP @8 = 3 [ CopluP©~8)~ [ ClpluPl(o-9).

For I, using integration by parts we have
(3.16) I, = /Cvp|u]2u V(0 —0) /C’ (0 —0)V - [plul?u).
For I3, using Cauchy inequality and (3.1) we have
I :/p(G — O)divu|ul? + é/pdivu\u]Q
ge/(divu)2|u|2 + Ce/pQ(G )2 u?
(3.17) +c/p|uy4+c/|vu\2,
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where the second term on the right-hand side of (3.17) is estimated by virtue
of (3.9), (3.10) and (3.11) as follows:

[ 6= 0Pl <C10 = 8110 1V30 -~ D)

~ 2
+C116 8] | alul?|? 2,

5 </|ve|2+/|u|2\V|u||2>
(3.15) +C (10012 +1) [ o082 4 slul®
for any § > 0. Hence (3.17) and (3.18) yield
Iy < e/(divu)2|u\2+5c€(/|ve|2+/|u\2\vu\2)

(319)  +CoCullo 015 +1) [ (o607 + plul') 4 C [ 1Vul?
For I, using integration by parts and Cauchy inequality we have
(3.20) Iy = 2/-@/V9|u]V|u| < e/|u|2|Vu]2+C'€/|V9|2.

Inserting (3.15), (3.16), (3.19) and (3.20) in (3.14), we have

L / |Vu + (Vu)"2 lu|? + )\/(divu)2|ul2

<5 [ ConluP©-8) = [ €O Do)+ V- (pluPu)

—|—e/(divu) |u|2—1—(e—|—5C€)/\u| |Vu’ +CE/|V9\2
(3.21) +C/\Vu|2+050 <He 9||27 = >/[p(0—é)2+pyu\4].
Recalling that p; + V - (pu) = 0 we have
(plu®)e +V - (pulul®) = p(|uf*)e + pu - V(|ul*)
(3.22) =2pu-u + 2pVu : u @ u.

Substituting (3.22) for the second term on the right-hand side of (3.21),
and using Cauchy inequality and (3.1), we have

= [ o =0ty + 9 (plufu)]
= —2Cv/(9—0~)pu-ut—2CU/(0—§)qu:u®u

(3.23) < / plurl? + ¢ / a2Vl + C. / plul?(6 — 6

for any € > 0.
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As the density is bounded, relation (3.18) remains valid for p? on the
left-hand side replaced by p, and (3.23) yields

= [ o =0ty + 9 (lufw)]
Se/p|ut2+(e+5ce)/\u]Q\Vu]2+(5C€/|V0|2
(3.24) #0010 =017 +1) [ [p(0 - 07 + plul]

for any €, > 0.
Plugging (3.24) in (3.21) we have

g/wu—i— (Vu)"2 |u!2+)\/(divu)2]u\2
<5 [ Conlul®=8) < [plu o+ 2(c 4500 [ fuPup
+0Cy (10017 +1) [ o0~ 82 4 plul!
(3.25) +€/|divu|2|u|2—|—C’6/|V0|2+0/]Vu|2.
Choosing € > 0 in (3.25) so that

A
. e < —,
(3.26) <3

we get (3.13). The proof of Lemma 3.2 is complete.
([

Lemma 3.3. Under the hypotheses of Theorem 1.4 and (3.1), the following
estimates hold depending on the sign of the bulk viscosity coefficient .

1. A>0:
d 4 400, 2 j H 2 2
5 [ttt = 2ol 0 = 0+ 5 [ afIva

SCe/’VHP—i-C/\Vu]2+60/p]ut\2
(3.27) (ne 6|z ) [ (olo = + phuth

for any p,0 > 0, and any small € > 0 satisfying (3.12), (3.26) and (3.30)
below;

2. A0<L0:
e p|u4—|—2,u/|u] |Vul|? <C/\Vu]2+Ce/]V9]2

(3.28) 0 (10-017 +1) [ (o0~ 87+ ol
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for any p,0 >0, and any small € > 0 satisfying (3.34) below.

Proof. For any given A\ > 0, multiplying (3.13) by , adding the resulting
equation to (3.7), and noticing that the last term on the right-hand side of
(3.7) can be absorbed by the second term on the left-hand side of the updated
(3.13), we have

d 4CC, ~
G [ ol = 250l = 0] s [ PP

=K / |Vu + (Vu)"2 |u|? + C’/(divu)2|u|2

<C:+c>/ve2 <c+402>/\v 2

—I—e/p!ut\z—i- 3 (e +dC) /\u] |Vu)?

(3.29)  + <c€+fcﬁc(;> <||e e||2r 3 )/(p|9—§|2+p|u|4).

In addition to the smallness assumptions (3.12) and (3.26), let € and § be
chosen small enough so that

8C u
Then the fourth term on the right-hand side of (3.29) can be absorbed by

the second term on the left-hand side. As ¢ in (3.30) depends, in fact, on e,
the constant Cj can be replaced by Ce. This completes the proof of (3.27).

(3.30)

For any given A\ < 0, noticing that u+\ = & + %“ + A > 0 and using (3.8)
and Cauchy inequality, we have

G [oalt+ [l (R + ot pldival + 2291l

:4/div(|u\2u)P—8(u+)\)/divu|u|u-V|u|
<C [ plol1afIVal +4(u+ 3 [ diva?uf
(3.31) +4(M+A)/|uy2\V|uy|2.

The second term on the right-hand side of (3.31) can be absorbed by the
left. Hence we have

5 [oult+ [P vl + au = N (91P) < € [ plelfaPlval.

Since A < 0, we have u — A > u > 0 and thus

d
(33 < [ olult+ap / ul?[Vul? < C / pl6] |uf?|Vul.
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Applying Cauchy inequality to the term on the right-hand side of (3.32),
and using (3.1) and (3.18), we have

d
G [ ot an [ 1uPvur

gc/p|9—éy|u|2|w| +cé/,o|u|2|vu|
<u / [l Vul? + C / 210~ B12uf? + C / plul* + C / Vul?

<u/\u|2\w|2+o/|wy?+ce </|v9|2+/|u\2\V|u}2>

(333)  +C (ne—énz’f”u) [ 100 =02+ st

for any small € > 0. The second term on the left-hand side of (3.33) can
absorb the corresponding terms on the right-hand side provided e satisfies

(3.34) Ce < p.

Thus we have shown (3.28).
([

Lemma 3.4. Under the hypotheses of Theorem 1.4 and (3.1), there holds

d 12 ~12 K 2
S [ (contp— 0P +1s pr)+2/\ve

- 2r ~
<C (10 =812 +1) (IVulls + 156 - DI + Lo - 152)

(3.35) +61/p|ut]2+61/|u|2|Vu|2+C||9—§|Lr,

for any p,0 > 0, and any small e; > 0 satisfying (3.40) below.
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Proof. Multiplying (1.6)3 by # — 6, and integrating by parts over 2, we

have
2dt/cv,ole—m —I—/{/\VGI
=— /p(@ — 0)%divu — é/p(& — f)divu
+ /g |Vu + (Vu)"2 0 —06)+ /A(divu)2(9 —0)
<C10 8l (6 ~ ), 2, IVl 2, +C [ pl0 -
+C [ [9uP + €l = B Tl
<Cl0 =0 -|lp(6 — é)Higl +Cl6 - éHL’“HVUHi%
3oy +C [po-8P+C [|vu
for r € (%,oo], where we have used (3.1), Holder inequality, and Cauchy
inequality.

Recalling v = w + h, where h, w satisfy (3.3), (3.4), respectively, and
using (3.5) and (3.6), we have

IVl e < IVA, 2, + |Veol] 2,
< Cllph — Bl 22, + Ol Vull 2 + Cl| V|| Tl
< Cllp(0 = 0|, 2, +CllEGo ~ P 2,
(3.37) T ClVuwllz + O Ve|glpil 1,

where a = 1 — % In addition, we have the interpolation inequality in terms
of Vw,

IVwll 2 < CIVwlp + CIVelgal V2wl

see Lemma 2.1 if © is bounded, or Gagliardo-Nirenberg inequality if = R3.
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Implementing (3.37) in (3.36), and using Young inequality and (3.1), we

have
d/C’vp|9—§|2+/£/|V0|2
dt

<C0 = Ollrllp(® = O 2 + Cll6 = ll-10(p — 5)

r—1

[
Lr—1
5 2 5 2-% .2
+C0 =0l [Vwl[z2 + Cll0 = Ol - [Vl . [l ol 7.
—|—C’/p|0—6~?|2+C’/|Vu|2
<C6—6l|-|lp(6 — 5)“2% +C10 =)l 18(p — )l

|2
2r
LT

- 2r
o [l +er [l 19u? + . (ue—e||z:3 n 1) IVl
(3.39) +C/p]0—0~\2+0/\Vu]2,

for any €; > 0. In view of the fact that r € (%, o], we get % > 2. Then
using (3.1) and Young inequality, we obtain

(3.39) 10(0 = DI 2, < Clllo = pll72 +1).

Inserting (3.10) and (3.39) in (3.38), and choosing €; small enough such
that

(3.40) Ce <

)

| =

we have

d q2 R 2
& e -i +2/|v0|

2r

<Co, (10— 01E 1) 1v50 = D12 + 10— dllcr (Ip — 712 +1)
. _2r
o [l +e [l 19u? + (w—enz:?’ +1> 1wl

(3.41) +c/\vuy2.

Recalling that v = w + h again, and using (3.1) and (3.5), we have
IVwllze <[[Vullr2 + [[VA]| 2
<|IVullz2 + Cllpf — 56| .2
(3.42) <IVullzz + CllVp(0 = )l L2 + Cll6(p — p)|l -
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Inserting (3.42) in (3.41), and using Young inequality, we get

d 52, K 2
dt/cvple—e\ + 2/|ve\

~ 27‘ ~
<Ca (10 =815 +1) (IVulls + 136 - DIE= + Lo 152)

(3.43) +61/p|ut]2+61/|u|2|Vu|2+C||9—é\Lr,

for any small €; > 0 satisfying (3.40).

The term ||p — j|| ;2 on the right-hand side of (3.43) does not appear if
0 = 0, see (3.39) and (3.42). To handle this term, we rewrite (1.6); as an
equation for p — p, which, multiplied by 2(p — p), yields

(3.44) [(p—p)], + V- [(p—p)u] + (p— p)*divu + 25(p — p)divu = 0.

Integrating (3.44) over 2, and using (3.1) and Cauchy inequality, we have
d <2 <12 2
(3.45) [P AP =C [ lp=pF+C [ [Vul”

Adding (3.45) to (3.43), we get (3.35).
O

The next lemma is not valid if Q = R? and 6 > 0. Here, we prove the
result for a bounded domain, while its counterpart for Q = R? will be shown
in the next section. The generic constant C' in Lemma 3.5 may depend on
the size of the domain.

Lemma 3.5. Let Q C R3 be a bounded domain with smooth boundary.
Under the hypotheses of Theorem 1.4 and (3.1), we have

d
dt

gjt/Q(pﬁ—ﬁé)divu—i—C’/]VHP—FC/|u]2|Vu]2+C/]Vu\2
L _2r ~
e (ne— Bz ¢ 1) ([ o087+ [ olut’

L o_2r
(3.46) + c(||9 —015 + 1).

(9P +198) + G 3) (v + | divh)] + [ pl?

5This term is obviously bounded if the density and €2 are bounded, however, this may
not be true on unbounded domains.
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Proof. Multiplying (1.6)2 by u;, and integrating by parts over €2, we have

1d .
[ ot 45 5 [ ITuP ¢ Gt Nidiva?)

—/VP-ut—/pu-Vu'ut
(3.47) /vp ut—l—C/|u| IVl + /p\ut|

where we have used Cauchy inequality and (3.1).
For the first term on the right-hand side of (3.47), replacing u by w + h

and applying (3.3) and (3 4), we have

/ VP u = (p0 — p)divu — / Pdivu
d
=% (p — pf)divu — /Ptdivw - /Ptdivh
d
=% (p — pf)divu — /Ptdivw + /Lht -h
d .
=% (p — pf)divu — / P divw
1d 2 712

Recalling from (1.6)3 that

P=—V- [(pe - ﬁé)u] — 501+ Ci)divu — Ci <p9 - ﬁé) dive

(3.49) + C%Vu [Vu+ (Vu)] + C)\,Udivu divu + C%AG,

we get

—/Ptdivw - —/ [(pe - ﬁé)u} - Vdivw + ph(1 + Ci) /divu divuw

+ lev/ <p9 - ,55) divu divw — C% / Vu - [Vu + (Vu)|divw
—)\/di divu div +“/V0 vdi
. vudivudivw + = VW
<C(llp(0 = Oullze + l(p — p)ullpz + IVO]| 1) | Vdivew|| 2
1 -
+ C||\Vul|2||Vwl| 2 + ol /(p9 — pb)divu divw
(3.50) — C’ﬂ / Vu - [Vu+ (Vu)|divw — — /le’LL divu divw,

where we have used integration by parts and Holder inequality. Note that
we have used the hypothesis that 6 satisfies the homogeneous Neumann

boundary conditions.
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For the last three terms on the right-hand side of (3.50), using integration
by parts and the momentum equation, we have

/ pb — pf)divu divw — = /Vu [Vu + (V)] divw — 5~ /dlvu divu divw
/ [uAu~+ (4 A)Vdive — VP]divw + = / [Vu+ (V)] : Vdivw @ u

1 _
+ c. /u - Vdivw divu — o /(p9 — pf)u - Vdivw
_ L
=

+C)\/u Vdivw divu — / (pf — p9)u Vdivw,

/pu.udivw—i-g/[Vu—i-(Vu)’} : Vdivw ® u

which combined with Cauchy inequality and (3.1), yields
c. / (pf — pf)divu divw — — /Vu [Vu+ (Vu)'] divw
e / divu divy divw
1
§8/p]ut\g+C/p|u]2|divw|2—l—CE/\u]Q\VuP—i—e/]Vdivw\Q
(351)  +C. [106- 0PIl

for any € > 0.
By using (3.1), (3.6), (3.42) and Cauchy inequality, (3.50) and (3.51) yield

= [ Puivw <C(lp(6 = Opulzz + (o - pul 2 + 98] 22) o
v [Ival e [ (olo - 8P +1o- o)
by [ olul 0 [ P19uP 0 [ pluf
+C [ pluPldivf? +C. [ 106 - p8Pluf
<3 [oluP s [1vo2 0 [PV + ¢ [ pupidivul
+C [ 1o =Pl + €l o - Pyl
(3.52) —i—C/]Vu\z—i-C/<p|0—§\2+\,0—,52),

for some small € > 0.
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Noticing that w = u — h, and using Holder inequality, (3.1) and (3.5), we
have

[ plugivaf
gc/pyumdivuy?+o/p\u\2\divhy2

gc/ WP IVl + Clldivhl| |divh] s

NI s
Vo] 2

<C [ WPITuP + Cllpd — 8l od — 58],

<C [ 1uPIVuf? +Clob - 81101100 — 1 s,

(3.53)  +Cllpb — 56l ||v/plul|

i% = IT, + I, + I 1.

For 115, we have
Ty <Clp(0 = 0) |- |l — ﬁéHi% +C0(p = p)rllpd — ﬁélli%
<Clip(® = )-8 = O 2 +Cllp(6 =)l 18(p — ﬁ)l!i or

r—1

2
2
(350 +Cl0(p = Pl 96 = DI 2, +Clp = DllerlBlp — DI 2.

—

As 2 is a bounded domain and the density is supposed to be bounded, we
apply the standard interpolation inequality and Young inequality to (3.54)
to get

~ ~ 9.3 ~ 3 ~
11 <C(110 = Ollzr +1)110(6 = D)2~ 10(6 = D)6 + Cll0 = 81 + C
~ ~ 9.3 ~ 3 ~
<C(119 = 8l + 1) llp(0 = B)1 7216 = 8l o + Cll6 — Bll1r +C

~ 2T ~
<c [ (967 + (o - 817 + 1) IvA6 - D)3

. _2r
(3.55) +C(H9—0Hz:-3+1),

where we have used (3.1), Sobolev inequality, and (2.3).
For 113, we have

~ - 2
113 <0 (1190 = 0)12r + llp = Allur ) [/l 22,

~ _3
<C(11e(6 = B)llur +1) | Valul|[ 72" Ivplul

2

(3.56) <C (116 =817 +1)[|valul|[7. + Cllul Val|7..

3
™
L6
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Inserting (3.55) and (3.56) in (3.53), we have

[ olugiv

<C [WPvaf + ¢ [ (98P + (1o - 8177 + 1) 1ve - 83

050 (1001 +1) ce((0-01E 4 )l

In addition, by virtue of Holder inequality and (3.1), it is easy to get
(3.58) 1o = P)ullz> < CIVullz..

The estimates of the fourth, the fifth, and the sixth term on the right-
hand side of (3.52) are similar to (3.57), (3.18), and (3.58), respectively.
Hence (3.52) yields

1
—/Ptdivw §4/p|ut\2—|—0/|V9|2+C/|u|2|Vu]2—l—C’/|Vu|2
o (lo-a1z" +1) ([ o007+ [ oul?)

(3.59) (HH T )
Inserting (3.59) and (3.48) in (3.47), we have
%% [M(\VUPHWLP)+(u+A)(ydivu|2+ydivh\2)} +/p]ut\2
gd/(pe—ﬁé)divu+0/|ve|2+c/\u|2\wy2+c/|vuy2

co(lo-az" +1) ([ o007+ [ oul’)
w0 (lo=077 +1)+ 5 [ dul

The last term on the right-hand side can be absorbed by the integrals on
the left-hand side. We have finished the proof.

O

Corollary 3.6. Let Q be a bounded and smooth domain in R3. Under the
hypotheses of Theorem 1.4 and (3.1), we have

T
(3:00) [ (plul®+plo =0+ Vul)+ [ [ ol + T + 9] < €
0

for any T € (0,T*).

Proof. Let A\ > 0 be given. Multiplying (3.35) by a sufficiently large
positive constant M, and adding the resulting equation to (3.27), we have
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d
3 [ lolul* = ul*(0 — 0) + MCypl0 — 0]* + M|p — p|?]

M
+2/\u|2\w|2+“/va12

<0Gy, (10 =815 +1) (IVulls + V50 — D)= + - 7l:)

4CC’

—I—(Mq+6C')/p|ut|2—|—M61/|u]2|Vu\2

+MC']]9—9~||LT+C’E/]V9|2+C/|Vu]2

ov +Co(l0-0177 +1) [ (o -7+ plut)

Given € > 0, we may choose M = M (e) > 0 big enough and ¢; = €1 (M) >
0 small enough so that

M
(3.62) C. < Tﬁ’ and Me; <

Consequently, the third term and the fifth term on the right-hand side of
(3.61) can be absorbed by the left-hand side. Hence we have

d 4CC
5 [t u2(0 — 8) + MCyplt — 02 + Mlp— 5

M
+4/uﬁww [ ver

<arC, (1= 8157 +1) [ (190 + plo — 6 + o - 57)

+ (Me; + €C) /p|ut\2 + MC||6 -0z + c/ |Vu)?

363 +C (10015 +1) [ (10 + slul?).
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Multiplying (3.63) by a positive constant Mj, and then adding the result-
ing equation to (3.46), we have

d M MM
4 / G(p,u,0,h) + MM / 2?4 M5 / Vo[ + / plurf?
dt 4 4
. _2r -
<M, MC., (||e — 077 + 1> / (|Vu\2 +pl0— 0+ |p - 5\2)

+M1(M61+GC)/p\ut]2+C/]V9|2+C/\u]2\Vu]2

~ 2"‘ ~
(M +C) (ne g 1) [ o=+ plal’

- 2r
(3.64) +C(M; +1) / Vul? + cnM +1)(J6 - 815 +1),
where
400, . . )

Glp,u,0, h) =Mx [pluf* — =2 plu[(0 = 0) + MCopl6 — 8 + Mlp =

+ w(|Vul* +|VA?) + (p + A)(|divul* + |divh|?)

—2(pf — ph)divu
and

G(p,u,0,h) ~ plul* + pl0 — 0> + [Vul* + VA" +|p — pI”

for M big enough.
For M; > 1 big enough so that

Mip
>C
8 — Y
the fourth term on the right-hand side of (3.64) can be absorbed by the

left-hand side. Noticing that M; and C are independent of ¢ and €1, we
choose € > 0 small enough such that

(3.65)

1
(3.66) MieC < o

Moreover, in view of (3.62), we may choose €; > 0 so small that

M 1
(3.67) max{2C,C.} < TK, and Me; < min {4%, Z} )

Note that the order for fixing the corresponding parameters is
My —e—> M — €.

By virtue of (3.65), (3.66) and (3.67), the second term, the third term
and the fourth term on the right-hand side of (3.64) can be absorbed by the
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left-hand side. Hence we have
G( 0,h) +
5 [cwa

MMk 1
+ / Vo[ + /p\utP

<(MyMC., + M,C. + CM, + C) <|ye 9\|2T & +1> /G(p, u, 0, h)

(3.68) +C(M1M+1)(|ya 617 + )

Applying Gronwall inequality to (3.68) yields (3.60).

Suppose now A < 0. Multiplying (3.28) and (3.35) by 1 and 222 re-
spectively, and adding the results to (3.46), we have

d
dt/Gl(p,u,H,h)+2N1/|u|2|Vu|2+2N2/|V9|2+/p|ut|2
N 4 N-
§(0+;ce)/yv912+ (C+,j€1)/\u|2\vu|2+
CN
(C+ Ml)/|w|2+

N- -
(24 C) (I =01E +1) [ [0(60 =8+ plul')+
AN C,,
K

(o - GH” P+ D) (IVulfz + VA0 = 072 + llo = All72) +

4N-
(3.09) (24 0) (10817 + 1) + 2% [ pluf,

4N20
K

where
N
Gap.0.0. ) =p(Vuf? + V) + g+ X) (divaf? + divh?) + =L

4Ny ~ - BN 1
+ =2 (Copl = 01 + |p = %) = 2(p0 — p0)divu
and

Gr(p,u,0,h) ~ plul* + pl0 — 01> + [p — pI* + |Vul* + | Vh|?,

for Ny big enough.
By choosing Nj, N» big enough and €, €; small enough such that

Ny >2C, Np>2C,

and

N N 4N. 1 N
“Loe< —2, —261 < min =1 ,
[ 2 e 2 2
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the first two terms and the last term on the right-hand side of (3.69) can
be absorbed by the left-hand side. Finally, applying Gronwall inequality in
(3.69), we get (3.60).

O

Corollary 3.6 combined with the Sobolev inequality yields

2
H“HM(O,T;LU(Q)) - H|u|2”L2(O,T;L6( r2(01522()) =

which together with (3.1) gives

Since
2 + i = § <1
412 4

is compatible with Serrin’s condition, the rest of the estimates in (3.2) for
the initial-boundary value problem (1.6), (1.7), and (1.8) can be performed
exactly as in [15]. The proof of Theorem 1.4 in the case of a bounded domain
is complete.

4. CAUCHY PROBLEM

Assume that © = R3 and T* < oo and that there exist constants r €
(3,00] and s € [1, 00| satisfying
2 3
- + - S 27
s T

such that (3.1) holds. Our aim is to show that under the assumption (3.1)
and the hypotheses of Theorem 1.4, there is a constant C' > 0 depending
only on M*, po, ug, 6o, p, 0, i1, A, k, and T such that

max(o =l + ol o) + | (B, /760

~ T*
(4.1) +W%WWMWw+A (e ) s + 1w, )2 ) lt <

Relation (4.1), together with the available local existence results, implies
the desired contradiction.

The proofs of the next two lemmas are the same as their counterparts
stated in Lemmas 3.3 and 3.4.

Lemma 4.1. Under the hypotheses of Theorem 1.4 and (3.1), the following
estimates depending on the sign of the viscosity coefficient A hold:
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1. X > 0:

d g 4CC, o, 5 © 2 2
G [ ol = S ol = 8] + & [ fuPivul
<Ce/!V9|2+C/|Vu]2+60/p|ut|2
(12) w0 (10017 +1) [ (oo =8+ olut).

for any small € > 0 satisfying (3.12), (3.26) and (53.30);
2. A<0:
5 [ el 2u [ vl
dt
sc/yvu|2+ce/|v9|2
(13) w0 (1= 8157 +1) [ o0 - 97 + plal!

for any small € > 0 satisfying (3.34).
Lemma 4.2. Under the conditions of Theorem 1.4 and (3.1), it holds that

d ~ K
— wpl0 — 6 — )+ = 6>
5 [ (corlo a8 10 52) + 5 [ 1ve)

<Cu (108127 +1) (IFul3 + VA0~ D)= + o - 722)

(44  +a / plul? + e / 2 [Vul? + C16 — |1,

for any small e > 0 satisfying (3.40).
Lemma 4.3. Under the hypotheses of Theorem 1.4 and (3.1), there holds

d -
I (1| Vul® + (e + N)|divul® — 2(pf — p0)divu +

+/P|ut2

45 <c(lo—a5" +1)/G1—|—C/|V0|2+C’/\u|2\Vu|2,

[pf — /55|2)
24+ A

where

(4.6) G1 = [Vul* +pl6 — 61> + |p— p* + plul* + plul®.
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Proof. Similarly to (3.47), we have
2 1d 2 12
pluel® + 52 [ (ulVul® + (u+ Aldivul®)

1
(4.7) §/VP-ut+C/|u|2|Vu|2+4/p\ut|2,

where the first term on the right-hand side of (4.7) reads

—/VP - Uy :% /(pé’ — p0)divu — /Ptdivu

_ 1
=— [ (pf — p0)divu — 0),F
5 | (P9 — pO)divu 2u+A/(p )t

1 d ~
4. - 9 — po)?
(48) sy [ 100

with F = (2u 4+ A)divu — pf + j6.
Exactly as in (3.49),

~ ~ 1 1
P=-V. [(p@ - ﬁe)u} — 01+ 5 )diva — -
v v

- C%Vu [Vu+ (V)] + C)\,vdivu divu + C%AG;

(,09 — f)é) divu

whence we get

1
— F
2M+)\/(09)t

1 _ pO(1+ &)
= — 0 - ~9 ° F . d F
2 / [(p p )u} VF + S / ivu F+

W}/(Pe - 59~> divu F' — (2,LL+M)\)CU/VU Vu + (Vu)'|F

A K
- | divudivu F + —48MM— 6-VF
<2M+A>cv/ v divu +<2u+x>cv/ vo-VE

where we have used integration by parts. This combined with Holder in-
equality yields

1
— 0) F
2M+>\/(p)t

<C (1190 = )ullys + [0l 2 ) IV F 2 + C|[Vull ]| F | 12
1
20+ A

H / A : :
(4.9 - M/Vu [Vu+ (Vu)'|F — M/dlvudlqu.

_ i 1 o
/Q(pu —pu)-VF + ns NG, /(p9 — po)divu F
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The first three terms on the right-hand side of (4.9) can be handled as

C(llp(0 = Byullz2 + V6] 12 ) IV Fll g2 + ClIVul 2] Pl

1 .
— u) - VF
2u+>\/0(pu pu) -V

~ 1
<c [ lpto~ v [190P 4 [ pluP s g [ sluf
+C [ P1vu +.C [ (Vuf? + 56 =GP + |p - 517

o2 _
<c(lo-01E" +1) [+ [ vor

1
@)+ [uPival+ g [ ol

where G is given by (4.6), and we have used integration by parts, Cauchy
inequality, Holder inequality, (3.1), (3.18), and the standard elliptic esti-
mate:

(4.11) IVE|2 < Cllpull 2 < Clly/pill 2,
as
AF = div(pu).

For the last three terms on the right-hand side of (4.9), we have

| . "
1% v

1

1% n .

A . 1 s
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where we have used integration by parts. Plugging the momentum equation
in the first term on the right-hand side of (4.12), we have

1 ~~ .
W/(PH_PQ)dIVUF_ W/Vu [Vu+ (Vu)'|F
- W / divu divu F'
_; 0 - k- n.
_(2M+)\)Cv/pu uF + (Q'u_i_)\)cv/[Vu—l—(Vu)] :VF®u
A . 1 i

0 -

This, combined with Cauchy inequality and (3.1), yields

Y [e—ppydivur — —F [ Vu [Vt (Vu)F
2u+ NCy 2+ NG,
H v
1
<5 [ ol [l val +.c [ olu?| PP

2 N\ 2 2 2 ﬁé .

- S a—
+C’/p (0 —6)%|ul +C’/,0\u| (2,LL+)\)C'U/ ivu
1 N

<5 [ ol [1lval +C [ oo - 5

(4.13) +C/p2(9—§)2|u12+0/ {p[uP—i—p(G—é)Q—i-\Vu]z—i—]p—ﬁlz .

Inserting (3.18) in (4.13), we have

1 A\
W v

1
§8/p|ut|2+C’/!u|2]VU|2+C/|VG\2
Lo _2r _
(4.14) +C(l0—8)%" +1)/G1.
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Relations (4.8), (4.9), (4.10), together with (4.14), (4.7), give rise to

1d .
[ ot + 5 [ ivuP + G Nidiva?)
d o 1 d o
< _ - - _

1 - 27 _
+C/|ve|2+c/\u|2\vu|2+Q/put|2+c(\|9—euz’;3 +1> /Gl.

Seeing that the fifth term on the right-hand side can be absorbed by the
left-hand side, we have finished the proof of Lemma 4.3.

O

Lemma 4.4. Under the hypotheses of Theorem 1.4 and (3.1), there holds

d ~ -
(4.15) &/MWW/WWSO/M%ﬂNM—ﬁ)

Proof. Multiplying (1.6)2 by 2u, integrating by parts over R3, and using
Cauchy inequality and (3.1), we have

d
G [oul?+2 [ VP + ot Vldival?]

:2/(,00 — pf)divu

<u [1vuf 0 [plo-F+C [1o- 5.

As the first term on the right-hand side can be absorbed by the integral on

the left-hand side, the proof of Lemma 4.4 is complete.
O

Corollary 4.5. Under the hypotheses of Theorem 1.4 and (3.1), there holds

mm{/QVM2+M9—@2+m—ﬁF+pWV+MMﬂ
0<t<T

T
(4.16) +/ / (p|ut|2 + |u|2|Vu|2 + ]V9|2) <C,
0

for any T € (0, 7).
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Proof. Let A > 0 be given. Multiplying (4.4) by a large positive constant
M, and adding the resulting inequality to (4.2), we have

S [ [ohul* = 2 ofu 0 — )+ 31 (Cuplo — 57 + 10— o)

i
LB / uf2[Vuf? + 225 / V6P
2 2
§C6/|V9\2+C/Vu|2+(eC+M61)/p\ut|2
_ o2 _
+(C. + HIC.,) <|ye —n 1> /01
(4.17) +Mq/|u|2|vu|2+Mo||9_é\|y,

where G is given by (4.6). B - B
Given € > 0, we may choose M = M (e) > 0 big enough and €; = €1 (M) >
0 small enough so that

M _
(4.18) C. < TK, and Me; < %

Consequently, the first term and the fifth term on the right-hand side of
(4.17) can be absorbed by the left-hand side. Hence we have

d 4CC, o N )
= | |plul = = plul*(6 = 8) + 2 (Cupl6 — 6 + o — 51 |

i
4 v + 2 [ vep

SC/‘VUP"‘<€C+MGl)/p’Ut‘Q—i—MCHH—QNHLT

_ ~ o2 _
(4.19) + (Ce+ MCy,) <||9—9||,?}3 +1> /Gl.

Multiplying (4.19) by a positive constant Mi, and then adding the resulting
equation to (4.5) and (4.15), we have

d ~ 2 WM 2 2 MMW/ 2
G [ 6+ [ ot + 50 [lva + 250 [1ve
SC’Ml/]Vu\Q+M1(eC+M61)/,0\ut]2—|—C/|V9\2

+ C/ ‘U|2‘VU|2 + MMchQ — éHL"

— — — ~ 2T —
(4.20) + (MM C¢, + CM; +C) (He -0 + 1> /Gl,
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where
- 10C, - . )
G = [plul = == pluf*(6 = 6) + 3 (Cupl6 = 0+ 1p— 517 |
+ | Vul? 4 (p + N)|divu)? — 2(pf — p6)divu + M + plul®.
24+ A

For M; > 1 large enough so that
MLU
8

the fourth term on the right-hand side of (4.20) can be absorbed by the
left-hand side. Noticing that M; and C are independent of € and €1, we
choose € > 0 small enough so that

(4.21) > C,

- 1
(4.22) MieC < 7.
Moreover, in view of (4.18), €; > 0 can be chosen so small that
M . 1
(4.23)  max{2C,C.} < Tﬁ, and Mey < min{ - %},

By virtue of (4.22) and (4.23), the second and the third term on the
right-hand side of (4.20) can be absorbed by the left-hand side. Hence we

have
G [ G+ ol + B [upivup+ 25 [0

<CM, / \Vul? + MM, C||0 — 0|1

_ _ o2 _
(4.24) + (MM, Ce, + CM; + C) (\\9 A 1) /Gl,
where
G(p,u,0,h) ~ [Vul> + 0 = 0] + |p = p* + plul* + plul® = G,
for M big enough. Applying Gronwall inequality to (4.24) yields (4.16).

Similarly to the case A > 0, relation (4.3) combined with (4.4), (4.5) and
(4.15) yields (4.16) for A < 0.
O

If =6 = 0, Corollary 4.5, together with (3.1), and the standard inter-
polation inequality, gives rise to

T T
10812 g < C [ 181

T
0
<C.
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This together with (3.1) and (4.16) yields

1
||PHL°<>(0,T;L<>°) + ||P‘9||L4(07T;L%) + ||P4U”L°°(0,T;L4)
(425) [l Vel oo gy < C

for any T € (0,7*). By virtue of Remark 2.4 in [30], we obtain (4.1).

In the case p > 0 and § = 0, the remaining estimates in (4.1) may be
obtained following step by step [15]. The proof for the last two cases p = 0,
6 > 0, and p > 0, 6 > 0 is sketched in Appendix modifying the relevant
estimates in [29].

5. APPENDIX

The estimates presented below lean on the results obtained in Section 4,
assumption (3.1), and the hypotheses of Theorem 1.4.

Lemma 5.1. Under the hypotheses of Theorem 1.4 and (3.1), there holds

T
6.0 s [(V0R i)+ [ [ iR+ Vi) < c.

0<t<T

Proof. From (4.35) in [29], we have

23 [ PP+ [ ITaP & G jaival)

:/(Ptdiva+u®VP:ViL)+u/(div(Au@u)—A(u-Vu)) i

3
(5.2)  + (u+N) / (div (Vdivu ® u) — Vdiv (u - vu)) =Y I,
=1

For I11;, using (1.6)3 and integration by parts (see also (4.36) in [29]), we
have

111, = / (pe'diva — pf(Vu)' vu),

where 6 = 0,4+u-V6. Then by virtue of Hélder inequality, Sobolev inequality,
(3.1), and Corollary 4.5, we have

IT1 <C||\/p8|| 2|/ div ) 2 — /p(e —0)(Vu) : Vi — /pé(VU)/ - Vi
<CIl/bl 2 ldiv il 2 + €8 — 8l o | Vull | Ve
+ ClIVull 2|Vl 2
(5.3)  <Cllvpbl2lldiv i 2 + ClIVO| L2l Vel o[Vt 2 + C |Vl .
Taking curl on both side of (1.6)2, we get
(5.4) pA(curlu) = curl(pu).
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In addition, one has
(5.5) —Au =V x (curlu) — Vdivu.

Then using the standard elliptic estimates, the interpolation inequality,
Sobolev inequality, (3.1), (4.11), and Corollary 4.5, we get

IVul|z3 <Cl|lcurlul|zs + C||divul| 73
1 1 1 1
<Clcurlu|;,[[curlu|| ;¢ 4+ C||divul| 7, [|divul|
1 1 1
<C|Veurlul|}, + C|VF|;, + Clpf — po| ;s

1 1
(5.6) <Cllvpil > + CIVO| 7, + C.

Inserting (5.6) in (5.3), and using Cauchy inequality, we have

1115 <§ Vil + CllvabE;
(5.7) +C(Ilypull2z + IVO)12.)[VO][22 + C.

For III; and 1113, we obtain (see for instance [25, 26])

(58) 1L+ T < C|Vil )| Val3 < 19l + O Vull..

Similarly to (5.6), we have

[Vullte <Clleutlullfs + CldivllLs
<C|lcurlul| g2 ||curlu||3 s + C||divu|| 22|/ divul3s
(5.9) <Cllvpilli. + CIVO|32 + C.

Relation (5.8), combined with (5.9) and Young inequality, yields
(5.10) 1L+ 1115 < §||Vil} + C|lvpil}z + C|V6 12 + C.

Substituting (5.7) and (5.10) into (5.2), and using Cauchy inequality and
(3.1), we have

& [ ot + [ Vil + oo+ wiaivap)

(5.11) <Cllypdlg= + C(llvpilze + IVO]Z2)* + C.
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Multiplying (1.6)3 by 0, and integrating by parts over R? (see also (4.41)
in [29]), we have

12 Ed 2
/Cvp\ﬁl + th/\w\
_ . A ,LL /2 . 2
_—/pﬁdlvu0+/[2‘Vu+(Vu)| + A(divu) ]Ht

+/ [g|Vu+(Vu)/‘2+)\(divu)2} u-V@—H{/AGu-V@

4
(5.12) =) IV,
=1

For IV}, using Cauchy inequality, Holder inequality, Sobolev inequality,
(3.1), Corollary 4.5, and (5.6), we have

Cy : ~ )
i< [ ol + 10 — B divalla + vl
Cv A .
(5.13) <=2 [ 4l6F + CIVOIRa(lpil + [V8IE:) +C.

As in [29], using integration by parts, we have

d

IVy ==
2T

{g |Vu + (Vu)"2 + /\(divu)z} 60— u/ [Vu+ (Vu)] : [Vi+ (Va)] 6
+ u/ [Vu+ (Vu)] : [Vu-Vu+ (Vu- Vu)'] 6§ —2X / divu divad

12 / diva(Vu) : Vb — p / Wdivue _A / (divu)®8

- M/Wu v - )\/ \divul?u - V.

This together with Holder inequality, Sobolev inequality, and Corollary 4.5
yields

d
IVa + 1V3 </ [gwu—l—(Vu)'}z+/\(divu)2]9+C/Wu\\Vz’c| 10|

—dt

+c [1vue

d ~
<ai [ L5 1Vut (V)P M@ivu? |6 + €Vl | Vil 2110 — 0]

+ ClIVull 2| Vil 2 + ClIVull s 116 = 0l s + ClIVullZs

d ) '
<% / [ SIVut (Vu)[* + Adivi)?|0 + C|[Vull Vit 12901

+ClIVill 2 + Cl[Vull? 45 [IVO]| 2 + Ol Vul 3.
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Using the interpolation inequality, and (4.16), we have
1 8 8
(5.14) IVull 1 < ClIVullz:[Vullz, < ClVullz,.

Inserting (5.14) to the estimate of IV5 4+ IV3, and using Young inequality,
we have

d
Vs +1Vs gdt/ [g\vw(vu)’}2+A(divu)2]9+C|yvu||L3||vu||L2||v9||L2

8
+ OVl g2 + ClIVul 34 IVO] 12 + Cl Vul 7a
d
< —
—dt
+ G5 + C||Vullza + CIVO| 12 + |Vl 7.

[g\w + (V)| + /\(divu)Q] 0+ 6||Val|2s + Csl|Vul|24 ] V0|2

Since the estimates of ||[Vul||zs and ||Vul|ra have already been obtained in
(5.6) and (5.9), respectively, we proceed to evaluate IV + I'V3 and get

d
WV + 1y <2 [ [E]9u+ (Vu)' [P+ Adivu)?|0 + 8] Vil 32

(5.15) + Cs5 + Ol y/pill32 + Cs|VO|| 7.

For 1V}, using the interpolation inequality, the standard elliptic estimate
for (1.6)s, (3.1), (4.16), and Sobolev inequality, we have

IV6]12s <[V0)2. | V260]| 2,
1
<CI1V61 3 [IvAbl e + 16 — o |divala + [ Vul3a + 1]
1
(5.16)  <CIV8I [IvEhlce + 962 dival o + [ Tule +1]7,
and thus
IVi <C|| A0 g |ul] o] V6 2

1 . 3
<CIIVOI 3. (VA0 2 + 90 2 |dival s + [ Va3 +1]
Cy ; :
<20l + CIVOIE: + CIVOlEa divall3s + O Vulf, +C
Cy : .
(5:17)  <IVABIE: + CllVpills + CIVEIL: + C,

where we have used (5.6), (5.9), and Young inequality.
Plugging (5.13), (5.15), and (5.17) into (5.12), we have

: d
/Cvp|€\2 + dt/ [FLIVGP — (,u‘Vu + (Vu)"2 + 2)\(divu)2)9}
(5.18)  <C(|vpill2: + IVO]|22)* + 26| V|22 + Cs.
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Multiplying (5.18) by %, and plugging the result in (5.11), we have

d A2 4 20/—; 9 .92

= [pyu| it} v7/] —7( IV + (Va)'|* + 27 (dive) )0}
+/(Cp|9\2+uvu|2+(u+/\)]divuy )

(519) < C(lypilZ: + [V0]2:)* + 46C|Val2: + Cs.

For § = J5, we have
o [p]u\ + TU|V9| - a(u‘Vu + (Vu)'|” + 2A(divu) )0}
G200+ [ (ColdP+5ITaP) < CUIVpil3: + [V0IE:)? +C.
Denoting
s 12 + 20’1 2 7|2 C N2
Galp,u,0) = | pluf® + Lo —— (M\vw (Vu)'[” + 2X(divu) )9,
and noticing
IVa|? 2 <C(fleurlul? 1z + [|divel? 12)
L5 L5 L5
3 1 3 1 ~ 3 ~ 1
<Clleurlul| 7, [|Veurlul| 2, + C|[F|Z.[[VE| 72 + Cllp(6 — 0)[7211p(0 = )| 76
~ 3 . 1
+Cl0(p = P22 116(0 — P)I 76
1 1

<C|Vpil;. + C|IVO| ;. + C,

we have
/ (u}vu + (V)P + 2)\(divu)2)9

:/ (u}w + (V)| + 2)\(divu)2) 0 —0)+ é/ (,u\Vu +(vu)|* + 2)\(divu)2>
<C[Vul? 2 10 = 0l| s + C

1 1
<ClIVpull z21V0l 2 + CIIVO| 12V O] 12 + C[[ V] 12 + C.
This implies

i [ (il +196P) < Galpyu,0) + 3o < M+ s [ (il +196P%),

for some positive constants My and Mjs. This relation, together with (5.20)
and Gronwall inequality, yields (5.1). O
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Corollary 5.2. Under the hypotheses of Theorem 1.4 and (3.1), there holds
sup ([[VF||r2 + [Veurlul g2 + [|Vul| s 4 [[ul[z)
0<t<T

T
(5.21) +/ (|divul|Fe + [|[V20]|32) < C.
0

Proof. It follows from (4.11) and (5.4) that
IVE|2 < Cllpil2 < C,

|Veurlul|;> < Cllpill; < C.

and

T
/ dive|2a
0

T T ~

sc/ 1P| +c/ 16— 62 +C
0 0
T T T R T

<C [P+ [ I9FRe+C [ 10- 8B+ [ IVOIZ.+C
0 0 0 0
T T T T

<C [IVFR+ [ il +c [ VoI + [ V0l 4 C
0 0 0 0

T T T
<c [ Wail: + ¢ [ IVul+c [ |90 +C <.
0 0 0

where we have used (3.1), (5.1), Sobolev inequality, and the following elliptic
estimate:

IV%0]| > <ClIVpbl 2 + CIl6 = Ol s | divul| s + C|| Va4 + C
<C|lv/pbl| 2> + C||VO|| 2| divul| s + C||Vu|7s + C
(5.22) <C||\/pb|| 2 + C.

Therefore we have

T
/ Iv2)12, < C.
0
By (5.5), we have
|Vul| s <Cl|divul|rs + C||curlul| 6
<C||F| s + C|lcurlul| s + C||6 — ]| 16 + C
SC||VFHL2 + CHVCUI']UHL2 + CHV@H[} + C
(5.23) <C.
By (4.16), (5.23), and Sobolev inequality, we have
[ullzoe < Cllullrs + ClIVullgs < ClIVull 2 + Cl|Vul[s < C.
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Lemma 5.3. Under the hypotheses of Theorem 1.4 and (3.1), there holds

T
(5.24) sup /p\9t|2+/ /]VGt\Q < C.
0<t<T 0

Proof. Asin [29], differentiating (1.6)3 with respect to ¢, multiplying the
result by 6, and using integration by parts, we have

2

2 T /Cvpfet‘ + H/ V0]

— /pt (CL0 + Cyu - VO + 0divu) 6, — /p(Cvut - VO + 0, divu) 6,
— /p9 divu 0; + u/ (Vu + (Vu)') : (Vut + (Vut)/) 0;

5
(5.25) + 2\ / divu divu, 6, = > V;.
For V1, using (1.6); and integration by parts, we have
Vi=— /pu - V0, (2C,0; + Cyu - VO + 6divu)
/Cvpu-(Vu.V0+u-VV9)9t

- /pu - (Vodivu + 0Vdivu) 6,

3
(5.26) => Vi
i=1

For Vi 1, using Cauchy inequality, (3.1), (4.16), (5.1), (5.6), and (5.21),
we have

Vis </]V9t\2+0/p|9t]2+(7/p (2] — | divul?
+C/p lu|?|divu|? + C
<{5 [ 16 +.C [ plouf + Cllo ~ Blaldivul + €
(5.27) _12/yv9t\2+c/p|ety2+c
For Vi 5 and Vj 3, similarly to [29], we have

(5.28) Vi < C/p|9t]2—|—0/|V29|2+C.
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and
Vi gc/p\w 4 || V6)2 [[dival% — 2ﬂ1+ )\C/p(e by VFG,
— 2M+Acé/pu.vmt+mc*/;ﬂe?u.vet
+ MC / p203divu 6,

SC/P\9t|2 + OV 12 + ClI0 — bl s llull Lo 16 | 6| V F | 2 + ©

+ 010 = 01176 llull Lo V8¢ 2 + Cllpull 2 [ V¢l 2
+ 0|0 = 076 | divull .2 100 o

(529) <1 / V6,2 4+ C / pl6.? + CI V6] 12 + C,

where we have used Cauchy inequality, Holder inequality, the interpolation
inequality, integration by parts, and the relations (3.1), (4.16), (5.1), and
(5.21).

Substituting (5.27), (5.28), and (5.29) into (5.26), we have

(5300 W Sg/\V9t|2—|—0/p|9t2+C’/|V29]2+C’.

For V4 and V3, using Cauchy inequality, Holder inequality, (3.1), (4.16),
(5.1), and (5.21) again, we have

1 1 1 1
Vo <CO||v/a00 12 Vill 12 V6] 2 [926] 2, + Ol /36012 V6] 2, | V26 2,
1 Cdiva 1~ / pl6
(5.31) <C (|divullz + Vil 2 + 1) / Pl + CIV26)% + C,

and

Vsl <C|16 — 8 s || dival| 2 | o8| s + Clldival| 2| o8¢ | 2

+C/p|0||Vu\2|9t+|/p99tu-Vdivu\

.. K ~
<c [ plo+c [ 1awaP + & [ 1962+ Clo = dllolpfula [Vl

1

1
VF|+ — . 2
5l [ 0w |+2<2M+A)|/9tu v (p0)?|

.. K 5
<c [l +c [1awap + & 1962+ Clo = o6l olluls IV P

1 1
—— | [ b,di 0)% + ——— 0)%u - V6,|.
+Ct gyl [ Oudivu 021+ sl [0 0,

+C/Vu|4+2
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For the last two terms on the right-hand side of V3, we have

1 . 1
2(2u+A)|/9tdW“ (p9)2|+wl/(p9)2u-wt\

<C0¢l s | divull 12118 — 81176 + Cllpbell 2 | divul| 12
+C160 = 076 llull L[V 2 + Cllpull 2| V6el 2
<g; [ 16 + Cllvail + .
which yields
(5.32) | §C/p|9t2+C'/|divu|2+2/1/|V9t2+0.
For V4 and V5, using integration by parts, we have
Vi :,u/ (Vu+ (Vu)') : Vug 0, + ,u/ (Vu+ (Vu)) : (V) 0,
=— ,u/ (Vu+ (Vu)) : VO @ up — 2;1/ (Au + Vdivu) - u 6;

- ,u/ (Vu+ (Vu)') : up @ Vb,
and
Vg =— 2)\/Vdivu-ut 0; — 2)\/divuut - Vé,.
Hence we have
Vi+ Vs SC’/ |Vl VO Ju| + C’/p|u |ue| 0] + 2| V3] + 2/p9ut -V,
<CIIVull3]|VO:ll 2 luell o + Cllv/ptrl| p2llwell Lol v/o0ell s + 2|V
+Cllp(0 = 0)| zalluell Lol V0| 2 + Cllpuel L2 Vel 2
(5.33) <C’/p|9t|2+0/|Vu|2 /\v9t|2+c,

where we have used (5.1), (5.21), and (5.32).
Putting (5.30), (5.31), (5.32) and (5.33) into (5.25), we have

d
pn Cup|0:)? + m/ VO, <C (||divulre + || V|72 + 1) /p’@t‘Q
(5.34) + c/(|va|2 +IV202) 4+ C.

By virtue of (5.1), (5.21), (5.34) and Gronwall inequality, the proof of Lemma
5.3 is complete. O

Corollary 5.4. Under the hypotheses of Theorem 1.4 and (3.1), there holds

(5.35) sup /yv292 <C.

0<t<T
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Proof. Relation (5.22), together with (3.1), (5.1), (5.21), and (5.24), yields
(5.35).
U

The remaining estimates in (4.1) can be obtained in the same way as in
[29]:

Lemma 5.5. Under the hypotheses of Theorem 1.4 and (3.1), there holds
sup ([Vollp + lloell e + Ivpuel 2 + V0l )
0<t<T

T
T /0 (el + 11 ) [B) < C,

forl=2,q.

The proof of Theorem 1.4 is complete. ([

ACKNOWLEDGEMENTS

E. Feireisl’s research was supported by the Czech Science Foundation
(GACR) grant # 21-02411S. The Institute of Mathematics of the Acade-
my of Sciences of the Czech Republic is supported by RVO:67985840. H.
Wen’s research was supported by the National Natural Science Founda-
tion of China # 12071152 and #11722104. C. Zhu’s research was sup-
ported by the National Natural Science Foundation of China #12171160,
#11831003, and by Guangdong Basic and Applied Basic Research Founda-
tion #2020B1515310015.

REFERENCES

[1] S. Agmon, A. Douglis, L. Nirenberg. Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions. I. Comm.
Pure Appl. Math., 12:623-727, 1959.

[2] J. Bfezina, E. Feireisl, and A. Novotny. Stability of strong solutions to the Navier-
Stokes-Fourier system. SIAM J. Math. Anal., 52(2):1761-1785, 2020.

[3] T. Buckmaster, G. Cao-Labora, J. Gomez-Serrano. Smooth imploding solutions for
3D compressible fluid. Preprint, 2022.

[4] Y. Cho, H.J. Choe, and H. Kim. Unique solvability of the initial boundary value
problems for compressible viscous fluids. J. Math. Pures. Appl., 83:243-275, 2004.

[5] Y. Cho, H. Kim. Existence results for viscous polytropic fluids with vacuum. J. Dif-
ferential Equations, 228:377-411, 2006.

[6] M.S. Cramer. Numerical estimates for the bulk viscosity of ideal gases. Physics of
Fluids, 24: 066102, 2012.

[7] R. E. Graves, R. M. Argrow. Bulk viscosity: Past to present J. Thermophysics and
Heat Transfer, 13(3): 337-342, 1999.

[8] S. Klainerman. Nash’s unique contribution to analysis in just three of his papers.
Bulletin of the American Mathematical Society, 54(2):283-305, 2017.

[9] J.S. Fan, S. Jiang, Y.B. Ou. A blow-up criterion for compressible viscous heat-
conductive flows. Ann. I. H. Poincare-AN, 27:337-350, 2010.

[10] E. Feireisl. Compressible Navier-Stokes equations with a non-monotone pressure law.
J. Differential Equations, 184:97-108, 2002.



(11]
(12]
(13]
(14]

(15]

[16]

(17]
18]

(19]

20]

(21]
22]
23]
24]
(25]

[26]

27]

28]

29]

(30]

31]

COMPRESSIBLE NAVIER-STOKES EQUATIONS 47

E. Feireisl. Dynamics of Viscous Compressible Fluids. Oxford Univ. Press, Oxford,
2004.

E. Feireisl and A. Novotny. Weak-strong uniqueness property for the full Navier-
Stokes-Fourier system. Arch. Rational Mech. Anal., 204:683-706, 2012.

E. Feireisl, A. Novotny, H. Petzeltovd. On the existence of globally defined weak
solutions to the Navier-Stokes equations. J. Math. Fluid Mech., 3:358-392, 2001.

E. Feireisl, A. Novotny, Y.Z. Sun. A regularity criterion for the weak solutions to the
Navier-Stokes-Fourier system. Arch. Rational Mech. Anal., 212: 219-239, 2014.
X.D. Huang, J. Li. Serrin-type blowup criterion for viscous, compressible, and heat
conducting Navier-Stokes and magnetohydrodynamic flows. Comm. Math. Phys.,
324:147-171, 2013.

X.D. Huang, J. Li. Global classical and weak solutions to the three-dimensional full
compressible Navier-Stokes system with vacuum and large oscillations. Arch. Rational
Mech. Anal., 227:995-1059, 2018.

Q.S Jiu, Y.Q. Wang, Y.L. Ye. Refined blow-up criteria for the full compressible
Navier-Stokes equations involving temperature. J. Fvol. Equ., 21:1895-1916, 2021.
O.A. Ladyzenskaja, V.A. Solonikov, N.N. Ural’ceva. Linear and Quasilinear Equation
of Parabolic Type. Amer. Math. Soc., Providence RI, 1968.

P.L. Lions. Mathematical Topics in Fluid Mechanics. Vol. 2. Compressible models.
Oxford Lecture Series in Mathematics and its Applications, 10. Oxford Science Pub-
lications. The Clarendon Press, Oxford University Press, New York, 1998. xiv+348
pp.

F Merle, P. Raphael, I. Rodnianski, and J. Szeftel. On the implosion of a three dimen-
sional compressible fluid. Arzive Preprint Series, arxiv preprint No. 1912.11009,
2019.

J. Nash. Continuity of solutions of parabolic and elliptic equations. Amer. J. Math.,
80:931-954, 1958.

J. Nash. Le probleme de Cauchy pour les équations différentielles d’un fluide général.
Bull. Soc. Math. France, 90:487-497, 1962.

G. Prodi. Un teorema di unicita per le equazioni di Navier-Stokes. Ann. Mat. Pura
Appl., 48:173-182, 1959.

J. Serrin. Mathematical principles of classical fluid mechanics, In Hanbuch der Physik
VIII/1. Springer-Verlag, Berlin, 1972.

Y.Z. Sun, C. Wang, Z.F. Zhang. A Beale-Kato-Majda blow-up criterion for the 3-D
compressible Navier-Stokes equations. J. Math. Pures Appl., 95:36—47, 2011.

Y.Z. Sun, C. Wang, Z.F. Zhang. A Beale-Kato-Majda criterion for three dimensional
compressible viscous heat-conductive flows. Arch. Rational Mech. Anal., 201:727—
742, 2011.

Y.Z. Sun, Z.F. Zhang. Blow-up criteria of strong solutions and conditional regularity
of weak solutions for the compressible Navier-Stokes equations. Handbook of Math-
ematical Analysis in Mechanics of Viscous Fluids (editted by Y. Giga, A. Novotny),
2183-2261, Springer, Cham, 2018.

V.A. Vaigant, A.V. Kazhikhov. On existence of global solutions to the two-
dimensional Navier-Stokes equations for a compressible viscosity fluid. Siberian Math.
J., 36:1108-1141, 1995.

H.Y. Wen, C.J. Zhu. Blow-up criterions of strong solutions to 3D compressible Navier-
Stokes equations with vacuum. Adv. Math., 248:534-572, 2013.

H.Y. Wen, C.J. Zhu. Global solutions to the three-dimensional full compressible
Navier-Stokes equations with vacuum at infinity in some classes of large data. SIAM
J. Math. Anal., 49:162-221, 2017. (arXiv:1208.1199v1, 2012)

T. Zhang, D.Y. Fang. Existence and uniqueness results for viscous, heat-conducting
3-D fluid with vacuum. J. Partial Differential Equations, 21:347-376, 2008.


http://www.tcpdf.org

